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1. Introduction

Varieties of sums of powers, VSP for short, parametrize decompositions of a general homogeneous polynomial F €
k[xo, ..., xyla as sums of powers of linear forms. They have been widely studied from both the biregular [1-3] and the
birational viewpoint [4,5], and furthermore in relation to secant varieties [6-9].

The relation of .4,(1, 7), the moduli space of abelian surfaces with a polarization of type (1, 7) and a (1, 7)-level structure,
with the variety of sums of powers of the Klein quartic dates back to the work of S. Mukai [2].

In this paper we investigate the birational geometry of some moduli spaces of abelian surfaces related to A,(1, 7). In
particular, if we endow the abelian surfaces in .45(1, 7) with a symmetric theta structure and a theta characteristic (odd or
even), we obtain two new moduli spaces, A3(1, 7)g,,, and Ax(1, 7);;,,.,, that are finite covers of degree 6 and 10 respectively of
A3(1, 7). For a general introduction to these spaces see [ 10, Sections 6.1.1]. We introduce also the moduli space A5(1, 7; 2, 2)
parametrizing abelian surfaces with a polarization of type (1, 7), a (1, 7)-level structure and a (2, 2)-level structure.

Furthermore, we introduce new types of varieties of sums of powers and showcase rational maps between them and our
moduli spaces of abelian surfaces. The first variety of sums of powers we take into account is a variety where we also allow
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ourselves to fix an order on the linear forms that make up the decomposition of the polynomial. Let v? : P" — PN4) with
N(n,d) = (”Zd) — 1be the degree d Veronese embedding of P", and let V] = vj(P") be the corresponding Veronese variety.

Definition 1.1. Let F be a polynomial of degree d in n + 1 variables. We define
VSPora(F, h)° = {(L1, ..., Ly) € (B™)' | F € (L], ..., Lf) € PN} C (p™)"
and VSP,4(F, h) := VSP,4(F, h)° by taking the closure of VSP,4(F, h)° in (P™*)".

Then we consider the natural action of the symmetric group Sy on VSP,4(F, h) and two related variations on the classical
definition of VSP.

Definition 1.2. Consider the action of S;_1 on VSP,4(F, h) given by permuting the linear forms (L,, ..., Ly). The variety
VSPy(F, h) is the quotient

VSPy(F, h) = VSPora(F, h)/Sp—1.

If h = 2r is even, we consider the action of S, x S, on VSP,4(F, h) such that the first and the second copy of S, act on the first
and the last r linear forms respectively. Let X;,(F) = VSPy4(F, h)/S; x S;. This space comes with a natural S,-action switching
{L1,...,L;}and {L;4q, ..., Ly}. We define

VSP(F, h) := Xy(F)/S>.

When F = F, is the Klein quartic we will denote VSP®(F, 6) by VSP1o(F4, 6) and VSPy(F, 6) by VSP72(F4, 6). The first
main result of this paper is the following.
Theorem 1.3. The moduli spaces Ax(1, 7);,,, and A(1, 7);;,,1 are birational to the varieties VSPg(F4, 6) and VSP1o(Fy4, 6)
respectively, where Fy € Kk[xq, X1, X214 is the Klein quartic. Furthermore, the moduli space Ay(1,7;2,2) is birational to
VSP720(Fs, 6).

We summarize the situation in the following diagram, where the superscripts on the arrows indicate the degrees of the
respective maps.

bir
VSP730(Fs, 6) = Ax(1,7; 2, 2)

4 5 bir
Ps == Pago-m--o > VSPg(F4, 6) = Ax(1, 7)y,
| Tt --l_ 120 TSl 30 \
12 el Tl '6
~ - S8 v
I?IJ 7777777710 77777777 bir
VSP1o(Fs, 6) = Ax(1, 7, " VSP(Fy, 6) = Ay(1,7)

The apolarity theory developed in [11] allows us to produce in Section 2 a 3-fold conic bundle dominating VSPg(F4, 6), and
to conclude that it is unirational. In Section 4 we develop some birational geometry of the moduli spaces of abelian surfaces
that we are considering. In particular, as a consequence of the above result, we get the following.

Theorem 1.4. The moduli space A,(1, 7)5,m is unirational.

At the end of the paper we also propose some open questions on the birational geometry of .4;(1, 7)s+ym and A(1,7; 2, 2).
Throughout all the paper we will work over the complex field.

2. Ordered varieties of sums of powers

Let v : P" — PN with N(n, d) = (”Zd) — 1 be the Veronese embedding induced by Opn(d), and let V' = v]j(P") be
the corresponding Veronese variety.

Definition 2.1. Let F € k[xo, ..., x,]4 be a general homogeneous polynomial of degree d. Let h be a positive integer and
Hilb,(P™) the Hilbert scheme of sets of h points in P™. We define

VSP(F, h)° := {{L1, ..., Ly} € Hilby(P™) | F € (L4, ..., L%y c PN™D} C Hilb,(P™),
and VSP(F, h) := VSP(F, h)° by taking the closure of VSP(F, h)° in Hilb,(P™).
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Assume that the general polynomial F € PM™9 js contained in a (h — 1)-linear space h-secant to VJ. Then, by
[12, Proposition 3.2] the variety VSP(F, h) has dimension

dim(VSP(F, h)) = h(n + 1) — N(n, d) — 1.

Furthermore, if n = 1, 2 then for F varying in an open Zariski subset of PN the variety VSP(F, h) is smooth and irreducible.
In order to apply these objects to the study of abelian surfaces, we need to construct similar varieties parametrizing
decomposition of homogeneous polynomials as sums of powers of linear forms and admitting natural generically finite
rational maps onto VSP(F, h).
Note that VSP,4(F, h) is a variety of dimension h(n 4+ 1) — N(n, d) — 1. Furthermore, two general points of VSP,4(F, h)
define the same point of VSP(F, h) if and only if they differ by a permutation in the symmetric group Sj,. Therefore, we have
a generically finite rational map

én : VSPora(F, h) - VSP(F, h)
of degree h!
Remark 2.2. Arguing as in the proof of [ 12, Proposition 3.2], with (P™)" instead of the Hilbert scheme Hilby(P™), we can show
thatifn = 1, 2 for a general polynomial F the variety VSPy4(F, h)is smooth and irreducible of dimension h(n+1)—N(n, d)—1.
Note that VSP,(F, h) admits a generically finite rational map
Xn : VSPu(F, h) --» VSP(F, h)

of degree h, and that the h points in the fiber of y; over a general point {L4, ..., Ly} € VSP(F, h) can be identified with the
linear forms Li, . . ., L, themselves. Similarly VSP*(F, h) has a generically finite rational map

x" : VSP"(F, h) --» VSP(F, h)

h!
of degree E

The variety VSPy(F, h) can be explicitly constructed in the following way. Let us consider the incidence variety

J ={(L{L,...,Ly}) | L€ {Lq,..., Ly} € VSP(F, h)’} € P™ x VSP(F, h)°. (2.3)
Then VSP(F, h) is the closure 7 of 7 in P™ x VSP(F, h).
Remark 2.4. In [2] Mukai proved thatif F € k[xo, X1, X2]4 is a general polynomial then VSP(F, 6) is a smooth Fano 3-fold V>,
of index 1 and genus 12. In this case we have a generically 720 to 1 rational map ¢¢ : VSP,4(F, 6) --» VSP(F, 6), a generically
6 to 1 rational map xs : VSPs(F, 6) --» VSP(F, 6), and a generically 10 to 1 rational map x° : VSPS(F, 6) --» VSP(F, 6).

By [13, Corollary 5.6], under the same assumptions on F, the moduli space 45(1, 7) of (1, 7)-polarized abelian surfaces
with canonical level structure is birational to VSP(F, 6). As already observed in [ 14, Theorem 4.4] the Klein quartic

Fy = x3x1 + X3x; + x0%3 (2.5)

is general in the sense of Mukai [2], that is VSP(F,4, 6) is a smooth Fano 3-fold V5, of index 1 and genus 12.

Let V be a complex vector space of dimension n+ 1, choose coordinates xo, . . ., X, in V and the dual coordinates &, . . ., &,
inV*. LetF € k[xo, ..., X,]q be a homogeneous polynomial of even degree d = 2m, and consider the basis of k[x, ..., X;]m
given by

n
B:!( m )Hx;"t,mo—i----—f—mn:m (2.6)
mp, ..., My e
where (mO’T,mn) = mo,L'mn, The mth catalecticant matrix Cat,,(F) of F is the (m 4+ 1) x (m + 1) symmetric matrix whose

rows are the order m partial derivatives of F written in the basis B (2.6) in lexicographic order. The matrix Cat,,(F) induces
a symmetric bilinear form

$2F - k[fo, . v‘;;:n]m X k[go, . ,Sn]m — k.

For our purposes the following result will be fundamental.

Lemma 2.7 ([12, Proposition 3.8]). Let F € Kk[xo, ..., Xn]q be a homogeneous polynomial of even degree d = 2m and assume
that F can be decomposed as

F=014... 412"
and the powers L[" are linearly independent in k[xo, . . ., Xn]m. Then Q2¢(LT", L}“) =O0foranyi,j=1,...hwithi #j.

We refer to [12, Section 2.3] for further details on the bilinear form £2r.
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Example 2.8. The variety of sums of powers VSP(F4, 6) of the Klein quartic will play a central role in the rest of the paper.
The second catalecticant matrix of F4 is given by
030000
300000
000003
Caty(F4) = )
AF)=1000030
000300

003000

and hence if F;, = L‘1l + .-+ L% where L; = ajxg + bix; + cix, by Lemma 2.7 we have that

-QF4(L,‘Zs LJZ) = ajbja,-z + ajza,-b,- + cjza,-c,- + b]Cjblz + bjzb,'Ci + ajCjCiZ =0. (2.8)

Definition 2.9. For any s = 1,...,6 we define the variety P; as the subvariety of (P?*)° cut out by the conditions
Qr, (L2, sz) =0foranyi,j=1,...,swithi #].

Proposition 2.10. We have that P, C (P**)? is a smooth unirational 3-fold conic bundle defined by a polynomial of
bidegree (2,2), and P3 C (P*)? is an irreducible complete intersection 3-fold defined by three polynomials of multidegree
(2,2,0),(2,0,2)and (0, 2, 2).

Proof. Let [a; : b; : c;] be the homogeneous coordinates in the ith factor IP’I.Z of (P?*)°. Therefore, a point in IP’,,2 with
homogeneous coordinates [a; : b; : ¢;] corresponds to the linear form L; = a;xo + bix1 + cixa.

By (2.8) we have that if two general linear forms L;, L; appear in a decomposition of F then they must satisfy the following
equation

Di; = ajbjaiz + afaibi + Cjza,'Ci + bjCjbiz + bjzbiCi + ajCjCiZ =0.
Note that the hypersurface D;; = 0 is a divisor in (P> of multidegree (d, ..., d;) with d; = d; = 2 and d, = 0 for any
r # i, j. Therefore, P, C (P**)? is cut out by the equation

Dy = a1b1a§ + a%azbz + ClzazCz + b]C]b% + b%szz + (11C1C§ =0. (2.10)

Considering the nine standard affine charts covering D, ; we can prove that Dy ; is smooth.

Note that any of the two projections onto the factors induces on P, a structure of conic bundle over P2. If we choose for
instance the projection on the first factor then (2.10) yields that the discriminant of the conic bundle is the smooth sextic
given by

C = {ab3 + ajc; — 5a2b%c? + bic] = 0} C P*.

Now [ 15, Corollary 1.2] implies that 7 is unirational.
Let us consider the case s = 3. We have that P; C (P**)? is the complete intersection 3-fold defined by the equations

Dy, = a1b1a§ + a%azbz + C12(12C2 + b]C]b% + b%szz + (11C1C§ =0,
D]’3 = a1b1a§ + a%agbg + C12(13C3 + b1C1b§ + b%b3C3 + (11C1C§ =0, (2-11)
D2,3 = azb2a§ + a%a_@,bg + C%(13C3 + szzb% + b%bg}(’g + (12C2C§ =0.

Finally, by a standard Macaulay2 [16] script we can show that 75 is irreducible. O

Proposition 2.12. For s = 2, 3 there exist generically finite dominant morphisms
fs 1 VSP720(F4, 6) — Ps
of degree 24 and 6 respectively. Furthermore, there is a morphism
g3 :P3 —~ P?
whose general fiber is a smooth curve of general type. Finally, there exists a generically finite rational map
: Py --» VSPg(Fy, 6)

OF,

of degree 5. In particular VSPg(F4, 6) is unirational.

Proof. By Lemma 2.7 the image of the restriction of the projection f; := mysp,(r4.6) : VSP720(Fs, 6) — (P?*¥ is contained in
Ps. Let (L, M) be a general point of P,, then we may write

Fa=L*4+M 4L+ +1
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where Ly, ..., L4 are general linear forms. Assume that
Fa=L"4+ M+ L1+ + L =al* + bM* + M} + --- + M]

where My, ..., My are linear forms.

Now, consider the 3-planes H, = (L%,...,13), Hy = (M3,..., M) in the projective space P(k[xo, X1, x2]2) = P*
parametrizing conics.

By Lemma 2.7 both H; and Hy, lie in the orthogonal complement of <L2, M2) with respect to the non-degenerate bilinear
form £2f,. Since such orthogonal complement has projective dimension three we get that H;, = Hy,.

Let ug CP? > Vz2 C P> be the degree two Veronese embedding. Assume that M; ¢ {L;, ..., Ls} for some i. Then H;
intersects the Veronese surface V22 C P° in at least five points, and since deg(sz) = 4 this implies that there exists a curve
CCViNH,.

Therefore, the line vzz’l(C ) C PP? is a common component of the conics in the pencil determined by the hyperplanes of
PP° containing H;. Take two general conics Cy, C; in this pencil. Then C; = vzz_l(C) UR;and G, = vf_l(C) UR,, where Ry and
R, are lines. Now, since {L1, ..., L4} C C; NG, and Ry, R, intersect in one point we get that at least three of the L;’s lie on the
line vg’l(C), a contradiction. We conclude that {Ly, ..., L4} = {My, ..., My}.

This means that a general decomposition of F4 can be reconstructed just by knowing two of the linear forms appearing in
it. In particular f5, and a fortiori f3, are generically finite onto their images. On the other hand, by Proposition 2.10 we have
that 7, and P; are irreducible 3-folds, and this yields Im(f;) = P; whens = 2, 3.

Furthermore, since a point in a general fiber of f; is determined up to a permutation of 6 — s points we conclude that
f2 1 VSP70(F4, 6) — P, is a generically finite dominant morphism of degree 24, and f; : VSP7,(F4, 6) — P3 is a generically
finite dominant morphism of degree 6.

Let g3 : P3 — P? be the restriction to P3 C (P?*)? of any of the projections, say the first one. A standard Macaulay2 [16]
computation shows that the fiber of g3 over [a; : by : ¢;] = [1: 1 : 1] is a smooth connected curve in (P?*)?. Therefore a
general fiber I" of g3 is a smooth connected curve as well. Note that by (2.11) I C (P?*)? is a smooth complete intersection
defined by three polynomials of bi-degree (2, 0), (0, 2), (2, 2) respectively. By adjunction we get that the canonical sheaf of
I' is given by

or =0r(-3424+04+2,-34+0+2+2)=0r(1,1)

and hence w is ample.
Now, consider the cases = 2.Let (L, M) € P, be a general point. By the first part of the proof we know that L, M determine

a unique set of four linear forms {L1, ..., L4} such that {L, M, Ly, ..., Ly} gives a decomposition of F4 as sum of six powers of
linear forms. Therefore, keeping in mind (2.3) we may define a dominant rational map
ag, P2 - VSPs(Fy, 6)

(L M) —> (L{L,M, L1, ..., Ls})

of degree 5. Finally, since by Proposition 2.10 P, is unirational we conclude that VSPs(F4, 6) is unirational as well. O
3. Moduli of polarized abelian surfaces with level structure

In this section we recall a couple of very specific results from [10] that are needed here, and construct two new moduli
spaces of abelian surfaces by introducing new arithmetic subgroups of Sp4(Z). For general results see [13,17,18] or the first
four sections of [ 10]. Since all the abelian surfaces we will deal with will be endowed with a polarization of type (1, 7), we
will not mention any more this datum in the rest of the paper. Let H be the Siegel half space of abelian surfaces.
3.1. Arithmetic subgroups and quotients of H,

Let M,,(Z) be the space of n x n matrices with integer entries and let D(1, 7) € M,(Z) be the diagonal 2 x 2 matrix

D(1,7) = ((1) (7))

We define the subgroup I7; 7y C My(Z) as:

0 D(1,7 ¢ 0 D(1,7
Iy = {RG M4(Z) | R<_D(1’7) (6 )> R = <—D(1,7) (0 )>}

and the subgroup I71,7y(1,7) C I{1,7) as
A B
1—‘(]’7)(],7)12 C D 61—'(1,7)|A—IEBECED—IEOITIOdD(],7) s

where M = 0 mod D(1, 7) if and only if M € D(1, 7) - My(Z). See also [17, Section 8.3.1] for further details on this kind of
groups.
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Thanks to [17, Section 8.2] and the Baily-Borel theorem [19], since I7; 7) is a congruence arithmetic subgroup of the
Siegel modular group, the quasi-projective variety A(1,7) = Hy/I1,7) is the moduli space of abelian surfaces endowed with
a polarization of type (1, 7) (the reader may see also [20, Proposition 1.21]). Moreover, by [17, Section 8.3] and [19], the
quasi-projective variety A¢ 7y(1,7) = Hy/I(1,7)(1, 7) is the moduli space of abelian surfaces with a polarization of type
(1,7) and a canonical level (1, 7) structure.

On such an abelian surface, there exists 16 symmetric line bundles representing the polarization. Let us denote by A[2]
the Z/27Z-vector space of 2-torsion points of A, and let H € NS(A) be a polarization. We define a symmetric bilinear form
q" : A[2] x A[2] = {F1}as ¢"'(v, w) = exp(wiE(2v, 2w)), where E is the imaginary part of the Hermitian form of the
polarization.

Definition 3.1. A theta characteristic is a quadratic form q : A[2] — {&1} associated to g7, i.e.

ax)q)ax +y) = ¢"(x, y),
forall x, y € A[2].

In the following we will denote the set of theta characteristics by ©*(A). To every symmetric line bundle L we can associate
a theta characteristic.

Definition 3.2. Let L € Pic(A) be a symmetric line bundle, and x € A[2]. We define e'(x) as the scalar 8 such that
o(x) : L(x) = (*L)(x) = L(1(x)) = L(x) is the multiplication by S.

Alternatively, let D be the symmetric divisor on A such that L = ©,(D), the quadratic form e’ can be defined as follows:

eL(X) — (_l)multx(D)—multO(D). (32)

From [17, Lemma 4.6.2] we observe that the set of theta characteristics on an abelian surface is a torsor under the action
of A[2], therefore it has cardinality 16. In the case of a (1, 7)-polarization there are 10 even and 6 odd line bundles
[17, Section 4.7].

Recall that a theta structure induces in a natural way a canonical level structure, and that different theta structure may
induce the same level structure. The (1, 7) case is peculiar, in this sense. In fact, we have the following lemma, which is a
consequence of [ 10, Lemmas 2.6 and 4.1].

Lemma 3.3. Let A be an abelian surface with a canonical (1, 7)-level structure vr. There exists a unique symmetric theta structure
W that induces the level structure .

Hence the datum of a level structure is equivalent to that of a symmetric theta structure. We will now study the action of
the arithmetic subgroups previously defined on the set of symmetric line bundles, that admit a symmetric theta structure.
In our particular case, by [17, Section 6.9] and [ 10, Section 2] each symmetric line bundle admits a unique symmetric theta
structure.

The set of symmetric theta divisors is in bijection with the set (%Z2 /7?) of half-integer characteristics ([ 17, Sections 4.6
and 4.7] or [21, Section 2]). The action of a symplectic matrix M € Sp4(Z) on Hj, induces an action on characteristics given
by the following formula, for a, b € (37%/Z?):

— 1 t
v ()~ (P —€)(a n d{ag(CD[) . (3.3)
b -B A b diag(AB")
Lemma 3.4 ([21, Section 2]). The action of I'; on half-integer characteristics defined by formula (3.3) has two orbits distinguished
by the invariant

e(m) = (—1)*" ¢ (1)

We will say that m = (a, b) € %Z“/Z“ is an even (resp. odd) half-integer characteristic if e(m) = 1 (resp. e(m) = —1),
and this notion of parity corresponds to those defined on symmetric theta divisors (or symmetric line bundles) and on
theta-characteristics. Hence, in the following with a slight abuse of language we will call e.g. an odd (symmetric) line bundle
the line bundle corresponding to an odd theta characteristic.

The modular group Sp4(Z) acts on the set of theta characteristics through reduction modulo two, hence via Sp4(Z/27Z).
Moreover, we have the following short exact sequence [ 10, Lemma 4.2]

1> T2, 14) > Tug(1,7) 2 Spa(Z/22) — 1

where r; is in fact the reduction modulo two map. Let O, (Z/2Z) C Sp4(Z/2Z) be the stabilizer of an odd quadratic form.
There is an isomorphism Sp4(Z/27Z) = Sg, where Sg is the symmetric group. Under this isomorphism Sp4(Z/2Z) operates on
the set of odd quadratic forms via permutations. Therefore, for the stabilizer subgroup of an odd theta characteristic we also
have 0, (Z/27Z) = Ss C Se.



M. Bolognesi, A. Massarenti / Journal of Geometry and Physics 125 (2018) 23-32 29

Definition 3.5. We denote by I3(1, 7)” the group
N(1,7) =1, (0, (Z/27)) C I17(1,7)
that fits in the exact sequence
1 Iup(2,14) > No(1,7)” 3 0;(2/22) — 1.
More explicitly
51,7 ={ZeT17(1,7)1 Zmod (2) = ¥, X € 0,(2/27)} .

Hence, we have I7;7)(2,14) C I(1,7) C Ij17(1,7). Moreover, note that [I717)(1,7) : I1,7)(2,14)] = 6! and
[15(1,7)" : [(1,7)(2, 14)] = 5! imply that |I{1,7)(1,7) : I>(1,7)7| = 6. Since I3(1, 7)~ is a congruence arithmetic subgroup
of Sp4(Z), thanks to the Baily-Borel theorem [19], we obtain that the quotient

A1, 7y = Ha/1(1,7)"

is a quasi-projective variety. The variety A>(1, 7)g,, is the moduli space of (1, 7)-polarized abelian surfaces (A, H) with an

odd symmetric line bundle L € Pic’(A) and a (1, 7)-level structure (or, which is the same, a symmetric theta structure for L).
The degree of the morphism f~ : A5(1, 7)s‘ym — Aq1,7)(1, 7) that forgets the odd line bundle is | I71,7)(1, 7) : I3(1,7)7| = 6.
The same arguments hold, with slight modifications, if we want to construct moduli spaces for polarized abelian surfaces
with level (1, 7) structure (or a symmetric theta structure) and an even line bundle in Pic’(A).
Let OI(Z/ZZ) C Sp4(Z/27) be the stabilizer of an even quadratic form.

Definition 3.6. We denote by I3(1,7)" the group
D(1,7) =105 (2/22)) C I17)(1,7)

that fits in the middle of the exact sequence
1> Iy 14) > (1, 70" 3 0/ (2/22) — 1.

The stabilizer subgroup O:{(Z/ZZ) C Sp4(Z/27) of an even quadratic form is of order |OI(Z/ZZ)| =72and |[I{1,7(1,7):
I3(1,7)"| = 10. Using once again the Baily-Borel theorem [19], we have that the quotient

A (1, 7)F =M,/ (1, 7)F

sym

is a quasi-projective variety. It is the moduli space of (1, 7)-polarized abelian surfaces (A, H) with (1, 7)-level structure and
an even theta characteristic. Analogously to the odd case, the morphism f* : A5(1, 7)sfvm — Aq,7)(1, 7) forgetting the even
theta characteristic has degree |I71,7)(1, 7) : I3(1,7)%| = 10.

These ideas are summarized in the following statement.

Proposition 3.7. There exist arithmetic subgroups I';(1, 7)* and I>(1, 7) such that there are quasi-projective moduli spaces
Ay(1,7)5 0 = Hp/ (1, 7)" and Ay(1, 7)g,, == Hy/T(1,7)”

that parametrize abelian surfaces with a (1, 7)-structure, or equivalently a symmetric theta structure, and respectively an even or

an odd theta characteristic.

Definition 3.8. We define

T7y(1,7;2,2) ::{(2 g) €eli»(1,7)]A—I=B=C=D—-1=0mod (3 g)}

By [19] and [ 17, Section 8.3], the quasi-projective variety
Ax(1,7;2,2) :=H,/T1,7(1,7; 2,2)
is the moduli space of abelian surfaces with a polarization of type (1, 7), a level (1, 7)-structure and a level (2, 2)-structure.

In the rest of the paper, while we will not change notation, all the moduli spaces considered will be non-singular models
of suitable compactifications of the quasi-projective ones.

3.2. Theta-null maps

Let us now recall shortly how to construct theta-null maps for moduli spaces of (1, 7)-polarized abelian surfaces, with a
level structure and a theta-characteristic.

As we have explained in the preceding section, we identify theta-characteristics with symmetric line bundles, represent-
ing the polarization. Hence, we start from the datum (A, H, L, ¥) of an abelian surface with a (1, 7)-polarization H, a level
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structure ¥ and a symmetric line bundle L € Pic(A) representing the polarization. As we have seen there exist 16 symmetric
line bundles, 10 even and 6 odd, inside the variety Pic"’(A) parametrizing line bundles that induce the polarization H.

Let us pick the unique normalized linearization [22, Section 2] on L for the canonical involution #Id on A, and call H(A, L)*
the corresponding eigenspaces. From Lemma 3.3 we know that the datum of a symmetric theta structure is equivalent to
that of a level structure. The upshot is the following:

- if L is even, the symmetric theta structure yields an identification ¥ between P(H°(A, L)¥)* and an abstract P>,
Similarly, we identify P(H°(A, L)~ )* with an abstract P?;

- if Lis odd, the symmetric theta structure yields an identification ¥~ between P(H°(A, L)*)* and an abstract P2, In a
similar way, we have an identification of P(H°(A, L)~ )* with an abstract P>,

The abstract projective spaces appearing in the preceding lists are all eigenspaces of involutions acting on the Schré dinger
representation of the appropriate Heisenberg groups (see [ 10, Section 5] for details).
Let (A, L, ¥) be a polarized abelian surface A, with an even (respectively odd) line bundle L representing the (1, 7)-
polarization, and a symmetric theta structure .
The Theta-Null maps (see [10, Section 5.1] for details and definitions) for abelian surfaces with a theta characteristic are
defined as follows.
Th 5 0 A1, 7)5, — P

(AL ) = ¥F(61;(0))

Thiy 7 = A2(1, 7)gm — P?

sym

(A, L, ) = ¥ (017(0))

where ©®1;(0) stays for the evaluation of global sections of L at the origin. We remark that global sections that are anti-
invariant with respect to the canonical involution on A vanish at the origin. This is basically why we want to consider only
invariant spaces of sections via the symmetric theta structure.

4. Birational geometry of moduli spaces of (1,7)-polarized abelian surfaces

Recall that a proper variety X over an algebraically closed field is rationally connected if two general points x1, x, € X
can be joined by an irreducible rational curve.

In [10, Theorem 2] we proved that the moduli space A5(1, 7)
an odd theta characteristic is rationally connected.

Clearly, rationality implies unirationality, which in turn implies rational connectedness. If X is a smooth algebraic
variety over an algebraically closed field of characteristic zero and dim(X) < 2 these three notions are indeed equivalent
[23, Remark 1.3].

On the other hand, it is well known that a smooth cubic 3-fold X C P* is unirational but not rational [24]. It is a long-
standing open problem whether there exist varieties which are rationally connected but not unirational [23, Section 1.24].

In this section, by using the techniques developed in Section 2 we will prove that 45(1, 7). is unirational.

ym Of abelian surfaces with a symmetric theta structure and

sym

Theorem 4.1. Let Ay(1, 7)5,,11 and Ay(1, 7);;”1 be the moduli spaces of abelian surfaces with level (1, 7)-structure, a symmetric
theta structure and an odd, respectively even theta characteristic.

The moduli spaces Ax(1, 7);,,, and A(1, 7);&”1 are birational to the varieties of sums of powers VSPs(F4, 6) and VSP1o(Fy4, 6)
respectively, where Fy € Kk[Xq, X1, X214 is the Klein quartic. Furthermore, the moduli space A5(1,7;2,2) is birational to

VSP720(Fs, 6).

Proof. Let 4,(1, 7) be the moduli space of abelian surfaces with a (1, 7)-level structure. Recall from [10, Section 6.1.1] that
there exists a Theta-Null map Th(’w) T Ay(1, 7)5,m — P2,

By [14] and [13, Proposition 5.4 and Corollary 5.6] there exists a birational map « : 45(1,7) --» VSP(F4, 6) mapping a
general (A, ¥) € Ay(1,7) tothe set {Ly 4, ..., Lsa} € A of the odd 2-torsion points of A, that are naturally mapped to P? by
the Theta-Null map. The six points {L 4, ..., Ls 4} of P? give a decomposition in VSP(Fy, 6).

Each of the 6 odd 2-torsion points correspond to a choice of an odd theta characteristic via Th(_u). Now, consider a
general point (A, ¥, L) of Ay(1, 7)g,,, over (A, ) € Ax(1, 7). We may define a rational map g : Ay(1,7)g, --» VSPs(F4, 6)
sending (A, v, L) to the linear form in X?({LLA, ..., Lg a}) that corresponds to Th(’”)(A, ¥, L) € P2, where ¥g is the map in
Remark 2.4. To conclude it is enough to observe that since « is birational the map g : Ay(1, 7),,, --+ VSPg(F4, 6) is birational
as well.

In particular, since the generic abelian surface is Jacobian, odd theta characteristics correspond to the Weierstrass points of
the corresponding curve. It is a classical fact that even theta characteristics correspond to partitions of the Weierstrass points
into two 3-elements sets, see for example [25, Chapter 8]. This directly implies that .4,(1, 7)%  is birational to VSP1o(Fs, 6).

sym

sym
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Finally, recall that a (2, 2)-level structure for a Jacobian abelian surface corresponds to a complete ordering of the
Weierstrass points [25, Chapter 8]. This in turn implies that the moduli space A5(1, 7; 2, 2) is birational to VSP;5(F4, 6). O

Theorem 4.2. The moduli space A5(1, 7). is unirational, and hence its Kodaira dimension is —oo.

sym
Proof. Since by Proposition 2.12 VSPg(F4, 6) is unirational the claim follows from Theorem 4.1. O

Remark 4.3. The moduli space 4,(1, 7; 2, 2) admits a rational fibration over P? whose general fiber is a curve of general
type.

Indeed, the fibers of the restriction to VSP7,o(Fs, 6) of the first projection mysp,,(r,.6) : VSP720(Fs, 6) — IP? are mapped
by f3 : VSP720(F4, 6) — P;3 onto the fibers of the morphism g3 : P; — P2,

By Proposition 2.12 the general fiber of g3 is a curve of general type. Hence the general fiber of 7ysp,,,(r,,6) is of general
type as well, and by Theorem 4.1 7 ysp,,,(r,,6) induces a rational fibration of A,(1, 7; 2, 2) over P? whose general fiber is a
curve of general type.

4.1. Questions

We close the paper with some open questions on the birational type of the moduli spaces A,(1, 7; 2, 2) and Ay(1, 7)S+ym
or equivalently of the varieties of sums of powers VSP;5(Fs, 6) and VSP'’(F4, 6).

Question 4.4. Are Ay(1,7;2,2)and Ay(1,7)}  varieties of general type?

sym

We would like to mention that the analogous problem for the variety of sums of powers VSP,(F3, 4) where F3 €
k[xo, X1, X213 is a general cubic polynomial, has been studied in [26]. Indeed, by [26, Theorem 8.3] we have that VSPy4(F3, 4)
is of general type.

Note that by Proposition 2.12 we have a finite morphism

f3 : VSP720(F47 6) e 7)3 g (Pz*)3

where P3 C (P?*)? is a complete intersection irreducible 3-fold cut out by equations of multi-degree (2, 2, 0), (2, 0, 2) and
(0, 2, 2). Therefore, by adjunction the dualizing sheaf of P5 is

Wpy = 0793(], 1, 1)

We checked using Macaulay?2 [ 16] that s is singular along a curve.

Question 4.5. Are the singularities of the 3-fold P53 at worst canonical?

Note that a positive answer to this last question would imply that 3, and hence VSP,(Fy, 6), are of general type.
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