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Low-Complexity Lattice Reduction Demapper
for Massive Order One-Dimensional Non-
Uniform Constellations

J. Barrueco, Member, IEEE, J. Montalban, Member, IEEE, P. Angueira, Senior Member, IEEE,
C. Abdel Nour, Member, IEEE and C. Douillard, Member, IEEE

Abstract — This paper presents a low-complexity demapping
method for demodulating M-ary one-dimensional non-uniform
constellations. For uniform constellations, there are several
algorithms for searching the closest point to the received
observation. However, for non-uniform constellations these
techniques are not valid. We propose a novel technique based on
dividing the non-uniform constellation into lattices of identical
dimensions. The value of the received symbol is modified in
order to provide an entry to a look-up table where the closest
point is stored. This solution provides low complexity for
demodulation of the in-phase and quadrature PAMs of the non-
uniform constellation. The complexity is O(2 + log, VM) while
the exhaustive search is O(vM). The complexity implications in
terms of memory and computations and the system performance
are analyzed.

Index Terms— Soft detection, Non-Uniform Constellations,
Lattice Reduction Demapper.

I. INTRODUCTION

he necessity of providing higher system capacity with the

same spectral resources for the new wireless
communications systems results into the birth of advanced
modulation schemes. Recently, non-uniform constellations
(NUC) have been proposed [1]-[3] in order to increment the
bit-interleaved coding and modulation (BICM) spectral
efficiency [4], [5]. Up to now, the existing NUCs can be
gathered into two families: one-dimensional (1D-NUC) and
two-dimensional non-uniform constellations (2D-NUC). 2D-
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NUC:s provide slightly higher capacity gain than 1D-NUCs at
the cost of higher demapping complexity. A solution for
lowering this complexity for 2D-NUCs is proposed in [6], [7].
For massive order constellations (beyond 256 constellation
points) the latency involved in 2D-NUCs make their use
unfeasible in real time applications. For such high order
constellations, 1D-NUCs are the most appropriate solution.

1D-NUCs have been included in the latest developed digital
broadcasting systems, i.e., Digital Video Broadcasting — Next
Generation Handheld (DVB-NGH) [8] and Advanced
Television Systems Committee 3™ Generation (ATSC 3.0) [9].
ATSC 3.0 includes 1D-1024NUCs providing system gains of
up to 1.8 dB wurt the gray labeled uniform QAM
constellations with the same demapping complexity. The
major restriction of massive order 1D-NUCs is the number of
computations required in the demapping stage. Several
methods based on decomposing the gray-labeled QAM into
two independent in-phase (I) and quadrature (Q) gray-labeled
PAMs are shown in [10], [11]. These proposals perform one-
dimensional soft demapping on the separated components of a
received symbol. 1D-NUCs can be also decomposed into two
independent non-uniform QAMs, reducing the number of
Euclidean distances (ED) computed.

In hardware applications, the max-log approximation of the
ML demapper is commonly used [12]. The number of
mathematical computations is reduced w.r.t. ML but the
number of EDs remains the same. The value of the log-
likelihood ration (LLR) metric given by the max-log
approximation is mainly influenced by the closest point to the
received observation. The authors of this paper proposed in
[13] a low-complexity demapper based on a simplified
detection of the closest point to the received observation.
Nevertheless, this solution is not valid for 1D-NUCs as the
constellation points are not uniformly spaced. Another
approach is considered in [14] for demapping non-uniform M-
PAM constellations efficiently based on finding the intervals
where the LLRs are linear functions. The overall complexity is
reduced from O(v/M) to O(log, VM).

In this paper, we take advantage of the decomposition of the
1D-NUCs into two non-uniform I/Q PAMs in order to design a
simplified technique to detect the closest symbol to the



received observation and compute the LLR bit metrics. New
1D-NUCs with negligible performance losses are designed in
order to perform the proposed low complexity demapper. The
overall complexity is O(2 + log, VM) with negligible impact
in memory requirements. Demapping complexity reduction of
up to 89% for 1D-4096NUC with system performance losses
below 0.3 and 0.5 dB compared to max-log and ML
respectively are obtained with imperceptible increase in
memory requirements. Results are shown for the ATSC 3.0
BICM system but can be applied to any wireless
communications system.

The rest of the paper is organized as follows: Section II
presents the proposed demapper. Section III shows the design
of the new 1D-NUCs. Section IV explains the simplified
detection of the closest point to the received observation. In
Section V the complexity analysis and system performance of
the demapper is carried out using the ATSC 3.0 BICM system.
Finally, section VI gathers the main conclusions.

II. PROPOSED DEMAPPER

The max-log demapper is extensively used in hardware
applications for digital demodulation. Max-log is an
approximation of the ML providing lower number of
mathematical operations. However, the number of EDs to
calculate is the same in both demappers. The max-log
computes all EDs between the received symbol and the
constellation symbols and selects the minimum one. In BICM
systems, the LLRs are calculated for each transmitted bit using
the conditional probability of receiving y given that the b;
transmitted is 0 p(y|b; is 0) and that b; transmitted is 1 p(y|b; is
1). For the max-log, the LLR value for bit b; is given by the
two closest symbols to the received observation with bit b; = 0
and b; = 1, respectively. We propose a simplified detection of
these two symbols based on dividing the 1D-NUC into lattices
of the same dimension.

The minimum length of the lattices dyin is the minimum
distance between adjacent constellation points of the designed
ID-NUC. The 1D-NUC is designed with the restriction that
the distances between adjacent constellation symbols are
multiples of dyi,. Then, the constellation diagram is divided
into lattices of length di,. The length of the lattices is
normalized to unity and the lattices are numbered from 1 to #,
where n is the number of lattices. Next, the received symbol is
discretized taking values from 1 to n+1 corresponding to the
boundaries of the lattices. The two closest symbols to the
discrete received observation with bit b; = 0 and 1 are stored in
a LUT. The closest symbols used for LLR calculation are
found in the column specified by the value of the discrete
received symbol.

III.  1D-NUC DESIGN

The authors of this paper proposed in [1] the design of
optimal NUCs for BICM systems. The procedure explained in
[1] is followed in this work to design the 1D-NUCs. The
distances between adjacent constellation points in these
designed 1D-NUCs do not fulfill the requirements expressed
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Fig. 1. Gray labeled 1D-16NUC

above.All the distances between adjacent points must be
multiples of dy.in, and consequently, the designed 1D-NUCs are
post-processed in order to fulfill the design condition.

Negligible losses are obtained for low and mid code rates
due to the granularity given by the value of the dy.in. For this
range of code rates (from R=2/15 to R=10/15), this is
translated into negligible system performance losses. For high
code rates, the BICM system capacity losses increase due to
the low granularity of the value dy.i,. The system performance
losses are below 0.2 dB.

IV. SIMPLIFIED DETECTION OF THE CLOSEST POINT TO THE
RECEIVED OBSERVATION

The objective is to create a LUT which stores the two
closest symbols with b; = 0 and 1 respectively to a particular
value of the received symbol. The value of the received
symbol is modified representing the entry to the LUT and the
LLR value using the max-log approximation is obtained. Three
main steps are considered: divide the non-uniform PAM into
uniform lattices, create the LUT and modify the value of the
received observation. For simplicity, the gray labeled 1D-
16NUC shown in Fig. 1 is considered. We consider that the

two non-uniform PAMs designed are similar with VM points.

1-) First step: Divide the non-uniform PAM into uniform
lattices

The key aspect of the first step is to create lattices of
dimension unity whose limits in the constellation diagram are
integers starting from 1. Each limit corresponds to one entry of
the LUT. The processed value of the received observation is
equal to one value of the boundaries. Figure 2a shows one non-
uniform PAM with four components (S;, S2, S3 and S;) with
multiple distances of d,.i» between adjacent components. The
value of duin is 0.3922. This non-uniform PAM has been
designed following the procedure explained in Section III.
Next, the positions of the PAM components are normalized
dividing their positions by duin (Sis, S26, S3» and Sg). This step
is shown in Fig. 2b. Finally, the constellation points are shifted
to the right of the constellation diagram, giving Si. value 1. In
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Fig. 2. Procedure of division of the non-uniform PAM into uniform

lattices
this way, there are five different lattices (from L; to Ls) with a
total of six boundaries (Figure 2c).

After processing the received observation (third step), the
modified received constellation symbol can only take integer
values, i.e., in this case from 1 to 6.

2-) Second step: Create the Look-Up Table
The LUT is composed by n rows and m files, where # is the
number of bits of the PAM multiplied by two (as each bit can
take value 0 or 1) and m is the number of boundaries of the
lattices.
n = log, M

m=L+1 (1)

Eq. 1 represents the number of rows and columns of the
LUT, where M is the constellation order of the QAM
constellation and L is the number of unity lattices of the PAM.

Following the example, M=16 and L=5. Therefore the
number of rows is n=4 and columns m=6. Each row represents
each bit of the PAM constellation with value 0 or 1. Each
column includes the possible integer values of the boundaries.

The I and Q PAMs of the designed 1D-16NUC contain logTzM

bits each one, i.e., 2 bits. The in-phase PAM carries bit 2 and 4
of the 1D-16NUC and the quadrature PAM bit 1 and 3. Table I
shows the LUT for the in-phase PAM. The content of the
quadrature PAM is the same but for bits 1 and 3.

3-) Third step: Modify the value of the received
observation

The value of the received symbol is normalized by d,.i» and
increased by the value of the highest constellation point, i.e., in
the example S4. This value is increased by 1, the same as in
the first step, Fig. 2c for the PAM. Next, in order to obtain the
closest boundary to the value of the received point, a value of
0.5 is added to the value of the received point (because the
lattice has unity dimension) and the resulting value is rounded
to the lowest integer value. Eq. 2 shows the calculation of the
scaled value of the received symbol.

TABLE I
LoOK-UP TABLE EXAMPLE FOR 1D-16NUC

Scaled received observation

Bit
1 2 3 4 5 6

b,=0 Sic Sic Sic Sac Sac Sac
by=1 Sac Sac Sac Sac Sse Sac
bs=0] Sic Sic Sac Sac Sac Sac
b4:1 S3c S3C Ssc S3c S4c S4c

r;_scaled = lﬁfﬂ + 1.5J 2)

max

Where 7; is the in-phase component of the received
observation. Sy is the value of the highest constellation point
and r; scaled is the value of the modified received point. It
must be taken into account that r;_scaled could be positioned
in the middle of two points which carry the same bit value. In
this case, there exists a small deviation of the ED. However, as
results in next section show, the impact in the system
performance is negligible. The ED is easily calculated as
shown in Equation 3.

ED = |max L 15 3)

max

Where S, is the value obtained from the LUT.

V. COMPLEXITY ANALYSIS AND SIMULATION RESULTS

A. Complexity Analysis

In this section we consider massive order 1D-NUCs, i.e.,
1024 and 4096 constellation points. The main complexity of
the demapper proposed comes from the Euclidean distances
computations and the modification of the received observation.
For each PAM, 1 + log, VM distances are required and one
step for the scaling of the received observation (with one
division and three additions). The overall complexity is
O(2 +log,VM). The max-log method requires the
computation of M distances between the received symbol and
the constellation points. The overall complexity is O(VM). If
the proposed demapper is compared with the conventional
methods, i.e., ML and max-log and 1D-1024NUC, 1D-
4096NUCare considered, the complexity reduction is 78.1%
and 87.5%, respectively.

In terms of memory requirements, the total LUT size is (m x
n) and the number of bits assigned to each cell is log, VM.
Table II summarizes the memory requirements for the
designed 1D-1024NUCs and 1D-4096NUCs in bytes. The
memory is reduced by two as the LUT is the same for both I
and Q components.

B. System Performance Simulation Results

All the results shown in this section have been obtained
using an ATSC 3.0 BICM transceiver with 300 FEC blocks of



TABLE II
LooOK-UP TABLE MEMORY REQUIREMENTS

LUT memory requirements [Kilobytes]
Code rate
1D-1024NUC 1D-4096NUC
2/15 0.01 0.25
3/15 0.44 0.94
4/15 0.55 1.93
5/15 0.30 1.67
6/15 0.67 0.75
7/15 0.51 1.47
8/15 1.44 2.76
9/15 1.13 2.52
10/15 1.00 0.87
11/15 0.14 0.63
12/15 0.12 0.33
13/15 0.1 0.29

length 64,800 bits [15]. Low density parity check (LDPC) code
options (R=2/15 to R=13/15) included in ATSC 3.0 [16], with
1D-1024NUC and 1D-4096NUCs under Rayleigh independent
and identically distributed (iid) channel are considered. Results
for the ML and max-log are obtained using the 1D-NUCs
defined in ATSC 3.0. For the proposed demapper, newly
designed 1D-NUCs explained in Section III are used.

Table III shows the system performance losses in dB of the
proposed solution (newly designed 1D-NUCs and low
complexity demapper) compared with ML and max-log
detection with ATSC 3.0 1D-NUCs. The system performance
losses of the designed demapper against the ML range from
0.1 to 0.4 dB for 1D-1024NUCs and from 0.1 to 0.5 dB for
1D-4096NUCs. As it is shown in [7] and [14] the max-log
approximation has a perceptible deviation from the value given
by the ML for non-uniform constellations. When the
constellation points are not equidistant, the ML cannot be
purely approximated by the max-log. Results in Table III show
that the system performance losses of the proposed solution
compared with the max-log are negligible for 1D-4096NUCs
(maximum of 0.1 dB for high code rates). In the case of 1D-
1024NUCs, losses of up to 0.3 dB are present for high code
rates. For mid and low code rates, the performance losses are
negligible. The system performance losses w.r.t. the max-log
come from the restriction imposed in the design of 1D-NUCs.

VI. CONCLUSIONS

In this paper, a low complexity demapper for massive order
1D-NUCs has been proposed. It is based on finding the closest
constellation points to the received observation in an efficient
way. The ID-NUC is divided into two PAMs. The
constellation points of the PAMs are transformed in order to
create equidistant lattices. The boundaries of the lattices are
used to create a LUT with the closest symbols depending of
the value of the scaled received observation.

TABLE III
SYSTEM PERFORMANCE LOSSES OF THE PROPOSED DEMAPPER
COMPARED WITH THE ML AND MAX-LOG DEMAPPERS

Performance Losses [dB]
Code 1D-1024NUC 1D-4096NUC
rate
ML Max-Log ML Max-Log
2/15 0.1 0 0.5 0
3/15 0.3 0 0.4 0
4/15 0.3 0 0.4 0
5/15 0.4 0 0.2 0
6/15 0.2 0 0.2 0
7/15 0.2 0 0.1 0
8/15 0.1 0 0.2 0
9/15 0.1 0 0.2 0
10/15 0.1 0 0.1 0
11/15 0.3 0.2 0.2 0
12/15 0.2 0.2 0.2 0.1
13/15 0.3 0.3 0.3 0.1

The complexity of this solution for each PAM is

O(2 + log, VM) as opposed to O(vM) for the ML and max-
log demappers where M is the constellation order of the M-ary
1D-NUC. Negligible system performance losses are obtained
for low and mid code rates. For high code rates, the
performance losses are below 0.3 and 0.1 dB for 1D-1024NUC
and 1D-4096NUC, respectively.
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