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Inference for Archimax copulas

S. Chatelain*’, A.-L. Fougeres*, and J. G. Neslehova'
May 30, 2018

Abstract

Archimax copula models can account for any type of asymptotic de-
pendence between extremes and at the same time capture joint risks
at medium levels. An Archimax copula Cy is characterized by two
functional parameters, the stable tail dependence function ¢, and the
Archimedean generator ¢ which acts as a distortion of the extreme-value
dependence model. This article develops semiparametric inference for
Archimax copulas: a nonparametric estimator of ¢ and a moment-based
estimator of ¢ assuming the latter belongs to a parametric family. Con-
ditions under which v and £ are identifiable are derived. The asymptotic
behavior of the estimators is then established under broad regularity con-
ditions; performance in small samples is assessed through a comprehensive
simulation study. The Archimax copula model with the Clayton generator
is then used to analyze monthly rainfall maxima at three stations in French
Brittany. The model is seen to fit the data very well, both in the lower and
in the upper tail. The nonparametric estimator of ¢ reveals asymmetric
extremal dependence between the stations, which reflects heavy precipita-
tion patterns in the area. Technical proofs, simulation results and R code
are provided in the Appendix.

MSC 2010 subject classifications: Primary 62H12, 62G05, 62G20, 62G32;
secondary 60G70.
Keywords: copulas, multivariate extremes, subasymptotic modeling, empirical
processes.

1 Introduction

In various applications in environmental sciences, finance, insurance or risk
management, joint extremal behavior between random variables is of partic-
ular interest. For example, this plays a central role in assessing risks of natural
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disasters and in determining the dimensions of structures such as dams or dikes.
Misspecification of the dependence between the variables can lead to substan-
tial underestimation of risk. To fix ideas, consider monthly maxima of daily
precipitation for the months from September to February between 1976 and
2016 at three stations in French Brittany, Belle-Tle-en-Mer, Groix, and Lori-
ent. Based on these trivariate observations, provided by Météo France, the goal
might be to assess the risk of medium and high precipitation at these three
stations simultaneously in order to devise protective measures against floods in
the region.

To answer questions such as the above, the so-called copula approach to mul-
tivariate data modeling has gained substantial popularity in recent years [30].
It is rooted in the decomposition of [45] which states that the joint distribution

function of any multivariate random vector X = (X7, ..., X4) with continuous
margins I, ..., Fy can be written, for any € R?, as
Pr(X; <uzy,...,Xq <xq) = C{Fi(x1),...,Fa(za)} (1.1)

in terms of a unique copula C, that is, a distribution function on [0, 1]¢ with
standard uniform margins. This decomposition allows for separate modelling of
the marginals Fi, ..., Fy and the dependence structure C.

In the context of extremes, C' in (1.1) is typically chosen to be extreme-value.
Following [27], this means that C = C, for some stable tail dependence function
(stdf) ¢, that is, for any w = (uy, ..., uq) € [0,1]%,

C(u) = Co(u) = exp[—€{—1log(uq), ..., —log(uq)}]-

The use of extreme-value copulas is motivated by the fact that the latter are the
only possible limits of normalized component-wise maxima on the uniform scale.
However, while this asymptotic result is a very strong theoretical argument for
using these models, it is seldom a realistic assumption in finite samples. For
example, for the above precipitation data, the hypothesis that the underlying
copula is extreme-value is clearly rejected by the test of [32] (p-val. = 5 X
107°). While extreme-value dependence seems reasonable for seasonal maxima
(p-val. &~ 0.43), working with the latter greatly reduces the sample size from
n = 240 to n = 40. To estimate extremal dependence from monthly maxima
directly, one could resort to the procedures in [13, 16]. However, the latter
approaches cannot assess joint risk in medium regimes, which can also be a
cause for damaging events. Thus unified, smooth, and flexible yet parsimonious
models that can capture risk at both medium and extreme regimes are needed,
and only few such are available. Only recently, [39] proposed such a model for
univariate non-zero precipitation amounts.

In the multivariate case when asymptotic dependence is present, the only
dependence model available so far that is fully flexible in the extreme regime
and can account for medium risks at the same time are the so-called Archimax
copulas, proposed by [9] in the bivariate case and extended to higher dimensions
in [11, 37]. The latter are of the form

Coo(w) = V[~ (), ., " (ua)}] (12)



at any u € [0, 1]¢, where £ is an arbitrary d-variate stdf and ¢ : [0, 00) — [0, 1] an
Archimedean generator, specified in detail in Section 2. At this stage, 1) may be
thought of as a distortion function that contorts the extreme-value dependence
model. Indeed, if ¥ (z) = exp(—z), Cy ¢ becomes the extreme-value copula C;.
Moreover, as we recall in Section 2, Cy ¢ is in the domain of attraction of Cy
under suitable conditions on ¢ [9, 11].

Given that no inference is available, Archimax copulas have been rarely
used in practice. The only viable option at present is to use a fully parametric
Archimax model, where 1) and ¢ belong to parametric classes of Archimedean
generators and stdfs, respectively. In the bivariate and trivariate case, this has
been employed in [2, 3]. However, especially in higher dimensions, parametric
models for £ are typically either too restrictive or too cumbersome.

This paper is the first to consider the statistical problem of fitting Archimax
copulas to data in full generality. This amounts to estimating both ¢ and . To
accomplish this, we propose a semiparametric approach, in which £ is estimated
nonparametrically and v is assumed to belong to a parametric family ¥ =
{19, 0 € O}. Proceeding this way ensures the identifiability of £ and 6 under mild
conditions on W. In addition, given that v is a distortion function of the limiting
extreme-value dependence, a parametric model for it is likely to be sufficiently
rich to adequately capture dependence at medium and extreme levels. The
estimators of ¢ developed here extend the ideas of [8, 41] and converge weakly
to a centered Gaussian process under regularity conditions on ¢ and 1. As we
show, the Archimax copula model where W is the Clayton family fits the above
mentioned monthly precipitation maxima very well, and reveals some particular
aspects of the data that are climatologically sound. We also demonstrate that
when the Clayton-Archimax model is appropriate, the nonparametric estimators
of ¢ proposed here are considerably more precise and efficient than those in
[13, 16], as well as the estimators based on seasonal blocks in [23].

The paper is organized as follows. Basic facts about Archimax copulas are
recalled in Section 2, where the identifiability of ¢ and ¢ is proved under mild
conditions on the family ¥. Section 3 introduces nonparametric estimators of
¢ under the assumption that 1 is known. Under the latter assumption and
regularity conditions, the asymptotic behavior of these estimators is derived in
Section 4, and their finite-sample performance is investigated via simulations in
Section 5. The estimation of the Archimedean generator v is then treated in
Section 6 using a moment-based procedure. Section 7 is presents an application
to precipitation data. Detailed proofs are reported in the Appendix; the latter
also contains additional simulations.

In what follows, vectors in R? are denoted by boldface letters, viz. a =
(x1,...,24). Binary operations such as « + y or a -, % are understood as
component-wise operations. In particular, for any function f : R — R and
x € RY, f(x) denotes the vector (f(z1),..., f(z4)). Furthermore, || - || stands
for the ¢1-norm, viz. ||¢|| = 21+ +xz4. For any z,y € R, let Ay = min{z, y}
and z Vy = max{z,y}. Finally, R is the positive orthant [0,00)? and for any
x € R, x4 denotes the positive part of x.



2 Multivariate Archimax copulas

This section gathers properties of Achimax copulas that are needed for subse-
quent developments. In Section 2.1, the existence, stochastic representation,
and extremal behaivor is recalled, while Section 2.2 discusses the identifiability
of ¢ and ¢.

2.1 Existence and stochastic representation of Archimax
copulas

The class of Archimax copulas generalizes both the Archimedean and extreme-
value copula families. On the one hand, when £ is the stdf pertaining to indepen-
dence, ie., l(x) =21+ -+ x4 for all z € R‘i, Cy.¢ becomes the Archimedean
copula Cy, with generator 1 given, for all u € [0, 1]¢ by

Cw(U1»~~~7Ud) = ¢{¢(u1) +"'+¢(ud)}7

where ¢ : [0,1] — [0,00) denotes the pseudo-inverse of ¥, given by ¢(u) =
Y~ (u) for u € (0,1] and ¢(0) = zy = inf{x > 0: 9 (x) = 0}.

On the other hand, when ¢ (x) = exp(—=z) for any = > 0, Cy ¢ becomes the
extreme-value copula C; with stdf £.

For any generator ¢ of a d-variate Archimedean copula and any d-variate
stdf £, Cy¢ given by (1.2) defines a copula, as proved by [11]. Recall from
[35, 36, 38] that % is a generator of a d-variate Archimedean copula iff (0) = 1,
Y(z) = 0 as z — oo and if ¢ is d-monotone on (0, 00), i.e., 1 has d—2 derivatives
satisfying (—1)F®*) >0 on (0,00) for 1 < k < d — 2 and that (—1)9"2¢(4=2)
is non-increasing and convex on (0,00). As proved in [43], £ : R4 — RT is a
d-variate stdf iff

(a) ¢ is homogeneous of degree 1, i.e., for all & > 0 and z1,...,24 € [0, 00),
Ukxy, ... kxg) = kl(xy,...,2q);

(b) 4(e1) =---={(eq) =1 where for j =1,...,d, e; denotes a d-dimensional
vector whose components are all 0 except the jth which is equal to 1;

(c) ¢ is fully d-max decreasing, i.e., for any k € N, z1,...,24,h1,...,hqg €
[0,00) and J C {1,...,d} with |J| =k,

Z (=)t F e p(ey + b diey, ..., 2q + tahglacy) < 0.
t1,...,t,€{0,1}

Due to the homogeneity property (a), any stdf £ can be expressed, at any © = R‘i
as l(x) = ||xz||A(x/||x|) where A is the so-called Pickands dependence function
[41] defined on the unit simplex

Ag={wec[0,1]%:w; +... +wg=1}. (2.1)



Thus an Archimax copula Cy » can also be expressed, for any u € [0, 1]¢, as

¢(u)
o) = Coalu) = v [otw)]A ] . (22
v v lé(w]
Archimax copulas also admit a stochastic representation. Per Theorem 3.3
of [11], Cy ¢ is the survival copula of a random vector

(X1,...,Xa) = Rx (S1,...,54) , (2.3)

where R is a positive random variable independent of S. The distribution func-
tion of R is the inverse Williamson d-transform of ¢ and the survival function of
S is given, for any s € R%, by Pr(S; > s1,..., 594 > sq) = [max{0,1 — o(s))*
In this representation, R can again be interpreted as a distortion variable; when
its law is Erlang with parameter d, Cy ¢ = Cj.

Finally, as announced in the introduction, Archimax copulas have a given
extreme-value attractor. Recall that a function f : Ry — Ry is regularly
varying with index a € Riff for all z > 0, f(xt)/f(t) — = ast — oo, in notation
f € Ro. When 1 —1(1/-) € R_, for a € (0,1], it is shown in Proposition 6.1
in [11] that Cy ¢ is in the maximum domain of attraction of the extreme-value
copula Cy_, that is, for any w € [0,1]%, lim,, C’Z)e(ul/”) = Cy_ (u), where for
any ¢ € R, £, (z) = (> (z/).

2.2 Identifiability concerns

In this section, we establish conditions under which ¢ and 6 are identifiable
when ¢ € U = {4y, 0 € ©}. To accomplish this, we first consider two arbitrary
d-variate Archimax copulas Ci1 = Cy, ¢, and Cy = Cy, s, whose generators
i, k € {1,2} are not necessarily from a parametric class. The lemmas below
investigate the question whether C7; = Cs implies that the generators and stdfs
are equal. All proofs are reported in Section A of the Appendix.

Lemma 2.1. Suppose that Cy = Cy and ¥, = 1o = 1. Then {1 = 5.

Lemma 2.2. Suppose that C; = Cs and {1 = €y = { is a d-variate stdf such
that £ # Ly, where for each x € Ri, ly(x) = max(x1,...,24). Suppose also
that 1 and o are 2-monotone Archimedean generators. Then there exists a
constant ¢ > 0 such that, for all x > 0, Y1 (z) = P2(cz).

Next, note the following lemma. Its first part is an extension of Theo-
rem 4.5.1 in [40] and has been shown in [25] in the case when 1 is completely
monotone. In the following, for any 8 € (0,1], ¥ is defined by ¥s(t) = ¥(t”)

for all ¢ > 0, and /g denotes Eﬁ(x}/ﬁ, e ,xi/ﬂ) for all z € R?.

Lemma 2.3. (i) Let ¢ be a d-monotone Archimedean generator, and let
0< B < 1. Then g is a d-monotone Archimedean generator.

(i1) Let £ be a d-variate stdf and 0 < 8 < 1. Then €3 is a d-variate stdf.



Now suppose that ¢ is a d-monotone Archimedean generator and ¢ an arbi-
trary d-variate stdf. By Lemma 2.3, 15 is a d-monotone Archimedean generator
and {3 is a d-variate stdf for some S € (0,1]. It is then easily seen that the
Archimax copulas Cy, , and Cy ¢, are identical. One thus cannot expect ¢ to
be unique and % to be unique up to scaling. However, the following lemma
shows that under a mild regularity condition on ), power transformations of 1)
and ¢ are the only possible sources of non-identifiability.

Lemma 2.4. Suppose that €1 # €y and o # £y are arbitrary d-variate stdfs
and ¥1,vs are d-monotone Archimedean generators with the property that for
ke {1,2}, 1 —Yp(1/-) € R_y/m,, with my > 1. Assuming, without loss of
generality, that my < mo, Cy, ¢, = Cy,.e, holds iff for all & € RY,

E;m/mz (Ivlm/?m xmz/ml)

61(171,...,56,1): yerey Ly

and there exists ¢ > 0 such that, for all t > 0, 1 (ct™/™2) = )y (t).

Lemma 2.4 allows us to formulate the following main result of this section
that delineates the conditions under which an Archimax copula model is identi-
fiable assuming that the Archimedean generator belongs to a parametric family.
Its proof is a direct consequence of Lemma 2.4.

Proposition 2.1. Consider the class of d-variate Archimax copulas Cy whose
stdfs are arbitrary with £ # {y; and whose Archimedean generators belong to a
parametric family O = {1y,0 € O}. Assume also that the following conditions
hold:

(i) For all 0 € ©, 1 —pg(1/-) € R_1/m,, with mg > 1;
(i) For all® € ©, ¢ >0 and > 0, py(ct?) € U implies that c =1 and § = 1.

Then for arbitrary Cy, ¢, Cyye o= € Cu, Cyy o = Cy,. o+ holds if and only if
=10 and 0 = 0*.

Assumption (i) in Proposition 2.1 is Condition 4.1, which is anyway required
for the nonparametric estimation of ¢ and discussed in detail in Section 4. As
shown in [10], (i) holds for all Archimedean families in Tables 1 and 2 therein,
that include Table 4.1 in [40]. Assumption (ii) is satisfied by most commonly
used one-parameter families of Archimedean generators including the Frank,
Clayton, and Ali-Mikhail-Haq models. The only exceptions we could find are
Families 4.2.2, 4.2.4 (Gumbel), 4.2.12, and 4.2.18 in [40], and the outer power
family ¢1 g from Theorem 4.5.1 therein. The nonidentifiability is not a concern
for these models however, because the parameter 6 is then absorbed by the
stable tail dependence function using Lemma 2.4 so that the generator v of the
resulting Archimax model is a fixed function.



3 Estimation of the stdf

In this section, we introduce two nonparametric estimators of the stdf ¢ of an
Archimax copula Cy , under the assumption that the Archimedean generator v
is known. Recall that under this assumption, £ is unique, as explained in Sec-
tion 2. Recall also that ¢ can be uniquely reconstructed from the corresponding
Pickands dependence function A, and hence it suffices to estimate the latter.
To see how to proceed, consider a random vector U distributed as an Archi-
max copula Cy 4 defined in (2.2). Introduce, for any w in the unit simplex A,

defined in (2.1),
élw) = min, {2201

1<j<d || w,

with the convention when w; = 0 for some j =1,...,d. Then

Pr{{(w) >z} = Cp a{dp(rw)} = ¢ {zA(w)} .

Note in passing that when ¢ (z) = exp(—=z), that is, when Cy 4 is extreme-
value, £(w) is exponential with rate A(w). This leads to the Pickands and the
Capérad—Fougeres—Genest (CFG) type estimators of A [8, 19, 22, 41, 49].

Now let Z denote a random variable with survival function %, i.e., for all
x> 0,Pr(Z > z) = ¢(x). Then for any w € Ay, {(w) has the same distribution
as Z/A(w). One gets in particular that

E(Z)

Blew)} = o, Elos(€(w)] = Ellos2) +log{Aw)}. (31
When 1 is known, so are E(Z) and E(log Z). Provided the latter are finite,
(3.1) leads to the Pickands and CFG-type estimators of A, as explained next.

Let X1,X5,...,X,, be a random sample from a d-variate distribution H
with unknown continuous margins Fi,...,Fy and an Archimax copula Cy 4
with known ¢ and unknown A. Because the margins are unknown, a sample of
Cy. 4 is not available, but as in [19, 23] one can base inference on the pseudo-
observations given, for all i € {1,...,n} and j € {1,...,d} by

- nFy;(Xi;)
b, = il ig) 3.2
n+1 "’ (3:2)
where F),; is the empirical distribution function of Xij,...,X,;, for any j €
{1,...,d}. Now define for every w € Ay, and ¢ € {1,...,n},
2 ¢(Uy)

again with the convention that ¢(U;;)/w; = co when w; = 0. However, note
that for any w € Ay, w; > 0 for at least one j, so that & (w) is finite for every

i=1,...,n. Then, provided that E(Z) exists, the Pickands-type estimator A
is defined, for any w € Ay, by

A7 (w) = )

S Ew) (33



Similarly, if E(log Z) exists, the CFG-type estimator ASF¢ is defined through

- .
log ACFG =ElogZ — = logé; ) A4
og A, (w) og nz og &i(w) (3.4)

=1

When ¢(z) = exp(—z), one has that E(Z) = 1 and E(log Z) = —v, where v
is the Euler-Mascheroni constant, and AP and ASFS reduce to the rank based
Pickands and CFG estimators investigated in [19, 23].

Note that in general, neither A or ASFC is a genuine Pickands dependence
function. In order to enforce the endpoint constraints A(e;) = 1forj =1,...,d,
introduce

1 ¢ i 1 ¢ i
i=2 5= =S logo [ —— ).
. n;¢<n+l>’ v n;Og(b(nJrl)

The endpoint-corrected Pickands and CFG-type estimators now arise by replac-
ing E(Z) by f1in (3.3) and E(log Z) by © in (3.4), respectively, viz.

AP ()= P AT () — 5 LS o). (3,
n.e(w) S log A, .7 (w) =¥ n;bgé (w) (3.5)

These corrected versions avoid the generally cumbersome computation of E(Z)
or E(logZ). In addition, the following holds, owing to the fact that i =
1/n>"  ¢(Uy) and 0 =1/nd."  log ¢(Us;) as. for all j € {1,...,d}.

Proposition 3.1. For j =1,...,d, it holds that A} .(e;) =1 and A,?fgc(ej)
1 a.s. Moreover, one also has a.s. that AT .(w) > maxi<j<qw; and AST%(w)
maxi<j<qw; for all w € Aq.

AV

Note that when d = 2 and ¢ (z) = exp(—z), A, .. is the corrected rank-based
Pickands estimator from [19] with end-point correction as in [24].
4 Asymptotic behavior

In this section, we investigate the asymptotic behavior of the Pickands and CFG-
type estimators defined in the previous section, under the assumption that v is
known. We first detail the required conditions on v and ¢ in Section 4.1, and
study, in Section 4.2, the limiting behavior of the processes

A} = /n (AL - A) and  AJFY = /n (AJFC - 4). (4.1)
The main ingredients of the proof are then made explicit in Section 4.3.

4.1 Conditions

Conditions on v are stated, followed by conditions on £.



Condition 4.1. For d > 2, ¢ is a d-monotone Archimedean generator and
1—(1/z) € R_y/m for some m > 1.

Condition 4.1, which is equivalent to ¢(1 —1/z) € R_,,, is very general and
satisfied by virtually all d-monotone Archimedean generators [10, 33]. This is
because it holds whenever 1/R with R as in (2.3) is in the domain of attraction of
the Fréchet (®,), Gumbel (A) or Weibull (¥,,) distributions for some a > 0, in
notation 1/R € M(®,), 1/R € M(A) or 1/R € M(¥,,). Moreover, Condition
4.1 with m = 1 further holds as soon as E(1/R'™¢) < oo for some € > 0, see
Proposition 2 in [4].

Condition 4.2. For d > 2, v is a d-monotone Archimedean generator that
satisfies either

(a) Y € R_s fors>0;
(b) ¢ e M(A);

(c) ¥=10) < oo and P{Yp=1(0) — 1/x} € R_q_g+1 for a > 0.

Most Archimedean generators indeed satisfy Condition 4.2. As shown in
[33], Condition 4.2 (a) holds whenever R in (2.3) is such that R € M(®,) and
is further equivalent to ¢(1/x) € Ry/,. Furthermore, Condition 4.2 (b) holds
whenever R € M(A) and this happens if and only if ¢(1/z) is H-varying as

defined, e.g., in [42, Section 0.4.3]. Finally, Condition 4.2 (c) is equivalent to
R e M(¥,) and further to {¢)=1(0) — ¢(1/2)} € R_1/(a+d—1)-

Condition 4.3. For d > 2, { is a d-variate stdf that is twice continuously
differentiable and for which there exists M > 0 such that for any i # j €
{1,...,d} and any = € (0,00)7,

_ig( ):_gx( )< M l/\i
6:Ciaajj Lly.e..,Xq) = ij\ L1y, Td) > ; 7] .

Condition 4.3 extends Condition (5.2) in [44] to the case of d > 2. The
following example demonstrates that it is satisfied by the logistic stdf.

Example 4.1. The logistic stdf is given for any x € Ri and @ > 1 by Lo(xy,...,24)

1
(x? + ...+ xfl) o, It is easily seen that for any x € Rff_

—lij(@) = (0—)af "2 (2 + .+ )< (0-1) (1 A 1) .
Z; Zj
The following Lemma, proved in Section 10.1 of the Appendix, explains that
under Conditions 4.1 and 4.2, the Pickands and CFG-type estimators are indeed
well-defined and have the same limiting behavior as their end-point corrected
versions.

Lemma 4.1. (i) Suppose that 1 is differentiable on (0,00) and satisfies ei-
ther Condition 4.2 (a) with s > 1, (b) or (c). Then E(Z) < oo and
i —E(Z) as n — .

(ii) Suppose that i) is differentiable on (0,00) and satisfies Conditions 4.1 and
4.2. Then E(log Z) < 00 and v — E(log Z) as n — oo.



4.2 Main results

First note that the interior of the unit simplex satisfies
Ag={we 0,1 w +...+wq = 1w >0},

where w(;) = min(wy, ..., wg). To simplify notation, write, for any x € Rff_,
Y(x) = (Y(x1),...,¥(xq)). Furthermore, for any compact subset K of Ay, let
C(K) denote the space of continuous functions on K equipped with the sup-
norm. For a d-variate copula C, let a be a C—Brownian bridge, i.e., a tight,
centered Gaussian process with covariance function given, for all u,v € [0, 1]¢
by Cov{a(u),a(v)} = C(uAv) — C(u)C(v). For any j € {1,...,d} and u €
[0, 1]%, let also Cj(u) = (8/9u;)C/(u); if the latter derivative does not exist, set
Cj(u) = limsupy,_,o{C(u+he;j) — C(u)}. Finally, let C be the process defined,
for any u € [0, 1]¢, by

Clu) = a(u) = Y_ Cj(u)a(u)

=1

with wl) = (1,..., 1,u;,1,...,1). Theorems 4.1 and 4.2 below respectively
specify the limiting behavior of the processes ASFG and AP defined in (4.1).
These convergence results require an alpha-mixing sequence of random variables
X ; with a time-invariant Archimax copula. This allows to forgo independence
for a form of asymptotic independence in time.

Definition 4.1. For —co < a < b < oo, let F° be the o-field generated by the
X, with i € {a,a+1,...,b}. For k> 1, define

aXN(k) = sup {|Pr(ANB) — Pr(A)Pr(B)|: Ac F* __Bc F>X icZ
(k) p 1 [Pr( ) (A) Pr(B)] o ks

as the alpha-mizing coefficient of (X;)icz. The series is called alpha-mizing (or
strongly mizing) if o X1(k) — 0 as k — oc.

Theorem 4.1. Suppose that X1, X, ... is a stationary, alpha-mizing sequence
with o' Xl(k) = O(a*), as k — oo, for some a € (0,1). Suppose that the
marginals of the stationary distribution are continuous and the corresponding
copula C = Cy o = Cy a is Archimaz with generator v that is g-monotone for
some q > 3 and such that " exists and is continuous on (0,00). Further assume
that Conditions 4.1 and 4.3 hold, and that either Condition 4.2 (a) is satisfied
or Condition 4.2 (b) is satisfied with the additional requirement that —log(1))
is concave on (0,xy). Then for any compact set K C Ay, ASFC ~ ACFC g5
n — oo in C(K), where for any w € Ad,

du
ulogu’

ACFG (1) = A(w) / Clp{—wlog(w))]
0

10



Theorem 4.2. Under the hypotheses of Theorem 4.1 and the additional as-
sumption that s > 2 in case Condition j.2 (a) holds, one has that, for any
compact set K C Ay, AP ~ AP asn — oo in C(K), where for any w € Ay,

—A%(w 1 U
W (w) = g [ Civt-wiostny-

First observe that the conditions of Theorem 4.2 are stronger than those of
Theorem 4.1; this is further investigated in Section 9.2 of the Appendix. Also
note that the generator given, for all > 0, by ¢(x) = exp(—=x) is completely
monotone and satisfies Conditions 4.1 and 4.2 (b) and is such that —log(%))
is linear. Hence, Theorems 4.1 and 4.2 remain valid in the special case when
C' is extreme-value. Finally, note that because of Lemma 4.1, the asymptotic
behavior for the endpoint corrected versions of the CFG and Pickands-type
estimators is the same, as stated below.

Corollary 4.1. Theorems J.1 and /4.2 also hold when ASYS and AL are respec-
tively replaced by the processes ASLY = \/n(AJEY—A) and AP = f(AP —A).

n,c n,c

4.3 Outline of the proofs of Theorems 4.1 and 4.2

To establish weak convergence of ASYY and AP the weak convergence of the

empirical copula process with respect to weighted metrics established in [6] is
used.

The result of [6] requires smoothness assumptions that are recalled as Con-
ditions 9.1 and 9.2 in Section 9 of the Appendix. We start by verifying that
the latter indeed hold for Archimax copulas under suitable assumptions on the
generator and the stdf, and this is nontrivial. Proposition 4.1 below follows from
Propositions 1 and 2 that are stated and proved in Section 9.2 of the Appendix.

Proposition 4.1. Under the hypotheses of Theorem /.1, Conditions 9.1 and
9.2 are satisfied.

Remark 4.1. Proposition 4.1 also shows that Condition (4.1) in [44] holds for
an Archimedean copula Cy if 1 is g-monotone for some q > 3, " exists and
is continuous on (0,00), Condition /.1 holds, and either Condition 4.2 (a) is
satisfied or Condition 4.2 (b) is satisfied with the additional requirement that
—log(v) is concave.

Following [19], we introduce the processes defined, for any w € Ag4, by
BSFC (w) = v/n {log ATTC (w) — log A(w) }
B, (w) = v/n {1/A7 (w) — 1/A(w)} .

The following Lemma establishes that these processes are functionals of the
empirical copula process defined by C,(u) = v/n{Cp(u) — C(u)} for any u €
[0,1]%, where Cyy(u) = 1/n 31, H?Zl 1(U;; < uj) denotes the empirical copula,
in terms of the pseudo-observations U;; specified in (3.2).

11



Lemma 4.2. Fiz an arbitrary w € Ay. Then, provided E(log Z) exists,

du
ulogu

BOFO (1) = — / &, [ {—wlog(u))]

Furthermore, provided E(Z) exists,

P - ‘¢ —wlog(u du
Blw) = 5777 | Calit—wlos)

The proof is relegated to Section 10.1 of the Appendix. Recall that the
required existence of the expectations E(log Z) and E(Z) is treated in Lemma
4.1 and is satisfied under the hypotheses of Theorems 4.1 and 4.2, respectively.
Weak convergence of BSFS and BY, is established next. The proof is provided
in Sections 10.3 and 10.4 of the Appendix.

Proposition 4.2. Let K be any compact subset of Aq.

(a) Under the hypotheses of Theorem 4.1, BCFE s BEFE a5 n — 0o in C(K),
where for any w € Ay,

du
ulogu

OFC(w) = 1 —wlog(u
BOF (up) / Clp{~wlog(u)}]

(b) Under the hypotheses of Theorem, 4.2, BE ~» BY asn — oo in C(K), where
for any w € Ay,

1 ! du
B"(w) = 5777 | Clo{-wlos)

The validity of Theorem 4.1 now follows directly from Proposition 4.2 (a) and
Theorem 3.9.4. of [46], since the map 1 : C(K) — C(K) defined by n(f) = exp(f)
is Hadamard differentiable. Similarly, Theorem 4.2 is a direct consequence of
Proposition 4.2 (b) and Slutsky’s Lemma, as for any w € Ay,

- —A?BP (w)
1+ n12A(w)BE (w)

Ay (w)

Remark 4.2. Theorems /.1 and 4.2 can in fact be shown to hold for any com-

pact K subset of Ag = {w € [0,1]% : wy + ... +wy = Liwy < 1}, where
w(g) = max(wy, ..., wq). Such sets allow for several components w; of w to be
equal to zero. In that case, Proposition /.2 can be proved as follows. Let IKC be

any compact subset of Ag. For anyw € K, let w* = {w; :w; >0,57=1,...,d}.
Thus w* is a d*-dimensional vector, with d* < d, and

> ald * dx _ 1 > Mok *
BOOw) = - [ Civtwa} T Blw) = g [ Cuwra)a

12



where Cf, = /n(C — C*). Note that C* = Cy - has the same Archimedean
generator Y as C, and the marginal stdf ¢* defined as the original ¢ with zero
arguments corresponding to the zeros of w. It is then possible to find a K €
N such that K C Byjx = {w € [0,1]* : wy + ... + wg = Lwf, = 1/K},
where w};, = min{w; : w; > 0}. The rest of the proof is identical to that of
Proposition 4.2. Extending the weak convergence to the entire unit simpler Ay
would require a different approach, and it remains to be seen whether such an
extension is possible at all.

5 Simulation Study

We investigate the performance of the endpoint-corrected estimators defined
in (3.5) through simulations using R package simsalapar [26]. The design is
as follows: (i) dimension d € {2,4,10}; (ii) sample size n € {200, 500, 1000};
(iii) Archimedean generator from the Clayton, Gumbel, Frank and Joe families
[40]; (iv) Pickands dependence functions from the following families: Logistic
(LG), scaled negative extremal Dirichlet (NSD) of [4], and the discrete spectral
measure (DSM) of [15].

The parameters of the Archimedean generator and the Pickands depen-
dence function were chosen as to cover various scenarios in terms of association,
lower /upper tail dependence, and asymmetry. We also intentionally challenge
Conditions 4.1-4.3 to explore the robustness of the convergence results. For
the sake of brevity, we present the main conclusions of this simulation study
and provide representative illustrations; the complete results are available in
Section 11 of the Appendix. To evaluate the performance of the estimators, the
integrated squared error (ISE) and integrated relative absolute error (IRAE)
defined below were used.

1

ISE(An):m A {A,(w) — A(w)}? dw , (5.1)
_ 1 |An(w) — A(w)|
IRAE(A,,) = 2l s, A(w) dw .

ISE and IRAE were computed using Monte-Carlo integration with 10000 uni-
formly distributed samples on Ay4. For each scenario, 1000 Monte-Carlo repli-
cates were deemed sufficient to capture the behavior of ISE and IRAE.

5.1 Comparisons between the Pickands and the CFG-type
estimators

We first compared the Pickands and the CFG-type estimators in various sce-
narios; the results are reported in Tables D1-D6 in the Appendix. Figure 1 is
representative of the overall pattern, namely that the CFG-type estimator per-
forms better on average both in terms of ISE and IRAE. This is in accordance
with the findings of [19], who reported that the CFG estimator is generally more
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Figure 1: Boxplots of IRAE(A,, ) (left) and ISE(A,, () (right) for the Pickands
(green) and CFG (orange) type estimators for n = 200, d = 4, various
Archimedean generators with 7(¢) = 1/5 and the NSD Pickands dependence
function with parameters a = (1,2,3,4), p = 0.59.
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Figure 2: Boxplots of IRAE for the Pickands (green) and CFG (orange) es-
timators for n = 200, d = 4, and the Clayton generator ¢ with § = 1/s for
various values of s (left), the Joe generator for various values of § = m (middle)
and Frank for various values of 7(¢) = 1 — (4/0){1 — D1(0)} (right), where D,
denotes the Debye function. The Pickands dependence function is NSD with
parameters o = (1,2,3,4), p = 0.59.
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efficient than the Pickands estimator in the bivariate case. Also apparent from
Figure 1 is that IRAE is more revealing than ISE, which is why we concentrate
on the former henceforth.

Given that the behavior of ¢ at 0 and oo played a key role in the conditions
of Theorems 4.1 and 4.2, we next investigate the impact of the index of regular
variation of ¢ and 1 —1(1/-). Figure 2 shows the performance of the estimators
for the NSD Pickands dependence function with parameters a = (1,2,3,4),
p = 0.59. In the left panel, the generator is Clayton with parameter 6; the
latter satisfies Condition 4.2 (a) with s = 1/6. This plot reveals that decreasing
s has a detrimental effect on Aic while ASEG is hardly affected. When s < 2,
conditions of Theorem 4.2 are no longer met; it is therefore not surprising that
the behavior of Agyc deteriorates quickly as s — 0. The middle panel of Figure
2 explores the effect of m when the generator is Joe, which satisfies Condition
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4.1 with @ = m. One can again see that A} . performs worse than ASEG,

but this time, increasing m has a negative effect on both estimators. Finally,
the right panel of Figure 2 shows the effect of dependence of the Archimedean
copula Cy, with generator ¢ measured by 7(¢), Kendall’s tau of the bivariate
Archimedean copula with generator 1, for the Frank generator. In this case,
m = 1, and increasing 7(¢) negatively affects both estimators, although ASEG
is less sensitive.

5.2 The effect of the sample size, dimension, and depen-
dence

Given that the CFG-type estimator performed consistently better than A}

we concentrate on the former hereafter and explore the effect of sample size,
dimension and dependence. We choose the Pickands dependence function A to
be either LG with parameter o = 1/2 (all dimensions) or NSD with parameters
a=(1,2), p=0.59 (for d = 2), a = (1,2,3,4), p = 0.59 (for d = 4) and
a = (1,1,1,1,2,2,2,3,3,4), p = 0.69 (for d = 10). These parameters are
chosen so that the average of pairwise Kendall’s taus (also called the coefficient
of agreement [31]) of the corresponding d-variate extreme-value copula C4 is
1/2. The Archimedean generator is chosen to be Gumbel with § = 5/3, which
corresponds to Kendall’s tau of 2/5 of the corresponding bivariate Archimedean
copula Cy. The left panel in Figure 3 shows the IRAE for various sample sizes
when d = 4. It is clear that the performance of the estimator improves with
sample size, but also that it depends on the Pickands dependence function;
the CFG-type estimator performs worse when A is LG. Other dimensions and
Archimedean generators led to the same conclusions. It is worth noting that
the asymmetric Pickands dependence function NSD does not lead to better or
worse results overall.

The right panel of Figure 3 shows the effect of dimension. Unsurprisingly,
the performance of the CFG-type estimator deteriorates with d. The choice of
A has an effect; the latter is most pronounced when d = 4, although this may be
merely due to the choice of parameters. Again, the same pattern was observed
for other sample sizes and Archimedean generators. We also tried the DSM
Pickands dependence function, which does not satisfy Condition 4.3, because it
is not differentiable everywhere. The performance of the CFG-type estimator
remained essentially unaffected by this choice of A; viz. Tables D7-D9 in the
Appendix. This is comforting, because Condition 4.3 is virtually impossible to
verify from data.

Our next aim was to study the effect of dependence. We restricted ourselves
to the LG Pickands dependence function; in that case, Cy 4 is exchangeable
and measuring dependence can be reduced to the bivariate setting. The first
study we conducted focused on Kendall’s tau. For a bivariate Archimax copula
Cy.a, let Ty 4 denote its Kendall’s tau 7(Cy. 4); let also 7(4) = 7(C4) and
7(¢) = 7(Cy) denote Kendall’s tau of the corresponding bivariate extreme-
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Figure 3: Boxplots of IRAE of ASTY when d = 4 and n € {200,500, 1000}
(left), and when d € {2,4,10} and n = 200 (right). The Pickands dependence
functions are LG (red) and NSD (blue) with coefficient of agreement 1/2; the
Archimedean generator is Gumbel with 6 = 5/3.
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Figure 4: Boxplots of IRAE of ASEG when n = 200, d = 10 and the Pickands
dependence function is LG for all panels. The Archimedean generators are
Frank (left), Joe (middle) and Clayton (right). In the right panel, np(A) =
1/{2A(1/2)} = 27/7 is the lower tail dependence index of [34].

value and Archimedean copula, respectively. From [8],
Tpa =T(V) +7(A) = 7(¥)7(A4) . (5:2)

The left panel in Figure 4 shows the IRAE of the CFG-type estimator for various
values of 7y 4 and 7(A) when n = 200 and d = 10. The observed trend is that
for a fixed 7y 4, an increase in 7(A), which implies a decrease in 7(1)), results
in lower IRAE. There is also a performance gain as 7 4 increases. Conclusions
for other Archimedean generators, dimensions and sample sizes are the same;
viz. Tables D10-D12 in the Appendix.

The second study focused on the effect of upper tail dependence as measured
by the upper tail dependence coefficient Ay of [29]. For a bivariate Archimax
copula Cy 4 whose generator ¢ satisfies Condition 4.1,

Ao (Cyoa) =2 — {24(1/2)} .

In the middle panel of Figure 4 the Pickands dependence function is again LG
with parameter o, so that A(1/2) = 2'/¢~' and the Archimedean generator is
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Joe with parameter § = m. Consequently, various values of A\yy(Cy 4) can be
obtained by varying ¢ and 6. There is a noticeable decrease in IRAE when the
contribution of A to A\yy(Cy,4) increases, and a slight increase in error for a fixed
6 when \y(Cy,4) increases. The same pattern was observed for other choices
of n and d; viz. Table D13 in the Appendix.

The last study focused on the effect of lower tail dependence as measured
by the lower tail dependence coefficient Ar, of [29]. For a bivariate Archimax
copula Cy, 4 whose generator 1 satisfies Condition 4.2 (a),

AL(Cy.a) = {24(1/2)} .

Again, we considered the LG Pickands dependence function. As the Archi-
medean generator we choose the Clayton generator, which is such that s =
1/6. The right panel of Figure 4 shows that the effects of lower and upper tail
dependence are similar: an increase in the contribution of A to Ay leads to
lower IRAE. There is also a slight decrease in performance when 6 is fixed and
AL(Cy, 4) increases. The same pattern was observed for other choices of n and
d; viz. Table D14 in the Appendix.

6 Estimation of the distortion function

Sections 3 to 5 focused on the nonparametric estimation of the stdf under the
assumption that the distortion parameter v is known. Before these estimators
can be used however, 1 needs to be estimated without the knowledge of /. To
do so, assume that ¢ € U = {1)y,0 € O}. Recall that under the assumptions
of Proposition 2.1, 6 and ¢ are then identifiable. In this section, we propose a
simple moment-based procedure for the most common scenario where © C R.

First consider an arbitrary bivariate copula C and a pair (U, Us) ~ C. The
distribution function K¢ of the random variable W = C(Up, Us) is called the
Kendall distribution [40]. If C' = Cy, 4 is Archimax, it is known from (13) in
[9] that for any w € [0, 1], K¢, ,(w) = K¢, (w) 4+ ¢(w)/¢' (w)7(A), where T(A)
is Kendall’s tau of C'4. From this it is easily seen that for any k& € N, the k-th
moment of We,, , satisfies

_7(4)
Ck+1
Equations (6.1) for k =1 and k = 2 then lead to the following identity:
1-— 2E(ch) _1-=2m
1-3E(WZ) 1-3my

my, = B(WE, )

+{1—7(A)}EWE,) - (6.1)

(6.2)

The left-hand side depends only on the Archimedean generator and is thus a
function of 0, say f. Assuming that 1 is twice differentiable, Theorem 4.3.4 in
[40] and partial integration yield that for any 6 € ©,

1-2EW¢,,) [ 2 {y{) (z))2dx
=1 3E(W52v¢9) - 3f0rwg mwe(x){¢él)(x)}2dx .

f(0) (6.3)
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The following example provides explicit expressions for f for three families of
generators; in each case, f is strictly monotone in 6.

Example 6.1. For the Clayton generator given, for any x > 0, by g(x) =
(1+ 990);1/0 where > —1 and by exp(—z) when 6 = 0, E(kae) = (0 +

D/A{E+1D)(0+k+1)} for any integer k > 1. Consequently,

0+3
)= ——.
1) 2(0 + 2)
Nezxt, consider the Genest-Ghoudi family [17] whose generator is given, for
any x € [0,1], by ve(z) = (1 — 2?9 for 6 € (0,1]. Here, E(ng) =(1-
0)/(k+1—80), for any integer k > 1. Hence, for any 0 € (0,1],

3—-0

F0) =4

Finally, for the bivariate Frank family with parameter 6 € R, the generator
is given, for any x > 0, by Yg(x) = —(1/0)In{l + e (e~ — 1)}. Forj € N,
let D;j(6) = (5/67) fog(tj)/(et —1)dt denote the Debye function [1, Chapter 27].
Here, (6.3) yields after some algebra that for any 0 € R,

460 — 46D, (0)

1) = 355 =0D,08) + 4Dy(8) — 4

If f is one-to-one, as was the case in Example 6.1, (6.2) can be used to
construct an estimator of 6. Following [5], define I;; = 1(X; < X;,Y; <Y;) for
all 4,7 € {1,...,n} and set

1 1
=Y Ly, = Y LI
! n(n—l); ? n(n_1)(n_2)ig;ék 7

As 7y and 1hy are U-statistics with square integrable kernels, the results of [5]
imply that v/n{(m1,m2) — (E(We), E(WZ))} ~ N(0,3) as n — oo; the entries
of 3 are given in Proposition 2 therein.

Next, provided f has an inverse f<, define h : R2 = R by

1—2m,q
_ g
h(my,ms) = f (1 3m2)

and set 0 = h(rny,m2). Assuming h has continuous partial derivatives that are
non-zero at (my,ms) and using the delta method, one gets that /n(f — 0) ~
N(0, Jn(my,m2)SJp(mq, m2)T), where Jy, is the 2 x 1 Jacobian matrix of h.
Consistent plug-in estimators of the entries of ¥ are provided in [5]. For small
n, the calculations of [5] can also be used to compute and estimate the finite
sample variance-covariance matrix of (my, 7).
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Example 6.2. For the Clayton family, 6= Sn/ Ry, where
Sp=8m1 — 9y —1, R, =1— 4y + 3. (6.4)
Letting S = 8my — 9mo — 1 and R =1 — 4my + 3ms,
V(0 — 0) = v/n {h(1hy,1h2) — h(mi,ma)} ~ N(0,0%)
with the asymptotic variance

2 1
R4
+ 52(16211 + 9222 — 24212) — 2RS(32211 — 2;222 + 50212)} . (65)

g

{R2(64211 + 818, — 1445,

Note that the numerator Sy, in (6.4) is the quantity on which the test for bivariate
extreme-value dependence of [21] is based. These authors showed that when C' is
extreme-value, 8E(W¢) —9E(WE) —1 = 0. When 6 = 0, the Clayton generator
simplifies to Y(t) = e~ " and Cy 4 = Cy is extreme-value.

For the Genest-Ghoudi family, 0 = —Sn/Ry, where S, and R, are as in
(6.4). Hence \/n(0 — 0) ~ N(0,02), where o2 is given by (6.5).

For the bivariate Frank family, the function f is one-to-one but its inverse is
not explicit. Therefore, both the estimator and the asymptotic variance are not
explicit either. An estimate of 0 can be obtained numerically and its asymptotic
variance can be studied via resampling.

In the multivariate case, a generalization of (6.1) does not seem possible.
We thus propose to use 6 = [2/{d(d — 1)}] Dk 0, where éjk is the above
moment-based estimator of 6 based on the bivariate sample (X1, X1x), ...,
(Xnjs Xnk). A heuristic approach for checking whether averaging the pairwise
estimates is reasonable is presented in the following section.

7 Data application

In this section, the practical usefulness of the proposed estimation procedure for
Archimax copula models is illustrated in the context of flood monitoring. The
data is a trivariate sample of daily precipitation amounts in French Brittany
from 1976 to 2016 provided by Météo France. To avoid seasonality, the series is
restricted to September to February, during which most extreme events occur.
The position of the three stations Belle—ile7 Groix, and Lorient is shown in the
left panel of Figure 5.

To remove time dependence, and since our primary focus is on extreme
precipitation, we considered monthly maxima at each station, totalling 240 ob-
servations. Blocking the data by months also eliminates ties; in particular, it
avoids the large number of zeros in the sample of daily maxima. This series
shows no departures from stationarity; the Ljung and Box-Pierce tests do not
reject the hypothesis of temporal independence except at Groix, where there is
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slight evidence of dependence at lags 1 and 2. As the asymptotic results hold
for alpha-mixing sequences, time dependence is allowed.

The pairs of the normalized component-wise ranks of monthly maxima are
displayed in the right panel of Figure 5. These plots show strong correlation be-
tween Lorient and Groix, which is not surprising given their geographical prox-
imity. Also apparent is asymmetry between Belle-Ile on the one hand and both
Lorient and Groix on the other, in the sense that large precipitation amounts at
Groix correspond to large precipitation amounts at Belle-ile, but not necessarily
vice versa, and similarly for Lorient.

Because the data at hand are monthly maxima, one might first think of
fitting an extreme-value copula model. However the test of [32] clearly rejects
the hypothesis of extreme-value dependence (p-val. ~ 5 x 107°). This may
be explained by the presence of lower-tail dependence, which manifests itself
by the clumping of points in the bottom-left corner of the rankplots in the
right panel of Figure 5. The empirical estimates of the tail probabilities plotted
against ¢ in the bottom row of Figure 6 also indicate that all pairwise lower
tail dependence coefficients are likely greater than 0. This phenomenon is not
present in multivariate extreme-value distributions, whose all pairwise lower
tail dependence coefficients are equal to 0. Archimax copula models advocated
in this paper may on the other hand capture lower-tail as well as extremal
dependence. The Clayton-Archimax model may be particularly well suited. The
latter assumes continuous marginals and an Archimax copula of the form Cly, 4,
where A is an arbitrary Pickands dependence function and 1y is the Clayton
generator given for all ¢ > 0 by g (t) = (14 60t)~'/?, where 0 € [~1/(d — 1), 00)
is an unknown parameter. Because vy for any 6 > 0 satisfies Condition 4.2
(a) with s = 1/6, the lower tail dependence coefficient equals {2A(1/2)}~1/°.
Furthermore, Condition 4.1 holds with m = 1, so that Cy, 4 is in the domain

Belle-lle

480

> Lorient
Groix

Latitude
<]
o

Belle-lle

47.0

Lorient [ .

o
—TTT—TT ©
00 04 08

-5 -4 3 -2

Longitude )
Figure 5: Satellite map of French Brittany, showing the sites Belle—ile, Groix,

and Lorient (left). Rankplots of monthly maximum precipitation for the months
of September to February, from 1976 to 2016 (right).
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6 90% CIL  7(Cy4) Ta
Belle-Tle & Groix 1.58 (0.77,2.39)  0.54  0.56

Belle-Tle & Lorient 1.08 (0.49, 1.67)  0.51  0.52
Groix & Lorient 1.27 (0.54,1.99)  0.64  0.67

Table 1: Pairwise estimates 6 along with 90% asymptotic confidence intervals
in the Clayton-Archimax model, model-based estimates T(CJ)7 4) of pairwise
Kendall’s tau in the Clayton-Archimax model, and empirical estimates 7, of
pairwise Kendall’s tau.

of attraction of the extreme-value copula C4. The Clayton-Archimax model
is fitted to the data in Section 7.1; comparisons with other estimators of the
limiting A are considered in Section 7.2.

7.1 Fitting the Clayton-Archimax model

We begin by estimating the Clayton distortion using the moment-based method
presented in Section 6. The pairwise estimates of 6 are given in Table 1, along
with 90% confidence intervals. Because these intervals overlap, there is no evi-
dence against a trivariate Clayton-Archimax model with a common value of 6.
The latter is estimated by the average of the pairwise estimates to be 6 =1.31.

The next step consists of estimating A. We use the CFG-type estimator
ASEG given in (3.5) with 1 replaced by ;. The Pickands-type estimator is not
well suited here, because for the estimated value of 8, s = 0.76 < 2, so that the
requirements of Theorem 4.2 are likely violated. On the other hand, assuming
that Condition 4.3 holds, the hypotheses of Theorem 4.1 are fulfilled. How-
ever, the latter theorem is only the first step in the assessment of the limiting
behaviour of ASEG because the Archimedean generator is estimated parametri-
cally rather than treated as known. To establish the limiting behavior of AS¥¢
under this more general setup seems very complex however. Instead, we run
a pilot simulation which is detailed in Section 7.2 and the results of which are
shown in Figure 8. The boxplots AXC(1) and AXC(2) summarize the IRAE
when v is known and estimated parametrically, respectively. Unsurprisingly,
parameter uncertainty increases the variability of the estimator; this is also
confirmed by our preliminary calculations which show that the limiting process
of ACF@ will have an additional term involving the asymptotic distribution of 0.
Nonetheless, we conjecture that ASF¢ converges to a centered Gaussian process
as n — 0o.

A contour plot of AES is shown in the left panel of Figure 7. The con-
tour levels of AJES show a clear global asymmetry, but axial symmetry with
respect to Belle-1le. This pattern corroborates what was seen on the rankplots
in Figure 5. This asymmetry may be explained by the fact that Belle-Ile is
located far off shore. This can lead to strong localized rainfall which does not
affect the stations at Groix and Lorient. Although Groix is also an island, it
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lies much closer to the coast, and is hence not affected by the localized rainfall
phenomenon. Furthermore, it can also be seen from pressure maps and radar
images that heavy rainfall at Groix and Lorient is mainly due to large-scale
weather systems that affect Belle-Ile as well.

Finally, we check the fit of the Clayton-Archimax model. Because AS}ZG is
nonparametric, no existing formal goodness-of-fit test for copula models can be
used. However, the contours of the fitted trivariate Clayton-Archimax copula
seem fairly close to the empirical copula, as evidenced by the bottom panel of
Figure 6. We also compared various sample dependence measures to their model
estimates. To assess the fit in the tails, we consider each pair of stations j # k,
say. Following [12], we plot the empirical estimates of

log Pr{F;(X;) < ¢, Fi(Xs) < ¢}

xv(q) =2
log(q)
ila) =2 — log Pr{F;(X;) > llog—(;l), Fu(X) >1—¢q}

against g together with the model-based estimates of the lower and upper tail
dependence coefficients A;, and Ay for that pair, respectively. To compute the
latter, we use that in a bivariate Clayton-Archimax model,

A =l (o) = £24(1/2)} 7%, A = lim xo(9) = 2 - 24(1/2).

The top two panels of Figure 6 show that the model-based estimates approxi-
mate the empirical probabilities quite nicely when ¢ — 1, which indicates a good
fit in the tails. The contour plots of the empirical copula and the fitted Clayton-
Archimax model displayed in the bottom panel of the same Figure match nicely
as well. Finally, we compared empirical estimates of pairwise Kendall’s tau with
model-based estimates. To compute the latter, we used (5.2) with 7, = 0/(6+2)
and 7(A) = fol [{t(1—1t)}/A(t)]dA’(t), and approximated the integral in the ex-
pression for 7(A) with finite differences. Table 1 shows that the empirical and
model-based estimates are very close. Overall, the fit of the Clayton-Archimax
model seems adequate, and allows to model the dependence in this trivariate
precipitation dataset, not only in extremes, but also in a medium size regime.

7.2 Comparison with other estimators of A

If the objective is to specifically assess the joint risk of extreme precipitation,
then the estimation of the Pickands dependence function A of the extreme-
value attractor of the distribution of the monthly maxima at the three stations
is of interest. Because the Clayton-Archimax copula Cy 4 is in the domain of
attraction of C4, the estimator AJE® calculated in the preceding section is also
an estimate of the limiting Pickands dependence function. As such, it can be
compared to other nonparametric estimators considered in the literature.

The first idea would be to block the data by seasons and consider the maxima
over the period from September to February. This reduces the sample size to
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Figure 6: Empirical estimates of xy(¢) (top) and x1(¢) (middle) plotted against
q (Quantile) along with 95% confidence bands (black). The red lines indicate
the model-based estimates of Ay (top) and Az, (middle). Contour plots (bottom)
of the empirical copula (black dashed) and the fitted Clayton-Archimax copula
(red). The plots correspond to Belle-Tle & Groix (left), Belle-Tle & Lorient
(middle), and Groix & Lorient (right).

n = 40, but the hypothesis of extreme-value dependence is no longer rejected by
the test of [32] (p-val. = 0.43). Consequently, the multivariate rank-based CFG
estimator of [23] can be used. Another option would be to use nonparametric
estimators of A that only assume that the underlying copula is in the domain
of attraction of C4. We consider the FHM and EKS estimators of [16] and
[13], respectively. More precisely, the FHM estimator is denoted as iagg in [16,
Section 5.1], built from equation (15) therein, and its tuning parameters are
kn = 239,a = 0.8,7 = 0.8,k, = 237. The bias-corrected EKS estimator is
denoted Zn,k’kl and its parameters were set to the default choices from the R
package tailDepFun.
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Figure 7: AXC: CFG-type estimator ASEG based on monthly maxima and the
Clayton-Archimax model. CFG: Rank-based CFG estimator of [22] based on
seasonal maxima. FHM and EKS: Estimators of [16] and [13] based on monthly
maxima.

The three competing estimators CFG, FHM, and EKS are displayed in Fig-
ure 7 along with ASES from Section 7.1. The contours of the CFG estimator
are rougher, which is not surprising given that it is based on 40 observations.
Although we expect this estimator to be more variable because it is based on a
smaller sample, it is comforting that it shows a similar pattern as ASEG; this
further confirms that the Clayton-Archimax model is adequate for the data at
hand. The contours of the FHM and EKS estimators are much more irregular
which makes the plots difficult to interpret.

To compare these estimators further, we run a pilot simulation study mim-
icking the data. We generated N = 1000 samples of size n = 240 from a trivari-
ate Clayton-Archimax copula with # = 1.31 and the scaled negative extremal
Dirichlet Pickands dependence function parameters a = (1,2,3) and p = 0.9
whose shape roughly resembles AJEC (see the left panel of Figure 8). For each
sample, we estimated A by: (i) the CFG-type estimator from (3.5) assuming
that v is known; (ii) the CFG-type estimator from (3.5) with 6 estimated by
the moment estimator # from Section 7.1; (iii) the CFG estimator of [22] based
on block maxima with 40 blocks; (iv) the FHM estimator of [16]; (v) the EKS
estimator of [13]. The boxplots of the IRAE are shown in Figure 8. Even if
? is estimated by g, ASEG is clearly superior to the CFG, FHM and EKS
estimators particularly in terms of bias.

To sum up, this application on precipitation data demonstrates the feasi-
bility of the proposed inference techniques but more importantly illustrates the
potential of Archimax copulas to model joint risk in subasymptotic settings.
Since the max domain of attraction of Archimax copulas is known, one can
check the performance of the latter model by comparing it to models using
the max-stable assumption. In this particular data application, the Archimax
model accurately captures the bulk and both tails of medium to high precipi-
tation observations. Performance at extreme levels is no doubt also due to the
fact that the studied weather stations are located in a relatively small area. To
model extremes over larger spatial scales however, more flexible models than
those studied herein are required in order to capture asymptotic independence,
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as noted e.g. by [28] and [47].
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Figure 8: Left: Negative scaled extremal Dirichlet (NSD) Pickands dependence
function A with parameters a = (1,2,3) and p = 0.9. Right: Boxplots of
IRAE(A,) based on N = 1000 samples of size n = 240 from a 3-variate Clayton-
Archimax copula Cy, 4 with # = 1.31 and the scaled negative extremal Dirichlet
A with parameters e = (1,2,3) and p = 0.9. AXC(1): the CFG-type estimator
from (3.5) assuming that ¢ is known; AXC(2): the CFG-type estimator from
(3.5) with 6 estimated by the moment estimator 6 from Section 7.1; CFG:
the CFG estimator of [22] based on block maxima with 40 blocks; FHM: the
estimator of [16]; EKS: the estimator of [13].
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8 Proofs from Section 2

Proof of Lemma 2.1. For all u € [0,1]¢, (1{¢p= (u)} = l2{p"(u)} , and since
¢! is one-to-one, {1 (x) = ly(x) for all x € RY. O

Proof of Lemma 2.2. If {(x) = {p(z) = max{z1,...,2q} for all x € RY, then
regardless of ¥ and 1o, we have that C; = Cy = C)y, the copula corresponding
to the Fréchet-Hoeffding upper bound which describes comonotonic variables.
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Now suppose that £ # £,;. Then it is clear that Cj, # C)y for both k € {1, 2}.
Indeed, fix k € {1,2}. Note that {(x) > {p(x) for some = € RY. By the
homogeneity of ¢, there also exists an z € R% such that 0 < ¢ {l(x)} <
Vil (z)}. Therefore, Cy(u) = x o L{1by " (w)} < ¥y, 0 Lar{hy H(w)} = Opr(w)
for u = ¢y (x). Consequently, there exists at least one pair i,5 € {1,...,d},
i < j, such that the bivariate margin of Cj, given, for all u;,u; € [0, 1], by

Cl(g”)(uzauj) = Ok(17"'717ui71?"'71’uj71""71)

is not the Fréchet-Hoeffding upper bound copula. Next note that for all u;,u; €
[0,1],

CI (s, u5) = oy 0 €09 {7 (i), oy ()}
= 1 0 009 (" (), ¥ () } = C57 (wiy )
where £(7) denotes the bivariate margin of ¢, given, for all z;,2; € R, by
E(ij)(xi,xj) = €<Oa cee 707'Ti707 e a07xj70a s 70)

Therefore, C’,gij ), k € {1,2} are bivariate Archimax. According to Equation (13)
of [9], they have the following Kendall’s function for w € [0, 1],

Kk(w) = TeanW + (1 - TZ("'J))K%C (w) ’

where 7y is the Kendall’s tau of the extreme-value copula Cyujy and Ky, (w)
is the Kendall’s function of the bivariate Archimedean copula Cy, . Since 009) £
lpr, we know that 7,65 < 1 and thus that Ky, (w) = Ky,(w). From [20] and
[18], it follows that Cy, = Cy,. By the identifiability of Archimedean copulas,
this yields the equality of ¥; and 9 up to scaling (see for example Chapter 4
of [40]). O

Proof of Lemma 2.3. Proof of part (i). Clearly, ¥4 is a continuous and decreas-
ing function such that ¥3(0) = 1 and ¢g(x) — 0 as x — oco. Let g be the
logistic stdf given, for all € RY by lg(x1,...,2q) = (:z:}/ﬁ +e +x(1/5)ﬁ. The
Archimax copula Cy ¢, is a bona-fide copula by Theorem 2.1 in [11]. However,
it is easily seen that Cy,, = Cy,, where Cy, is the d-variate Archimedean
copula with generator 13. By Theorem 2.2 in [36], g must be d-monotone.
Proof of part (ii). Let 1z be the generator of the Gumbel copula given, for
all z > 0, by ¢g(z) = e==”. Then 1 is a completely monotone Archimedean
generator and 1 — ¢3(1/z) € R_g. By Proposition 6.1 in [11], the d-variate
Archimax copula Cy, ¢ is in the maximum domain of attraction of the extreme-
value copula with stdf £g. Consequently, ¢g is a d-variate stdf, as claimed. O

Proof of Lemma 2.J. Proposition 6.1 in [11] implies that, for all £ € {1, 2}, that
Cyy e, 1s in the maximum domain of attraction of the extreme-value copula

with stdf given, for all & € R%, by Ki/mk (z™*). Because Cy, ¢, = Cyyp,
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by assumption, this implies that for all € Ri, it holds that Ei/ml(azml) =
Eé/mQ (z™2). Hence, for all x € R%,

fl(xl, . ,xd) — g;’h/mz (x;nz/rm,. B ’x;ng/nh) .
Thus, for all w € [0, 1],
Con () =10 657 [ )™/ o @)™ ™ ]

Now set 91 (t) = ¢ (tml/m2) for t € Ry and note that ] is a d-monotone
Archimedean generator by Lemma 2.3. Therefore, Cy, s, = Cyr o, = Cyyp,-
Given that £5 # £ by assumption, the rest of the claim follows from Lemma 2.2.

O

9 Smoothness of the Archimax family

Let first recall the following conditions considered in [44] and [6], featuring the
set Vg, = {ue0,1]Y:u; € (0,1)}.

Condition 9.1. For each j € 1,...,d, the partial derivative C'j given for all
u € [0,1]¢ by Cj(u) = (0/0u;)C(u) exists and is continuous on the set Vg ;.

Condition 9.2. For everyi,j € 1,...,d, the second-order partial derivative C’ij
given for all u € [0,1]% by Cy;(u) = (9%/0u;0u;)C(u) exists and is continuous
on the set Vy; N Vy,, and there exists a constant K > 0 such that for all
u € Vd,j N Vd,i

|CZJ(U)| <Kmin{ui(11—ui)’uj(ll—uj)} . (9.1)

Let C be a d-dimensional Archimax copula Cy . With the notation ¢(u) =
{p(u1),...,d(uq)}, the partial derivatives of C' can be computed for each i,j €

{1,...,d}, i # ], as
Ci(u) = ¢ [t{¢(w)}] Li{d(u)}¢' (us) , (92)

Ciglu) = (" [{o(w)}] E{o(w) {o(w)} + o' [{o) ] i{o)}) (93
x ¢ (u)o (uy)

Cii(u) = (z//’ [E{o(u)}] [E{d(u)}]? + ' [{d(u)}] @'¢¢{¢(U)}) (9-4)
X {0 (ui) }* + ' [({p(w)}] Gi{p(w) }o" (us)
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9.1 Auxiliary results

Lemma 9.1. Let ¢ be a d—variate stdf whose first order partial derivatives exist
on Ri. Then, for anyi € {1,...,d} and € R%, one has 0 < £;(x) < 1.

Proof. Both inequalities can be derived from the properties (a)—(c) in Sec-
tion 2.1. Fix i € {1,...,d} and = € R%. Since ¢ is fully d-max decreasing, it is
increasing in each argument. This yields the first inequality. To show the second
inequality, note that properties (a) and (b) imply £(0,...,0,2;,0,...,0) = x;,
and hence £;(0,...,0,2;,0,...,0) = 1. From property (c), it also follows that
¢; is non-increasing in the j-th argument for all j # i. Therefore £;(xz) <
Ei(O,...,O,xi,O,...,O):1. O

Lemma 9.2. Let ¥ be a d-monotone Archimedean generator for some d > 2
such that ' exists and is continuous on (0,00) when d = 2. Assume that
Conditions 4.1 and 4.2 hold and let z, = inf{z € [0,00) : ¢¥(x) = 0}. Then
the function given for any x € (0,zy) by f(x) = ¥(x){1 — Y (x)}/{—zy'(x)} is
continuous on (0,zy) and has finite limits at 0 and x;.

Proof. Given that the continuity of f is immediate, it suffices to show that its
limits at 0 and x,, are finite. Because Condition 4.1 holds,

) = PRV
i f(@) = M = a0 ’

where the last equality follows from Equation (12) in [33]. Turning to the limit
of f at zy, three cases have to be distinguished.

Assume first that Condition 4.2 (a) holds. In this case, ,, = oo and Equation
(7) in [33] implies lim, ,o f(z) = 1/s. Next, assume that Condition 4.2 (b)
holds. Because the function given for all z € (0,zy) by ¥(x)/{—¢'(x)} is an
auxiliary function by the calculations in the proof of Theorem 1 (c¢) on p. 213
in [33], limg 4, f(z) = 0 by Lemma 3.10.1 [7]. Finally, assuming Condition 4.2
(¢), zy < 00 and

lim f(z) = lim {1 = dlzy = 1/2)jp(zy — 1/2)

Ty T—00 —w’(xw — 1/1‘)(l‘w — 1/1‘)
_ iy F¥ly = V) (/2){1 — Py — 1)}
T—>00 _wl({Ew—l/gj) x¢_1/x s

since the first ratio in the last expression tends to 1/(a + d — 1) thanks to
Condition 4.2 (c¢) and [33, p. 211]. O

Lemma 9.3. Let ¢ be a d-monotone Archimedean generator for some d > 3
such that ¢ exists and is continuous on (0,00). Assume that Conditions /.1
and 4.2 hold and let x,, = inf{x € [0,00) : ¢(z) = 0}. Then the function given
for any x € (0,zy) by f(z) = ¥(x){1 —¥(z)}" (z)/{¢'(x)}? is continuous on
(0,zy) and has finite limits at 0 and x.
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Proof. As in the proof of Lemma 9.2, the continuity of f is immediate and hence
it suffices to show that its limits at 0 and =, are finite. From Condition 4.1 and
Equation (12) in [33],

. o (/o) {1 = (1 /x)}(1/2)* (1))
limy f(w) = Jlim (—(/a)0 (1)) =m-1

Turning to the limit of f at z, three cases have to be distinguished.

Assume first that Condition 4.2 (a) holds. In this case, z,, = co and Equation
(7) in [33] implies lim, o0 f(2) = (s +1)/s.

Next, assume that Condition 4.2 (b) holds. By the calculations in the proof
of Theorem 1 (c) on p. 213 in [33], the functions given for all € (0,zy) by
ai(z) = () /{—y' ()} and af(z) = —¢'(2) /9" (z) are auxiliary functions that
are asymptotically equivalent to the auxiliary function a of 1. Consequently,
aj(z)/a3(x) — 1 as x — xy so that lim, ., f(z) = 1.

Finally, assuming Condition 4.2 (c), zy < oo and

Uy —1/z)  (1/2)*¢"(zy — 1/2)

lim f(z) = lim

{1 - 9(zy —1/2)}

" v—oo —(1/z)'(xy — 1/z) —(1/2)Y' (29 — 1/2)
_a+d-2
Ca+d—1"

where the last equality follows from the calculations on p. 211 in the proof of
Theorem 1 (b) in [33]. O

9.2 Verification of the smoothness conditions

Proposition 1. Let C' = Cy ¢ be a d-variate Archimax copula such that i exists
and is continuous on (0,00) when d = 2, and the first order partial derivatives
of £ exist and are continuous on R‘i. Then Condition 9.1 holds.

Proof. Fix j € {1,...,d}, u € Vy;, set * = ¢(u) and using (9.2) write

_ V@) ()
V' (z5)

Because ¢/ > 0 on (0,171(0)), and ¢(x) > z; > 0 on V,;, the assumptions
imply that C; is continuous on (0,1]% N V. If u; — 0 for at least one i # j,
T; — 1/}71(0) and é(cc) — é(dfl, . ,xi_l,wil(o),a:i_i'_l, . ,.T,d) > 1!)71(0) By
Lemma 1 in [48], ¢'(x) — 0 as z — ¢~'(0) and if 4)~1(0) < oo, ¢'(z) = 0 for
z > 1~1(0). Consequently, as x; — 1»~1(0), C;{¢)(x)} — 0. O

Ci{y(x)}

Proposition 2. Let C = Cy be a d-variate Archimaz copula such that i is
k-monotone for some k > 3 and )" exists and is continuous on (0,00). If
Conditions 4.1, 4.2 (a) and 4.3 hold, or if —log(v) is concave and Conditions
4.1, 4.2 (b) and 4.3 hold, then Condition 9.2 is satisfied.
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Proof. For any u € [0,1]¢, set & = ¢(u) and for any i, j € {1,...,d}, introduce
the following terms:

PR 4 o) B 4 (1)
T T M e PO O T EAT e
() " (x;
Tii3(x) :W.

By the d-monotonicity of 1, observe first that for k € {1,2,3}, T;; » > 0. Now
let zy = inf{z € [0,00) : ¥(x) = 0}. From (9.3), (9.4), Lemma 9.1, and
Condition 4.3 it follows that for any x € (0, )%,

ICii{b(@)}| < Tija () + Tija(x),  |Cii{p(@)}] < Tisa () + Tii2() + Tia s().

Next, note that for any i # j, C’” and Cj; are continuous on (0,1]4N VaiNVa;.
The d-monotonicity of ¢ and Lemma 1 in [48] implies that for k € {1,2},
YF)(2) = 0 as z — xy and if 2, < oo, ) () = 0 for x > z,,. Consequently,
for each k € {1,2}, Ti; x(x) — 0 as z, — x, for at least one r ¢ {4, j} and that
for each k € {1,2,3}, T, x(x) — 0 as z, — zy for at least one r # 4. This in
turn implies that Cy;{1)(x)} — 0 and Cj;{y)(z)} — 0 as z, — x4, for at least
one rin {1,...,d}\{i,j} and {1,...,d}\ {i}, respectively. Hence for i # j, Ci;
and C” are continuous on Vg ; N Vg ;.
Now introduce the functions given, for any 21,2, € (0, ), by

T](Z] 22) = M _Mw/{zl V 22}
ICE GV )0 ()i (22)
P () = Yz ()
T3(z1) = WP

Note first that for k& € {1,2,3}, T > 0 on its domain. Because (—1)%(®)
is nonincreasing on [0,00) for ¢ € {1,2} and ¢(x) > x; V --- V x4 for any
x € RY, one has that for any i # j and any = € {¢(u),u € Vg; N Vy;} and
T e {(b(u)au S Vd,'i};

Cii{p (@)} < Th (i, 25) + To(ws, x;)
and  |Cii{(2)} < Ti(ws, m;) + Tolw, 2;) + Ts(),

To(21,22) =

respectively. Note that for & € {1,2}, the term T} is symmetric. To show the
inequality (9.1) it thus suffices to prove that for k € {1,2}, the function given
for all 21, 25 € (0,24) by 1(21){1 = (21)}Tk(21, 22) is bounded on (0,24)?, and
further that the function given for all z; € (0,2y) by ¥(21){1 —(21)}T3(z1) is
bounded on (0, ). First observe that because —t’ is nonincreasing,

My(z1){1 — ¥(21)}
—z1'(21) '
P (1) (2){1 — (1)}
¥/ (21)}? '

P(21){1 = (1)} Ta(21, 22) <

P(21){1 = ¥(21)}T3(21) <
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The function on the right-hand side in the first and second inequality is bounded
on (0,z,) by Lemma 9.2 and Lemma 9.3, respectively.

It remains to consider the function Ti. For all 21,22 € (0,2y), denote
h(z1, 22) = ¥(21){1—(21)}T1 (21, 22). First note that because —1 is decreasing
on (0,zy),

¢(Zl){1 B ¢(Zl)} (Zl V 22)’(/}//(21 \V4 22) B B . .
—219'(21) /(2 V 22) = f(z1)g(z1 V 2z2), (9.5)

in terms of f(z) = ¢(x){1 — ¢ (x)}/{—2¢'(z)} and g(z) = 9" (x)/{—¢'(z)}.
Now f is bounded on (0, zy) by Lemma 9.2. Furthermore, g is continuous and
because Condition 4.1 holds, it satisfies

2,1

i o) — i /20 1/)

=0 e=oo (1/2) {=y'(1/x)}
where the last equality follows from Equation (12) in [33]. Therefore, h is
bounded on (0, k]* for any x < xy. To conclude that & is bounded on the entire
set (0, xy)?, two cases have to be distinguished. First, assume that Condition 4.2
(a) holds. In this case, 24 = 0o and Equation (7) in [33] implies lim,_, o, g(z) =
s+ 1 and hence the upper bound in (9.5) is bounded on (0, z)?. Next, assume
that Condition 4.2 (b) holds, and that —log(¢) is concave. In this case, the
upper bound in (9.5) is too crude because g(z) — co as © — x,. Instead observe
that, because ¢ is decreasing,

YoV a)P'(a1Ve) ¢() ¢P(aVe)
{'(z1V22)}? (21 V22) P21 Az2)
< (21 V 22" (21 V 22) af(z1 A 22)
- WE v e V)
where for any = € (0,2y), aj(z) = ¥(z)/{—1'(z)}. From the proof of Lemma 9.3,
Y(z)Y" (x)/{'(x)}* — 1 as © — xy. Furthermore, because — log(¢)) is concave,
a} is increasing and hence the upper bound in (9.6) is bounded on (0, z,,)?\ (0, ]2
for any € (0,z,). Put together, h is bounded on (0, z)?. O

h(Zl, Zz) S

=1-1/m,

h(Zl,Zg) = (96)

10 Proofs from Section 4

10.1 Proofs of Lemmas 4.1 and 4.2

Proof of Lemma 4.1. For part (i), note that Condition 4.2 (a) with s > 1 is
equivalent to Z € M(®,) with s > 1. Similarly, Condition 4.2 (b) is equivalent
to Z € M(A), and Condition 4.2 (c) implies that Z is bounded from above.
In either case, E(Z) < oo, see, e.g., Chapter 3 in [14]. Before showing that
i — E(Z) as n — oo, note that for any positive random variable with finite
expectation and a differentiable survival function F, integrating by parts and a
change of variable yields

1
0

/OOOF(t)dtzf (F) ™" (s)ds (10.1)
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given that lim; o tF(t) = lim;_,o tF(t) = 0. Eq. (10.1) then gives

/¢ds—/1/} (Z) < oo,

and hence i — E(Z) as n — oo, as claimed.
To show part (ii), write

E(log Z) = E{log(Z v 1)} + E{log(Z A 1)} = E{log(Z v 1)} — E{log(1/Z V 1)} .

When Condition 4.2 holds, Z is in the domain of attraction of either the Fréchet,
the Gumbel or the Weibull distributions. In either case, E{log(Z V 1)} < oo;
see Corollary 3.3.32 and Examples 3.3.33 and 3.3.34 in [14]. Furthermore, given
that 1 — ¢(1/z) is the survival function of 1/Z, Condition 4.1 implies that
1/Z € M(®y/,,) and hence E{log(1/Z V 1)} < oo again using Example 3.3.33
n [14]. As in part (i), ¥ — E(log Z) as n — oo then follows directly from

00 1
BlogZ) = [ wlexp(t)}dt = [ log{o(s)}ds < ox,
0 0
which holds by Eq. (10.1) given that 1 (e?) is the survival function of log Z. [

Proof of Lemma 4.2. Using the fact that
log(t) = [;° {1(z <t) — L(z < 1)} o~ da, for w € Ay, write

BCYC (w) = \/E{ElogZJr %Zlog&(w) + ElogZ — Elogf(w)}

i=1

_ —\/5<r1z i/ooo |1z < &(w)} - Lo < 1)] d?x
- E/OOo [1{z < g(w)} - L{z < 1}] dx)

1 & - dx
—\/ﬁ</0 [n Z]L{x <&Gi(w)} -z < 1}] -

i=1

- [Pl <) -1e <y ‘f)

_f/ [ ]l{Ull < Y(wix),. Uid < ¢(wdﬂ7)}

dxr

—P{U;; <Y(urz),...,Uig < w(wdx)}l

_ /0°° Jn [@n{¢(wz)} — C{p(waz)} dgx

du
ulogu

/0 &, [{—wlog(w)}]
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Similarly, for the Pickands-type estimator, for w € Ay,

_ Yy bi(w)  A(w)
BS(W_\/E{ nE(Z) _E(Z)}

&

:\@)Aw[i}:uéw»zxww—E&hwﬂdx

n

_n /0°° lizl{éi(w)ZI}P{f(w)>z}] "

=1

&
N

(oo}

=

o— >—

Vit |Gl (wa)} = Cfp(wa)}] de

du

Colt{—w log(u)}]—~ -

&
N

1

s
’N\»—\

10.2 Auxiliary results

In the following, lemmas that are used in the proof of Proposition 4.2 are stated
and proved.

Lemma 10.1. Suppose that Condition 4.1 holds. Then for any K € N and
c< 1/K1/m, there exists N € N so that for alln > N,

e{ro (=)

Proof. First note that because ¢(1 —1/x) € R_,p,

lim =c

we 6{1— 1/(n + 1)}

Consequently, because ¢{1 —1/(n+ 1)} — 0 as n — oo,

L L= U{K6(1 —¢/n)}
w3 1= glo{1 - 1/(n+ D}
i LIRS~ /(n+ D} — ¢/n)/6{1 = Y+ DY 1
e 1= 901 =1/ + DY)

Because cK/™ < 1 by assumption, the result follows. O

Lemma 10.2. (i) If Condition 4.2 holds, then for any w € (0,1/2) and a €
(0,2y), [7{¢(x)}*/x dx is finite.

(i) If Condition 4.2 (a) holds with s > 2, then for any w € (1/s,1/2) and any
a>0, [Z{y(x)}¥dz is finite.
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(i1) If Condition 2 (b) or (c) holds, then for any w € (0,1/2) and any a €
(0,2y), [T {v(z)}*dx is finite.

Proof. (i) If Condition 4.2 (a) holds, z,, = oo and the integrand has index
of regular variation —sw — 1 < —1; the integral is thus finite by Karamata’s
Theorem [14, Theorem A3.6]. If Condition 4.2 (b) holds and z, = oo, then
1 is rapidly varying and the result follows from Theorem A3.12 (a) in [14]. If
Condition 4.2 (b) holds and x, < oo or Condition (c) is satisfied, then z, < oo
and the integrand is bounded on [a, zy].

(ii) Given that the integrand is regularly varying with index —sw < —1, the
result follows from Karamata’s Theorem, as in (i).

(iii) In this case, the result follows from Theorem A3.12 (a) in [14] if Condition
4.2 (b) holds and z,, = oo, and from fact that z,;, < co otherwise. O

Lemma 10.3. (i) If Condition 4.2 holds, then for any ¢ € (0,1),

lim v/n " w<x)dsc:0.

n—oo ¢(C/'VL) X

(i1) If either Condition 4.2 (a) with s > 2, (b) or (¢) holds, then for any c €
(0,1),

lim v/n " Y(x)dz =0.

nree ¢(c/n)

Proof. (i) If Condition 4.2 (a) holds, zy, = co. By Karamata’s Theorem the
integral is a regularly varying function of ¢(c¢/n) with index —s. For some
slowly varying function L,

vr :,/ ) ) e = i ((e/m)} ™ L{o(e/m)

Due to the regular variation of ¢ at zero, there exists a slowly varying function
L* such that

Va{ole/m} " Lig(e/n)} = v { (/) L (/o)) T L{o(e/n)}  (102)

c
— It
\/ﬁ (n)7
where Lf(n) = L*(n/c)=*L{¢(c/n)} is a slowly varying function of n Resnick
[42, Proposition 0.8 (iv)]. Consequently, the right-hand side of (10.2) converges

to zero as n — oo.
If Condition 4.2 (b) holds and zy = oo, Theorem A3.12 (b) in [14] implies

that -
lim ﬁ/ de =0,
¢

n—oo C (c/n) T

from which the result follows at once. Finally, if Condition 4.2 (b) holds and
zy < oo or if Condition 4.2 (c) is satisfied, z, < 0o and ¢(z) = 0 for all x > xy.
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Because 1 is decreasing,

a [ @) gy o [T Ale/m) Ty —log{(c/n)}
v o(c/n) T < Vn #(c/n) z Vn/e

Clearly, the last expression converges to zero as n — oc.

(ii) If Condition 4.2 (a) holds with s > 2, 2y, = 0o and one can argue as in the
proof of (i) using Karamata’s Theorem that

Vit [ w(e)ds =t ),
bn

where LTt is slowly varying. Since 1/2 + 1/s — 1 < 0, the right-hand side
converges to 0 as n — oo. If Condition 4.2 (b) holds and z,, = oo, Theorem
A3.12 (b) in [14] and the fact that ¢(1/z) is slowly varying [7, Theorem 2.4.7]
imply that

o0 o U(E)dt
lim \/ﬁ/ ¥(@)de = lim 2L Jotejm 1) =0
n—00 é(c/n) n—oo  \/n (c¢/n)¢(c/n)

If Condition 4.2 (b) holds and =, < co or Condition 4.2 (c) is satisfied, then
xy < 0o. Consequently,

N " Y(x)dz < n(e/n){zy — dlc/n)} ;

é(c/n)
the last expression clearly converges to zero as n — oco. O

Remark 10.1. It emerges from the proofs of Lemma 10.2 and 10.3 that these
results remain valid if instead of Condition 4.2 (b) or (c), ¥ satisfies the weaker
condition that either x, < oo, or that xy = oo and v is rapidly varying as

defined, e.g., on p. 83 in [7].

10.3 Proof of Proposition 4.2 (a)

Let I be a compact subset of Ad. For an arbitrary w € Ay, set w) =
min;—; _gw; and w(g) = max;=1 . q4w;. Define, for any k € N, the set By, =
{w e Ag:wqy > 1/k}. Since K is compact, there exists an integer K > 1 such
that K C By/g C Aq4. Next, pick an arbitrary ¢ € (0,1/K™) with m from
Condition 4.1, and define

a=0(1-5), bu=0(5). (10.3)
n n
By Lemma 10.1 and because ¢ < 1, there exists N € N so that for any n > Nk,
n c n
o K (1 _ f)} . 10.4
c<n_+_1 and w{¢> - >n—|—1 (10.4)
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Next, for any ¢« > 1 and j € {1,...,d}, let U;; = F;(X;;) and set U; =
(Uit ..., Uiq). Let a, be the empirical process pertaining to the (unobservable)
sequence U1y, ...,U,, that is, for any u € [0, l}d,

n d
00 () = V1 {Colat) — Clw)} %ZH (Ui < )

Furthermore, let C,, be the process defined at any u € [0, 1]¢ as follows:

Crl(u) = ap(u C’j (J))

M&

Jj=1

Before proceeding, recall that for any & € RY, ¥(x) = (Y (x1),...,¥(zq)) and
note the following lemma.

Lemma 10.4. Asn — oo, SUPyeB, foz’”/w(d) |Cp{t(wz)} — (ACn{i/)(wx)HdgE—x
converges in probability to 0.

Proof of Lemma 10.4. Using triangle inequality and a,, b, as in (10.3), write,
for any w € By,

Ty /W(ay R T
L e~ a5 < D)+ Ew) () L))

where

bn /w(q
nw = [ Eutwiwn)  Cutpiwa)| T
an/w()

an/w(l)
I(w) = /
0

T an/way T
Calwtwn)}| 2, Li(w) = / Ve tptwn| 2

Ty /W(a)
Iy (w) = / Cafuawn)}| 2

n/W(a)

dxr

)

Cofd(wz)}| —

T

Ty /w(a)
Iw) = |
b

n/W(d)

In the sequel, we show that for any p € {1,...,5}, SUDweB, I,(w) — 0 in
probability as n — oo.

Treatment of I. Fix an arbitrary w € By and introduce, for any w € (0,1/2),
the weight function g, as in [6]. The latter is given at any u € [0,1]? by

.....
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Because a,/wqy < & < by/w(g) implies that, for all j € {1,...,d}, ¢/n <
Y(w;x) <1 —c/n, one has

B b /w(a) Cro{(wz)} _ Cp{v(waz)}
hiw) = /an/wu) gol(wz)}  gu{d(wz)}
<, [ el

T

gAvwo)}

x

where X -
Cn(u) C,(u) .

Sn = Su —
P | 9e(@)  gu(w)

u€lc/n,1—c/n]d

(10.6)

By Equation (2.1) in Theorem 2.2 in [6], S, converges to 0 in probability as
n — oo. The conditions of the latter Theorem are indeed fulfilled because
of Proposition 4.1. To conclude that sup,cp, , f1(w) — 0 in probability as

n — oo, it thus suffices to show that fox“’/w(d) %%de is finite. To this end,
note that because v is decreasing,

go{tp(wa)} < [min{e(zws), ..., P(zwe) }* = {Y(wayz)}* (10.7)
and that, since w; <1 for all j € {1,...,d},

gol{t(wr)} < [1 —min{y(zwy), ..., P(zwa)}]* = {1 —P(wgz)}* . (10.8)

Choosing an arbitrary a € (0, ), one then has

/ e g pwa)} - / R S T2) (10.9)
o “—Jo

x T

dx = I11 + 12 < o0,

N /x“”/w“” {Y(wgyz)}*

Jw(a x

where © (1 ) " - "
PR T R S CCT R
1/a z a T
Indeed, under Condition 4.1, I ; is finite by Karamata’s Theorem, since the
integrand has index of regular variation —mw — 1 which is strictly less than —1.
Finally, I3 is finite under Condition 4.2 by Lemma 10.2 (i).

Treatment of Is. Without loss of generality, suppose that n > Nk so that (10.4)
holds. Fix an arbitrary w € By, and observe that from the definition of By,
one has, for any = € (0,a,/wq)) and j € {1,...,d},

wiz < &qb(l—E) < K¢<1f%) .

w(l) n

This and (10.4) imply that

Ylwiz) > P {K(1 - c/n)} > n%l
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Consequently, for any = € (0, a,/w()), Co{¢(wx)} = 1. Using (1.2), one thus
has

an/we - anway 1 -
I(w) = \/ﬁ/o - C{w(wm)}]% - \/5/0 " de.

Because for any x > 0, {(wz) = zf(w), £(w) < 1, and w) > 1/K one further
has that

My [T AW g 1o,

w(1y/an x 1/(Kay) T

o0

Next, Karamata’s Theorem implies that there exists a slowly varying function
L1 such that

v i (1- £ (e (1- £)} ]

Because ¢(1 — 1/x) is regularly varying with index —m, there exists a slowly
varying function Lo such that

il 1) [fro )} ]
= Vi {K(n/e) "™ Ly(n/c)} ™ Ly {{K‘ﬁ (1- ;)}1] '

Thus IL(w) < n Y2L3(n), where Ls(x) = cKY™Ly(x/c)/™

x L1[{K¢ (1 — c¢/x)}~1]. Because Lj is slowly varying [42, Proposition 0.8 (iv)],
n~Y2Ls(n) — 0 as n — oco.

Treatment of Is. Without loss of generality, suppose that n > Ng so that
(10.4) holds. Fix an arbitrary w € Bj,x and observe that if x > b,/w),

Y(zw(gy) < c¢/n < 1/(n+ 1) and consequently Co{t(wz)} = 0. One thus has

Ty /W(a) dx
() = Vi [ o)
n/W(d)
Ty /w(a) Ty
< \/77/ 71,/}(w(d)x) dx = \/ﬁ/ 7@/}(@ dx .
bn/lU(d) T bn €

The last term in the above inequality is independent of w and converges to
0 as n — oo by Lemma 10.3 (i).

Treatment of I,. Recall the second weight function g, from [6] given, for all
u € [0,1]%, by ju(w) = gu(u) + 1{gu(u) = 0}. Fix an arbitrary w € By, let

@l

Z, = sup (10.10)

u€(0,1]4

Co(w) ’
Ju(u)
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and observe that

an/w(1)
Ii(w) = /
0

Cn{w(wx)}‘ Jul(wa)} < /“"/w“) anww(wx)}dx
0 T

Ju{v(waz)} z
<y [ autitnnl,

0

Given that Z, ~ sup,eo1j¢ |C(u)/gw(u)| as n — oo by Theorem 2.2 in [6], it

suffices to prove that fOKa” de converges uniformly to 0 as n — oc.

To this end, note that g, (u) = 0 occurs either when at least one component of
u is equal to 0 or at least d — 1 components are equal to 1. Given that a,, — 0
as n — 00, one thus has, for sufficiently large n,

[ bty [ v},
0 0 |

x x

Using (10.8), the integral on the right-hand side can be bounded above by

/K“"/ " gl wa)} / Koo {1 = Ylwga)}”
o “Jo

:/"O 11—y /x)}*

/(Kan) r

The last expression converges to 0 as n — 0o, given that it is bounded above
by I1 in (10.9), which is finite, and given that a,, — 0 as n — oco.

Treatment of Is. Let g, be as in the preceding paragraph concerning I,. Fix
an arbitrary w € By,x and note that, using (10.7) and performing a change of
variable,

Ty /W(ay 5 Ty /W(q
I5(w)§Zn/# ”Md@«:zﬂ/w “ gulp(wa)}
b

b /w(a) r n/W(a) t
Ty w
< Zn/ W@,
bn z
The claim follows since [, Wd:c — 0 as n — oo by Lemma 10.2 (i) given
that b, — x4 as n — oo. O

Returning to the proof of Proposition 4.2 (a), fix an arbitrary w € By, and

observe that from Lemma 4.2 and the fact that C,{¢(wz)} = C{y(wz)} =0
whenever z > x4 /w(q),

Ty /Wiy | dx
B = - [ Cuvwa) T
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Now introduce the process BSFC given, for any w € Ay, by

_ Ty /Wia) _ d
BSFG (w) = — / Cof{th(wa)} .
0 x
From Lemma 10.4, it follows that supy,ep, . [BR" % (w) — B"%(w)| converges

to zero in probability. It thus remains to show that BS¥® ~» B in C(By k)
as n — oo. To do so, consider the map

T (20,1, [ - lla.) — (€(Buyx), |l - [loo) (10.11)
Ew/w(d) dr
;o { w-- [ f{w(w:v)}x} ,

where |[fl[z, = supyeoje [f(w)/du(w)|. Let fi, f2 be arbitrary functions in
(€>([0,2]%), 1 - l|3..)- Then

sup [(f1) = T'(f2)]

weEB /K
. m/v@ f p(wa)} — fo{tb(wa)} fu{v(wa)}
T webhn ‘/o Gl (wa)} P
1w/wd ~
< sw |[ Y ol TP
weB; /K |J0O z

<|lf1 = fallg, (I11 + T12),

where the last inequality follows from (10.9). The map I' is thus Lipschitz.
Theorem 2.2 in [6] and the Continuous Mapping Theorem then imply that
BSFE = T'(C,) ~» I(C) = BYC as n — oo weakly in £°(By k). Since BF¢
has continuous paths on By, k, the convergence takes place on C(B k).

10.4 Proof of Proposition 4.2 (b)

The proof of Proposition 4.2 (b) is similar to the proof of part (a) detailed in
Section 10.3. For the sake of brevity, only the differences are pointed out.

Let K be a compact subset of Ay. Let B,k and c be as in Section 10.3
and ay, b, as in (10.3). Furthermore, assume without loss of generality that n
is sufficiently large so that (10.4) holds. Finally, recall the weight function g,
given in (10.5) for some arbitrary fixed w € (0,1/2); if Condition 4.2 (a) holds,
w € (0,1/2) must in addition be such that sw > 1. The following result is the
analogue of Lemma 10.4.

Lemma 10.5. As n — 00, SUPyep, Oww/w(d) ICo{t(wz)} — Cp{o(wz)}|dz
converges in probability to 0.

Proof of Lemma 10.5. Fix an arbitrary w € By g. Then

Ty /W(a _ R
A |G ()} Co {4 (w) i < Ty (w)+ o (w) + T () + s () + I (w) |
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where

Cu{t(we)} - Co{th(wa)} | dz

bn/w(d)
I(w) = /

n/w()

an/w()
Bw) = [
0

. an/way
Co{t(wa)}|dz, Tiw) = / € {wa)} | de |

Co{t(wa)}| de,

Ty [ W(a)
Iy(w) = /
b

n/W(d)

Ty /wiay

w) = [ Cfuwn)] ds
b /w(ay

To prove the claim, we show that for any p € {1...,5},

SUDweB, I,(w) — 0 in probability as n — oo.

Treatment of I,. Define S, as in (10.6) and observe that

bn /w(a) Ty /W(a)
L(w) < S, gt (wa)}dz < S, / g (wa)}dz
0

an/w(l)

For an arbitrary a € (0,2,) one further has, using (10.7) and (10.8) and the
fact that wg) > 1/d,

Ty /W(a) a Ty
/0 g (o (we)}de < d / {1 - (2)}de + d / (a)de.

The upper bound in the preceding display is finite; this follows from Lemma 10.2
(ii)—(iii) and the fact that {1 — ¢ (z)}* is bounded on [0,a]. Given that S,, con-
verges to 0 in probability as n — oo by Theorem 2.2 in [6], SUDye B, 11 (w) =0
in probability as n — oo, as claimed.

Treatment of I>. Fix an arbitrary w € By k. Using the same arguments as in
the paragraph concerning the treatment of I5 in the proof of Lemma 10.4, one
has that

an /i .
L(w) < \/ﬁ/o ( ){1 —p(z)}dz < u\](f)gb(l —c/n) < Kyvné(l —c/n) .

Given that /z¢(1—c/x) is regularly varying of index 1/2—m < 0, the expression
on the right-hand side converges to 0 as n — co.

Treatment of I3. Fix an arbitrary w € By k. Using the same arguments as in
the paragraph concerning the treatment of I3 in the proof of Lemma 10.4 and
the fact that w(g > 1/d, one has that I3(w) < dy/n [, * 1(z)dz. The upper

bound converges to 0 as n — oo by Lemma 10.3 (ii).

Treatment of I. Fix an arbitrary w € Bj/g. Arguing as in the paragraph
concerning the treatment of I in the proof of Lemma 10.4 and using the fact
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that w(g) > 1/d one has that

Kan, Kan,
hw) < Z, [ gl < Zyd [ 1= v(@)hda

The upper bound converges in probability to 0 as n — oo, given that Z,, con-
verges in distribution by Theorem 2.2 in [6], and fOKa"{l —¢(x)}dr — 0 as
n — oo, given that a,, — 0 as n — oco.

Treatment of Is. Fix an arbitrary w € Bj/g. Arguing as in the paragraph
concerning the treatment of I5 in the proof of Lemma 10.4, one has that

Iy(w) < an/bl‘w Y(x)de.

n

As in the preceding paragraph, the claim follows from the fact that
1,22 w(x)de — 0 as n — oo given that b, — zy as n — 0. O

Returning to the proof of Proposition 4.2 (b), introduce the process BY given,
for all w € Ay, by

BY *L Tl wz) Hdx
Blw) = gz [ Calv(wn)dn

From Lemma 4.2 one has that

1 Ty /T(a)
B (w) = 575 / &, {4 (we)}dz,

and Lemma 10.5 implies that sup,,cp, IBF (w) —BE (w)| — 0 in probability as
n — 0o. As in the proof of Proposition 4.2 (b), one can establish that BE ~~ BP
as n — oo in C(By k) using Theorem 2.2 in [6] and the Continuous Mapping
Theorem featuring the map

I (000, 10%), 1 [lg.) — (€°(Bix), |l - o)
Fosdw / Tl Flob(wa)}dz
0 9

which is easily shown to be Lipschitz.

11 Detailed simulation study results

This section contains the detailed results of the simulation study from Section 5
in the form of tables containing the means of errors obtained from 1000 Monte
Carlo replicates.

Tables 13, 14 and 15 compare results for logistic (LG) and discrete spectral
measure-type (DSM) Pickands dependence functions. Following the notation
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from [15], the parameter choices for the latter are provided below. We have m =
10 and w® the matrix of weight parameters, where d denotes de dimension.

(2) _ —100
Y= o.00
[0.67
0.33
0.00
10.00

w@® —

0.33
0.33
0.00
0.00
oy _ [0.33

0.00
0.00
0.00
0.00
0.00

0.93
0.07

0.00
1.00
0.00
0.00

0.00
0.00
0.33
0.33
0.00
0.33
0.00
0.00
0.00
0.00

0.87
0.13

0.33
0.33
0.33
0.00

0.00
0.00
0.00
0.67
0.00
0.00
0.33
0.00
0.00
0.00

0.80
0.20

0.33
0.00
0.67
0.00

0.33
0.00
0.33
0.00
0.00
0.00
0.00
0.33
0.00
0.00

0.73
0.27

0.00
0.00
1.00
0.00

0.00
0.00
0.00
0.00
0.33
0.00
0.33
0.33
0.00
0.00
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0.67
0.33

0.33
0.33
0.00
0.33

0.00
0.33
0.00
0.00
0.33
0.00
0.00
0.00
0.33
0.00

0.60
0.40

0.33
0.00
0.33
0.33

0.00
0.00
0.00
0.00
0.00
0.33
0.00
0.33
0.33
0.00

0.53
0.47

0.00
0.00
0.67
0.33

0.33
0.00
0.00
0.00
0.33
0.00
0.00
0.00
0.00
0.33

0.47
0.53

0.00
0.33
0.00
0.67

0.00
0.00
0.00
0.00
0.33
0.00
0.00
0.33
0.00
0.33

0.40]
0.60| ’
(11.1)
0.00]
0.00
0.00| ’
1.00

(11.2)
0.00]
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.00]

(11.3)




n 200 500 1000
error IRAE(x100) ISE(x 10000) IRAE(x 100) ISE(x 10000) IRAE(x100) ISE(x 10000)
[} 7(¢) | estimator CFG P CFG P CFG P CFG P CFG P CFG P
Clayton 1/5 1.39 2.42 1.97 6.08 0.86 1.76 0.75 3.16 0.64 1.33 0.42 1.82
2/5 1.49 8.3 2.27 90.48 0.92 7.84 0.87 83.79 0.69 7.66 0.48 79.73
3/5 1.59 28.97 2.68  26.55 x 102 0.98 35.08 1.02  41.92 x 102_ 0.75 36.38 0.56  44.95 x 10?
4/5 2.25 620.74 5.38 1915 x 10° 1.24 86.32 x 10 1.64 66.08 x 10° 0.87 48.34 x 10 0.77 30.40 x 10°
Frank 1/5 1.38 1.84 1.9 3.43 0.84 1.16 0.72 1.33 0.64 0.87 0.41 0.77
2/5 1.36 2.23 1.89 5.08 0.84 1.5 0.71 2.27 0.62 1.06 0.38 1.14
3/5 1.31 2.9 1.75 8.73 0.82 1.86 0.68 3.56 0.61 1.39 0.37 1.9
4/5 1.41 4.35 2.05 20.9 0.81 2.78 0.68 8.01 0.59 2.14 0.35 4.65
Gumbel 1/5 1.43 1.85 2.08 3.48 0.91 1.19 0.84 1.43 0.67 0.88 0.45 0.78
2/5 1.49 2.27 2.23 5.23 0.95 1.49 0.92 2.25 0.69 1.1 0.48 1.21
3/5 1.58 3.23 2.56 11.15 0.97 2.25 0.97 5.12 0.72 1.66 0.51 2.74
4/5 1.97 7.46 4.07 69.08 1.11 5.57 1.27 36.18 0.79 4.32 0.62 20.31
Joe 1/5 1.46 1.79 2.17 3.27 0.92 1.14 0.87 1.33 0.68 0.84 0.46 0.71
2/5 1.54 2.04 2.4 4.2 0.98 1.32 1 1.74 0.72 0.94 0.51 0.91
3/5 1.71 2.41 3.1 5.78 1.05 1.56 1.17 2.44 0.77 1.12 0.59 1.31
4/5 2.37 3.38 5.81 12.03 1.28 2.21 1.7 4.99 0.91 1.56 0.83 2.53

Table 2: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES and AL
for 2-dimensional Archimax copula Cy 4 samples of size n € {200,500,1000}. The Pickands dependence function A is LG
with parameter 9o = 2 so that 7(A4) = 1/2, where 7(A) = 7(C4) is Kendall’s tau of the bivariate extreme-value copula Cy.
There are four choices for the Archimedean generator 1, Clayton, Frank, Gumbel and Joe, each with four parameter choices
so that 7(¢) € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula Cy. There are
1000 Monte Carlo replicates.



n 200 500 1000
error IRAE(x 100) ISE(x 10000) IRAE(x 100) ISE(x 10000) IRAE(x100) ISE(x 10000)
[} 7(¢) | estimator CFG P CFG P CFG P CFG P CFG P CFG P
Clayton 1/5 1.44 2.47 2.16 6.62 0.9 1.78 0.84 3.37 0.65 1.31 0.43 1.81
2/5 1.52 7.84 2.41 83.82 0.93 7.93 0.9 83.3 0.67 7.1 0.46 63.43
3/5 1.63 34.37 2.87  47.27 x 10? 1 36.39 1.06  50.09 x 102 0.7 33.13 0.51 35.04 x 102
4/5 2.3 52.42 x 10 5.49 35.15 x 10° 1.29 75.85 x 10 1.73 18.66 x 10 0.86 47.71 x 10 0.76 26.10 x 10°
Frank 1/5 1.38 1.84 2 3.55 0.87 1.16 0.78 1.4 0.62 0.83 0.4 0.72
2/5 1.37 2.29 1.96 5.52 0.87 1.43 0.77 2.13 0.61 1.03 0.39 1.1
3/5 1.33 2.89 1.82 9.12 0.83 1.88 0.71 3.67 0.58 1.35 0.36 1.93
4/5 1.48 4.27 2.26 19.98 0.86 2.81 0.75 8.51 0.58 2.05 0.35 4.43
Gumbel 1/5 1.43 1.8 2.12 3.37 0.93 1.17 0.86 1.41 0.66 0.84 0.46 0.75
2/5 1.5 2.22 2.37 5.17 0.94 1.46 0.9 2.22 0.69 1.08 0.51 1.21
3/5 1.59 3.23 2.69 11.29 0.97 2.18 0.98 5 0.72 1.62 0.55 2.74
4/5 2.01 7.46 4.31 70.59 1.13 5.28 1.3 32.79 0.78 4.47 0.64 23.05
Joe 1/5 1.45 1.7 2.23 3.03 0.94 1.12 0.9 1.28 0.68 0.8 0.48 0.66
2/5 1.53 1.94 2.52 3.96 0.98 1.29 1.01 1.72 0.73 0.91 0.56 0.86
3/5 1.74 2.38 3.27 5.82 1.06 1.56 1.19 2.55 0.77 1.11 0.64 1.28
4/5 2.49 3.27 6.54 11.4 1.33 2.2 1.86 5.02 0.91 1.59 0.87 2.61

Table 3: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASEG and A} for
2-dimensional Archimax copula Cy, 4 samples of size n € {200,500,1000}. The Pickands dependence function A is NSD with
parameters a = (1,2), p = 0.59, so that 7(A) = 1/2, where 7(A4) = 7(C4) is Kendall’s tau of the bivariate extreme-value copula
Cy. There are four choices for the Archimedean generator v, Clayton, Frank, Gumbel and Joe, each with four parameter
choices so that 7(¢) € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula Cy.
There are 1000 Monte Carlo replicates.



n 1000
error IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)
P 7(v) | estimator CFG P CFG P CFG P CFG P CFG P CFG P
Clayton  1/5 2.89 4.66 4.23 10.44  1.79 3.29 1.6 529  1.29 2.4 0.82 2.82
2/5 2.91 15.47 4.22 125.2 1.84 14.31  1.71 106.94 1.3 13.99  0.87 98.9
3/5 3.07 71.13 4.95  67.03 x 102 1.97 69.62  2.01 67.85 x 10> 1.41 74.4 1 75.85 x 10°
4/5 4.05 13.12 x 102 8.76  36.57 x 10° 2.5 19.46 x 102 3.3  81.52 x 10° 1.6 19.42 x 10 1.33  54.47 x 10°
Frank 1/5 2.76 3.21 3.86 5.01  1.67 1.99  1.39 1.98  1.23 1.39  0.75 0.96
2/5 2.75 3.85 3.82 7.23  1.64 245  1.37 298  1.18 172 0.68 1.49
3/5 2.47 5.3 3.08 14.01  1.54 3.24  1.17 5.26 1.1 2.41 0.6 2.9
4/5 2.54 8.28 3.37 36.42  1.49 4.88  1.13 11.67  1.05 3.68  0.55 6.76
Gumbel 1/5 2.96 3.17 4.35 496  1.82 2.07  1.67 2.15  1.32 1.43  0.86 1.02
2/5 3.02 3.96 4.57 7.67 1.9 2.66 1.8 3.49  1.34 1.82  0.88 1.66
3/5 3.13 5.8 5.02 16.48  1.97 4.07  1.96 8.11  1.34 2.88  0.89 4.14
4/5 3.7 13.8 7.29 10.46 x 10 2.21 9.94  2.53 50  1.45 7.84  1.06 30.24
Joe 1/5 3.08 3.13 4.7 481  1.86 1.99  1.74 1.96  1.37 1.37  0.93 0.94
2/5 3.23 3.56 5.31 6.28  1.99 228  1.96 2.6  1.43 1.61  1.04 1.3
3/5 3.51 4.34 6.61 9.27 217 2.82  2.39 3.93  1.52 1.98  1.18 1.96
4/5 4.52 6.02 11.26 17.85  2.65 3.88  3.61 7.54  1.78 2.77  1.63 3.86

Table 4: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES and AL

for 4-dimensional Archimax copula Cy 4 samples of size n € {200, 500,1000}. The Pickands dependence function A is LG with

parameter o = 2 so that 7(A) = 1/2, where 7(A) = 7(C4) is the averaged Kendall’s tau across all bivariate margins of Cy.

There are four choices for the Archimedean generator 1, Clayton, Frank, Gumbel and Joe, each with four parameter choices
so that 7(¢) € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula Cy. There are
1000 Monte Carlo replicates.



n 200 500 1000

error IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)
[} 7(¢) | estimator CFG P CFG P CFG P CFG P CFG P CFG P
Clayton  1/5 2.08 3.53 1.8 5.11  1.34 2,47  0.75 2.56  0.93 1.91  0.36 1.52
2/5 2.13 12.16  1.91 69.53  1.33 11.54  0.75 63.33  0.94 10.99  0.38 57.14
3/5 2.41 60.02  2.57  46.99 x 10? 1.51 56.85  0.97  45.89 x 10° 1.06 55.34  0.47  36.54 x 102
4/5 3.55 13.92 x 10° 5.28  35.28 x 10° 1.99  12.48 x 102 1.67  37.26 x 10° 1.28  22.95 x 102 0.68  25.54 x 107
Frank 1/5 2.02 253  1.65 2,67 1.25 1.6 0.66 1.07  0.88 1.15  0.33 0.55
2/5 1.9 3.04 1.48 3.82  1.18 2.01 0.6 1.65  0.85 1.37  0.31 0.78
3/5 1.86 4.07  1.48 6.96  1.19 2.68 0.6 2,98  0.82 1.85  0.28 1.42
4/5 2.18 6.12  2.02 16.04 1.2 4.03  0.61 6.96  0.77 2.88  0.25 3.45
Gumbel 1/5 2.08 25 181 26  1.34 1.66  0.76 1.14  0.93 1.16  0.36 0.56
2/5 2.13 3.09 1.93 3.95  1.36 2.07 0.8 1.78  0.96 1.48  0.39 0.91
3/5 2.31 4.48  2.29 8.34  1.42 3.1 0.87 4.03  0.98 2.27  0.41 2.16
4/5 3.09 11.23  3.96 61.4 1.7 7.8  1.21 28.63  1.12 6.09  0.53 15.69
Joe 1/5 2.17 2.45  1.97 2,51  1.37 1.6 0.81 1.06  0.96 1.11  0.39 0.51
2/5 2.28 275  2.25 3.11  1.46 1.85  0.92 1.39  1.01 1.27  0.43 0.67
3/5 2.66 3.43  3.09 4.83 1.6 2,17 1.11 1.94  1.09 1.54  0.51 0.98
4/5 3.82 488  6.06 10.06 2.1 3.02  1.79 3.78  1.36 2,16  0.76 1.92

Table 5: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES and AL
for 4-dimensional Archimax copula Cy 4 samples of size n € {200, 500,1000}. The Pickands dependence function A is NSD
with parameters o = (1,2,3,4), p = 0.59, 7(A4) = 1/2, where 7(A) = 7(C4) is the averaged Kendall’s tau across all bivariate
margins of Cy. There are four choices for the Archimedean generator ), Clayton, Frank, Gumbel and Joe, each with four
parameter choices so that 7(v) € {1/5,2/5,3/5,4/5}, where 7(¢0) = 7(Cy) is Kendall’s tau of the bivariate Archimedean
copula Cy. There are 1000 Monte Carlo replicates.



n 1000
error IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)
[} 7(¢) | estimator CFG P CFG P CFG P CFG P CFG P CFG P
Clayton  1/5 4.76 7.23 4.62 10.27  3.02 4.98  1.89 4.93 215 3.89  0.94 3
2/5 4.98 24.06  5.03 11.74 x 10 3.1 22.02 2 91.01  2.28 21.08  1.07 82.74
3/5 5.22 11.19 x 10 5.58  55.04 x 102 3.3 10.00 x 10 2.26  44.32 x 102> 2.38 10.69 x 10 1.17  69.58 x 102
4/5 6.13 85.86 x 10° 8.41  31.67 x 108 3.75  33.04 x 10? 2.97  11.26 x 107 2.66  59.59 x 10° 1.47  48.02 x 107
Frank 1/5 4.46 472 4.12 456  2.86 2,94  1.69 1.78  2.14 2.03  0.93 0.84
2/5 4.12 5.56  3.45 6.31  2.76 3.76  1.55 2,86 1.94 2,56  0.77 1.34
3/5 3.85 8.08  3.02 13.16  2.44 5.03  1.25 5.24 1.8 3.47  0.67 2.48
4/5 3.51 12.54  2.63 32.74  2.19 7.81  1.01 12.47  1.57 5.55  0.51 6.21
Gumbel  1/5 4.93 479  5.05 4.73  3.16 3.12  2.08 2 218 2.14  1.01 0.94
2/5 5.12 5.86 5.5 7.01  3.24 3.80 2.19 3.1 221 2,60  1.04 1.5
3/5 5.32 9.01  6.03 16.06  3.27 6.07  2.24 7.32  2.27 4.48  1.08 3.97
4/5 5.9 21.96  7.85 10.24 x 10 3.49 15.54  2.57 482  2.38 12.91  1.21 32.38
Joe 1/5 5.09 4.78  5.41 4.77  3.25 3.1 221 1.98  2.28 2.16  1.08 0.95
2/5 5.46 5.66 6.4 6.51  3.42 3.51  2.44 2.55  2.39 2.51 1.2 1.28
3/5 5.85 6.94  7.47 9.95  3.65 435  2.78 3.85  2.53 3.02  1.33 1.85
4/5 7.31 9.77 12 20.46  4.21 6.22  3.76 7.9 2.8 439  1.64 3.91

Table 6: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES and AL
for 10-dimensional Archimax copula Cy 4 samples of size n € {200,500,1000}. The Pickands dependence function A is LG
with parameter o = 2 so that 7(A) = 1/2, where 7(A) = 7(C4) is the averaged Kendall’s tau across all bivariate margins of Cy.
There are four choices for the Archimedean generator 1, Clayton, Frank, Gumbel and Joe, each with four parameter choices
so that 7(¢) € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula Cy. There are
1000 Monte Carlo replicates.



n 200 500 1000

error IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)
[} 7(¢) | estimator CFG P CFG P CFG P CFG P CFG P CFG P
Clayton  1/5 4.65 7.27 4.76 10.99  3.05 5.23  1.99 5.59  2.15 3.97  1.02 3.27
2/5 4.95 24.09 5.19 122.69  3.21 22,63  2.19 106.37  2.18 22,14  1.04 98.17
3/5 5.28 106 6.13  57.55 x 10> 3.43 112.67  2.52  73.89 x 102 2.44 10.85 x 10 1.33  60.78 x 102
4/5 6.25 65.85 x 10° 8.88  10.76 x 10° 3.89  61.49 x 102 3.42  42.84 x 10° 2.81  46.92 x 102 1.74  13.06 x 107
Frank 1/5 4.45 4.73 4.28 476 2.98 3.03 1.9 1.99 213 2.1 0.98 0.98
2/5 4.24 5.67 3.81 6.82  2.77 3.73  1.68 3.01  1.99 252  0.86 1.39
3/5 3.95 7.63 3.4 12.55  2.55 5.01  1.42 5.38  1.87 3.59  0.78 2.76
4/5 3.76 12.32 3.15 34.04  2.31 7.9  1.19 13.44  1.68 5.83  0.63 7.36
Gumbel 1/5 4.77 4.76 5.01 494  3.09 3.04  2.06 1.99  2.33 222  1.18 1.08
2/5 5.01 6.05 5.49 7.96 3.2 3.93 2.25 329 234 2.8 1.21 1.69
3/5 5.33 9.27 6.26 17.84  3.35 6.24  2.47 8.19  2.36 4.48  1.22 4.28
4/5 6.18 21.9 8.57 103.21  3.65 16.16  3.01 53.95  2.45 12.99  1.36 35.38
Joe 1/5 4.97 4.69 5.54 4.83  3.24 3 229 1.98 247 22  1.34 1.08
2/5 5.33 5.46 6.49 6.42  3.42 3.54 2.6 2.68 2.6 259  1.51 1.45
3/5 5.82 6.81 7.81 9.88  3.74 4.38  3.12 411 2.72 3.17  1.66 2.16
4/5 7.41 9.42 12.75 19.47  4.32 6.03  4.26 7.93  3.08 436 2.12 4.18

Table 7: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASEG and A} for
10-dimensional Archimax copula Cy, 4 samples of size n € {200, 500,1000}. The Pickands dependence function A is NSD with
parameters a = (1,1,1,1,2,2,2,3,3,4), p = 0.69, 7(A) = 1/2, where 7(A) = 7(C4) is the averaged Kendall’s tau across all
bivariate margins of C'4. There are four choices for the Archimedean generator 1, Clayton, Frank, Gumbel and Joe, each with
four parameter choices so that 7(¢) € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean
copula Cy. There are 1000 Monte Carlo replicates.



n 200 00 1000
error IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)
P T(¢) | 7(A) 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5
Clayton 1/5 6.6 3.23 1.03 0.17 2.22 1.72 1.04 0.4 2.52 1.23 0.4 0.06 1.38 1.06 0.64 0.24 1.42 0.7 0.22 0.03 1.03 0.8 0.48 0.17
2/5 8.68 3.9 1.2 0.2 2.54 1.88 1.11 0.44 3.25 1.47  0.46 0.07 1.57 1.16 0.69 0.26 1.78 0.81 0.25 0.03 1.17  0.86 0.51 0.19
3/5 10.01 4.4 1.51 0.36 2.7 1.96 1.23 0.6 4.12 1.75 0.55 0.1 1.74 1.24 0.74 0.32 2.22 0.95 0.3 0.05 1.3 0.94 0.56  0.22
4/5 16.01 7.96 3.49 1.08 3.4 2.62 1.9 1.12 5.66 2.58 0.96 0.26 2 1.48 0.99 0.55 2.89 1.26 0.44 0.11 1.46 1.07 0.68 0.35
Frank 1/5 6.49 3.11 1 0.15 2.23 1.7 1.03 0.38 2.48 1.22 0.38 0.05 1.36 1.05 0.63 0.23 1.37  0.68 0.21 0.03 1.02 0.79 0.47  0.16
2/5 7.16 3.19 1.01 0.16 2.31 1.69 1.01 0.39 2.71 1.21 0.37 0.05 1.44 1.06 0.62 0.23 1.5 0.66 0.19 0.03 1.07  0.78 0.45 0.16
3/5 6.94 297 094 0.18 2.31 1.66 0.99 0.42 2.78 1.17  0.36 0.06 1.44 1.03 0.61 0.23 1.51 0.64 0.19 0.03 1.07  0.76 0.45 0.16
4/5 7.56 3.3 1.24  0.39 2.36 1.72 1.13 0.65 2.61 1.12 0.38 0.09 1.39 1 0.63 0.3 1.42 0.6 0.18 0.03 1.04 0.74 0.45 0.19
Gumbel 1/5 7.59 3.46 1.09 0.16 2.39 1.77 1.06 0.4 3.06 1.42 0.43 0.06 1.52 1.14 0.67 0.24 1.66  0.76 0.23 0.03 1.13 0.84 0.49 0.17
2/5 8.95 3.78 1.19 0.19 2.61 1.87 1.12 0.43 3.7 1.57 0.47 0.07 1.67 1.2 0.69 0.26 1.95 0.83 0.25 0.03 1.22 0.87 0.51 0.18
3/5 10.13  4.31 1.39 0.3 2.75 1.96 1.19 0.55 4.15 1.69 0.51 0.08 1.75 1.22 0.72 0.29 2.2 0.9 0.27  0.04 1.3 0.92 0.53 0.2
4/5 13.4 6.17 248 0.75 3.1 2.33 1.6 093 477 206 0.74 0.19 1.88 1.35 0.88 0.46 2.54 1.07 0.35 0.07 1.39 1 0.61 0.28
Joe 1/5 7.99 3.64 1.14  0.18 2.45 1.82 1.08 0.42 3.33 1.49 045 0.06 1.59 1.16 0.68 0.24 1.77  0.78 0.24 0.03 1.16 0.85 0.5 0.18
2/5 9.54 4.09 1.28 0.22 2.7 1.93 1.15 0.47 4.2 1.74 0.52 0.08 1.77 1.25 0.73 0.27 2.17 0.9 0.26 0.04 1.28 0.91 0.53 0.19
3/5 11.67 5.13 1.71 0.37 2.94 213 1.31 0.62 4.94 2.01 0.62 0.11 1.9 1.33 0.78 0.34 2.56 1.04 0.31 0.05 1.39 0.98 0.57 0.23
4/5 18.06 8.65 3.74 1.11 3.62 2.75 1.98 1.14 6.32 2.77 1.03 0.29 2.13 1.56 1.04 0.59 3.21 1.38 0.47 0.11 1.56 1.13 0.71 0.36

Table 8: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASEG for 2-dimensional Archimax copula
C'y,a samples of size n € {200, 500,1000}. The Pickands dependence function A is LG with four choices of parameters so that 7(A4) € {1/5,2/5,3/5,4/5},
where 7(A) = 7(C4) is Kendall’s tau of the bivariate extreme-value copula C4. There are four choices for the Archimedean generator 1, Clayton,
Frank, Gumbel and Joe, each with four parameter choices so that 7(y) € {1/5,2/5,3/5,4/5}, where 7(¢)) = 7(Cy) is Kendall’s tau of the bivariate

Archimedean copula Cy. There are 1000 Monte Carlo replicates.



n 200 500 1000
error IRAE(x100) ISE(x10000) TRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)
" () | T(A)  1/5 2/5  3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5  4/5
Clayton  1/5 17.84 755 205 0.26 4.33 3.49 222 09 695 289 077 009 271 217 137 054 347 148 04 005 1.9 1.56 0.99 0.39
2/5 205 7.71 208 0.3 4.65 3.56 223 096 7.63 3.11 084 011 2.8 224 141 0.6 4.0l 159 042 0.05 201 1.58 1 041
3/5 25.09 898 258 052 512 3.76 242 128 9.81 3.67 1.01 0.17 3.15 241 1.54 074 511 1.85 048 007 23 1.73 1.08 0.48
4/5 37.15 1451 52 158 592 468 349 24 1466 56 1.88 045 378 293 21 1.31 6.46 235 071 016 252 1.9 1.3 0.76
Frank 1/5 1712 7.02 1.88 0.24 424 336 211 085 6.5 254 0.67 0.08 253 203 1.27 051 322 136 0.36 0.04 1.81 1.48 0.94 0.37
2/5 18.62  7.03 1.83 0.24 445 338 209 086 624 247 0.66 008 253 1.99 126 0.51 3.26 1.26 032 004 1.86 145 0.89 0.35
3/5 16.1  5.68 1.52 027 4.06 3.02 1.9 0.92 6.08 217 057 0.08 252 189 1.18 052 3.23 1.14 028 0.04 1.83 1.36 0.83 0.34
4/5 15.33 572 197 059 3.93 3 215 146 574 202 0.6 013 243 1.8 1.19 0.67 29 102 027 005 1.73 1.28 082 04
Gumbel  1/5 20.93 801 206 025 471 362 224 09 80l 306 08 01 29 223 139 055 431 1.61 041 005 212 1.62 1 039
2/5 24.64 863 221 032 504 374 2.3 1 974 338 086 011 3.19 234 144 06 491 167 041 005 227 166 1.0l 04
3/5 2775 935 25 046 5.3 3.84 243 122 11.18 3.67 0.96 0.14 3.41 243 1.51 0.68 527 1.73 042 006 234 1.68 1.02 0.43
4/5 33.36 1227 4.17 114 571 4.32 312 205 131 449 1.35 031 3.62 265 1.78 1.07 586 1.97 054 0.11 245 177 1.14 0.61
Joe 1/5 239 877 223 0.28 503 379 233 094 895 326 083 0.1 306 23 142 056 487 1.74 043 0.05 225 169 1.03 04
2/5 20.48 10.16 2.53 0.36 549 4.02 245 1.06 11.12 371 0.94 0.2 3.39 246 1.51 0.63 6.08 2 048 006 249 1.79 1.08 0.43
3/5 35.24 1221 3.31 0.63 585 432 274 142 1339 45 1.16 0.19 3.66 267 1.67 079 7.1 231 056 008 266 1.9 115 0.5
4/5 5143  19.1 6.54 1.74 6.81 525 3.87 254 1754 634 1.96 048 415 3.13 218 1.34 869 297 085 018 291 215 1.43 0.8

Table 9: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASEG and for 4-dimensional Archimax
copula Cy 4 samples of size n € {200,500,1000}. The Pickands dependence function A is LG with four choices of parameters so that 7(A) €
{1/5,2/5,3/5,4/5}, where 7(A) = 7(C4) is Kendall’s tau of the corresponding bivariate extreme-value copula Cy. A®?) is a 2-dimensional LG
Pickands dependence function with the same parameter as A. There are four choices for the Archimedean generator 1, Clayton, Frank, Gumbel and
Joe, each with four parameter choices so that 7(¢) € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula

Cy. There are 1000 Monte Carlo replicates.



n 200 500 1000

error IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)

¥ () | (A 1/5  2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5

Clayton  1/5 32.88  9.78 1.97 0.2 71 574 373 1.6  13.8 434 087 008 4.59 3.82 247 1.04 653 203 04 004 311 26 1.68 0.71
2/5 3512 9.92 203 023 736 57 37 172 1611 459 0.8 0.09 494 393 25 1.08 71 209 042 0.04 321 262 171 0.74
3/5 43.17  11.68 2.48  0.38 81 6.22 41 219 1848 505 1.0l 012 522 407 263 128 8.9 238 047 005 365 281 1.8 083
4/5 54.62 15.64 4.19 1.08 887 7.0l 521 3.93 2339 6.41 152 03l 591 457 321 21 107 276 0.6 0.11 399 3.01 203 123

Frank 1/5 3149  9.01 1.82 0.18 7 55 354 155 1316 4.0l 0.78 007 448 3.66 232 097 657 201 039 004 311 259 1.65 0.69
2/5 2842  7.96 1.62 0.8 6.61 515 334 151 11.96 3.41 0.67 0.07 424 334 214 0.92 59 1.65 0.32 0.03 297 235 15 063
3/5 26.69  6.88 1.36 0.19 643 4.82 3.07 157 1051 274 0.53 0.06 3.95 3 191 0.89 54 142 027 0.03 283 217 138 0.6l
4/5 21.7 579 146 04 567 43 3.1 239 829 213 047 009 347 262 178 1.14 406 105 0.22 003 243 1.85 122 0.67

Gumbel  1/5 40.74 10.81 205 021  7.89 6.02 3.77 1.64 17.62 4.68 0.88 008 51 393 247 1.04 853 223 041 004 356 272 17 0.7
2/5 4843 11.84 2.18 024 854 6.31 391 1.76 21.52 516 0.93 009 561 412 254 109 991 238 043 0.04 381 28 1.74 073
3/5 52.22 1245 236 035 874 637 3.99 212 2346 545 098 011 585 4.22 261 1.22 10.61 249 045 0.05 394 286 177 0.79
4/5 61.23 1544 3.7 0.85 9.08 6.79 4.88 3.47 2449 589 1.25 022 596 435 29 1.78 11.09 2.68 0.54 008 4.04 299 1.95 1.09

Joe 1/5 47.39  11.98 223 022 846 6.3 391 1.68 20.08 501 093 009 545 4.05 254 1.08 10.08 247 045 004 3.85 285 176 0.73
2/5 59.62 14.23 2.59 0.29  9.27 6.76 4.16 1.89 2561 585 1.04 0.1 6.14 441 271 118 1237 282 049 0.05 418 3.01 184 0.79
3/5 71.83 1691 3.2 045  9.86 7.13 451 239 29.34 6.66 1.19 0.4 651 467 2.87 1.38 1383 3.13 0.56 0.06 4.42 3.16 195 0.9
4/5 95.53 24.21 559 119 1097 83 597 415 3469 839 1.81 034 693 51 347 22 1534 3.7 0.76 013 464 342 228 1.35

Table 10: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of AS¥S and for 10-dimensional Archimax

copula Cy 4 samples of size n € {200,500,1000}. The Pickands dependence function A is LG with four choices of parameters so that 7(A) €
{1/5,2/5,3/5,4/5}, where 7(A) = 7(C4) is Kendall’s tau of the corresponding bivariate extreme-value copula Cy. A®?) is a 2-dimensional LG
Pickands dependence function with the same parameter as A. There are four choices for the Archimedean generator 1, Clayton, Frank, Gumbel and
Joe, each with four parameter choices so that 7(¢) € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula
Cy. There are 1000 Monte Carlo replicates.



n 200 500 1000

error TRAE(x100) ISE(x10000) TRAE(x100) ISE(x10000) IRAE(x100) ISE(x10000)
d v, A) | Au(4)  1/5 2/5  3/5 4/5 1/5 2/5 3/5 4/5 1/ 2/5  3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5 1/5 2/5 3/5 4/5
2 5/10 9.34  4.63 2.6 1.98 391  1.83 1.67 1.26 2.06 1 1.22 .92

6/10 10.37  5.04 2.74  2.07 4.45  2.08 1.78  1.33 231 1.1 1.3 .98

7/10 11.38 549 1.94 2.88 216 1.38 5.02 235 .77 1.89 141 .88 2.6 122 .41 1.37 102 .64

8/10 1318 6.11  2.11 3.07 226 1.45 5.64  2.63 .88 1.98 148 .93 295 1.37 .45 145 1.08 .67

9/10 17.3 822 273 .39 348 259 161 .63 665 3.11 1.03 .14 213 159 .99 .38 347 1.62 .53 .07 1.58 117 .73 .28
2 5/10 29.13  11.76 5.25  4.02 10.98 437 3.2 244 5.98  2.38 2.36  1.81

6/10 33.02  13.18 5.55  4.27 12.59  4.88 342  2.59 6.8 2.64 25 1.9

7/10 37.03 146 4 5.82  4.47  2.89 14.08 545 1.52 3.6 274 176 771 2.95 8 2.65 2.0l 1.29

8/10 41.83  16.44  4.47 6.08 4.66 3.03 16.22 612 1.7 3.83 29 1.88 868 3.31 .89 279 21 1.36

9/10 54.45 20.81 578 .65  6.73 5.1 3.34 139 1948  7.63 212 .24 4.16 3.17 207 .86 10.12 3.88 1.05 .12 297 225 1.45 6
10 5/10 63.58  17.87 8.88  6.64 27.19  7.63 5.74  4.32 13.72  3.82 4.06  3.07

6/10 731 20.78 9.42 7.1 3154 8.71 6.16  4.58 15.62  4.31 428 3.24

7/10 82.19 23.37 4.53 0.8 7.51 4.78 356  9.87 1.9 6.55 4.87 3.11 17.26  4.84 .93 447 339 219

8/10 94.21 27.01 5.21 1034 7.87 5.2 39.37  11.02  2.17 6.88 517 3.34 18.7 533  1.04 4.65 3.53 229

9/10 112.8 31.95 6.53 .56 10.93 8.37 5.52 244 4477 1264 252 .22 7.19 546 3.58 158 2029 589 1.2 .11 485 3.7 244 1.08

Table 11: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASEG and for d-dimensional Archimax
copula Cy 4 samples of size n € {200,500,1000} for dimensions d € {2,4,10}. The Pickands dependence function A is LG with four choices of
parameters so that Ay (A) € {1/5,2/5,3/5,4/5}, where A\y(A) = Ay (Cla) is the upper tail dependence coefficient of the corresponding bivariate extreme-
value copula C 2. A®) is a 2-dimensional LG Pickands dependence function with the same parameter as A. The Archimedean generator 1 is Joe and
Au (¥, A) € {5/10,6/10,7/10,8/10,9/10}, where Ay (1), A) = Ay (Cy, 4) is the upper tail coefficient of the bivariate Archimax copula Cy, 4. There are

1000 Monte Carlo replicates.



v n 200 500 1000
error TRAE(x100) ISE(x10000) TRAE(x100) ISE(x10000) TRAE(x100) ISE(x10000)

d (¥, A) | n(A) 057 066 076 0.87 057 066 076 087 057 066 0.76 0.87 057 0.66 076 0.87 0.57 0.66 0.76 087 0.57 0.66 0.76 0.87

2 1/5 6.39 324 1.06 0.15 217 171 1.05 039 248 1.26 04 005 1.36 1.07 0.64 023 1.37 069 022 003 102 08 048 0.17
2/5 6.81 323 1.04 016 226 171 1.04 039 278 131 039 005 146 1.09 065 023 152 068 022 003 107 08 048 0.17
3/5 833 347 1.07 015 254 179 1.06 0.39 3.24 148 04 006 1.57 1.6 065 024 1.71 073 0.23 003 114 081 049 0.17
4/5 9.96  4.07 122 017 271 1.9 1.12 04 379 1.5 046 006 1.69 1.17 0.69 0.24 207 0.84 024 003 1.26 088 0.5 0.17

4 1/5 16.81 699 1.92 023 422 34 216 0.86 652 288 077 009 262 215 136 053 341 145 039 004 188 1.53 097 0.37
2/5 18.08  7.21 2 023 437 342 218 085 673 289 078 0.09 264 217 137 054 35 15 038 004 1.9 1.56 096 0.38
3/5 20.02  7.42 207 025 458 3.46 222 0.89 7.9 295 0.75 0.09 284 218 1.35 0.3 3.73 146 0.39 004 196 1.53 097 0.38
4/5 2427 811 213 027 497 3.6 226 091 922 321 084 0.09 3.1 229 141 055 484 1.66 0.43 0.05 224 1.64 1.0l 0.39

10 1/5 33.23  10.06 2 019 715 58 372 1.58 12.8 415 0.83 0.08 44 3.7 24 1 654 202 039 004 309 26 163 0.7
2/5 34.7  10.12 2 02 737 58 374 1.61 13.81 417 0.79 0.08 457 377 235 101 6.68 197 04 004 3.12 256 1.68 0.69
3/5 3472 1049 202 019 732 594 378 159 1536 4.09 0.86 0.08 481 3.71 246 1 7.1 208 042 004 322 262 171 0.71
4/5 39.04 1001 194 021 7.68 58 3.7 163 1748 4.89 093 008 51 405 256 1.05 837 217 042 0.04 349 267 172 0.7

Table 12: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES and A

n,c

P for d-dimensional Archimax

copula Cy, 4 samples of size n € {200, 500, 1000} for dimensions d € {2,4,10}. The Pickands dependence function A is LG with four choices of parameters
so that np(A) € {1/5,2/5,3/5,4/5}, where n(A) = nr(Ca) is the index of lower tail dependence [34] of the corresponding bivariate extreme-value copula
Cae. AP is a 2-dimensional LG Pickands dependence function with the same parameter as A. The Archimedean generator v is Clayton and
AL(t, A) € {5/10,6/10,7/10,8/10,9/10}, where Ap (1), A) = A (Cy,a) is the lower tail coefficient of the bivariate Archimax copula C,, 4@). There are

1000 Monte Carlo replicates.



error IRAE(x100) ISE(x10000)

n 200 500 1000 200 500 1000
P T(¢¥) | A DSM LG DSM LG DSM LG DSM LG DSM LG DSM LG
Clayton 1/5 0.99 0.9 0.61  0.55 0.42 0.4 1 0.75 0.39 0.28 0.18 0.14
2/5 1.02  0.96 0.64 0.59 0.44 041 1.05 0.87 0.41  0.33 0.19 0.16
3/5 1.16  1.09 0.71  0.65 0.47  0.45 1.33 1.18 0.5 0.41 0.22  0.19
4/5 1.76  1.66 0.94 0.92 0.61  0.56 2.89  2.56 0.82 0.78 0.34  0.29
Frank 1/5 0.95 0.88 0.58  0.56 0.41  0.38 0.93 0.73 0.35 0.29 0.17  0.14
2/5 0.94  0.86 0.57 0.54 0.4 0.38 0.9 0.7 0.33 0.28 0.16  0.13
3/5 0.93 0.88 0.57 0.54 0.38  0.37 0.88 0.74 0.33  0.27 0.15 0.13
4/5 1.14 1 0.62  0.56 0.39 0.37 1.22 0.94 0.38  0.29 0.15 0.13
Gumbel 1/5 1 091 0.61  0.57 0.41  0.39 1.04 0.78 0.38  0.31 0.17 0.15
2/5 1.03  0.92 0.63  0.59 0.42 0.41 1.07  0.82 0.41  0.32 0.18 0.16
3/5 1.12 1.01 0.67 0.63 0.45 0.43 1.23  0.99 0.44 0.37 0.19 0.17
4/5 1.56  1.38 0.84 0.8 0.52 0.5 2.21 1.77 0.66  0.59 0.26  0.23
Joe 1/5 1.02  0.92 0.64  0.57 0.41  0.41 1.09 0.81 0.41 0.31 0.17 0.16
2/5 1.12 1 0.68 0.61 0.44 0.44 1.29  0.95 0.46 0.35 0.2 0.18
3/5 1.27  1.18 0.76  0.66 0.48  0.47 1.63 1.35 0.56  0.42 0.23 0.21
4/5 1.91 1.81 1.03 0.94 0.61 0.6 3.43  2.98 0.98 0.8 0.35 0.34

Table 13: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES for
2-dimensional Archimax copula Cy 4 samples of size n € {200,500,1000}. The Pickands dependence function A is either
DSM or LG. Parameters for the DSM case are reported in Equation (11.1). The parameter in LG is set ¢ = 2.87 so
that the averaged pairwise Kendall’s tau of both Pickands dependence functions is approximately equal to 0.65. There are
four choices for the Archimedean generator v, Clayton, Frank, Gumbel and Joe, each with four parameter choices so that
() € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula Cy. There are 1000
Monte Carlo replicates.



error IRAE(x100) ISE(x10000)

n 200 500 1000 200 500 1000
U T(y) | A DSM LG DSM LG DSM LG DSM LG DSM LG DSM LG
Clayton 1/5 3.59  2.54 2.31 1.63 1.63 1.16 10.98 2.92 4.6 1.22 2.26 0.63
2/5 4.06  2.63 2.57  1.69 1.9 1.16 14.02  3.17 5.77 1.31 3.08 0.63
3/5 4.68  2.86 2.98 1.81 2.15 1.28 18.66 3.86 7.67 1.54 3.98  0.77
4/5 5.89 3.84 3.69  2.28 2.57 1.46  30.67 7.22 11.87  2.48 5.83  0.99
Frank 1/5 3.5 247 2.26 1.61 1.61 1.08 10.3 2.81 4.39 1.19 2.25  0.54
2/5 3.73 2.35 2.4 1.49 1.71 1.07 11.77 255 4.96 1.02 2.51  0.53
3/5 3.9 2.2 2.45 1.42 1.8 1 12.81  2.23 5.2 094 2.79  0.45
4/5 3.97 237 2.41 1.42 1.74 0.92 13.73  2.67 5.05 0.94 2.61 0.39
Gumbel 1/5 4.04  2.62 2.57 1.64 1.83 1.18 14.17 3.14 5.6 1.25 2.83 0.64
2/5 4.52  2.68 2.9 1.68 2.04 1.17 18.11 3.4 7.16 1.31 3.55  0.64
3/5 4.89 2.82 3.13 1.75 2.2 1.18 21.7  3.86 8.34 1.44 4.14  0.65
4/5 5.61  3.42 3.38 1.99 2.36 1.28 2832 5.71 10.1 1.92 4.84 0.78
Joe 1/5 4.39  2.62 2.72 1.66 1.94 1.16 16.65 3.23 6.29 1.27 3.24 0.64
2/5 5.12 2.86 3.14 1.75 2.19 1.25 23.51 3.94 8.43 1.45 4.17  0.74
3/5 5.61  3.27 3.43 1.91 2.39 1.34 29.86 5.36 10.25 1.74 5.02  0.86
4/5 6.88  4.44 3.92 245 2.67 1.59 46.17 9.75 13.7  2.83 6.35 1.2

Table 14: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES for
4-dimensional Archimax copula Cy 4 samples of size n € {200,500,1000}. The Pickands dependence function A is either
DSM or LG. Parameters for the DSM case are reported in Equation (11.2). The parameter in LG is set ¢ = 2.17 so
that the averaged pairwise Kendall’s tau of both Pickands dependence functions is approximately equal to 0.54. There are
four choices for the Archimedean generator v, Clayton, Frank, Gumbel and Joe, each with four parameter choices so that
() € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula Cy. There are 1000
Monte Carlo replicates.



error IRAE(x100) ISE(x10000)

n 200 500 1000 200 500 1000
Y T(Y) | A DSM LG DSM LG DSM LG DSM LG DSM LG DSM LG
Clayton 1/5 4.97  6.29 295 3.94 1.98 2.8 15.32 13.61 5.53 5.5 2.562 2.79
2/5 5.95 6.21 3.72  4.19 2.55  2.87 22.12 13.15 8.87 6.12 4.23 3
3/5 6.98 6.73 4.57  4.39 3.24 3.06 30.76 16.11 13.55 6.84 6.92  3.36
4/5 8.71 7.74 5.47  4.66 3.92  3.45 51.59 23.07 19.81 8.14  10.37  4.37
Frank 1/5 4.84 5.93 2.92 3.75 1.96 2.64 14.75 12.45 5.4 4.98 2.52 2.46
2/5 5.32 5.65 3.27  3.66 2.25  2.58 17.93  10.99 6.84 4.68 3.28  2.35
3/5 5.38 5.15 3.35 3.33 242  2.34 18.69 9.37 7.3 3.89 3.81 1.94
4/5 5.27 4.5 3.31 2.91 2.36  2.01 18.6 7.57 7.18 2.97 3.63 1.47
Gumbel 1/5 6.15 6.4 3.99 4.15 2.8 3 23.97 14.72 10.39 6 5.09 3.15
2/5 7.22  6.61 4.61 4.1 3.37 3.05 34.41 16.19 13.98 6.08 7.32 3.32
3/5 7.92 691 4.89 4.11 3.65 3.11 43.01 17.88 15.75 6.17 8.64 3.51
4/5 8.84 7.55 5.28  4.33 3.89 3.13 55.56 21.93 18.64 6.99 9.77  3.58
Joe 1/5 6.91 6.84 4.51  4.49 3.23  3.11  30.72 17 13.43 7.17 6.75 3.5
2/5 8.18 7.33 5.29 4.71 3.9 3.26 4588 19.59 18.81 8.04 9.84 3.86
3/5 9.12 7.74 5.74  4.96 4.24 3.37 58.16 22.54  22.55 8.99 11.89 4.13
4/5 10.85  8.88 6.45  5.44 4.6 3.6 84.1 31.69  28.98 11.25 14.08 4.64

Table 15: Average Integrated relative absolute error (IRAEx100) and Integrated squared error (ISEx10000) of ASES for
10-dimensional Archimax copula Cy 4 samples of size n € {200, 500,1000}. The Pickands dependence function A is either
DSM or LG. Parameters for the DSM case are reported in Equation (11.3). The parameter in LG is set ¢ = 1.56 so
that the averaged pairwise Kendall’s tau of both Pickands dependence functions is approximately equal to 0.36. There are
four choices for the Archimedean generator v, Clayton, Frank, Gumbel and Joe, each with four parameter choices so that
() € {1/5,2/5,3/5,4/5}, where 7(¢) = 7(Cy) is Kendall’s tau of the bivariate Archimedean copula Cy. There are 1000
Monte Carlo replicates.
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