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A LOCALLY COMPACT QUANTUM GROUP ARISING FROM
QUANTIZATION OF THE AFFINE GROUP OF A LOCAL FIELD

DAVID JONDREVILLE

ABSTRACT. Using methods coming from non-formal equivariant quantization, we construct in
this short note a unitary dual 2-cocycle on a discrete family of quotient groups of subgroups of
the affine group of a local field (which is not of characteristic 2, nor an extension of Q2). Using
results of De Commer about Galois objects in operator algebras, we obtain new examples of
locally compact quantum groups in the setting of von Neumann algebras.
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1 INTRODUCTION

The construction of concrete examples of locally compact quantum groups (LCQG) in the setting
of von Neumann algebras [7, [§] is still of upmost importance. The seminal work of De Commer [3]
provides a way to construct a new LCGQ from a Galois object on a given LCQG. An important
class of Galois objects are associated with 2-cocycles [3 Section 5]. Recall that a wunitary dual
2-cocycle on a LCQG (N, A), with dual quantum group (N, A) (we use the standard notations,
see e.g. [3,[I0]), is a unitary element F' € N@AN satisfying the cocycle relation:

(1) (10 F)@A)(F)=(Fo1)(A®)(F).

At the level of an ordinary locally compact group G, the explicit construction of a unitary dual
2-cocycle F' is already a non-trivial task. In that case, F' is a unitary element of the group von
Neumann algebra W*(G x G) and the cocycle relation is equivalent (see [I0, Section 4]) to the
associativity of the following left-equivariant deformed product of the Fourier algebra A(G):

fixfa(g) = fi® f2(Ag @ Ay F¥).

In the formula above, X is the left regular representation A\,(f)(¢') = f(¢~'¢’) and f — f is the
standard identification of A(G) with the pre-dual of W*(G).

Hence, there is a simple strategy to construct dual 2-cocycles on groups. One starts with a
left-equivariant and associative product x on A(G) (or on a dense subalgebra of it), written in term
of a distribution (in the sense of Bruhat [2]) K on G x G as follows:

fixfa= : GK(glagz)Pgl(fl)sz(fQ) dg1dga,

where p is right regular action py(f)(9') = f(¢’g) and dg is a left-invariant Haar measure. One then
considers the following (formal) convolution operator:

F = K(gl,gg) )\gl—l ® )\g;l dg1dgs.
GxG
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All what remains to do then, is to verify that this operator makes sense and is unitary on L?(G)
(for the left-invariant Haar measure). Now, the point is that an associative and left-equivariant
product on a group G can be constructed out of a non-formal, G-equivariant quantization map on
G. By this we mean a triple (2, H, ) consisting in a unitary operator €2 from L?(G) to the Hilbert
space £2(H) of Hilbert-Schmidt operators on a separable Hilbert space H, together with an action
of G on B(H) satisfying the covariance relation:

Q()‘g(f)) = ozg(Q(f)), Vfe LZ(G)~
One can then define an associative and left-equivariant product on L?(G) by transporting the
product of £2(H) to L*(G):
fix fo = Q*(Q(fl) Q(fz))~

In [5], we have constructed such a non-formal, equivariant quantization map and the aim of
this short note is to check that the associated candidate for a unitary dual 2-cocycle satisfies this
unitary property. The family of groups we consider here are quotient groups of subgroups of the
affine group of a local field. To simplify a little this introductive presentation, let us consider the
case of the field of p-adic numbers Q, with p an odd prime number. Denoting by Z, the ring of

integers of Q,,, our groups are unimodular semidirect products of the form (1+p"Z,) x (Q,/p~"Zy,).
We then have a unitary quantization map (see [5, Proposition 3.9])

Q: Lz((l +p"Zp) X (Qp/pinzp)) — L7 (L2(1 "‘Pnzp))a
defined for f € L' N L*((1+ p"Zy) x (Qp/p~"Zy)) by
Q) =p" > f(a,[t]) 7(a,t)%7"(a,t) da.
(€, /p—72, " 1P Ep

Here ¥ is the (bounded) operator on L?(1 + p"Z,) given by S¢(a) = ¢(a™?t), 7 is the irreducible
unitary representation of (14 p”Z,) x Q, (a subgroup of the affine group of Q,) given by

m(a, t)p(ao) = ¥(ag ‘at) p(a™ ao),

and ¥ is the basic unitary character of (Qp,+) given by

U(x) = 2T XLl vanp” if g = Z anp" € Qp, an,€{0,1,....,p—1}.

n=—=k

The candidate for the unitary dual 2-cocycle associated with this quantization map is given by:

F = p2n Z \I/((a1 — afl)tg — (az — a;l)tl) )\(ah[tl])—l X )‘(a27[t2])—1 daydas,
[t1],[t2]

where the sum is over (Q,/p~"Z,)? and the integral is over (1 + p"Z,)>.

Our main result here, Theorem [3.4] is that F' indeed defines a unitary operator, the 2-cocyclicity
being automatic. However, for the sake of completeness, we give a direct proof of 2-cocyclicity
in the Appendix. As mentioned earlier, De Commer’s results then give an example of a locally
compact quantum group in the von Neumann algebraic setting. Moreover, the results of [10] apply
too and give a deformation theory for actions of that groups on C*-algebras.



2 PRELIMINARIES

In this section, we first introduce the basic notations and tools we need. We then give a review of
the pseudo-differential calculus constructed in [5] and extract a dual 2-cocycle out of the associated
*-product (that is, the composition law of symbols). This pseudo-differential calculus is termed the
p-adic Fuchs calculus because it imitates Unterberger’s Fuchs calculus [14] in the non-Archimedean
setting.

2.1 Setting and tools. Let k be a non-Archimedean local field. In characteristic zero, k is
isomorphic to a finite degree extension of the field of p-adic numbers Q,. In positive characteristic,
k is isomorphic to a field of Laurent series Fy((X)) with coefficients in a finite field Fy. We let |.|x
be the ultrametric absolute value, Oy be the ring of integers of k (the unit ball), w be a generator
of its unique maximal ideal and O be the multiplicative group of units (the unit sphere). We let
p be the characteristic of the residue field Oy /w0y and ¢ = pf its cardinality. The uniformizer
w then satisfies |w|x = ¢~ !. For every integer n > 1, we denote by U, = 1+ @"Ox C O} the
group of higher principal units. Note that U,, is an open and compact subgroup of k* and it acts
by dilations on k. We can therefore consider the semidirect product G,, := U, x k, that we view
as a subgroup of the affine group k* x k, with group law

(2) (z,t).(2',t)) i= (za! 2"t + 1), z,2’ €k*, tt' €k

The group G,, will be the covariance group of our pseudo-differential calculus. The subgroup U,
will play the role of the configuration space and the role of the phase space will be played by the
homogeneous space X,, := G,/ H,, where H,, is the closed subgroup {1} x w " Ok C G,,. Since H,
is normal in G,,, the quotient X, is endowed with a group structure. This is on the group X, that
we will construct a unitary dual 2-cocycle. Of course, X, is isomorphic to the semidirect product
U, x Iy, where T',, := k/w "0y is discrete and Abelian. As a locally compact group, our phase
space X,, is not compact, nor discrete and non-Abelian. We will denote the elements of X,, by pairs
(a,[t]), where a € Uy, and [t] :=t 4+ w "Ok € 'y, so that the group law of X, is given by

(a,[t])(a, [t]) = (aa’,[a'"t +]).

To simplify the notations, we will frequently denote an element of G,, by ¢g := (a,t) and an element
of the quotient group X,, by [g] := (a,[t]). We normalize the Haar measure dt of k so that
Vol(Oy) = 1. Since U, is open in k*, the Haar measure of U, is given by the restriction of the
Haar measure of k* (which is |¢[; *dt) but since U, C O}, it is just dt. The G,-invariant measure
of X,, (which is also a Haar measure for the quotient group structure), denoted by d[g], is chosen
to be the product of the Haar measure of U, by the counting measure on I',. In particular, both
groups G, and X,, are unimodular. Once for all, we fix a unitary character ¥ of the additive group
k which is required to be trivial on O but not on @ *Oy. We also deduce by [6 Theorem 23.25]
that fn is isomorphic to the additive group @w™Ok.
Important ingredients of the p-adic Fuchs calculus, are the square function

o:U,—=U,, a—d?

and the hyperbolic sine type function

¢:U, - w"Ok, arra—a "

The crucial requirement for the p-adic Fuchs calculus to behave well, is that the mappings ¢ and
¢ are C'-homeomorphisms (in the precise sense of [I2, p.77]). For this property to hold true, we
need to assume that the element 2 € k belongs to Oy . Equivalently ([5, Proposition 2.1]), we need
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to exclude two cases: when k is of characteristic two and when k is an extension of Q. Then, o
and ¢ become surjective isometries of U, viewed as metric space for the induced ultra-metric of k.
We then define the square root function U,, — U, a — a%, as the reciprocal mapping of the square
function o : U, — U,. It is then shown in [5, Proposition 2.1] that |o’|x = |¢'|x = 1.

Combining [12], p.287] (which only treats the one-dimensional case) and [I3 p.49] (which only
treats the case of Qg)7 we deduce the following substitution formula:

/ F(t)dt = / £ 0 p(t) [Taco (] dt,
1% U

where U, V are compact open subsets of k%, f : V' — Cis L' and ¢ : U — V is a C''-homeomorphism
such that Jac,(t) # 0 for all t € U. In particular, we will frequently use this formula for ¢ = ¢ and
¢ = ¢, which in these cases gives:

3) /U f(a(a))da:/Un f(a)da and /U h(¢>(a))da=/wmkh(x)dx.

With our choice of normalization for the Haar measure of k and with the non-trivial previously
fixed standard character ¥ (that is constant on Oy but not on w~*Oy), the Fourier transform

(Fi f)(2) ::/kf(t)\lf(xt) dt, feL'Y(k)nL*k),

extends to a unitary operator on L?(k). Identifying a function f € L(T',) with the function
f € L'(k) invariant under translations in "0y, we therefore have

(4) > A =0 [ s

[tleT,, k
In particular, if f € L!(k) is invariant by translations in @~ "Oy then Fi(f) is supported on w" Oy
and using the identification I';, ~ @™ Oy, we get

(5) Fef=4q"Fr,f,
where
Fr, i LA(Tn) = LA(@"0w), [ [o 3 (1) W(at)],
[t]ely
is the Fourier transform on T',,.

We denote by D(k) the space of Bruhat-test functions on k [2]. Since k is totally disconnected,
D(k) coincides with the space of locally constant compactly supported functions on k. Recall also
that the Fourier transform Fy is a homeomorphism of D(k). Similarly, we let D(X,,) be the space
of Bruhat-test functions X,,, that is the space of functions on X,, which are locally constant in the
continuous variable a € U,, and have finite support in the discrete variable [t] € T',.

2.2 The p-adic Fuchs calculus. With ¥ the fixed unitary character of (k, +), we define the fol-
lowing representation 7 of the covariance group G,, on the Hilbert space L?(U,,) of square integrable
functions on the configuration space:

(6) (a,t)p(ao) == ¥(ay at) p(a " ay).

From Mackey theory [9], any infinite dimensional unitary irreducible representation of G,, is uni-
tarily equivalent to a representation of this form (and they are classified by the orbits of the dual
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action of U, on k ~ k). Let then X be the group-inversion operator on L?(U,,) (i.e. the antipode):
S(a) = p(a™").

Note that ¥ is bounded since U, is unimodular. (More precisely, ¥ is unitary and self-adjoint, that
is a symmetry.) Consider then the map

Gp — B(L*(Uyn)), g+ m(g)S7"(g).

Since ¥|p, = 1, we observe that the above map is invariant under right-translations in H,,. There-
fore, it defines a map
Q: X, =G,/H, — B(L*(U,)),
explicitly given by
Q[g])p(ao) = ¥(¢(aag ')t) p(a’ag™).
The quantization map underlying the p-adic Fuchs calculus is then defined by

QLX) BIAU). o a [ (sl ol dll
By construction, the quantization map is G,,-covariant:

(7) m(9) 2(f) 7 (9) = QA f)-

Remark 2.1. Unterberger’s Fuchs calculus is defined in a similar way, with the multiplicative
group R¥ replacing U,, and with (the connected component of) the affine group R x R replacing
both G5, and X,,. The common point of the two situations, is that R} and U, are the largest open
subgroups of R* and of k™ on which the square function is a homeomorphism.

2.3 The *-product and the dual 2-cocycle. At this stage, the most important property of
the quantization map (property requiring that o and ¢ are homeomorphisms of class C!), is that
Q extends (from L'(X,)N L?(X,)) to a surjective isometry from L?(X,,) to the Hilbert space of
Hilbert-Schmidt operators on L2(U,,) (see [5, Proposition 3.9]). We can therefore transport the
associative algebra structure of Hilbert-Schmidt operators to L?(X,,):

o L2(Xp) X L2(Xp) = L2(X0),  (f1, fa) = QF(R(f1) Q(f2)).-

It is proven in [5, Proposition 3.13] that for fi, fo € L*(X,) N LY(X,), the product fi x fo €
L3(X,) N L*>®(X,,) takes the form

f1x f2([go]) = / K ([g0], [91], [92]) f1([91]) f2([g2]) dlg] dlga],

XnXXn

where K is the locally constant and bounded function on X2 given by:

K ((a1, [t1]), (az, [t2]), (a3, [t3])) = ¢*" ¥ (d(ara; ts + plaza; )t + d(azai ta).

By construction, the kernel K is invariant under the diagonal action of G,, on X3, thus invariant

under the diagonal left action of X,, on X2. Hence (see [5, Proposition 3.14]) we have for fi, fa €
L?*(X,)N L'(X,) and with p the right regular action:

f1*f2=/ - K ([e], [91], [92]) prgu1(f1) pigo) (f2) dlgn] dlga],

with
K([e], [91], [92]) = ¢*" W ( = @(ar)t2 + d(az)tr).
Note also that D(X,,) is stable under x (see [3, Proposition 3.15]).



As explained in the introduction, the natural candidate for a unitary dual 2-cocycle F' on the
group X,, is given by the following convolution operator, initially defined as a quadratic form on
D(X, x X,,):

(8) Fo= q2n /X N @((i)(&ﬂtg - ¢(a2)t1) )\[gl]—l ® )\[gz]—l d[gﬂ d[gﬂ.

The goal of the next section is to prove that F preserves the Bruhat space D(X,, x X,,) and extends
to a unitary operator on L?(X,). Once this will be proven, the associativity of x on D(X,,) will
immediately imply the 2-cocycle relation for F:

(1o F)(lde A(F)) = (F®1)(A(F) ®1d),
where A is the coproduct of the group von Neumann algebra W*(X,,), defined on the generators
by A(Apg)) = Ag) @ Arg)-
3 UNITARITY OF THE DUAL 2-COCYCLE
We start with an important factorization property:

Proposition 3.1. Let Z: U, x @"Ox X U,, X w" Ok — U, x w" O x U, x w" Oy be the continuous
map defined by:

E(ar, z1,a2,22) = (¢~ (a3 "w2)ar, w1, ¢ (—ay 'a1)az, x2),
and let T= be the continuous operator on D(U, X w"Ox x U, x w"Oy) given by:
Tef = foE.
Then, the dual 2-cocycle F factorizes as:
F=deF'®ldeF: ') T= (ld® Fr, ® ld® Fr,).
Proof. Take f € D(X,, x X,,) and let [¢}] = (a], [t}]) € X,, j = 1,2. Then we have:
Ff(lg1]: [92])

=g /X - U(—p(az)tr) U(p(ar)tz) f((ar, [t1])-(ar, [t1]); (az, [t2]). (a5, [t5])) dlg1]d]gs]

=q" / U(—p(az)tr) ¥(e(ar)ta) fi(aray, [af "1 + t1]; andl, [a5 o + th]) dlg1]d[ga].
XX Xn
The change of variables [t1] — [a}(t1 — t])] and [t2] — [a)(t2 — t5)] leads to:

F(lg,), [6]) = " / (o (az)alt}) U (—(ar)abth)

U, xU,
x (Id® Fr, ® Id @ Fr,,) f(a1a}, —a)¢(az); azay, abd(ar)) daidas.

The second formula in then gives:

Ff((}). [94) = ¢ / T(at]) Taath)

w" Ox Xw™ Oy
x (ld® Fr, ® 1d® Fr, ) f (¢ (ah 'a2)al, z15 ¢ (—ai ' 21)ah, 20) daydas,

which is the announced formula. O
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Since the operator of composition by a continuous function preserves the space of locally constant
functions, we deduce:

Corollary 3.2. The dual 2-cocycle F' is continuous on the Bruhat space D(X, x X,,). In particular,
F also makes sense as a densely defined operator affiliated with the group von Neumann algebra
W (X, x Xp).

Next, we come to our main technical result:

Lemma 3.3. The map E defined in Pmpositz’on is a homeomorphism of class C* with |Jacz|x =
1.

Proof. The main difficulty is to show that = is bijective. Due to the specific form of the map =, it
is equivalent to prove that for any (a}, 2}, ab, 25) € U, x @" Ok x U, x @w" O, there exists a unique
(a1,az2) € U, x U, such that

(9) E(al,xi,ag,xé) = (a’l,x’l,aé,xé).
The relation @ give the (equivalent) systems of equations:

—1/,—1,_ ) 1,7 __ 7 —1 /—1_2 -1, /o
¢~ Hag TH)ar = a) ay x5 = P(aya; ) a; aj +ay xpa; —ay; =0
—1 -1, 7 A -1,/ _ 7 —1 A /—1_2 -1, /_O'
¢ (_a1 Th)ag = ah —ayp I = ¢(a2a2 ) Ay Q3 — Ay T102 — Qg =
Note first that this system is invariant under the dilations:
N A N A . I ! ! ! U
(0'170'2730’130’2’3:1’372) — (alal,a2a2,,alal,agaQ,alxl,ang), aq,a € Up.

Hence, we get the equivalent system of coupled quadratic equations in term of the homogeneous

variables u; = a;flaj € U, and parameters X; := a’ 'z; € @" O, j = 1,2:

J

(10) {u%+X2u2_1“1_1:0

ug —X1’LL1_11,L2 —1=0
Note also that this system is invariant under the transformation
(11) (u17u27X17X2) — (U,Q,Ul,—XQ,_Xl).

The discriminant of the first equation in (treating us € U, as a parameter) is given by

X2 X2
Ay =44 22— 4(1 72)
! * u2 + 4u3

Since X5 € @w" Ok, uz € U,, C Oy and since 4 is a unit too, we have:

X2
1+=2 €14+ @Ok C1+@"O =U,,
4us
which therefore possesses a (unique) square root in U,,. Since 4 possesses exactly two square roots
in k (which are +2), A; also possesses exactly two square roots in k. Hence, the first equation of
the quadratic system possesses exactly two solutions in k namely:

X2\:  Xo " "
Vi=#(14+23)" = 22 € 40, + ©" O = +1 + =" Ok
4us 29
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The solution Y_ is not admissible because it does not belong to U,, as it should be. Hence, we get
only one solution, namely

XIv:E X
(12) Uy = (1 + @) eU,.
Substituting this expression for u; in the second equation of the system yields the relation:

X2\: Xy
= (425 2
L T 20y ) (02 72

_Tuz

which is equivalent to:
X X

(13) X1+—2(u2—u51)= (1—&——2) (ug —uyt).
U2 U

Squaring the relation and multiplying it by u3 give, in term of the variable U := u2 € U, the
following quadratic equation:

(14) U2 — (24 X1 Xo + XU + (1 + X1X2) = 0.
The discriminant of equation is:
Ay = X7 (4+ (X1 + X2)?).

Since x oo
1+ (71+72) €l+ w0, C14w"Ox = Up,
A, possesses exactly two square roots in k, given by
X XoN 2\ &
12X, (1 n (71 + 72) ) € @Oy,

and thus, the equation possesses exactly two solutions:

X1 X, X} X1 Xo\2\3

o+ e (FF))N
We need to prove that only one solution is admissible and this not that easy since here both Uy
and U_ belong to U,. To this aim, note first that we can assume without loss of generality that
X1 # 0 (if X7 = 0 there is no ambiguity). We then evaluate the relation in Uy and multiply

it by UL to get:

(15) Ur=1+

Since

X1X X? X Xo\2\ 3
Ui -1==1 2+71ixl(1+(—1+—2) )"
we get, after simplification by X7 # 0, the condition:

X2\: Xo\/ X2 Xy X1 Xo\2\z
Ui*(<Ui+4) 2)<2+2i(1+<2+2)>>'
The first factor in the above expression belongs to U,, while the second factor belongs to £14w"Oy.
This condition thus excludes U_. Hence, u3 = U, which only gives one solution since the square
root function is bijective on U,,:

XX, X2 X1 Xo\2\3\3
-1 T+ (F+3)))"
u2(+2+2+1+2+2




By the symmetry of the system, we also get:

(e B2 1 (5 2Y))

Finally, in term of the original variables and parameters, we get:

’o 2 / / AN NN
X1 X A X X 2\ 2
/ 142 1 1 1 2
a2:a2<1+2//+2/2+ /(1+<2/+2/>>)7
a0y ag ay ay )
! 1

o= a1+ vy | of _ﬁ(l+(ﬂ+&)2)%)i
1 2ayal, 24 db 2a)  2d, '

This shows that = is one-to-one and onto and the explicit expressions above entail that it is moreover
a homeomorphism of class C*.

It remains to compute the absolute value of the Jacobian of Z. Since for every a € U,, ¢'(a) =
1+ a2, we have

@)@ = (1+(7@) %), Veex"O
As a consequence, we get
Jacz(a1,71,a2,22) = ¢~ (— a7 'a1) ¢ (a3 'x2)
+aytay? (1 + (o7 (- aflxl))fz) B (1 + (7! (a;lxg))d) _lxlxz.
The first term clearly belongs to U,,. For the second term, note first that
1+ (0 (£a; b)) P €14+ Uy =2+ w" O C OF.

Hence in the second term, all the factors preceding z1z2 are units. Hence the second term belongs to
w2 Oy. This proves that Jacg takes values in Uy, + w?"Ox = U,,, from which the claim follows. O

An immediate consequence of Lemma is that the operator Tz is unitary on L?(U,, X w" Oy X
U, xw"Oy). Since the partial Fourier transform Id®Fr, is unitary from L?(X,,) to L?(U, x@"Oy),
Proposition [3.1] immediately implies:

Theorem 3.4. Let k be a local field which is not of characteristic 2, nor an extension of Qy. Then,
the dual 2-cocycle F given in is a unitary operator on L*(X, x X,).
ACKNOWLEDGMENTS
This work is part of my PhD thesis. I would like to warmly thank my advisor Victor Gayral, for
his extreme patience as well as his unshakeable support.
A PROOF OF 2-COCYCLICITY

Our goal here is to provide a direct proof that the (unitary) convolution operator:

F— q2n /X . \I/(¢(a1)t2 - ¢(a2)t1) )\[gl]—l ® )\[QQ]—l d[gl] d[gg}

satisfies the 2-cocycle relation:

(1o F)(Ide A(F)) = (Fe 1)(A(F) @ 1d).
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For convenience, we shall work with the adjoint of F, given on D(X,, x X,,) by:
F* =g / U (p(ar)ts — ¢plaz)ts) Ajg,] @ Algy) dlg1] dlg2].
Xz

In term of F™*, the cocycle relation reads:
(Id@ A(F)) (1o F*) = (A(F*) @ Id)(F* ® 1).

By density of D(X,, x X,, x X,,) in L?(X,, x X,, x X,,), it is enough to prove this relation on test
functions. For f € D(X,, x X,, x X,;,) and [g], [¢'], [¢] € X, we have:

106 80 10 1) = ¢ [ 90(aa)tn) Fotar)t)
x flaay ', [t —ara 't];d'ay [t — asd " ta]sa"ax [t — aza” " Ms]) dlg]d[go],

(A(F*)®Id)f([g],[g']»[g"])=q2"/ U (g(az)tr) ¥(g(a1)tz)

X2
X f(aal_l, [t —ara 'ty];d'art [t — arad’ ") 0" ay b [t — aga”*th]) d[g1]d[gz]-

Since f is compactly supported, the integrals above are, for fixed [g], [¢], [¢"'] € Xn, absolutely
convergent. To simplify a little the notations, we shall let 1 be the partial Fourier transform:

Fr.  L*(U, x Ty) = L*(U, x T')) = L*(U, x @ "Oy).

The dilation t; — —aafltl followed by the translation ¢; — t; — ¢ in the first expression and the
dilation ty — —a”a;ltg followed by the translation tg — t — ¢ in the second, entail:

(Id@ AF) (9], 9], [9"]) = ¢*" /U . U(aay ' ¢(az)t) U(g(ar)ts)
x (Fr, ®1® l)f(aafl7 —aay  d(ag);a'ayt, [t — aga'"'ta];a ax [t — aga"_ltg]) daid|gs],

(AF) @1d) f([g]: 19, [9") = ¢*" / U(a"ay ¢(ar)t") ¥(d(az)t)

U”LX'X")/
x (1®1®Fr,)f(aa; ", [t —ara '] d'ay ' [t — e’ 'ti];a"ay ", a"ay ' d(ar)) dasd[ga].
For a,d’,a”,a1,a2 € U, and [t], [t'], [t"] € Ty, fixed, we shall consider the functions
SDa,a’,a”,al,ag,[t/],[t”] ([t2]) =
(Fr, ® 1@ 1) f(aa; ", —aay "plaz);daz ', [t — aza’ 'to);a”ax ', [t — aza’ ™ 'ts)),
77[Ja.,a’,a”,al,ag,[t],[t’] ([tl]) =
(1®1®Fr,)f(aar’, [t —ara t];d'a; ' [ — ard " t)sa"ay ", a"ay P d(ar)).
In term of these functions, we have
(16)
(1@ AEF) £(g) 711D = 2 || Wl 0(0a)t) (Fe, s 0) (- 01) danda,
(17

(A(F) 1d) f([g], [¢'), [¢"]) = ¢*" /U L U(d"ag d(a)t”) (Fr, Va0 01,0010, ¢]) ($(a2)) dardas.

~—
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In order to compute (Id® A(F*)) (1@ F*)f and (A(F*) ®1d)(F* ®1) f, we will substitute f by
(1® F*)f in and f by (F*®1)f in (7). To do that, we first need a convenient formula for
F*h, with h € D(X,, x X,,). Using (partially) the factorization given in Proposition (3.1)), we get:

Fhon) o) = 0 [ Wlanas" ofas)) Flasai ol )t

x (Fr, ® ]:pn)h(alagl, —a1a§1¢(a4); agagl, a2a21¢(a3)) dasday.
From this, we deduce:

(18) (Fr, ®1®1)(1® F*)f(aa;", —aa; '¢laz);d’az ', [t — asa’'ta];a”ay ', [t — aza” ™ 'ts])

= ¢*" / U(a'ay as ' das)(t' — aza’~'t2)) W (a"ay  ag ' dlas)(t” — aza”"'ts))
U2

X (Fr, ® Fr, ® Fr,)f(aar !, —aay d(az); a'ag tag ', —aag "oy ¢(as);
a"ay'ayt,a"ay " ay ¢(as)) dasdaa,
(19) (1eleFr,)F* @) (e, [t —aa t)idar ' [t —ard 'ti];a"ay ", a5 a”¢(ar))
= ¢ /2 U(aay a3 ' ¢las)(t —ara 1)) U(a'a;y tag ' dlas)(t' — ara’'t1))
U

n

x (Fr, ® Fr, ® Fr,)f(aa; ‘a3, —aay g " plas);a’ay tag 't d'ay tay P plas);

d"ay",d"ay ¢(ar)) dazdas.
Using that ¢(az)a;’ — ¢(as)az’ = d(aza;?), and are respectively given by:

" /U2 \Il(d)(asall)tg) W(a/a51a§1¢(a4)t') @(a”a;lall¢(a3)t”) (Fr. ® Fr. © Fr.)f

n

(aafl, —aay ' ¢(az);d'ay tazt, —d'ay taz  p(as); a”’ay )t a”a;lallqﬁ(ag)) dasday,
and by
" /2 U(p(aza; " )t) \Il(aafla§1¢(a4)t) U(d'ai ag  ¢laz)t') (Fr, @ Fr, @ Fr,)f
U

n

1 1

(aaitaz', —aay 'y ¢(as);a’ai tag "t dlay tag M d(as);aayt a ay  é(ar)) dasday.

By the dilation as — a4as and the change of variable x5 = ¢(as), and become:
" / o \Il(m3t2) ‘II(a/a51@21¢(a4)((b_l(mg))_lt’) E(a//a;1a21¢(¢_l(xg)a4)t”)
@ OxxUnp
x (Fr, ® Fr, @ Fr,)f(aai ', —aay  d(az);a’ay oy (o7 (23)) 7 —a’ay tag  daa) (97 (23)) 7
d"aytart a"ay a ¢(¢7 (x5)as)) desday,
and
e /wnokan U (w3t) "Ij(aaflafqb(%)((b_l(x3))_1t) E(a'aflaf(éw_l(xg)a4)t’)

x (Fr, ® Fr, @ Fr,) f(aay 'a; (07 (23) 7", —aay tag  ¢las) (0 (23)) ™

a’al_lall, a’al_lallgb(qﬁ*l(:rg)m); a"a;l, a"a;lgb(al)) dxsday.
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Let us introduce, for fixed a,a’,a”, a1, aq,a4 € U, and [t], [¢'], [t"] € Ty, the following functions
Qba a’,a" ,a1,a2,a4,[t'],[t"] (I3) = \I/(a/az_la21¢(&4)(¢71(.I‘g))ilt ) \I/(a”a2_1a4 1¢(¢71($3)a4)tﬂ)
X (Fr, ® Fr, @ Fp,)f(aa; ', —aa; ' ¢(az);d’ay tag (¢ (23)) 7, —d'ay !

;=@ Ay a21¢>(a4)(¢_1(1‘3))_1;
a a2 1a4l,a Gy a4 1¢’(¢ (333)@4))
Vaar 0 aysaman. .1t (3) = U (aay ay ' @(as) (¢ (23)) ') U(a'a; 'ay ' (¢ (23)aq)t)
X (Fr, ® Fr, © Fr,)f(aay  ag (o7 (23)) ™", —aay tag ' dlas) (¢~ (w3))

aay “ay
daita;t d'aitar ¢(¢o7 (25)aq);a"ast a"ag  plar))
Using the isomorphism I';, ~ @w"™ Oy, we then see that the integral over x5 € w™ Ok can be rewritten
as an inverse Fourier transform, and we get
(Fr, ® 1®1)(1® F*)f(aa; ", —aa; " ¢(az);d'ay ', [t — asd~'ta];a"ay ", [t — azad”~'t2))

/ ‘F cpaa ,a’’,a1,a2,a4,[t'], [t/’]([itQ])da‘l?
(1el®Fr,)(F* @ 1) f(aa; ' [t —ara ] d’ay L [t — ard’ ] a”as a5 ' ¢(aq))

= A -Flrnl’lz)a,a’,a”,al,a27a4,[t]7[t’]([_tl]) da4'

Plugging these expressions in and , we get after the cancellation of the Fourier transforms
(Id @ AF)) (1@ F) (9], 9], [9"])

/ \I/(aal gb(ag)t) \I'(a'al_laglallqﬁ(m)t') @(a”a;lazlqﬁ(ala@t")(]:p ® Fr, @ Fr,)f
U3

(aal_l, —aa; ' ¢(az);d'ar ay tayt, —d'aT ay tay P o(ay);aay tag a"az_lazl¢(a1a4)) daidasday.
and

(AF*) @ 1) (F* @ 1)f(lg), [, [s")

= / U (aaza; 'ay " ¢(as)t) U(a'a; "ag  dlasas ) U(a"ay ' ¢(ar)t”) (Fr, @ Fr, @ Fr,)f
us

-1 -1 _-1 -1 ro—-1_ -1 7 —1 -1 -1 n -1 _n_—1
(aasaitay ', aasay ay ¢lagt),d’'ay ayt,d'ay tay  Plasay ');a"ayt a"as ' ¢(ar)) dardasday.
The last point is to show that the two above expressions are actually the same. Performing the
dilations as — a4as and ay — asaq, the last expression becomes

(AF) @ 1d)(F* @ 1)f((g]. (9] [9"])

= / \Il(aal ¢(a4)t) \Il(a’al_laz_laglqb(ag)t’) @(a”az_laéflfb(alag)t") (Fr, @ Fr, @ Fr,)f
Ui

(aay !, —aa; ' ¢(as),a'a;  ay tay ", —d'ay ey tay P p(az);a”ay tagt a ay tay P d(aras)) dardasday,

which, after the relabelling as <+ au, is exactly the formula we found for (Id ® A(F*))(l QF*)f.
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