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On the estimation of the expectation of a heavy-tail distribution

Andrei Novikov

Institute of Mathematics, Novosibirsk, Russia.

Abstract

We use bias-reduced estimators of extreme quantiles from heavy-tail distributions, to build
a new estimator of the expectation in the case of infinite second moment. The asymptotic

normality of the proposed estimator is established under mild conditions.

Keywords: Extreme value theory; Heavy-tail distributions; Hill estimator; Regular varia-
tion; Tail index.

1 Introduction

Let X1, Xo, ... be independent and identically distributed non-negative random variables with
expectation p < oo, variance o2 and cumulative distribution function (cdf) F. Suppose that the

tail of F' is regularly varying at infinity with tail index (—«) < 0, that is

1-F (1
tlggo 1—F((tx)) =z ¢  for any z > 0, (1)

Such heavy-tail distributions include distributions such as Pareto, Burr, Student, a—stable
(0 < a < 2), and log—gamma, which are known to be appropriate models for fitting large insur-
ance claims, large fluctuations of prices, log—returns, etc. We are concerned with the construction

of a bias-reduced asymptotically normal estimator for the expectation

W= / zdF (x),
0
which could be rewritten, in terms of the quantile function (corresponding to the cdf F')
Q(s):=inf{z: F(x) > s}, 0<s <1,

n= [ Qu-sas @)

For a given sample X7, ..., X,,, let

Qn(s):=inf{zx eR: F,(x) >s}, 0<s<1,



denote the sample quantile function (classical non-parametric estimator of Q) associated to the
empirical cdf defined on the real line by F, (z) :==n " S I(X; <), with I(-) being the

indicator function. The natural (unbiased) estimator of u is the sample mean

1 1 o
/0 Qn(1—s)ds = nZ;X = X,. (3)

From the Central Limit Theorem (CLT), the sequence of r.v.’s {\/n (X, — ) /o, n > 1} con-
verges in distribution to the standard Gaussian r.v., provided that the second-order moment
E [X?] is finite. This is a very restrictive condition in the context of heavy-tail distributions as
the following considerations show. Assume that the r.v. X; follows the Pareto law with index
a > 0, that is, 1 — F(z) = 27 for > 1. When a > 1, the expectation p exists, but E [X%]
is only finite for @ > 2. Hence, the range o € (1,2) is not covered by the CLT and thus we
need to seek another approach to handle this situation. Making use of Weissman’s estimator
of high quantiles an alternative estimator for p was proposed and its asymptotic normality was

established for any o € (1,2). Let us define the following estimator for Q) :

N QW1 —s5) for 0<s<k/n
Qn(l—3s):=
Qn(l—s) for k/n<s<l,
where
QW (1= s) = (k/n)/ Xpy_pns /% 510 (4)
is Weissman’s estimator of high quantiles, with
k -1
&g = (klzloan_iH,n —loan_k,n> , (5)
i=1

being the well-known Hill estimator of the tail index o, and X1, < ... < X, denoting the order
statistics pertaining to the sample X1, ..., X;,. The number k represents the number of upper

order statistics used in the computation of a/’, it is an integer sequence k = k,, satisfying
1<k<mn, k—ooand k/n— 0asn— oco. (6)

By replacing Q (1 — s) by Qn(1 — t) in formula (), an alternative estimator for 1 is as follows:

1 k/n 1
AP = Al (k) = / On(l—s)ds= [ QV(1—s)ds+ [ Qu(1—s)ds,
0 0 k/n

which, by a straightforward calculation, is equal to

p k alf 1 <
,un = Ea’r]g — 1ank,n + g Z Xn—i—i—l,n’ (7)

i=k+1



provided that af > 1. Moreover, the same author showed that, under suitable regularity as-
sumptions, for any « € (1,2),

n(af —
W i)N(O,UQ (@), as n — oo, (8)

where

2(a)=a/(1-—a)*(2—a).

Throughout this paper, the standard notations &, 4 and £ respectively stand for convergence
in probability, convergence in distribution and equality in distribution, while N (a, b2) denotes

the normal distribution with expectation a and variance b.

Actually, this estimator is defined in the more general situation where the r.v. X is real (not
necessarily non-negative) with lower and upper heavy tails. He simultaneously took into account
the regular variations of both tails of G and the balance condition

lim (1—F(t)/(1—F(t)—F(=t)) =pe[0,1].

t—o00

In this paper, we only consider non-negative r.v.’s. Our motivation comes from the actuarial risk
theory where insurance losses are represented by such r.v.’s. In this case, il may be interpreted
as an estimator of a risk measure called the net premium. Note that in our case, since r.v. X is

non-negative, we have F'(—x) = 0 for z > 0, which yields p = 1 in the above balance condition.

Hill’s estimator &TIL{ plays a pivotal role in statistical inference on distribution tails. This estima-
tor has been thoroughly studied, improved and even generalized to any real parameter . Weak
consistency of @l was established assuming only that the underlying cdf F' satisfies condition
(). The asymptotic normality of @/ has been established under the following stricter condition

that characterizes Hall’s model.
1—F(m):cx_a—|—dx_ﬂ—|—o<:p_ﬂ>,as:n—)oo, 9)

for some ¢ > 0, d # 0 and § > « > 0. Note that (@), which is a special case of a more general

second-order regular variation condition, is equivalent to
Q(1—s)=cos7le (1 +a teBlagsPlal 4o (1)) , as s | 0. (10)

The constants « and  are called, respectively, first-order (tail index, shape parameter) and

second-order parameters of cdf F.

Extreme value based estimators essentially rely on the number k of upper order statistics involved
in estimate computation. Hill’s estimator has, in general, a substantial variance for small values
of k and a considerable bias for large values of k. Hence, one has to look for a k value, denoted

by k*, that balances between these two vices. The choice of this optimal value k* represents



a thorny issue in the process of estimating the tail index and related quantities. To solve this
problem, several adaptive procedures are available. A theoretical optimal choice of & is obtained
by minimizing the asymptotic mean squared error (RMSE) of @X. Indeed, under condition (@),
we have

28—2a
n 28—«

E*— )—3 d—ZCQB/a)Qﬁ(iy—a

(s (- a

Though Peng’s estimator ﬁf; enjoys the asymptotic normality property, it still has a problem due
to the fact that, it is based on Weissman’s estimator Q)" known to be largely biased. Fortunately,

many estimators with reduced biases are proposed in the literature as an alternative to QnW .

In this paper, we use the bias-reduced estimator of the high quantile @ (1 — s) , recently proposed

by who exploited the censored maximum likelihood (CML) based estimators (a, B) of the couple
of regular variation parameters (a, ). The CML estimators (&, B) are defined as the solution

of the two equations (under the constraint 3 > all)

k k v
e R Mo v LU swvwatnl (12)
where X y . . y
6ifa.9) =5 (1+ 5250 @) <x) “a-pt @ (13)
with L
(RIS ve

The bias-reduced estimators QLY (1 —
substituting (&,B) to (a,

s), of the high quantiles @ (1 — s), are obtained by
B) in (I0). That is

QLPY (1 — s) 1= g1/ (1 +a—1c~ﬁ/agsé/a—1)7 510, (14)
where .
/C\: aﬁAEX Zl n Z+1” ’
A_[Bn n k.n
(15)
—~ ag k n—i+1,n
S T = log -
o ( )

The consistency and asymptotic normality of QXY (1 — s) are established by the same authors.

Now we can define another estimator for the quantile function @ as follows:

QrY (1 -

Qn(l—5s)

@n(l — ) =

for

5)

0<s<k/n

for k/n<s<1.



By replacing Q by Q,, in formula @), we get
1 k/n 1
fn = p (k) == / Qn(l —s)ds = LPY (1 — s)ds + Qn(1 — s)ds. (16)
0 0 k/n
An elementary integral calculation leads to a new bias-reduced estimator for p defined by the

following formula:

~ ~ & a J?B/akng/a_l 1 <
i = (k /) (n ) (a—1 P E DY K 0D
i=k+1

provided that B > a > 1 so that i, be finite.

The rest of the paper is organized as follows. In Section 2 we briefly discuss the third order-
condition of regular variation before establishing the asymptotic normality of fi,,. Some conclud-
ing remarks notes made in Section @l Finally, some of the main results used in Section [ are

gathered in the Appendix.

2 Main results

In the theory of extremes, a function, denoted by U and (sometimes) called tail quantile function,

is used quite often. It is defined by
Ut):=1/A-F)'t)=Q1—-1/t), 1 <t< oo
In terms of this function, Hall’s conditions (@) and (I0]) are equivalent to
U (t) = cMogi/e (1 +aleBlagi=Bla 4, (1)) , t— oo (18)

This implies that

1 " A — a1 1-B/a _q
i og[U(x)/U(z] @ osr _ T , for any « > 0, (19)

i ) " 1-B/a

t—o0 A1 (

where
Ay (t) :=dat (1 — B/a) cBlapt=Rle,
The function Aj (t), which tends to zero as t — oo (because 5 > «), determines the rate of

convergence of log [U (tz) /U (t)] to its limit a~! log z. Relation (I9) is known as the second-order

condition of regular variation.

Unfortunately, the second-order regular variation is not sufficient to find asymptotic distributions
for the estimators defined by the systems (I2]) and ([I5)). We strengthen it into a condition, called
third-order condition of regular variation and given by (20), that specifies the rate of (19).

log [U (tx) /U (t)] — o logx B pl=B/a _ 1
t

lim A (t) 1-B/a
t—00 As (t)

=D (. 8,p), (20)



where Az (t) — 0 as t — oo, with constant sign near infinity and

1 [ 1= Blate 1  pl-Bla_1q
D(a,ﬂ,p) = B ’
p\1-B/a+p 1-3/a

with p being a positive constant called third-order parameter. The asymptotic normality of
aQ, B and ¢ was established under the following extract conditions on the sample fraction k, as

n — 00,
(i) VE|AL (n/k)| — 0o, (ii) VEAZ(n/k) — 0, (iii) VEA, (n/k) As (n/k) = 0.  (21)

As for d, it is asymptotically normal under the assumption (\/%[Al (n/k)|> /log (n/k) — oo
added to (i7) and (4i7) .

Example 1 Consider the Fréchet cdf with shape parameter a > 0
F(z) =exp (-2~ %), z>0. (22)

The corresponding tail quantile function is defined by U (t) = (—log(l — 1/t))71 for t >
1. Applying Taylor’s expansion (to the third order) to U and identifying with ({I8), yield 5 = 2a,
c=1 and d = —1/2. The condition (20) holds for Ay (t) = t~'/2a, A3 (t) = (a — 3)t72/12a>
and p = 3a.

Note that, from a theoretical point of view, assumptions (@) and (2I)) are realistic, as the
following example shows. Indeed, let us choose k = [n€], 0 < € < 1, then it easy to verify that
these assumptions hold for any 2/3 < ¢ < 4/5. The notation [-] stands for the integer part of

real numbers.

Our main result, namely the asymptotic normality of the bias-reduced estimator fi,, is formu-
lated in the last of the following four theorems. In Theorem [I, we give an approximation of &
in terms of Brownian bridges, which leads to its asymptotic normality stated in Theorem 2l We
do the same thing to fi,, in Theorem Bl But, this does not meet our needs to achieve the major
object of this paper. Then, we need to approximate both @ and fi,, by linear functional of the

same sequence of standard Brownian bridges B, (s) .

Theorem 1 Assume that the third order condition (20) holds with B/ =: X > 1 and let k =k,
be an integer sequence satisfying (6) and (21). Then there exists a sequence of Brownian bridges
{Bn(s), 0<s <1} such that

VE(@ —a) = a(mWin + 12Wan + 13Way) + op(1), asn — o0



where Win, Wa, and W3, are sequences of centered Gaussian r.v.’s defined by
Win = \/n/kB, (1 —k/n) — M/Olslf;n (1 —ks/n)ds,
Won == (ANt =1)v/n/kB, (1 —k/n) + (A —1) m/ﬂls”m (1—ks/n)ds,
Wap = (1= X) \/W/OISAQ (logs) By, (1 — ks/n)ds
+ 2 2/n/kB, (1 —k/n) — W/()lsAan (1 —ks/n)ds,

and )
A4 MEA-1)(BA-1) A (2x-1)

m = T N2 = -1y 3 (A —1)

Theorem 2 Under the assumptions of Theorem [, we have
VEk@-a) 5N <O,a254/ (o — ,8)4> , as m — 0. (23)
Theorem 3 Under the assumptions of Theorem [, we have, as n — 0o

\/ﬁ -~ (6%

where Wiy, Way, and W, are those of Theorem [l and

Jiym B (1= 5)dQ (1= s)
VEk/n (ne/k)Ye
Theorem 4 Under the assumptions of Theorem [, we have

\/ﬁ
V/EJn (ne/k)

Wyn =

s {in =1} S N (0,07 (0, 8)) , asn— oo, (24)

where 264 ) ) 62
(0] (0]
@-1'@-p)7 2-a (a-12(a-p7

The following corollary to Theorem [l provides a straightforward practical way to build confidence

o’ (a’ ﬂ) =

(25)

intervals for u.

Corollary 1 Under the assumptions of Theorem[d, we have

N
kno (a B) (n/k)

1/A{ﬁn—u}i>/\/(0,1), as n — 0o,

where &, B and € are the estimates of a, 3 and ¢ given in (I2) and (I3) respectively.



3 Proofs

3.1 Proof of Theorem [l

First recall that A = 8/« > 1. Then, we have, as n — oo

G-a=a{m(S-1)+m (SN +m(Ss- A2} 4o, (K1), (26)
where N L
s gy s () e
and N -
wory () 2

with Y7, < ... <Y, being the order statistics pertaining to a sample Y7, ..., Y,, of independent
and identically distributed non-negative random variables, defined on the same probability space
as the X/s, with cdf

Gy)=1—y ', fory>1. (29)

A probability space (€2, A,P) may be constructed, carrying an infinite sequence Uy, Uy, ... of
independent (0, 1) —uniform r.v.’s and a sequence of Brownian bridges {B, (s), 0 < s <1},
n = 1,2, ..., having, amongst others, the property stated in Lemma [Il Let Uy, < ... < Uy,
denote the order statistics pertaining to Uy, ...,U, and define the empirical quantile function
Vi (s) as

Vo(s)=Uip for (i—1)/n<s<i/n, i=1,..,n, and V, (0) = Uy .

Lemma 1 On this probability space, for every 0 < 1 < 1/2, we have, as n — oo

|\/ﬁ(s—Vn (S)) - B, (3)| B -
1/n§21§111)_1/n (s(1— )2 =0, (n77).

(30)

Without loss of generality, we assume that
Y, =G U)=01-U)"", i=1,..,n,

and
Yin =G (Uin) =1 -Uin) ", i=1,..,n,

where G~! denotes the quantile function pertaining to cdf G given by formula (29). Then, this

allows us to write

1—1

Yoitim =1 -V, (1—s)"", for ,i=1,...,n.

3| .

<s<



Making use of the previous representation of the order statistics Y, _;+1.,, we may rewrite the
three statistics in (27) and (28] into

n [k 1-V,(1—s)\""
= — 1 _—_—
S1 . /0 og < = U o > ds,

g _n/k/” 1-V,(1—s) ‘“Ad
=% ) 1= Up_pn *

g _n/k/” 1-V,(1—s) ‘1“10 1-V,(1—s) ‘1d8
3_k 0 l_Unfk,n s 1_Un7k,n .

Next, we show that, as n — oo

and

VE(S1 —1) = Wi, + 0, (1),
VE (82 = A71) = Wan + 0, (1),

and
VE (S5 = A7) = W, + 0, (1),

where W1, Wa, and W3, are the Gaussian r.v.’s defined in Theorem [Il We will only consider
the asymptotic distribution of S3. The proofs for S; and Sy use similar arguments. By letting
f (x) = 2’ log z, the statistic S3 becomes

An application of standard calculus gives fol f (s)ds = —A~2. Therefore

oo [ p(EAEE) o (50

We divide the integral above in two parts, then we study the asymptotic behavior of each

integral. Observe that

k/n — -5 s
“om [ () - )l
= — A, — Q.

Next, we show that vkA,, converges to 0 in probability. Indeed, we have 1—V;, (1—s)=1-Uyp,
for 0 < s < 1/n, it follows that

somom [ (58 (5]

o 1=Uan \ VR
_ f<1_Un_k7n 1) as



1/k

An elementary calculation gives f(s)ds =21k (logk™ —A7!) ,and wehave n (1 — Uy i) /k K
0

1, as n — oo, therefore

Ap={l+0,()}k Mogk™ = Ak (logh™t = A7)

Since A > 1 and k — oo, then k~*1/2 - 0 and k= /2log k™! — 0, it follows that VEA, L)

as n — 0o. Consider now the second term 2, which may be rewritten into

0 = (n/k) /j:l [f (W) -/ <1—U8n;mﬂ o

vom [ (=60) - (o)l

= in + QnZ-

Making use of Taylor’s expansion of f, we get

1-V,(1—s) s o ©n (8) 1-Vo(1-5s) s
f< 1_Un—k,n >_f<]—_Un—k,n> _f (1_Un—k,n> < 1_Un—k,n ]—_Un—k,n>7

and
s s , s s
i) 1 () = o0 (=~ )
where
min {1 —V, (1 —35),s} < ¢n(s) <max{l—V,(1—1s),s} (31)
and 1 1 1 1
min{lU_k ,k/n}<¢n<max{1U_k ’k:/n} (32)

Observe now that 2,1 and 2,2 may be rewritten into

inz(n/kz)/k/nf/<1_ s > [1—Vn(1—s) s ]derQ’:Ll,

1/n Un—k,n 1- Un—k,n - 1- Un—k,n
and
Qo ={1+o0 (1)}(n/k:)/k/nf’ i S lds+
2 P 1/n k/n) |1 =Upkn k/n n2’
where
k/n (S) S
* = k / L _ !/ s
n (n/ )/1/n [f (1 - Unk’,ﬂ) d (1 - Unkm)]
1-V,(1—s) s
. |: 1-— Unfk,n B 1-— Unk,n:| ds’

10



and

Qg = {1+0, (1)} (n/k) /lfin [f/ (Z/b;) - f (ljnﬂ

X 5 _ 2 ds
1_Un—kzn ki/’I’L '

From Lemmal[3] (see the Appendix), both vVEQ¥, and vVEkQ¥, converge to 0 in probability. Since
n(l—Upgn)/k 51, then

Qi ={14+0,(1)} k/”f,<k/ >[ e Vy(1—s)]ds+ o, (k:_l/2>,

and

Qs = — {14 0, (1)} 2 _((;/;)g”"“”)/j/n <kjn> 7 <k/ ) ds + o, (lflﬂ) .

n

The derivative of function f equals f’(z) = (A — 1)2*"2logx 4+ 272, then
1

Qn1 = (A —1)(n/k) /l/ktk_2 (logt)[1 — Vy, (1 — kt/n) — kt/n]dt

1
+ (n/k) /1 P Vo () — el o, Go}
and

1
Qm=4x—1mm%MWn—u—wa4mnﬂmﬂ*k%Mt

1
+mmnwn—u—mlmnzﬁ
= A2 (n/k) [k/n — (1 — Up_g.n)] + 0p (k‘1/2> .

Fix 0 < 7 < 1/2, then using approximation (B0]), in Lemma [I], yields

VEQ = (A —1) \/n// 22 (logt) B, (1 — kt/n) dt

+ «/n/k:/l/kt’\_QBn (1 —kt/n)dt + VEQu (1) + 0, (1),

" Ldt + o, (k*1/2>

and

VEQns = =A"2\/n/kB, (1 — k/n) + VEQua (1) + 0, (1),

where

\/Eﬁnl (r)=(O\-1) 0, (n_T> (k,/n>1/277 (n/k‘)l/z /01t>\_2+(1/2—7') log t| dt

1
Op (n—T) (k/n)l/Qf‘r /n/k/o t)\—2—"-(1/2—’r)dt7

11



and

VEQu2 (1) = X720, (n77) \/n/k (k/n)/* 7.
1 1
For A > 1, / P=2H1/2-7) log #] dt = (A—1/2 — 7)"2 and / P2HA/2-D) g = (A= 1/2 — 7))
0 _ _Jo
are finite integrals. Then both quantities vkQ,; and vkQ,2 are equal to Op (k77) for all large

n, which tends in probability to 0 as n — oco. Recall that up to now we have showed that
VEQu = (A —1)y/n / t*2 (logt) By, (1 — kt/n) dt

—i-\/n// t* 2B, (1 — kt/n)dt + o, (1),

and
VEQue = AN 2/n/kB, (1 — k/n) + o0, (1).

It remains to prove that
1/k
L= (A—1) \/n/k/ 2 (log t) By, (1 — kt/n) dt
0
1/k
+ \/n/k/ t* 2B, (1 — kt/n) dt
0

converges, in probability, to 0. Indeed, since E'|By, (1 — ks/n)| < \/ks/n, then

1/k
E|L|<(\— 1)/ A2 ([log t| + 1) dt
0

Since
1/k ) L
/ A2 (logt| + 1) dt = ———5k T2 (2X —logk + 2\ logk + 1) ,
0 (2X —1)
which tends to 0 as n — oo, then I, converges to 0 in probability. This completes the proof of
Theorem [II O

3.2 Proof of Theorem [2l.

To establish the asymptotic normality of @, given in (23], we proceed by similar arguments as

for fi,, in the proof of Theorem [l O

3.3 Proof of Theorem

Let us divide the integral (2]), in two parts, as follows:

= Hin (k) + H2,n k),

12



where
k/n

1
i) = [ QU= ds and pa ()= | QU5 s

Recall that, in Section 1 formula (I6]), we have defined estimator ji,, of u by

o~

Hn = ,al,n (k) + ﬂQ,n (k) )

where R N
. a5 Jo—B/a Bla—1
N o . N1/a Q dc (k/n)
fi1,n (k) == (k/n) (nc/k) {(/)Z 1 + B\ 1
and

- 1 <
H2.n (k) = E Z aniJrl,n-
i=k+1

To simplify notations, let us set

— Vn T i (k) = i (R)} i = 1,2. (33

Zni =
VEk/n(ne/k)

First, we consider Z,;. It is easy to verify that, as n — oo

_ k 1o @
i (0) = {1+ 0, (1} (ne/)He 2,
and, under the condition (@), we have
~ koo 1a
A (k) = {1+ 0p (1)} == (ne/k)!/".

na—1
It follows that

Pin (k) — pin (k) = {140, (1)} % {a? . (nE/k)l/a _ % (nc/k;)l/a} :

Let us write Z,1 = T, + T5,, where

T i= (140, ) VE{ 2 - 2

a—1 a-1

and

- (ne/k)"/®
Top = {1+op(1)}\/E{(nc/k)1/a - 1} .

We begin by showing that 75, LA 0, as n — oo. First observe that 75, may be rewritten into
Ton = {1+ 0, (1)} VE {(nc/k)l/afl/a (/)T Ve _ 1} .

Assumptions (i) and (i7) of Theorem [[l imply that k'/2/log (n/k) — co. Also, the asymptotic
normality of & gives @ — a = O, (k_1/2) . Therefore (1/a — 1/a)log (nc/k) R 0, this implies

that (nc/k)/a- 1/ £ 1, as n — 00. On the other hand, we have

ele—1=a"1(@-a)log % + o, (kfl/? log %) .

13



Since ¢ is a consistent estimator of ¢, then Taylor’s expansion gives
@)oY 1 = a7 (140, (1) (@ —a) (¢/c — 1), as n — oc.

It suffices now to show that vk ((E/ c)l/ a—lfa _ 1) converges to 0 in probability. Indeed, again
by using the fact that @ — o = O, (k_l/Q) , yields

n
1 _
ng
vk ’

n

k

Vk ((E/c)l/a_l/o‘ - 1) =0,(1) | ¥ ?log — + 0,

which tends in probability to 0, because we already have v/k/log (n/k) — oo. Now, we consider

the term T7,. Since & is a consistent estimator of «, then it is easy to show that
Ty, = —Hopl(l)\/g(@—a), as n — 0o.
From [I, we infer that
Tip = ————5— (MmWin +1m12Way + 13Way,), as n — oo.

It follows that

Zn1 = — 2 {mWin +neWan +n3Wan} + 0, (1) (34)

_*
(a—1)
Let us now consider the asymptotic distribution of Z,9, in (33)). It is shown that
1
fk/an(l —5)dQ (1 —s)
VE/nQ (1 —k/n)

On the other hand, from (I0), we have Q (1 — k/n) ~ (nc/k:)l/a, as n — oo, it follows that

Zn2 =

+o0p(1).

Zing = Wian +0p (1). (35)

Combining (34) and (B5]) achieves the proof of Theorem [l O

3.4 Proof of Theorem [l

Now, we investigate the asymptotic normality of fi, given in(24]). Since Wy,, i = 1,...,4 are

sequences of centred Gaussian r.v.’s, then

\/ﬁ
VEk/n (ne/k)Ye

{lin — p} ﬂ)N(O,I’EI’t), as n — oo,

where

r._ (_ a _a _a 1)
: (a_1)2771, (a_l)ana (04—1)2773’ s
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I'! is the transpose of I' and ¥ is the variance-covariance matrix of the vector (Win, o, Wap)
defined by

1 1 2 1

1 peimby ¥ a1l
1 1 11 11 A=l

Z . A2 A 22—1 A2 (2>\_1)2 A3 A
| 2 1 1 1 2 1 1
AS AQ (2>\_1)2 )\3 (2>\_1)3 )\4 AQ
1 A=l 1 2
A A2 2—a

Note that the elements of > were obtained after tedious computations of the limits of the
expectations E [W;,,Wj,] for 4,5 = 1,4 (¢ < j). Finally, a standard calculation of the product
I'ST? yields

224 9 9 2
rsrt — = 5 + + Sﬁ 5
(=1 (a=p)" 2-a (a—1)"(a—p)
which is denoted by o2 (a, ). This completes the proof of Theorem [l O

4 Conclusion

The main objective of this paper was to propose a bias-reduced estimator for the expectation
of a heavy-tail distribution. This was achieved on the basis of the bias-reduction of the first
and second order parameter estimators of regularly varying distributions and the corresponding
high quantiles estimators. In addition, the newly introduced estimator is asymptotically normal,

making confidence intervals easily constructible.
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A Appendix: Auxiliary results

Lemma 2 Let k = k, be a sequence of integers satisfying (6) and f (x) = > 'logz, A > 1.
Then, uniformly on s € [1/n,k/n], we have

! @n(s) , s _ s A—2 s
1(Z50) - o) 0 () e wnee

Proof. We have n (1 —Up_p5) /k 20, as n — 0o, then

() (i) =0 [ (552) -7 ()]
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A straightforward calculation of the derivative of f yields

()7 () - <krin>H [“‘ Y ((wns@)H - 1) o 57

+ (A—1)log “0"8(8) + <90” (S)>H - 1] . (36)

Observe now, that inequalities (BI]) imply

min{l_s_V”(l_s),0}<W—1<max{1_s_v"(1_s),o}.

S S S

We have . Vo1
sup [L=s=Vo(l=5) g()asn%oo,
1/n<s<1 S
it follows that
sup on(s) 1|5 0asn— oo (37)
1/n<s<k/n S
On the other hand, we infer that
S P
sup —1| = 0asn— oo. (38)
1/n<s<k/n | ¥n (3)

By applying the mean value theorem to the functions x — loga and = — 2! respectively,
then by using (B7) and (B8]), we show readily that, as n — oo

A—1
sup |log #n (5) P 0and  sup <('0n (S)> —15o. (39)
1/n<s<k/n S 1/n<s<k/n S
Note that the first result of (89) implies that
sup |log on(5) log > ‘ 20, as n — . (40)
1/n<s<k/n k‘/'fl k/n

By using equations (39) and (@Q) together, we show that, uniformly in s € [1/n,k/n|, the

A—2
right-hand side of equation (38]), is equal to o, (1) <kjn> log k:i O

/n
Lemma 3 We have VEQ:, 2 0 and VA, 20, as n — oco.

Proof. We only show the first result. The second one is obtained by similar arguments. Recall

that
= = /m) [ f/ () (o)

1-V,(1-
( s) — 5 ds.
1- Un—k,n 1- Un—k,n
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Using Lemma 2 we get, as n — oo

%y = 0, (1) (/) | f/ (k/n)A

By a change of variables, we get

1 ds.

op S 1-Va(l=s) s
gk:/n k/n k/n

1
O =o0p(1) (n/k)/ 22 log s| |1 — V,, (1 — ks/n) — ks/n|ds.
1/k
Making use of approximation(B0) yields
1
VEQE = 0, (1) (n/k)1/2/ 22 [log s <|Bn (1 — ks/n)| + (ks/n)/> 7 O, (n_T)) ds.
1/k

In other words

1
VEQ, = o, (1) (n/k)1/2/ 2 |log s| | By, (1 — ks/n)| ds.
1/k

1
+0p (K77) / 73277 |log 5| ds.
1/k

The expectation of the first term of right-hand side of the previous equation is less than or equal

to .
op (1) (n/k:)l/Q/ 2 2|log s|E[|B, (1 — ks/n)|] ds.
0

Using the fact that E|B, (1 —ks/n)| < (ks/n)"?, we show that the previous quantity is
1 1

less than or equal to o (1)/ s*=3/2|log 5| ds. Since both integrals / s*=3/2-7 |log s| ds and
0 0

1
/ sA73/277 |log 5| ds are finite, then VEQ:, = 0, (1), as n — 0. O
0
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