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Abstract

Fuzzy and inverse fuzzy transforms, introduced by I. Perfilieva, is an impor-
tant tool for signal and image fuzzy representation. It led to several variants,
as the natural least-squares minimization named fuzzy projection. We deal
with this transform, proposing first to show its simplicity and its easy nu-
merical implementation in any dimension of space. Secondly, we point out
that a key parameter permits to control its numerical robustness. Thirdly,
we show that this parameter also governs the stability of the representation
by fuzzy projection, when choosing different partitions of the space. We con-
clude in discussing linear representation; especially triangular representation
for signals and pyramidal representation for images.

Keywords: Fuzzy transform, fuzzy projection, signal representation, image
representation, stability, robustness.

1. Introduction

Fuzzy and inverse fuzzy transforms for the representation of signal and
images have been initiated by Irina Perfilieva in 2004 ([? |,[? |) and has led
to many applications in their processing ([? |, [? |, [? |, [? |, [? ]|, [? |, [?
]). In their continuity the author of the present study introduced in 2010 the
operator of fuzzy projection for signals ([? ],[? |). Independently, Giuseppe
Patane ([? ]) proposed in 2011 a study of the fuzzy transform via least-
squares approximation that brought out the same operator. Fuzzy projection
(F-projection) proved to perform a good interpolation of the samples of a
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signal obtained by fuzzy transform (F-transform). In particularly it handles
correctly high frequencies, even in presence of an important noise ([? ]).

In this paper, we present and discuss of F-projection in higher dimension
of space. We propose to show it is a simple tool, very easy to implement nu-
merically, especially for image analysis. (We will deal in a future work ([? ])
with numerical experiments such as compression, denoising and restauration
of images, particularly a comparison with wavelet representation.)

Moreover, we point out that a key parameter permits to control the ro-
bustness of fuzzy projection, i.e. how much it is numerically well conditioned.
It also indicates its stability, say its sensitivity, when choosing different par-
titions of the space, i.e. different generic kernels of the fuzzy partition: the
effect of this choice does not modify significantly the representation process.
This parameter is simply the squared L?-norm of the generic kernel p, gen-
erating the fuzzy partition in dimension 1: a = ||u||3. As it measures, in any
dimension of space, how the generic kernel of the fuzzy partition is concen-
trated around the center of its supporting cell, we name it the ’localization
parameter’. Thanks to the parameter a, we discuss the linear representation
of the considered object. More precisely, we suggest that choosing a linear
fuzzy partition (a triangular one for signals, or a pyramidal one for images)
is a reasonable compromise between numerical robustness, stability of the
representation, and the requirements of a fuzzy representation of a signal or
a multi-dimensional object.

In section 2, we recall definitions and results necessary to present
F-projection in dimension 1 of space that are been presented and proved
in [? |. In section 3, we highlight the natural analogy of these results in
dimension 2 of space. In section 4, a rapid generalization is made in any
dimension. Section 5 adresses a notion of stability for this representation,
highlighting it is controlled by the ’localisation parameter’. We conclude
with discussing the relevance of a linear fuzzy partition.

2. Fuzzy projection in dimension 1

Following the seminal work of Irina Perfilieva ([? |,[? ]) on direct and
inverse F-transform, we collect in this section the results on F-projection
that were proved in [? ] and [? ]. This will permit to introduce easily
multidimensional F-projection, and the role of the ’localization parameter’.



2.1. Uniform fuzzy partition

A fuzzy partition P = {pu, k=0...p+ 1} of an interval is defined as
follows.

Definition 2.1.1. (fuzzy partition P)

Let S ={wp = kA, k=0...p+ 1} be an uniform subdivision of [0, d] with
diameter A = d/(p+1). Let u € C°([-1,1]), the generic kernel of the
partition, be an even continuous function such that u(0) =1, p(l) =0 and
u(l —x) + p(z) =1,V € [—1,1]. Kernels uy of the partition P are defined
by p(x) = p(2X2), and have thus for support the cells Qp = |[wi—1, Wy1]
(with the convention that w_1 =wy =0 and wyio = Wy =d.)

Then, it is immediate to check that P is a partition of unity on [0, d]:

Property 2.1.1. (partition of unity)

i

p+1
Vo € [0,d], Y p(x) =1 (1)
k=0
ii)
VE=0..p+1 l/d _ L —/l —1 2)
=U...p A, Mk—A Qkuk— _1M—

2.2. Fuzzy transform
Denote L?([0,d]) the space of finite energy signals with norm | f|lz =

1/2
< fod f2> and scalar product (f|g) = fod fg. Defined by Irina Perfilieva

([? 1,7 ]) on the subspace C°(]0,d]), the more general fuzzy transform we
consider in this study is the operator F: L*([0,d]) : = RF*? such that:

Definition 2.2.1. (fuzzy transform F: sampling)

k= 0. p 4L (F )= J T L gy 3)

~ I
fo Mok A

Fuzzy transform thus consists in taking a sequence of means, weighted

by kernels py, of the signal f. Note that it maps constant functions to a

constant sampling with the same value. We also need to express its ad-

joint. Consider, for u = (ug,...,upt1) and v = (vo,...,Vp41), the scalar
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product in RPT2: y.ov = Azzz uvg. For v = (v0,.. ., %p41), V-Ff =

A Ziié Y(F e = Zié Yelpgl f) = (f| Ziié fykpk) yields the expression
of F* : RP™2 — L2 ([0,d)):

Proposition 2.2.1. (adjoint fuzzy transform F*: interpolation)
For v = (Yo, .-.,%V+1), the adjoint fuzzy transform is

p+1
Fry = Z Ve bk (4)
k=0
and can be viewed as an interpolation of the finite sequence o, ..., Vp+1 by

kernels py of the partition.

Remark 2.2.1. By “interpolation’ we mean in this study the passage from
a discrete sampled representation of a signal (say Ff in our context) to a
continuous representation by mean of kernels functions ui of the partition
(say for instance F*F f for the inverse fuzzy transform introduced by 1. Per-
filieva). It is directly related to fuzzy projection that will be treated in the
following section, where the interpolation functions are different.

2.83. Fuzzy projection

Let us first define the p42-dimensional sub-space II of functions generated
by partition P, or, equivalently, the image of F*:

Definition 2.3.1. (projection sub-space I1)

p+1
HZ{Z%M,VERHQ} (5)

k=0
For f € L?([0,d]), F-projection is defined by:
Definition 2.3.2. (F-projection P)
Pf = Argmingen || f = gll2 (6)
Computing Pf is thus equivalent to find

o = Argmin, cgpiz|| f — F*|l2 (7)

Its solution is given by the normal equation F F*a = F' f, so that F-projection
is the the classical pseudo-inverse projector ([? ]):
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Proposition 2.3.1. (pseudo-inverse)
The expression of the F-projection P : L? ([0, d]) + 11 is the following:

Pf=F*(FF)'Ff (8)

It is established in [? ] uniform and quadratic convergence (when p — oo,
ie. A= -4 —0):

Theorem 2.3.1. (convergence)
i) Let f € C°([0,d]). ThenVe >0, 3A|||f — Pfllw <e.
i) Let f € L*([0,d)). Then Ve >0, 3A|||f — Pflly <e.

Let us now define the announced control parameter with which we will
deal till the end of the present study.

Definition and Property 2.3.1. (localization parameter a)
We define

o= [lul2 = / 2 (9)

1

as the ’localization parameter’ for . The fact that a = 1/2+4 fOI/Q(p— 1/2)?
shows that it represents the degree of localization of v in the central interval
[—1/2,1/2] of its support [—1,1]. It varies from 1/2 (limit case of the step
function with mazimum overlap, p = %X[—Ll]) to 1 (limit case of the basic

step function with no overlap, p = X[-1/2,1/2):
1

Remark 2.3.1. There exists, of course, an infinity of generic kernels pro-
viding a same parameter a. For instance, the triangle kernel, corresponding
to linear fuzzy sampling, verifies a = 2/3, and it is easy to construct other
ones with the same parameter a, but presenting oscillating shapes (even if
they strictly decrease on [0,1], as demanded). Nevertheless, it is reasonable
to keep in view this most natural and stmple kernel.

Let us now identify FF* to its matrix M in the canonical basis of RP*2,
Then, as proved in [? ], we can state the following result:



Theorem 2.3.2. (expression of F-projection and role of a)
i) FF* corresponds to a (p+2) x (p+2) (almost bistochastic) symmetrical
tridiagonal matrix

_1a 1;20 | i
5o 5 )
2 4 5
M = (11)
(0) 5o 5t

depending only on the localization parameter a.

ii) M is invertible and has p + 2 simple eigenvalues
km
p+1

verifying 0 < 2a — 1<\ <1, k=0...p+ 1.

M =a+ (1 —a)cos (12)

iii) The associated normalized eigenvectors are denoted vy, and defined by

@) w

They do not depend on the generic kernel.

iv) The set of functions

1
yen -
forms an orthonormal basis of the projection subspace II. Thus, for any
f € L*([0,d]) we have
p+1
Pf=> " (fIfx) fr (15)
k=0

v) The functions
p+1

Z (x (16)



make P f reads equivalently as the following interpolation - natural continuous
representation - of the fuzzy transform Ff:

p+1

Pf=>Y (Ff), v (17)

k=0

Remark 2.3.2.

1) The first point of the theorem comes from a computation that the reader
is invited to read in [T . Points ii) and i) are then a classical property
of tridiagonal matrizes (see for instance [T ]). As FF* is identified to the
matriz M with eigenvalues Ay, point iv) is immediate.

2) The length d of the interval [0,d] where signals f are considered appears

1
in the formula (’Uk) = (d) cos (;ﬁ) This is due to the normalization of

those vectors with the weighted scalar product u.v = A Zk o UkUk, where the
diameter of the subdivision verifies A = d/(p+1).
3) Basis functions f = %F*vk are the interpolations by F™ of the finite

sequence defined by (vg); = (fl) cos (ﬂ”) j=0...p+ 1. Thus, they look

like a Fourier basis, but with the shape of the generic kernel u appearing in
F* (for instance a piecewise linear sinus-like function for linear interpolation
with a triangular kernel.)

4) Pf(x) = F*M'Ff(z) = ?J:r(l) () S04 M (Ff), provides formula
(??) in point v).

Two important numerical requirements are that matrix M must be well
conditioned and that functions {v;} (that bring the discrete samples to a
continuous interpolation representation) have well localized supports: that
is what we call the 'robustness’ of the fuzzy representation.

Theorem 2.3.3. (numerical robustness and role of a)

1)

max\)\k] N 1

c:= condy (M) = (18)

min [\y]  2a—1
it) Each function vg(z) = ZT% () M jk, that operates the interpolation
from the discrete sampling F f to its continuous approximation Pf, is expo-
nentially decreasing in the sense that |M]_kl| < |Mk,_7,i|r‘k_j| for all indezes j



and k. The speed of decrease around the diagonal O < r < 1 is given by

l1—a
r =
3a—1

(19)

Remark 2.3.3.

1) The fact that that |Mj_kl| < |M,;,i|r‘k_j|, for all indexes j and k, means
that the coefficient of the bounded and compactly supported kernels functions
1; in the expression of vy are exponentially decreasing. Thus, function vy
itself is also exponentially decreasing. An illustration is given in Figure 77
for triangular kernels.

2) In the limit case of p = Lx(_11), we have a = 1/2, so that ¢ = oo and
r = 1: this is the worst numerical situation.

8) In the limit case of jt = X[-1/2,1/2), we have a =1, so thatc =1 and r = 0:
this is the best numerical situation, but we will discuss this case in Section
22

4) In the case of the classical triangular kernel p = Trii_y 11, we have a = 2/3,
so that ¢ = 3 and r = 1/3: this is a good numerical situation; we will also
discuss this case in the last Section 7?7, as it is the situation we want to bring
out in this study.

5) In the case of the classical sinusoidal kernel : p(x) = £(1 + cos(mz)), we
have a = 3/4, so that ¢ = 2 and r = 1/5: this is an even better numerical
situation we will also comment Section ?7?.

Thus, while r = r(a) controls the localization of the interpolating func-
tions, the condition number ¢ = ¢(a) controls the numerical sensibility of the
representation. This shows that the localization parameter a plays then a
key role in basic numerical requirements. Moreover, we can also note that a
governs the rapidity of the uniform convergence in Theorem 77, as shown by
its proof in [? ].

3. Fuzzy projection in dimension 2

This section is very analogous to the previous one. However, as it is
useful for image representation, we present all the results, following exactly
the same way. Most of their proofs are let to the reader, as they are nearly
the same that those in dimension 1 (presented in [? |).



Intetpolation functicon an the inberval [0,d]

05+

05 1 1 1 1

Figure 1: Example of function v} for a triangular generic kernel p = Trij_; 4; (d = 10)

3.1. Uniform 2D fuzzy partition

Let us define a 2D fuzzy partition @ = { My, (k,1) € [0...p+ 1]2} of
the square in [0, d|*:

Definition 3.1.1. (2D fuzzy partition Q)

Let T = {(wp,wi) = (kAIA), (k1) €[0...p+ 1]2} be an uniform subdi-
vision of [0,d])*. Still, A = d/(p + 1) is called the diameter of the sub-
division. Recall that ;1 denotes the generic kernel in the 1D Definition
??. Kernels My, of the partition T are then defined by My, (z,y) =
(@) (y) = p(52) p(22), and are supported in the cells Qyy =
[wr—1, Wr+1] X [wi—1,wit1]. The generic kernel is M(x,y) = p(x)u(y), sup-
ported in the unit square [—1,1]2.

Again, it is easy to verify that Q is a partition of unity on [0, d]?, precisely:

Property 3.1.1. (2D partition of unity)

1)

p+1 p+1

V(z,y) €0,d”, ) > My(z,y) =1 (20)

k=0 =0
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ii)

V(k, 1) €0...p+1)%, %//Mk,lzé/ My, = (/_11”)2:1 (21)

[0,d]? Qg1

Remark 3.1.1. As an illustration, the classical 1D triangular generic ker-
nels yields a partition with square pyramads.

3.2. 2D F-transform

The 2D fuzzy transform F : L*([0,d]*) — RPF? x RP*? is defined as
follows:

Definition 3.2.1. (2D F-transform F)
S fMig

_[0.d)

[ My

[0,d]?

V(1) € 0. p+ 17, (Ff) - UM (@2)

Considering on RPF?2 x RPF2  the scalar product wowv =

2 p+1 p+1 . ..
A% 0D so UkiVky, we have similarly the adjoint fuzzy transform

F* :RPF2 x RPY2 5 L2 ([0, d]?):
Proposition 3.2.1. (2D adjoint F-transform F*)

p+1 p+1

Fry = Z Z Vit M (23)

k=0 1=0

3.8. 2D fuzzy projection

The (p + 2)*-dimensional sub-space IT generated by the partition Q is
now:

Definition 3.3.1. (projection sub-space I1)

p+1 p+1
1= {5 s cws ] o

k=0 =0

This leads to the same definition, expression and convergence results for
F-projection:

10



Definition 3.3.2. (2D F-projection P)

Pf = Argmingen|f — gll2 (25)

Proposition 3.3.1. (pseudo-inverse)
The expression of the 2D F-projection P : L*([0,d)*) — II is the following:

Pf=F*(FF)'Ff (26)

Theorem 3.3.1. (2D convergence)
i) Let f € C°([0,d]?). ThenVe >0, 3A||f — Pflle <e.
i) Let f € L*([0,d]*). ThenVe >0, 3A||f — Pfll2 <e.

Let us now identify RPT2 x RPT2 to R®+2° by the bijective map (k,1) —
k +1(p + 2). Then, the components of the fuzzy transform (Ff);,; will be
stored in a (p+2)?-dimensional vector. Thus, operator F'/F™* can be identified
to a matrix N in the canonical basis of R®t2*  This allows to get the
following result. (Notations are the same as in 1D Theorem ?7?; in particular
for a, \x, vx and matrix M, given in formula (??) in the 1D case.)

Theorem 3.3.2. (expression of
2D

F-projection and role of a)

i) FE* corresponds to a (p+2)* x (p+2)? (almost bistochastic) matriz which
18 symmetrical block tridiagonal with symmetrical tridiagonal blocks:

[ oM 5tM T
M aM el 0)
M aM M
N= . (27)
(0) Lapyi oM L50M
! SeM el

depending only on the localization parameter a.
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i) FF* is invertible and has (p + 2)* simple eigenvalues

Agi(a) = Mp(a)N(a) = (a—l— (1 —a)cos pkfl) (a+ (1—a) Cospl:1)

(28)
verifying 0 < (2a —1)? < Ay, < 1, V(k, 1)) €[0...(p+ 1)~

iii) The associated normalized ‘eigenvectors’ are Vi = vy o v; with:

(Vi) = (00 0) 2= (01 (10) = 05 (%) cos (%) (29)

p p
Again, they do not depend on the generic kernel.

iv) The set of functions

B:{fk,l: ! F*Vk,l,(k,l)e[o...p—i-l]Q} (30)

V Ak,l

forms an orthonormal basis of the projection subspace I1. Thus,

p+1 p+1

Pf=>">"(flfes) fuu (31)

k=0 =0

v) The functions

p+1 p+1

Nii(z,y) = Z Z(FF*)&}]‘)7(k7l)Mi,j<x’y) (32)

i=0 j=0
make Pf reads as the following interpolation of the fuzzy transform F f:

p+1 p+1

Pf(x,y) =Y (Ff) Nealz,y) (33)

k=0 1=0

Basic numerical requirements are the same: operator F'F* (associated,
for numerical purposes, to the matrix N) must be well conditioned and in-
terpolation functions N; well localized. Here is a slightly similar result,
point ii) being however more technical.

12



Theorem 3.3.3. (2D numerical robustness and role of a)

1)
- oy max[Ag(a)) 1
C = condy (FF*) = [ Ai(@)  (2a—1)? (34)

ii) Interpolating function, Nyi(z,y) = S04 Z?:é(FF*)&}j)’(k’l)Mi,j(ﬁC,y)
are exponentially decreasing in the sense that, given the matriz N, there
exists a constant a > 0 such that:

a) |Nl_jl| < aR, if i > j and i is large enough,

b) ]N[Jl] <al,if j >i and j is large enough.

The speed of decrease away from the diagonal 0 < R < 1 is given by

l1—a

R= —— — 35
a++v2a—1 (35)
Proof of ii).
It is proved in [? ] that a block tridiagonal block toeplitz matrix of the form
A B
B A B (0)
T = S
0) . . B
B A

with the same dimensions as NV verifies

a) [T '| < alppea| ™, if i > j and 4 is large enough,

b) |ngl| < alppi1| 77, if j > and j is large enough,

where {py} are the 2(p + 1) eigenvalues, sorted in absolute value increasing
order, of the 2(p + 1) x 2(p + 1) matrix

SR

-B7t B71A
In our case, we have (Theorem ??) A = aM and B = 5°M. De-
note A\;(A) and Ay(B) the respective eigenvalues of A and B, and
recall that v, are their corresponding common eigenvectors.  When
searching for eigenvectors of the form V, = asvk] we have that
k
0 B oLV )‘k(B)U’C
UV = [ - - } { } = a A (A) . A necessary
_B! B4 Uk (—Ak(kB) +)\:(B))Uk

13



condition for V} to be an eigenvector is then that o, = \¢(B)/ (—’\kif()];)ak)-

This yields a second degree equation for ay, whose 2(p + 1)solutions are, for

k=0. p + 1:

-af) = L (M(4) + V() — X (B) )

-a,g>_2( (4) = V(A — 1X(B) )

Then, as pg, the 2(p + 1) eigenvalues of U, verify by definition

UV, = U{a;jvk} = pk[azvk } we have that prap = Ao(B). It
k k

follows that, sorted in absolute value increasing order, they write, for

k=0...p:

- o =20(B)/ (A(A) + \/v —IN(B))

= Pptltk = ”\k(B ( \/)‘2 4)‘2 B))

In the case of A = aM and B = T"M , the computation simply comes down
t0 ppi1 = 20o(152M)/ (AO(aM) — \M(ad) — 3(52M)) = 2150(2a -
1)/ (a2 = 1) = /(@20 = 1)? = 4(52(20 - 1))?) = gy = =L

1—a

Then, as R = 1/pp+1, we have the expected result. [

Remark 3.3.1. Let us examine again the four limit and classical cases of
Section 77:

1) When p = %X[—Ll]; a = 1/2 still yields C = 0o and R = 1: nothing can be
done numerically. This case corresponds to M(z,y) = $x1-11)(®)X1-1,11(¥),
the limit generic constant kernel with maximal 2D overlap.

2) When jn = X[-1/2,1/2], @ = 1 also still yields C'=1 and R = 0: this optimal
numerical situation will be discussed in Section 7?. This case corresponds to
M(z,y) = Xj=1/21/2)(®)X[-1/2,1/2(y), the classical limit plateau kernel with
no overlap.

8) When p = Tri_y1), we have a = 2/3, so that C = 9 and R = 1/(2 +
V3) ~ 0.26 (instead of r ~ 0.33 in dimension one): this situation remains
numerically very good, and the interpolating functions are more localized than
in 1D. This case will be examined in Section ??; it corresponds to M(x,y) =
Trig_yq(x) Trii_111(y), the classical square pyramid.

4) For M(z,y) = 3(1 + cos(mz))(1 + cos(my)), corresponding to a = 3/4,
C=4and R=1/(342v2) ~0.17 (instead of r ~ 0.2 in dimension one),

14



we have a 2D sinus-like kernel which is still better numerically.

5) We observe that R < r: the speed of decrease of the matriz elements
around its diagonal is faster for N in 2D than for M in 1D. (R < r <
2a — 1 < /2a — 1, which is true because 1/2 <a <1< 2a—1<1.)

Thus, the localization parameter a, defined in the 1D case, plays the same
key role in the 2D case. It describes the F-transform in a simple manner,
as well as it governs the numerical robustness of the projection : how much
matrix NV of the projection numerically well conditioned and interpolation
functions Ny, (z,y) have a ’small’ support.

4. Fuzzy projection in higher dimension

The generalization to any dimension ¢ of space is immediate, following
the link between formulas in dimension 1 and 2. With the same formalism we
establish, skipping all identical expressions and in the same way avoiding all
proofs, the analogous results. We chose, for simplicity, the same notations
as in one dimension of space, denoting in particular x = (z1,...,2,) and
k= (ki,.... k).

A fuzzy partition P = {p, k € [0...p+ 1]?} of the hypercube [0, d]? has
the following definition and property:

Definition 4.1. (¢D fuzzy partition)
Let § = {wp =kA, ke€[0...p+ 1]} be an uniform subdivision of [0, d]?.
Kernels py of the partition P are then defined similarly by pp(x) =

Iimi qp (mi;wk’) and are supported in the g-dimensional hypercube () =

o1 g w1, Wi, +1].  The generic kernel p is supported in the unit square
[—1,1]9 and is the natural tensor product of the generic kernel p defined in
dimension 1.

Property 4.1. (qD partition of unity)

1)

Vo el d?, D mx) =1 (36)
kel0...p+1]7
i)
vk € [0 17, _ ! = 1q—1 37
l0..p+ 1), = [ =g [ = )= (37)
[O’d]q Qk
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The ¢-dimensional fuzzy transform corresponds to the operator F
L2 ([0,d]?) — (RP*?)? such that:

Definition 4.2. (fuzzy transform)

f e
[0,d)
Vkel0... 107, (Ff) = = — 38
cl0...p+1]", (Ff) I AL (38)
[0,d]4
With the scalar product ww = AT}, 0 . joupvr on (RPF2)T we
have the same expression for the adjoint fuzzy transform F*. Then, the

(p + 2)%-dimensional sub-space II, F-projection on it, and also convergence
results are defined and established identically.

Identifying (RP*2)? to R®+2)" by the bijective map k +— ki + ko(p +2) +
k3(p+2)?+- - +ky(p+2)?, components of the fuzzy transform (F'f);; will be
now stored in a (p+ 2)?-dimensional vector. Operator F'F™* is then identified
to a matrix M in the canonical basis of R®*2? and this yields:

Theorem 4.1. (expression of ¢D F-projection and role of a))
i) FF* corresponds to a (p+2)9x (p+42)? almost bistochastic matriz which is
symmetrical block tridiagonal with symmetrical tridiagonal blocks, themselves

defined in the same way by an induction process with length q—1, and starting
at Ml =M:

aMg—1 I_Tan—l
1_7an_1 CLMq_l %an—l (0)
My aMyy 5t My
M, = )
(0) 1§_an—1 aMgy Mg
L I_Tan—l aMg-1 |
(39)

It still depends only on the 1D localization parameter a.
ii) FF* is invertible and has (p + 2)? simple eigenvalues A, such that

Me =TI, {a+ (1 —a)cos ki (40)

j=1 p _I._ ]_
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verifying 0 < (2a — 1) < A\ < 1.

iii) The associated normalized “eigenvectors” are the vy such that

2\ ? Lk
(o), = (c_l) ITY_, cos (pj_: 1) (41)

Again, they do not depend on the generic kernel.

iv) The set of functions

B= { fo = \/LA_kak} (42)

is an orthonormal basis of 11, so that

Pf=> (flf) fx (43)

v) The functions
vi(x) = Z(FF*)@)I,(@%(J?) (44)

make Pf reads as the following interpolation of the fuzzy transform F f:

Pf(z) = (Ff),v(x) (45)

k

We have the analogous obvious result for the condition number of M,.
Nevertheless, as shown in Theorem ?7?7, the induction process generates a
matrix M, whose blocks consist in a ¢ — 1 times repeated structure of the
1D case matrix M. Even in the 3D case, we didn’t succeed in computing the
speed of decrease r of the interpolating functions v.

Proposition 4.1. (¢D numerical robustness and role of a)

c(a) :== condy (FF*) = (Qa—il)q (46)
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All these results show that the overlap parameter a = f_ll p?, even if de-
fined in dimension 1, plays the same central role in any dimension of space.
Both for describing the F-projection as for controlling its numerical robust-
ness. In the next section, we will see that it is also an indicator for its
stability.

5. Stability of multi-dimensional fuzzy projection and localization
parameter a

A question arising naturally is the following: when performing a represen-
tation of a signal by fuzzy projection with different generic kernel p; and po
can we measure the risk of deviation when choosing one or another? In other
terms, can we measure the stability, say the sensitivity, of the representation,
balancing from a projection P, to another one, P»,? This question is subject
to interpretation because it is not really well-posed. The sole purpose of the
following section is to propose tracks for this question.

5.1. Match between projection subspaces

Here is a way to characterize, in a general manner, the match between
two finite dimensional subspaces of an Hilbert space.
Let us consider two finite subspaces F; and F5 of an Hilbert space,

with respective orthonormal basis B; = {gzﬁ(l) = 1...n1} and By, =

7

{¢§2>,z’ =1.. .ng}. Call G, the ny x ny Gram matrix of scalar products:

G =[(o"16")] (47)

and its singular values {0}, sorted in decreasing order.

Definition 5.1.1. (match between subspaces)
We call match between F) and Fy the lowest singular value of the Gram
matriz of their respective basis:

Match (Fl, FQ) = mkin{ak} < 1 (48)

It has been proved that singular values correspond to the cosines of 'prin-
cipal angles’ between the two subspaces ([? ), so that the lowest one is
the cosine of the highest angle. When the latter is (at worst) 7/2, Fy
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and F, will be considered as ’'distants’ in this sense, and it corresponds to
Match (Fy, F5) = 0. On the contrary, we are interested in the situation where
Match (Fy, Fy) approches 1, but for somehow distant generic kernels.

Remark 5.1.1. There are other ways to model a criterion for this match,
say angle or distance. None is perfect, each depends on the nature of the
problem. For example finding a cut-off in the graph of {ox} will indicate
an incompatibility between the two subspaces, or a loss of robustness in the
model with which they are related.

Consider now, with the same notations and context as in section 77, two
fuzzy transforms Fy and F, with kernels u™) and p(?, and their correspond-
ing F-projections P; and P, on projection subspaces II; and Ily, i.e. the
subspaces that are used to provide the projection of the signal: their repre-
sentation by fuzzy sampling (F'f) followed by inverse inverse fuzzy transform:
interpolation by the adjoint transform F*. Denote )\S) =a;+ (1 —a;)cos 1%’
the eigenvalues of M; = F;Fy, and a; = ||u? |2, for i = 1,2. Recall finally
that they are associated to the same eigenvectors vy, (Theorem ?77).

As in section 7?7, we define a localization parameter

12 = (M(l) \M(z)) (49)

called the ’cross localization parameter’ and that measures the overlap be-
tween the two kernels. Then, we have the following result:

Theorem 5.1.1. (match between subspaces and role of localization parame-
ters)
The (p+2) x (p+2) Gram matriz G related to I1; and Iy is diagonal, with
diagonal terms
)\(172)
Grp=0p=——— ,k=0,...,p+1 (50)

/>\](<;1))\/(§2)

where )\,(:’2) = a12+ (1 —ay2)cos AT are the eigenvalues of the symmetric

p+1
tridiagonal matriz FyF5 with diagonal term ayo = (,u(l)m@)) and sub or
super diagonal term %_1 (similarly to the case of M ).
Moreover, oy, form a decreasing sequence, so that
2@172 -1

Match (Hl, Hg) = 0pt+1 = (51)

V(241 — 1) (2a2 — 1)
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Proof. Using respective basis of II; and Il in Theorem 7?7, we compute

_ (D) _ 1 * * _
Gk,l = (fk |fl ) = (\/@Flvﬂ \/TF Ul) = \/WFQF 1 V.U As the

matrix Mo = FyF) = FyFy has for elements (uk )|Nz ), it is also a sym-
metric tridiagonal matrix (as matrix M) with the property that its diagonal

terms are a; 2 and its sub or super diagonal terms are al%_l (as both ug)

and ,u,(f) also define partitions of unity). Thus, its orthogonal eigenvectors

L 1,2
are the same as M, and its eigenvalues reads )\5C ) = ar2+ (1 —ay2)cos %

Then, Gy, = L__ 12y, 4y proves that G is diagonal and provides the
k,l \/W k kUl P g p

first result.

a1,2+(1—a1,2) cos pk+1

\/(al—i-(l a1) cos p+1)(a2+(1 az) cos pkfl)
decreasing sequence. Then, as Match (Fy, F3) := ming{ox} = 0,41, the sec-
ond result will be immediate.

An equivalent condition is that the function p(z) =

form a

Now, we have to show that o, =

a1,2+(1—a12)x
\/(al+(1*a1)1‘)(a2+(17a2)x)

is increasing on [—1,1]. Tts logarithmic derivative is ¢(x) = ﬁ -

% <a1+1(zle)w + @:&fim)x). As a1 < a; for i = 1,2, we immediately check

— 1—a . .
that aﬁl(lf:“)z < a172+(1j5172)w for i = 1,2. Thus ¢(z) > 0 on [—1,1] and ¢ is

increasing, which concludes the proof. [

Remark 5.1.2. (relations between localization parameters)

1) Direct computation yields the upper bounds a; 2 < a; and a;2 < as.

2) Cauchy-Schwartz inequality provides ai 2 < \/a1as.

3) Note that if each a; verifies 1/2 < a; < 1, the ’cross localization parameter
aio can be lower than 1/2. For example, we have ay = 1/3 for the choice
of the overlapping step and triangular generic kernels.

)

Again, we see that these quantities, a1, ag, and a2, play a central role
in analyzing the F-projection. We have now to take advantage of formula
(??) to highlight a form of stability in the representation by fuzzy projec-
tion. But choosing two parameter a; and ay is not enough for computing
a9 = ( M| p? ) as the only relation between them is the Cauchy—Schwartz
inequality a; o < y/ai1az: we have to choose first pM and p®. The natural
question is how to make this choice in a wide range of generic kernels that
also let the different computations and interpretations possible. To do this,
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let us introduce a simple reasonable model for parametrizing kernels of fuzzy
partitions.

5.2. lllustration of the stability of the F-projection with a simple model:
power functions i

Definition 5.2.1. (power generic kernels)

For a € R, we define the generic kernel pl®l such that pl(z) =

207 (2 +1)% , Vo € [~1,—1/2]. Then, according to definition 77, ull is

defined on [—1,0] by symmetry around the point (—1/2,1/2), and completed

by parity on [—1,1].

We give some examples of such kernels in Figure 7?7 for av > 1.

T T T T T T
08 { —

08| 4
07} i
06 4
051 |
041 4
03| 4

02 —

2T ]

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 08 1

Figure 2: Examples of power generic kernels for a = 1;1.75; 6; 100.

Remark 5.2.1.

1) 1 is the overlapping step kernel: pl% = Lx 1 1.

2) p is the triangular kernel: pt = Tri_y y.

3) ,u[oo} 18 the basic step kernel: u[oo] = X[-1/2,1/2]-

4) The sinusoidal kernel pl*l(z) = (1 + cos(wz)) is very well approached
by lu[l.75]’ as ||HJ[1.75} _ M[cos]||2/||lu[cos]||2 = 0.0077.
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These power functions thus seem to fit in a simple and efficient way
classical generic kernels. Moreover, a simple computation yields

(07 (0% 1 1
att = ||M[]Hg:1_1—l—a+2(1+2a) (52
and
1 1 1
o] . (o)) 8y — 1 — _ 53
“ (1) 21+a) 20408 20+atd) (53)

Thus, it becomes possible to deal with
2(11’2 —1

Match (IT;, I,) = T Ga=T)

using a wide class of kernels.

In Figure 7?7, we show the match computed this way. We can estimate
that the zone indicating a good stability between two fuzzy partitions roughly
starts when ay,ay > % This corresponds to the triangular kernel. Thus,
as those represented in Figure ??, generic kernels ul® seem to lead to a
good stability for o > 1 (as al! = 2/3). In other terms, changing the
partition for the fuzzy projection does not imply an important deviation in
the representation when we consider kernels near to the triangular one.

Also, we point out that the match formula is the same in any dimension

of space ¢. According to equation(??), formula (?7) becomes:

Proposition 5.2.1. (match in dimension q)

V(2a; — 1) (2a2 — 1

In particular, 2-dimensional kernels that should lead to a certain sta-
bility should be near the classical square pyramidal kernel. This stands in
any dimension of space, according a favor in the linear interpolation, when
considering that a fuzzy overlap between cells €2 is necessary for a good
description or representation of the uncertainty of the considered signal or
multi-dimensional object.

q
2a19 — 1
Match (Hl,HQ) == O-(p—i—l,...,p—&—l) == ( L2 >> (54>
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Lowest singular value

Stability zone

Figure 3: Match between projection subspaces according the localization parameters a;
and ag, using the power generic kernels .

6. Conclusion

Representation of signal and images by fuzzy and inverse fuzzy transforms
has led to interesting numerical applications, as mentioned in the introduc-
tion ([? [, [? ], (21,12 ],[?],[?1],[?]). Fuzzy projection itself, introduced
in [? |,[? |, is a direct simple tool directly related to these techniques, and,
in addition to noise removal, has the advantage to take better into account
high frequency of signals.

In this study, we have shown that multi-dimensional fuzzy projection is
a very simple mathematical tool for representing multi-dimensional objects,
and is analogous to the 1D case for signals, so that it should present the
same numerical advantages. For instance, our next work ([? ]) will be to
use the 2D the fuzzy projection for simultaneous denoising and enhancement
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of very noisy images, in concurrence with classical and well-tested meth-
ods. A project is also to reconstruct 3D objects, taking benefit of the easy
implementation of the F-projection in any dimension.

In any case, F-projection is in practice easier to handle than a wavelet
or related transform representation, because it only demands the choice of
a generic kernel and its associated partition. Moreover, we have highlighted
the fact that a key parameter, the localization of the generic kernel in one
dimension of space, a = ||]|3, permits to illustrate and control the represen-
tation in any dimension of space. It also governs its numerical robustness
(condition number of the matrix playing the central role in the projection)
and its stability - say its sensitivity when modifying the sampling partition.
Moreover, as studied in [? ],[? ], F-projection offers an interesting flexibility,
as soon as the kernel and the diameter of the partition can be locally mod-
ified in order to better represent some regions of the signal having different
behaviors (more oscillating ones for instance).

Another track for a future work is to show that, in a more precise manner,
or in a more specific context of application, the linear - triangular or pyrami-
dal - fuzzy projection is the most simple and natural one. Indeed, we have
highlighted the fact that the sensitivity of the representation with respect to
modifications of its generic kernel is low for the choice of the linear kernel.

For all these reasons, F-projection should be a good numerical compro-
mise between easy implementation, numerical robustness and stable repre-
sentation in the requirements of fuzzy representations.
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