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On a surface with a Finsler metric, we investigate the asymptotic growth of the number

of closed geodesics of length less than L which minimize length among all geodesic

multicurves in the same homology class. An important class of surfaces which are of

interest to us are hyperbolic surfaces.

1 Introduction

1.1 The questions we ask

Let (M ,m) be a closed, orientable manifold of dimension 2, equipped with a Finsler

metric. We are interested in the asymptotic growth, as T grows, of a certain set of

closed geodesics of length less than T .

Let us denote G0 the set of all closed geodesics of (M ,m) and for T ∈ R∗
+ by G0(T)

the subset of G0 which consists of geodesics of length less than or equal to T . When m

is a Riemannian metric of pinched negative curvature, Margulis [10] showed that the

cardinality of G0(T) grows like eT/T .

Similarly, for a fixed homology class h in H1(M ,Z), one can count the number of

closed geodesics with homology h and of length less than L. The asymptotic growth of

this number has also been studied, for instance, by Philips and Sarnak [17].
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2 D. Massart and H. Parlier

Here, we are interested in a problem which is in some sense orthogonal to

the latter: instead of picking a homology class and counting all closed geodesics

therein, we consider all homology classes, and associate with each one (at most)

one closed geodesic. We then estimate the asymptotic growth of this set of closed

geodesics.

To be precise, we need to introduce the stable norm of m. This is the function

which maps each homology class h in H1(M ,Z) to the smallest possible length of a union

of geodesics representing h. This union will always be a weighted multicurve (disjoint

union of simple closed geodesics, possibly with multiplicity). Recall that since M is

orientable, H1(M ,Z) embeds as a lattice in H1(M ,R). The map thus defined extends to a

norm on H1(M ,R), called stable norm and denoted ‖‖g ([1, 4, 5, 11]). We denote by B1 its

unit ball. We say a geodesic multicurve is minimizing if it minimizes the length among

all multicurves within the same homology class.

There are multiple counting problems one could investigate here. The first one

that comes tomind is to find asymptotic estimates for the number of elements ofH1(M ,Z)

with stable norm less than T when T goes to infinity. By Minkovski’s theorem, this is

easily seen to be ≈ Vol(B1)T2g where g is the genus of M (and thus the dimension of

H1(M ,R) is 2g). The quantity Vol(B1) is the volume of the unit ball with respect to the

following volume form. AsM is orientable, the algebraic intersection of oriented closed

curves induces a symplectic form on H1(M ,R), which we denote Int(., .). The gth power

of this symplectic form is a volume form on H1(M ,R) with respect to which the integer

lattice H1(M ,Z) has determinant 1. The volume Vol(B1) is meant with respect to this

volume form.

However, we argue that this is not necessarily the most relevant counting prob-

lem when it comes to surfaces of genus > 1. Indeed, it is proved in [11] that infinitely

many homology classes inH1(M ,Z) have aminimal representative which is a multicurve

with exactly g connected components. Furthermore, if a simple closed geodesic occurs

as a connected component of a geodesic multicurve, then in fact it occurs as a connected

component of infinitely many geodesic multicurves [11]. Therefore, when counting geo-

desic multicurves, there is a lot of redundancy and it is thus of interest to count these

connected components.

It can be seen from [1, 11] that a closed geodesic γ is a connected component

of some minimizing multicurve if and only if it minimizes the length in its homology

class. That is, ‖ [γ ] ‖ = �m(γ ), or equivalently, the homology class [γ ] /�m(γ ) lies on the

unit sphere ∂B1 of the stable norm. More precisely, γ is a connected component of some

minimizingmulticurve if and only if the homology class [γ ] /�m(γ ) is a vertex of the stable
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On the Homology Length Spectrum of Surfaces 3

norm, that is, the unit ball has an open set of supporting hyperplanes at [γ ] /�m(γ ) (see

Sction 2.1 for a definition of a vertex of the stable norm).

So the objects we shall focus on are the closed geodesics which minimize length

in their homology class (thus among allmulticurveswith the same homology).We denote

the set of these by G. For the sake of brevity we shall call such closed geodesics mini-

mizing in their homology classes, or homologically minimal. Our purpose here is to find

asymptotic estimates, when T → +∞, for the cardinality N(T) of the set

H(T) := {[γ ] : γ ∈ G, �m(γ ) ≤ T}.

Again by Minkovski’s theorem, N(T) is bounded from above by Vol(B1)T2g. How far

below the value this estimate the actual growth is, is a measure of how few closed

geodesics minimize the length in their homology class, or how many homology classes

are minimized by (non-connected) multicurves.

Observe that whenM is not orientable, the unit ball of the stable norm could be

a finite polyhedron (see [1]), in which case there are only finitely many homology classes

of elements of G. This however never happens for orientable surfaces, so the asymptotic

counting problem will always be non-trivial in this case.

Although we have scant evidence as to what the answer might be, we ask the

following question to get the ball rolling.

Question 1.1. Does N(T) grow quadratically for all (M ,m)? �

When M is a torus, this follows from Minkovski’s theorem. Although our setup

does not allow for this, the same questions can be asked when the surface is hyperbolic

torus with a cusp, a case well investigated by McShane and Rivin [15, 16] where among

things they prove asymptotic quadratic growth and a bound on the error term. Fur-

thermore, minimizing geodesics do not pass through separating “long thin necks" (see

Lemma 2.8 for the exact definition and statement). When M is such that these “necks"

cut the surfaces into parts of genus at most 1, N(T) becomes a finite sum of functions

which grow quadratically and thus also grows quadratically. This is discussed in more

detail in Section 2.5.

There is a connection between the problem we investigate and the question of

counting closed trajectories of a polygonal billiard table with angles commensurable

to π . Such closed trajectories correspond to closed geodesics of a flat surface with cone

point singularities (see [7]). The closed geodesics which come from closed billiard trajec-

tories are easily seen to be minimizing in their homology classes (but not all minimizing
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4 D. Massart and H. Parlier

geodesics come this way). A positive answer to Question 1.1 would thus provide a gen-

eralization of Masur’s quadratic upper bound on the number of strips of parallel closed

billiard trajectories [12]. Furthermore, Masur’s bound provides further evidence that the

correct bound is indeed quadratic.

1.2 The answers we give

Now that we have introduced the problem, let us lay out what we do in this paper. We

want to organize the set G into families which grow quadratically and, for each family,

provide a geometric interpretation of the quadratic constant. For simplicity, and for the

remainder of the introduction, we suppose that M is of genus 2.

Let us fix an element of G, that is, a simple, closed, homologically minimizing

geodesic γ . Denote by Gγ the set of all elements δ of G, such that the reunion of γ and

δ is a homologically minimizing multicurve. The sets Gγ , when γ ranges over G, are the

families into which we organize (but not partition) G. So, denoting

• Gγ (L) the set of elements of Gγ of length ≤ L,

• Hγ (L) the set of homology classes of elements of Gγ (L),
• Nγ (L) the cardinality of Hγ (L),

wewant to prove thatNγ (L)/L2 has a limitwhen L goes to infinity, andprovide a geometric

interpretation for this limit.

Since closed geodesics which minimize the length in their homology class cor-

respond to vertices of the unit ball of the stable norm (see Section 2.1), the approach we

propose to our counting problem is to understand the set of vertices of the unit ball.

First let us observe that for any δ in Gγ , since γ and δ are disjoint, we have

Int([γ ] , [δ]) = 0, that is, [δ] lies in the symplectic orthogonal [γ ]⊥ of [γ ]. As the genus of

M is 2, this symplectic orthogonal is a three-dimensional subspace of H1(M ,R), which

contains [γ ]. Furthermore, the kernel of the restriction to [γ ]⊥ of the symplectic form

Int(., .) is the straight line generated by [γ ]. So the quotient space [γ ]⊥/ [γ ] inherits a

symplectic structure, which will be useful in the sequel.

Moreover, by [1, 11] (see Theorem 2.3) we know the following facts:

• For any δ inGγ , the unit ballB1 of the stable normhas an edge joining [γ ] /‖ [γ ] ‖
to [δ] /‖ [δ] ‖.

• Any edge of B1 starting from [γ ] /‖ [γ ] ‖ is contained in [γ ]⊥.
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On the Homology Length Spectrum of Surfaces 5

• For any non-zero element v of the quotient space [γ ]⊥ / [γ ], there exists an edge

e of B1 starting from [γ ] /‖ [γ ] ‖, which projects to the straight line segment

[0, λv] in [γ ]⊥ / [γ ], for some positive λ.

It might be useful for the reader to get a mental picture of the set of edges of B1 starting

from [γ ] /‖ [γ ] ‖. The intersection of the unit sphere ∂B1 with [γ ]⊥, which has dimension

3, is topologically a two-sphere. The homology class [γ ] /‖ [γ ] ‖ is a vertex of this topo-

logical two-sphere. There is a neighborhood V of [γ ] /‖ [γ ] ‖ in ∂B1 ∩ [γ ]⊥ such that for

any homology class h in V , the straight segment joining h to [γ ] /‖ [γ ] ‖ is contained in

∂B1∩ [γ ]⊥. We denote by Ẽ(γ ) the reunion of all edges of B1 starting from [γ ] /‖ [γ ] ‖. Thus,
Ẽ(γ ) projects to a compact neighborhood E(γ ) of 0 in the quotient space [γ ]⊥/ [γ ].

For instance, when M is a surface with long thin necks (as described in Section

2.5 and illustrated in Figure 2), for any x,y ∈ R, the homology class

x [δ] + y [β]
‖x [δ] + y [β] ‖

is an endpoint of some edge starting from [γ ] /‖ [γ ] ‖. We can identify the quo-

tient space [γ ]⊥/ [γ ] with the subspace of H1(M ,R) generated by [δ] and [β]. Then, the

neighborhood E(γ ) is simply the set

{
x [δ] + y [β]

‖x [δ] + y [β] ‖ : x,y ∈ R

}

which is also the unit ball of the stable norm of the torus with one hole obtained by

cutting M along the short separating geodesic in the middle of the neck and discarding

the left-hand side. For a general surfaceM there is no reason why all endpoints of edges

starting from [γ ] /‖ [γ ] ‖ should be co-planar, which is why we introduce the quotient

space [γ ]⊥ / [γ ].

Proposition 3.1 says that under some genericity assumption on the metricm, the

elements of Gγ are in one-to-one correspondence with the integer vectors in the vector

space [γ ]⊥ / [γ ]. Furthermore, for any L ≥ 0, the elements of Gγ (L) are in one-to-one

correspondence with the integer vectors in

LE(γ ) = {tx : t ∈ [0,L] ,x ∈ E(γ )}.

A variation on the classical Minkovski theorem (Proposition A.1) then says that Nγ (L)/L2

converges to the volume, with respect to the symplectic structure on the quotient space

[γ ]⊥ / [γ ], of the compact set E(γ ).
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6 D. Massart and H. Parlier

For a surface of genus g > 2, we have to adjust our strategy a little bit: instead

of fixing an element γ of G, we fix g − 1 elements γ1, . . . , γg−1 elements of G, whose

reunion 	 is a minimizing multicurve, and we consider the subset G	 of G which con-

sists of closed geodesics γ such that the reunion of γ and 	 is a minimizing multicurve.

Then we prove that G	, as Gγ in the genus 2 case, grows quadratically, again under

some genericity assumption on the metric m. The genericity hypothesis we alluded to

in the previous paragraph is that in every homology class there is at most one min-

imizing multicurve. It would be interesting to know whether this hypothesis is truly

necessary, and if it is, how restrictive it is. The word “genericity" seems to indicate

that metrics not satisfying this hypothesis are Baire meagre in the set of all metrics.

However, we do not have a proof of this fact. It is true, however, in the smaller set

of metrics of constant negative curvature, as outlined in Section 2.4. In the larger set-

ting of Finsler metrics, we believe the genericity could be proved using the machinery

of [2].

Now we would like to know how much our result really says about Question 1.1.

Again, for simplicity we consider the genus 2 case. If, instead of fixing an element of G,
we consider a family (γi)i∈I of elements of G, can we say something about the growth of

the reunion
⋃

i∈I Gγi? Obviously we can if the family (γi)i∈I is finite, but even in that case

the interpretation of the quadratic constant is not clear since for each γi we have to use

the symplectic structure of the quotient space [γi]⊥ / [γi].

It would be interesting to interpret the quadratic constants directly in terms of

the symplectic structure of H1(M ,R). For this we suggest the following procedure.

Step 1: Prove that for each γ ∈ G, the set Fγ defined as the closure in H1(M ,R) of

the set

{t [δ] : δ ∈ Gγ , t ∈ [0, 1]}

is rectifiable, so we can evaluate its symplectic area with respect to the symplectic form

Int(., .). Denote it 
(γ ).

Step 2: Prove that 
(γ ) equals the area, with respect to the symplectic structure

on the quotient space [γ ]⊥ / [γ ], of the compact set E(γ ).
What is interesting about this point of view is that assuming both points above

are true, if we have a countable family (γi)i∈I of elements of G, the reunion
⋃

i∈I Gγi is

again rectifiable, so we can evaluate its symplectic area.

Recall that the set of homology class of elements of G is countable. We propose

the following.
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On the Homology Length Spectrum of Surfaces 7

Conjecture 1.2. Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m,

• F be the closure in H1(M ,R) of the set {t [δ] : δ ∈ G, t ∈ [0, 1]},
• GT be the set of elements of G with length ≤T ,

• H(T) the set of homology classes of elements of G(T),
• N(T) the cardinality of H(T),

then

• F is rectifiable. We denote 
(F) its symplectic area with respect to the

intersection form Int(., .).

• We have the following asymptotic estimate:

lim
T→+∞

N(T)

T2
= 
(F) . �

Of course, even if the conjecture is true, it does not say much if 
(F) is infinite.

Therefore, our aim is now to find sufficient conditions for 
(F) to be finite.

One such condition is when M has g − 1 thin long necks (we call such a surface

a giraffe surface). We are able to prove the conjecture for these surfaces under the

genericity condition mentioned above.

Theorem 1.3. Let (M ,m) be a generic giraffe surface of genus g.Then

lim
T→∞

N(T)

T2
=

g∑
i=1


(Si ∩ B1),

g⋃
i=1

Si ∩ B1 = F

and

g∑
i=1


(Si ∩ B1) = 
(F). �

The question that remains is how far from this somewhat obvious hypothesis

can one go.
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8 D. Massart and H. Parlier

2 Notations and Preliminaries

2.1 Vertices, edges, and faces of the stable norm

We say an affine hyperplane in H1(M ,R) is a supporting hyperplane to B1 if it meets B1

but not the interior of B1. The set of supporting hyperplanes to B1 identifies with the

unit sphere ∂B1 of the dual stable norm on H1(M ,R).

We say a homology class h is a vertex of the stable norm if the set of supporting

hyperplanes to B1 at h is open in ∂B1. We say B1 has an edge between two vertices h and

h′ if the segment joining h to h′ in H1(M ,R) is contained in the unit sphere ∂B1 of the

stable norm. Likewise, we say the stable norm has a k-dimensional face if there exist

vertices h1, . . . ,hk whose convex hull is a k-dimensional simplex contained in ∂B1.

2.2 Minimizing measures

We denote by M the set of Borel measures on the unit tangent bundle T1M of (M ,m),

not necessarily normalized (i.e., the total mass need not be 1), which are invariant under

the geodesic flow of m. Observe that this is the set of geodesic currents, as defined in

[3]. If μ ∈ M, we denote

m(μ) :=
∫
T1M

1 dμ

so m(μ) is both the total mass of μ, and, when μ is supported by a closed geodesic α,

the length of α, thus the notation m(μ) is quite convenient.

By [13] (see also [1]), for any μ in M and any C1 function f on M we have

∫
T1M

dfdμ = 0. (1)

Thus, the measures in M have a well-defined homology class in H1(M ,R). For instance

if μ is supported by a closed orbit of the geodesic flow (γ , γ̇ ), γ a closed geodesic, then

the homology class of μ is just that of γ .

We say a measure μ in M is minimizing when it is minimizing in its homology

class [μ], that is, when

m(μ) = ‖ [μ] ‖.

One of the reasons for considering invariant measures (rather than just geodesic multic-

urves) is that theremay be homology classes inH1(M ,R) forwhich there is nominimizing
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On the Homology Length Spectrum of Surfaces 9

multicurve. In fact, whenM is an orientable surface, such classes always exist but there

still always exists a minimizing measure [1, 13].

Lemma 2.1. Let μ, ν ∈ M be such that μ+ ν is minimizing in its homology class. Then

for any a,b ≥ 0, aμ+ bν is minimizing in its homology class. �

Proof. Take a supporting hyperplane at [μ+ ν] /‖ [μ+ ν] ‖ to the ball B1, that is, a

cohomology class c ∈ H1(M ,R) such that

〈c,h〉 ≤ ‖h‖ ∀h ∈ H1(M ,R), (2)

〈c, [μ+ ν]〉 = ‖ [μ+ ν] ‖. (3)

For any closed one-form ω on M such that [ω] = c, we have, by Equation (1),

〈c, [μ+ ν]〉 =
∫
T1M

ωd(μ+ ν) =
∫
T1M

ω dμ +
∫
T1M

ω dν. (4)

Since μ+ ν is minimizing in its homology class, we have

‖ [μ+ ν] ‖ = m(μ+ ν) = m(μ)+m(ν). (5)

so

∫
T1M

ω dμ +
∫
T1M

ω dν = m(μ)+m(ν). (6)

On the other hand, by the inequality (2), we have

〈c, [μ]〉 ≤ ‖ [μ] ‖ ≤ m(μ),

〈c, [ν]〉 ≤ ‖ [ν] ‖ ≤ m(ν).

Those two inequalities sum up to the equality (6), so both inequalities are equalities :

∫
T1M

ω dμ = m(μ),∫
T1M

ω dμ = m(ν).
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10 D. Massart and H. Parlier

Now take a,b ≥ 0. We have

〈c,a [μ] + b [ν]〉 = a〈c, [μ]〉 + b〈c, [ν]〉
= am(μ)+ bm(ν)

= a‖ [μ] ‖ + b‖ [ν] ‖
≥ ‖a [μ] + b [ν] ‖,

where the last inequality is just the triangle inequality. On the other hand, by inequality

(2), we have

〈c,a [μ] + b [ν]〉 ≤ ‖a [μ] + b [ν] ‖,

hence

am(μ)+ bm(ν) = 〈c,a [μ] + b [ν]〉 = ‖a [μ] + b [ν] ‖

which says that aμ+ bν is minimizing in its homology class. �

2.3 Faces of the stable norm

We will need Proposition 5.6, Theorem 6.1, Proposition 5.4, and Lemma 5.5 of [1] so we

recall their statements below.

We say a homology class h in H1(M ,R) is

• integer if h ∈ H1(M ,Z) ⊂ H1(M ,R),

• rational if there exists h′ ∈ H1(M ,Z) and n ∈ N∗ such that h′ = nh,

• One-irrational if there exists h′ ∈ H1(M ,Z) and λ ∈ R such that h = λh′.

Proposition 2.2. Let M be a closed (possibly non-orientable) surface with a Finsler

metric m. If h is a one-irrational homology class and μ is an h-minimizing measure,

then the support of μ consists of periodic orbits. �

Theorem 2.3. Let

• M be a closed orientable surface endowed with a Finsler metric m,

• γ1, . . . , γk be simple closed geodesics such that the formal sum 	 := γ1+· · ·+γk
is a minimizing multicurve,

• h0 be [γ1] + · · · + [γk].
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On the Homology Length Spectrum of Surfaces 11

For all h ∈ V(	)⊥, there exists s(h0,h) > 0 such that the subset of the unit sphere ∂B1{
h0 + sh

||h0 + sh|| : s ∈ [0, s(h0,h)
]}

is a straight segment. �

Proposition 2.4. Let γ2 be a closed, simple, two-sided geodesic on a closed (possibly

non-orientable) surfaceM endowedwith a Finslermetricm. There exists a neighborhood

V2 of (γ2, γ̇2) in T1M such that if γ is a simple closed geodesics entering V2 (respectively,

leaving V2) then

• either γ is a closed geodesic homotopic to γ2,

• or γ is asymptotic to a closed geodesic homotopic to γ2,

• or γ intersects γ2, and all intersections have the same sign with respect

to some orientation of p(V2), where p denotes the canonical projection

TM → M . �

Lemma 2.5. Let M be a closed (possibly non-orientable) surface with a Finsler metric.

If a geodesic γ is asymptotic to a simple closed geodesic, then (γ , γ̇ ) is not in the support

of any minimizing measure. �

2.4 Genericity

Definition 2.6. We say (M ,m) is generic if, for every h ∈ H1(M ,Z), there exists a unique

minimizing multicurve in the homology class h. �

Wewarn the reader that by using the word “generic” we are abusing terminology

a little bit. Indeed by [9], the property of having only one minimizing measure for each

integer homology class is residual in the set of Tonelli Lagrangians. However, this is

still a much larger set than the set of all Finsler metrics. In the smaller set of hyperbolic

surfaces, this property is true for a Baire dense set of surfaces. (We are considering the

usual topology on the moduli space of hyperbolic metrics on a surface of fixed genus.)

Proposition 2.7. The set of hyperbolic surfaceswithout uniqueminimizingmulticurves

for every homology class is Baire meagre. �

Proof. The ingredients for proving this can be found in [14, Lemma 4.1] so we only

outline the argument here as the details are identical.
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12 D. Massart and H. Parlier

There are countably many topological types of weighted multicurves on a finite

type hyperbolic surface. Any given hyperbolic metric will have a unique geodesic rep-

resentative for a given topological type of multicurve, so to each type one associates a

function over Teichmüller space, the space ofmarked hyperbolic metrics of given type.

Now given two such multicurves, we consider the subspace of Teichmüller space where

the two geodesic representatives are of the same length. This subspace is the zero set for

the difference of the length functions, and length functions of this type are analytic with

respect to the analytic structure of Teichmüller space. If the zero set of this difference

function contained an open subset, it would be all of Teichmüller space but it is not dif-

ficult to prove that this is only possible if the topological types of the multicurves were

identical to begin with. (The fact that we are dealing with collections of simple closed

curves is essential as there are closed curves whose unique geodesic representatives are

the same length for all points in Teichmüller space.) Furthermore, as these sets are zero

sets for analytic functions, they are closed subspaces. One now concludes by applying

Baire’s category theorem to the countable collection of these subspaces. �

When a surface is generic, anyminimizingmulticurve has at most g := genus(M)

connected components. All the faces of B1 are simplices.

2.5 Long thin necks and quadratic growth

We briefly describe a situation where we can guarantee quadratic growth. We begin

with a lemma which says that minimizing geodesics do not cross separating geodesics

with a sufficiently wide collar around them.

Lemma 2.8. Let γ be a separating closed geodesic. Assume that there exists r > 0 such

that the set

Vr(γ ) = {x ∈ M : d(x, γ ) ≤ r}

is homeomorphic to an annulus, and its boundary components are C1 closed curves γ1

and γ2, such that for i = 1, 2 we have 2d(γi, γ ) ≥ l(γi).

Then, for any homologically minimal closed geodesic α, we have α ∩ γ = ∅. �

Proof. Let α be a homologicallyminimal closed geodesic, and assume α∩γ �= ∅. Let a be

an arc of α contained in Vr(γ ), intersecting γ , with endpoints xa and ya on the boundary

of Vr(γ ).
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On the Homology Length Spectrum of Surfaces 13

Fig. 1. First case on left and second case on right.

First case: Assume xa and ya are on the same boundary component (say, γ1) of

Vr(γ ). Then we have

l(a) ≥ 2d(γ1, γ ) ≥ l(γ1)

so, replacing awith an arc of γ1 going from xa to ya, we obtain a closed curve homologous

to α, and shorter, which contradicts the minimality of α (see Figure 1).

Second case: Assume xa and ya are on different boundary components of Vr(γ )

(say, xa on γ1 and ya on γ2). Then, the algebraic intersection of a and γ is not zero. Since

γ is separating and α is a closed curve, the algebraic intersection of α and γ is zero, so

there exists another arc b of γ , intersecting γ , with endpoints xb and yb on γ2 and γ1,

respectively. Then we have

l(a)+ l(b) ≥ 2 (d(γ1, γ )+ d(γ2, γ )) ≥ l(γ1)+ l(γ2)

so, replacing a and b with arcs of γ1 and γ2 going from xa to yb and from xb to ya,

respectively, we obtain a multicurve homologous to α, and shorter, which contradicts

the minimality of α. �
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14 D. Massart and H. Parlier

Fig. 2. Different configurations of genus 5 surfaces with long thin necks.

Definition 2.9. We say a separating closed geodesic has a long thin neck if it satisfies

the hypothesis of lemma 2.8 above. �

On a given surface we consider the set of curves with long thin necks as above.

Observe that two such curves are necessarily disjoint thus this set of curves forms a

multicurve.

Definition 2.10. We say a Finsler surface (M ,m) is a giraffe if the complement inM of

the set of separating closed geodesics with long thin necks is a collection of connected

components where the genus of each component is at most 1. �

There are a certain number of possible topological configurations for a giraffe,

depending on the number of boundary components of the connected components of the

complement in M of the set of separating closed geodesics with long thin necks. In

Figure 2, we give three examples in genus 5 of different configurations.

Concrete examples of giraffes are given by hyperbolic surfaces with a collection

of separating closed geodesics of length ≤ 2arcsinh1 which cut the surface into a col-

lection of tori and spheres (both with boundary). In this case the “long thin necks" are

just the disjoint collar regions around the curves, forced by the hyperbolic metric.

In the remainder of this section we assume (M ,m) be a giraffe of genus g, not

necessarily hyperbolic.We denote by T1, . . . ,Tg the tori which are connected components

of the complement in M of the curves with long thin necks, and by Hi (for i = 1, . . . ,g)
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On the Homology Length Spectrum of Surfaces 15

the image in H1(M ,R) of H1(Ti,R) under the map induced by the canonical inclusion of

Ti into M . Beware that Hi may not be isomorphic to H1(Ti,R) if Ti has more than one

boundary component.

Lemma 2.11. For each i = 1, . . . ,g, the subspace Hi contains a symplectic two-plane Si

in H1(M ,R), and

H1(M ,R) =
g⊕
i=1

Si. �

Proof. Since Ti is a torus with holes, we may find simple closed curves αi and βi in Ti

which intersect exactly once. So we have, for all i, j = 1, . . . ,g,

|Int([αi] ,
[
βj
]
)| = δij

and

|Int([αi] ,
[
αj
]
)| = 0.

Therefore, the homology classes [αi] and [βi], i = 1, . . . ,g, form a symplectic basis of

H1(M ,R). We now define Si as the linear span of [αi] and [βi] and the lemma is proved. �

Now denote

Gi = {γ ∈ G : γ ⊂ Ti}.

Lemma 2.12. The elements of Gi are in one-to-one correspondence with the elements

of Si ∩ H1(M ,Z). �

Proof. First, we pick an element γ of Gi and prove its homology class lies in Si∩H1(M ,Z).

Since γ is a closed curve its homology class lies in H1(M ,Z). Since [αi] and
[
βj
]
,

i, j = 1, . . . ,g, form a basis of H1(M ,R), we may write

[γ ] =
g∑
j=1

aj
[
αj
]+ bj

[
βj
]
.

Now since γ ⊂ Ti, for any j �= i,

Int([γ ] ,
[
αj
]
) = Int([γ ] ,

[
βj
]
) = 0
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16 D. Massart and H. Parlier

but

|Int([γ ] , [αj])| = |bj| and
|Int([γ ] , [βj])| = |aj|,

so aj = bj = 0, that is, [γ ] ∈ Si.

Conversely, let us pick an element h of Si∩H1(M ,Z), and prove it is the homology

class of an element of Gi.

Let us write

h =
g∑
j=1

aj
[
αj
]+ bj

[
βj
]
.

Since h ∈ Si, we have aj = bj = 0 for any j �= i.

By the genericity of (M ,m), there exists a unique h-minimizing multicurve γ . We

want to prove that γ has only one connected component, and it is contained in Ti, so γ

is actually an element of Gi.

Since (M ,m) is a giraffe, by Lemma 2.8, any connected component of the mul-

ticurve γ is contained in some Tj. Let us assume that γ has a connected component γj

contained in Tj, for j �= i. Then the homology class of γj is not zero, for if it were zero,

then γ \ γj would be another multicurve with homology h, shorter than γ , thus contra-

dicting the minimality of γ . But if the homology class of γj is zero, then for some j �= i,

aj or bj is not zero, which we have already seen is impossible. Therefore, all connected

components of γ are contained in Ti. Now let us prove that γ is connected.

Assume γ has two connected components γ1 and γ2, both contained in Ti. Then

γ1∩γ2 = ∅, because γ is amulticurve (disjoint union of simple closed curves). If themetric

gwas Riemannian with negative curvature, we would conclude directly that γ1 = γ2. The

following argument works for a generic Finsler metric. The homology classes of γ1 and

γ2 may be written

[γ1] = a1 [αi] + b1 [βi] ,

[γ2] = a2 [αi] + b2 [βi] ,

and since γ1 ∩ γ2 = ∅, the absolute value of the algebraic intersection of γ1 and γ2, which

is |a1b2 − a2b1|, is zero. Therefore the homology classes [γ1] and [γ2] are proportional,

say [γ1] = λ [γ2] for some λ ∈ Z. Then if lm(γ1) = |λ|lm(γ1), replacing γ1 by λγ2 in γ ,

we find another h-minimizing multicurve, which contradicts the genericity of (M ,m);
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On the Homology Length Spectrum of Surfaces 17

and lm(γ1) �= |λ|lm(γ1) contradicts the minimality of γ . Thus γ has only one connected

component, that is, γ ∈ Gi.

So the homology class maps Gi on to Si ∩H1(M ,Z). It is injective by the genericity

of (M ,m). This finishes the proof of the lemma. �

In the following result, we refer the reader to the introduction for the definitions

of B1 (the unit ball of the stable norm, see Section 1.1), F (the closure in H1(M ,R) of the

set {t [δ] : δ ∈ G, t ∈ [0, 1]}, see statement of Conjecture 1.2), and 
 (the symplectic area

with respect to the intersection form, see statement of Conjecture 1.2).

Theorem 2.13. Let (M ,m) be a giraffe of genus g. Furthermore assume that (M ,m) is

generic in the sense of Definition 2.6. Then, we have

•

lim
T→∞

N(T)

T2
=

g∑
i=1


(Si ∩ B1),

•

g⋃
i=1

Si ∩ B1 = F ,

•

g∑
i=1


(Si ∩ B1) = 
(F). �

So a generic giraffe of genus g verifies Conjecture 1.2.

Proof. By Lemma 2.8 we have

G =
g⋃
i=1

Gi, (7)

so, denoting

Ni(T) = �{γ ∈ Gi : lm(γ ) ≤ T},

we have

N(T) =
g∑
i=1

Ni(T).
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18 D. Massart and H. Parlier

On the other hand, by Lemma 2.12, for any T > 0,

Ni(T) = �{h ∈ Si ∩ H1(M ,Z) : ‖h‖ ≤ T}
= �Si ∩ TB1.

Since the set Si ∩ B1 is convex and the lattice Si ∩ H1(M ,Z) has determinant 1 (because

the subspace Si is symplectic), the classical Minkovski theorem says that

lim
T→∞

Ni(T)

T2
= 
(Si ∩ B1)

whence, by (7),

lim
T→∞

N(T)

T2
=

g∑
i=1


(Si ∩ B1)

which is the first statement of the theorem.

Now, by (7), F is the closure in H1(M ,R) of the set

g⋃
i=1

{
t

[γ ]
‖ [γ ] ‖ : γ ∈ Gi, t ∈ [0, 1]

}

whence, by Lemma 2.12, F is the closure in H1(M ,R) of the set

g⋃
i=1

{
t
h

‖h‖ : h ∈ Si ∩ H1(M ,Z), t ∈ [0, 1]

}
,

that is,

F =
g⋃
i=1

Si ∩ B1,

which is the second statement of the theorem.

Finally, since Si ∩ Sj = {0} for any i �= j, we have




(
g⋃
i=1

Si ∩ B1

)
=

g∑
i=1


(Si ∩ B1),

which is the third statement of the theorem. �

In the general case—that is, when (M ,m) is not a giraffe—there is no reason

why homology classes of homologically minimal geodesics should be distributed into

finitely many lattices of rank 2. So in the remainder of this paper what we do is look for

a suitable replacement for the subspaces Si, which leads us into the next subsection.
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On the Homology Length Spectrum of Surfaces 19

2.6 More notation: definition of V(	) and L(	)

Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m;

• γ1, . . . , γg−1 be simple closed geodesics such that the formal sum 	 := γ1 +
· · · + γg−1 is a minimizing multicurve; and

• V(	) be the vector subspace of H1(M ,R) generated by the homology classes

[γ1] , . . . ,
[
γg−1

]
.

Recall that

V(	)⊥ =
g−1⋂
i=1

[γi]
⊥ ,

where orthogonality is meant with respect to the symplectic intersection form. The

subspace V(	) is integer, that is, it is generated by integer homology classes (elements of

H1(M ,Z)). Furthermore, the intersection form is integer, that is, for any h,h′ in H1(M ,Z),

we have Int(h,h′) ∈ Z.

Therefore, in coordinates relative to an integer basis of H1(M ,R) (i.e., a basis of

H1(M ,R) that consists of elements of H1(M ,Z)), the equation

Int([γi] , .) = 0

is a system of linear equations with integer coefficients. Thus, the vector subspace of

its solutions is generated by integer vectors. Hence, the subspace V(	)⊥ is integer.

Now observe that since 	 is a minimizing multicurve, its connected components

are pairwise disjoint, so Int([γi] ,
[
γj
]
) = 0 for all i, j = 1, . . . ,g− 1. This means that

V(	) ⊂ V(	)⊥,

thus the quotient spaceV(	)⊥/V(	) iswell defined. Since bothV(	) andV(	)⊥ are integer

subspaces of H1(M ,R), the quotient group

L(	) := (
V(	)⊥ ∩ H1(M ,Z)

)
/ (V(	) ∩ H1(M ,Z))

is a lattice (i.e., a discrete, cocompact additive subgroup) in V(	)⊥/V(	).
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20 D. Massart and H. Parlier

We want to prove that the intersection form quotients to a symplectic form on

V(	)⊥/V(	). The kernel of the restriction of the intersection form to V(	)⊥ is

(
V(	)⊥

)⊥ = V(	).

Thus the intersection form is well defined, and non-degenerate, hence symplectic, on

the quotient space.

Finally, we point out that since (M ,m) is generic, the homology classes

[γ1] , . . . ,
[
γg−1

]
are linearly independent, so dimV(	) = g − 1, thus dimV(	)⊥ = 2g −

(g− 1) = g+ 1. Hence,

dimV(	)⊥/V(	) = g+ 1 − (g− 1) = 2.

In short, we have proved that V(	)⊥/V(	) has dimension 2, and comes with a symplectic

form and a lattice L(	), which are quotients of, respectively, the intersection form and

the integer lattice.

Lemma 2.14. Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m;

• γ1, . . . , γk be simple closed geodesics, such that the formal sum	 := γ1+· · ·+γk
is a minimizing multicurve;

• h0 be [γ1] + · · · + [γk];

• h be a homology class in V(	)⊥.

Then there exists a minimizing measure ν, such that [ν] = h mod V(	), ν + μ	 is a

minimizing measure, and supp(ν) ∩ (	, 	̇) = ∅, where (	, 	̇) denotes the set of tangent

vectors to 	 in the unit tangent bundle T1M . �

Proof. By Theorem 2.3 there exists s(h0,h) > 0 such that the subset of the unit

sphere ∂B1 {
h0 + sh

||h0 + sh|| : s ∈ [0, s(h0,h)
]}

is a straight segment. Let μ be an h0 + sh-minimizing measure, for some 0 < s ≤ s(h0,h).

For each i = 1, . . . ,g−1 let Vi be the neighborhood of (γi, γ̇i) given by Proposition

2.4. Let V be the union over i = 1, . . . ,g− 1 of the Vi. First let us prove that V ∩ supp(μ)
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On the Homology Length Spectrum of Surfaces 21

is φt-invariant. Indeed by Proposition 2.4 a minimizing geodesic that enters V either

• is homotopic to one of the γi,

• is asymptotic to one of the γi,

• or cuts one of the γi with constant sign.

In the second case, the minimizing geodesic cannot be in the support of any minimizing

measure by Lemma 2.5. In the third case, the minimizing geodesic cannot be in the

support of a minimizing measure τ such that Int([τ ] , γi) = 0 for i = 1, . . . ,g − 1, in

particular it cannot be in the support of an h0 + sh-minimizing measure, because of the

Graph Property [13] which says that the canonical projection p : TM → M , restricted to

the support of a minimizing measure, is injective, and its inverse is Lipschitz.

Therefore, V ∩ supp(μ) consists of periodic orbits homotopic to some or all of

the γi. Thus it is φt-invariant.

For any measurable subset A of T1M , set

α(A) := μ(A ∩ V)

β(A) := μ(A\ V).

Then α and β are two measures on T1M . They are invariant by the geodesic flow

because V ∩ supp(μ), as well as its complement in supp(μ), is φt-invariant. They are

both minimizing because their supports are contained in the support of a minimizing

measure [8]. The support of β is disjoint from (	, 	̇) by the definition of β.

Since the support of α consists of periodic orbits homotopic to some or all of the

γi, the homology class of α is contained inV(	).We have α+β = μ, hence [α]+[β] = h0+sh.
Thus,

ν := 1

s
β

is a minimizing measure by Lemma 2.1. Its homology is

h+ 1

s
(h0 − [α]) ,

thus [ν] = h mod V(	).

Moreover, since all of the γi are contained in the support of α,α cannot be

expressed as a convex combination of a proper subset of μ1, . . . ,μg−1, so there exist
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22 D. Massart and H. Parlier

a1, . . . ,ag−1 > 0 such that

α =
g−1∑
i=1

aiμi.

Now

α + β =
g−1∑
i=1

aiμi + β

is a minimizing measure, so by Lemma 2.1,

ν + μ	 =
g−1∑
i=1

μi + 1

s
β

is also a minimizing measure. �

2.7 Still more notation: definitions of G(	) and F(	)

Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m; and

• γ1, . . . , γg−1 be simple closed geodesics, such that the formal sum 	 := γ1 +
· · · + γg−1 is a minimizing multicurve.

We denote by

• G(	) the set of closed geodesics α, disjoint from 	, such that 	 + α is a

minimizing multicurve (observe that if α ∈ G(	), then nα ∈ G(	) for any

n ∈ Z);

• μi the element of M which is supported on (γi, γ̇i) ⊂ T1M ;

• μ	 := μ1 + · · · + μg−1;

• F(	) the set of homology classes h of measures μ, supported outside of (	, 	̇),

such that μ	 + μ is a minimizing measure; and

• by Ft(	) the intersection of F(	) with the ball of the stable norm of radius t,

centered at the origin.
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Observe that

• M is invariant under sums and scalar multiplication by a nonnegative

number, that is, M is a convex cone with vertex at the zero measure;

• F(	) is invariant under scalar multiplication by a nonnegative number, that

is, F(	) is a cone with vertex at the origin;

• for any α in G(	), the homology class of α lies in F(	);
• for any α in G(	), [α] mod V(	) ∈ L(	); and

• for anyμ inM such that [μ] ∈ F(	), we have Int([μ] , [γi]) = 0 for i = 1, . . . ,g−1.

Therefore F(	) ⊂ V(	)⊥.

3 Proof of the Main Result

Proposition 3.1. Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m;

• γ1, . . . , γg−1 be simple closed geodesics such that the formal sum 	 := γ1 +
· · · + γg−1 is a minimizing multicurve.

Then, the canonical projection

F(	) −→ V(	)⊥/V(	)

is a bijection. �

Proof. Let h be an element of V(	)⊥/V(	). By Lemma 2.14 there exists a minimizing

measure ν, such that [ν] mod V(	) = h, supp(ν)∩ (	, 	̇) = ∅, and ν +μ	 is a minimizing

measure. Then the homology class of ν, which is h mod V(	), is contained in F(	),
which proves that the canonical projection

F(	) −→ V(	)⊥/V(	)

is on to. Now let us prove that it is one-to-one.

Take h,h′ in F(	) such that h = h′ mod V(	), and minimizing measures μ,μ′ in

M such that

• [μ] = h and
[
μ′] = h′;
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24 D. Massart and H. Parlier

• supp(μ) ∩ (	, 	̇) = supp(μ′) ∩ (	, 	̇) = ∅; and
• μ+μ	 = μ+μ1 + · · · +μg−1 and μ′ +μ	 = μ′ +μ1 + · · · +μg−1 are minimizing.

We start by proving that μ+ μ′ + μ	 is minimizing. Since h = h′ mod V(	), there exist

real numbers λ1, . . . , λg−1 such that

h′ = h+ λ1 [γ1] + · · · + λg−1

[
γg−1

]
.

Set, for any λ ∈ ]0, 1[,

hλ := λ
h0

‖h0‖ + (1 − λ)
h′

‖h′‖ .

We have

λ
h0

‖h0‖ + (1 − λ)
h′

‖h′‖ = λ

‖h0‖
g−1∑
i=1

[γi] + 1 − λ

‖h′‖

(
h+

g−1∑
i=1

λi [γi]

)

=
g−1∑
i=1

(
λ

‖h0‖ + (1 − λ)λi

‖h′‖
)
[γi] + 1 − λ

‖h′‖ h,

so if we take λ sufficiently close to 1, hλ is a linear combination, with positive coeffi-

cients, of h, [γ1] , . . . ,
[
γg−1

]
. Thus by Lemma 2.1, since these coefficients are positive, the

measures

ν ′ := λ
μ	

‖h0‖ + (1 − λ)
μ′

‖h′‖ ,

ν :=
g−1∑
i=1

(
λ

‖h0‖ + (1 − λ)λi

‖h′‖
)
μi + 1 − λ

‖h′‖ μ

are bothminimizing, and since their homology class is hλ, they are hλ-minimizing. There-

fore ν + ν ′ is 2hλ-minimizing. Using Lemma 2.1 again, we deduce that μ + μ′ + μ	 is

minimizing.

Hence, by the Graph Property, μ+ μ′ may be viewed as an invariant measure of

a Lipschitz flow on M \ 	, which is homeomorphic to a torus with g − 1 punctures, so

μ+ μ′ may be viewed as an invariant measure of a Lipschitz flow on T2. Recall from [6]

that an invariant measure of a Lipschitz flow on T2 is either ergodic, or supported on

periodic orbits (or both, if it is supported on one periodic orbit).

First case: μ + μ′ is ergodic. Then either there exists a ∈ R such that μ = aμ′, or there

exists a ∈ R such that μ′ = aμ. So, either there exists a ∈ R such that h = ah′, or there
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On the Homology Length Spectrum of Surfaces 25

exists a ∈ R such that h′ = ah. By the hypothesis that h = h′ mod V(	), this entails that

either a = 1, or h = h′ = 0 mod V(	).

If a = 1, we have h = h′, which proves that the canonical projection

F(	) −→ V(	)⊥/V(	)

is one-to-one, and thus the proposition.

If h = h′ = 0 mod V(	), then there exist a1, . . . ,ag−1,b1, . . . ,bg−1 in R such that

h =
g−1∑
i=1

aihi and h′ =
g−1∑
i=1

bihi.

Let us take λ > 0 such that

1 − λai > 0 and 1 − λbi > 0 ∀i = 1, . . . ,g− 1.

Recall that the measures μ+ μ	 = μ+ μ1 + · · · + μg−1 and μ′ + μ	 = μ′ + μ1 + · · · + μg−1

are minimizing. So by Lemma 2.1,

τ := λμ+
g−1∑
i=1

(1 − λai)μi,

τ ′ := λμ′ +
g−1∑
i=1

(1 − λbi)μi

are also minimizing. Now [τ ] = [
τ ′] = h0, which is rational, hence by genericity τ = τ ′.

Let us take, for each i = 1, . . . ,g− 1, a neighborhood Vi of (γi, γ̇i) in T1M , such that

• Vi ∩ supp(μ) = Vi ∩ supp(μ′) = ∅,
• Vi ∩ Vj = ∅ if i �= j.

Then we have, for each i = 1, . . . ,g− 1,

τ(Vi) = (1 − λai)μi(Vi) = (1 − λai)length(γi),

τ ′(Vi) = (1 − λbi)μi(Vi) = (1 − λbi)length(γi),

which, since τ = τ ′, implies ai = bi ∀i = 1, . . . ,g− 1, whence h = h′. So the proposition is

proved in the case when μ+ μ′ is ergodic.
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Second case: μ+μ′ is supported on periodic orbits. Recall that two simple closed curves

on a torus which do not intersect have homology classes which are proportional, that

is, one is a multiple of the other. Also recall that the homology ofM\ 	 is isomorphic to

H1(M ,R)/V(	). Thus there exist h′′ in H1(M ,Z) such that

[μ] ,
[
μ′] ∈ V(	)⊕ Rh′′,

so there exist a1, . . . ,ag in R such that

h = [μ] =
g−1∑
i=1

aihi + agh
′′.

Since h = h′ mod V(	), there exist b1, . . . ,bg−1 in R such that

h′ = [
μ′] =

g−1∑
i=1

bihi + agh
′′.

Let us take λ > 0 such that

1 − λai > 0, 1 − λbi > 0 ∀i = 1, . . . ,g− 1 and λag ∈ Q.

Then

τ := λμ+
g−1∑
i=1

(1 − λai)μi,

τ ′ := λμ′ +
g−1∑
i=1

(1 − λbi)μi

are both minimizing measures, by Lemma 2.1. But

[τ ] = [
τ ′] = h0 + agh

′′,

which is a rational homology class. Hence by genericity τ = τ ′. As in the first case,

we then show that ai = bi ∀i = 1, . . . ,g − 1, whence h = h′. This finishes the proof of

Proposition 3.1. �

Lemma 3.2. Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m;
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On the Homology Length Spectrum of Surfaces 27

• γ1, . . . , γg−1 be simple closed geodesics such that the formal sum 	 := γ1 +
· · · + γg−1 is a minimizing multicurve.

Then F(	) is closed in H1(M ,R). �

Proof. Take

• a sequence hn of elements of F(	), that converges to some h in H1(M ,R); and

• for eachn inN, an hn-minimizingmeasureμn such thatμn+μ	 is minimizing,

and supp(μn) ∩ (	, 	̇) = ∅.

Then, if μ is any limit point of the sequence μn in the weak∗ topology, μ is h-minimizing,

and μ+μ	 is minimizing because a limit of minimizing measure is minimizing. To prove

that h ∈ F(	), it only remains to prove that

supp(μ) ∩ (	, 	̇) = ∅.

By Proposition 2.4 and Lemma 2.5, there exists a neighborhood V of (	, 	̇) in T1M such

that for all n in N, supp(μn)∩V = ∅. Then for any continuous function f supported inside

V , we have
∫
fdμn = 0, hence

∫
fdμ = 0, so μ is supported outside V . Thus supp(μ) ∩

(	, 	̇) = ∅, which proves that h ∈ F(	). Therefore, F(	) is closed in H1(M ,R). �

Lemma 3.3. Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m;

• γ1, . . . , γg−1 be simple closed geodesics such that the formal sum 	 := γ1 +
· · · + γg−1 is a minimizing multicurve.

Then the canonical projection

F(	) −→ V(	)⊥/V(	)

is a homeomorphism. �

Proof. The continuity of the canonical projection is obvious, so all we have to prove is

the continuity of the inverse map. Take a sequence hn of points in V(	)⊥/V(	), which

converges to some h ∈ V(	)⊥/V(	). By Proposition 3.1, there exist elements h′,h′
n,n ∈ N
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28 D. Massart and H. Parlier

of F(	) such that h′
n mod V(	) = hn for all n ∈ N, and h′ mod V(	) = h. What we need

to prove is that h′
n converges to h′.

First let us prove, by contradiction, that the sequence h′
n is bounded in H1(M ,R).

Assume, after possibly taking a subsequence, that h′
n goes to infinity. Consider the

sequence

h′′
n := h′

n/‖h′
n‖.

Then h′′
n ∈ F(	) by homogeneity of F(	). On the other hand, for all n, h′′

n lies on the unit

sphere of the stable norm,which is compact, so h′′
n has a limit point h′′ such that ‖h′′‖ = 1.

Since F(	) is closed in H1(M ,R) by Lemma 3.2, h′′ lies in F(	). Now the projection of

h′′
n to V(	)⊥/V(	) is hn/‖h′

n‖, which converges to zero. By continuity of the projection, it

follows that h′′ projects to 0 ∈ V(	)⊥/V(	). But 0 ∈ H1(M ,R) lies in F(	), and projects to

0 ∈ V(	)⊥/V(	). By the injectivity of the projection (Proposition 3.1), this entails h′′ = 0,

which contradicts ‖h′′‖ = 1. This contradiction shows that the sequence h′
n is bounded

in H1(M ,R).

Therefore it has limit points in H1(M ,R). Any such limit point lies in F(	) by
Lemma 3.2. By continuity of the projection, any limit point of the sequence h′

n projects

to h. By the injectivity of the projection (Proposition 3.1), the sequence h′
n then converges

to h′, which proves the lemma. �

Lemma 3.4. LetM be a closed, orientable, surface of genus g, equipped with a generic

Finsler metricm and let γ1, . . . γg−1 be simple closed geodesics such that the formal sum

	 := γ1 + · · · + γg−1 is a minimizing multicurve.

Then the canonical projection P1(	) of F1(	) to V(	)⊥/V(	) is a compact subset

of V(	)⊥/V(	), whose boundary is Lebesgue-negligible. �

Proof. Since F1(	) is the intersection of F(	), which is closed in H1(M ,R) by Lemma

3.2, with the unit ball of the stable norm, which is compact, it turns out that F1(	) is

compact, and so is its projection to V(	)⊥/V(	).

Now we prove that the boundary ∂P1(	) of P1(	) is Lebesgue-negligible. For this

we show that for any h in V(	)⊥/V(	)\ {0}, there exists a unique λ > 0 such that λh

lies on ∂P1(	). The Lebesgue-negligibility of ∂P1(	) then follows from Fubini’s theorem.

Take

• h in V(	)⊥/V(	)\ {0}; and
• h′ in F(	), given by Proposition 3.1, such that h′ mod V(	) = h.
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Then, for any λ > 0, λh′ lies in F(	), and projects to λh. By Proposition 3.1, λh′ is the

unique element of F(	) which projects to λh. Now, for λ ≤ 1
‖h′‖ , we have λh′ ∈ F1(	), so

λh ∈ P1(	). For λ > 1
‖h′‖ , we have λh′ �∈ F1(	), and since λh′ is the unique element of F(	)

which projects to λh, it turns out that λh �∈ P1(	). Thus the point 1
‖h′‖h lies on ∂P1(	),

because it can be approximated from both inside and outside P1(	). On the other hand,

for any λ < 1
‖h′‖ , if hn is any sequence of elements of V(	)⊥/V(	) which converges to

λh, denoting h′
n the only point of F(	) such that h′

n mod V(	) = hn, by Lemma 3.3, h′
n

converges to λh′.

Recall that λ < 1
‖h′‖ , so ‖λh′‖ < 1, hence for n large enough we have ‖h′

n‖ < 1.

Thus, for n large enough, hn ∈ P1(	), that is, λh lies in the interior of P1(	) as a subset

of V(	)⊥/V(	).

Therefore, λ = 1
‖h′‖ is the unique λ > 0 such that λh lies on ∂P1(	). This finishes

the proof of the lemma. �

Lemma 3.5. LetM be a closed, orientable, surface of genus g, equipped with a generic

Finsler metricm and let γ1, . . . , γg−1 be simple closed geodesics such that the formal sum

	 := γ1 + · · · + γg−1 is a minimizing multicurve.

Then, the map

ψ	 : G(	) −→ L(	)

α �−→ [α] mod V(	)

is a bijection. �

Proof. First let us observe that the map ψ	 is well defined: for any α in G(	), we have

[α] ∈ (F(	) ∩ H1(M ,Z)) ⊂ (
V(	)⊥ ∩ H1(M ,Z)

)
so

[α] mod V(	) ∈ (V(	)⊥ ∩ H1(M ,Z)/V(	)
) = L(	).

Now let us prove that ψ	 is injective. Take α,α′ in G(	) such that [α] = [
α′]

mod V(	). Then, since [α] ,
[
α′] in F(	), Proposition 3.1 says that [α] = [

α′]. Then, α = α′

because the metric m is generic. Therefore ψ	 is injective.

It remains to prove that ψ	 is on to. Take l in L(	). By Proposition 3.1, there

exists h in F(	) such that h mod V(	) = l. Hence, by the definition of L(	), there exists

l1 ∈ H1(M ,Z) ∩ V(	)⊥, and a1, . . . ,ag−1 in R such that h = l1 + a1h1,+ · · · + ag−1hg−1.
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30 D. Massart and H. Parlier

Since h ∈ F(	), we may take an h-minimizing measure μ, supported away from

(	, 	̇), such that μ + μ	 is minimizing. Then by Lemma 2.1, for any integer n such that

n ≥ ai, i = 1, . . . ,g− 1, the measure

ν := μ+ (n− a1)μ1 + · · · + (n− ag−1)μg−1

is minimizing. But its homology class is l1 + n(h1 + · · · + hg−1), which is integer, so

by Proposition 2.2 ν is supported on closed geodesics. Thus, μ is supported on closed

geodesics. Take two closed geodesics γ and γ ′ in the support of μ. Then γ and γ ′ are

simple, non-separating closed curves on the punctured torus M \ 	, and by the Graph

Theorem they are either disjoint or equal, so their homology classes (as curves in T2) are

proportional. Thus, there exist an integer homology class hg ∈ H1(M ,Z), and integers

ag,bg, such that

[γ ] =
g−1∑
i=1

aihi + aghg,

[
γ ′] =

g−1∑
i=1

bihi + bghg.

Reversing, if necessary, the orientations of γ and γ ′, we may assume that ag,bg ≥ 0.

Take N ,N ′ ∈ N such that Nag = N ′bg. Let

• τ be the measure in M supported by (γ , γ̇ ), whose homology class is [γ ]; and

• τ ′ be the measure in M supported by (γ ′, γ̇ ′), whose homology class is
[
γ ′].

Sinceμ+μ	 isminimizing, and (γ , γ̇ ) is contained in the support ofμ, τ+μ	 isminimizing,

and so is

τ1 := Nτ +
g−1∑
i=1

max(N ′bi − Nai, 0)μi

by Lemma 2.1. Likewise,

τ2 := N ′τ ′ +
g−1∑
i=1

max(Nai − N ′bi, 0)μi

is minimizing. But

[τ1] = [τ2] = Naghg +
g−1∑
i=1

(
max(N ′bi,Nai

)
hi,
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which is an integer homology class. Therefore, since the metric m is generic, we have

τ1 = τ2, whence τ = τ ′, and γ = γ ′. So the h-minimizing measure μ is supported on

the closed geodesic γ . Thus there exists λ ∈ R such that h = λ [γ ]. Since γ is a sim-

ple closed curve in M \ 	, there exists a closed curve α in M \ 	 which intersects γ

exactly once, so Int(h, [α]) = λ. We also have Int(hi, [α]) = 0 because γ lies inM\	. Since
h = l1 + a1h1,+ · · · + ag−1hg−1, it follows that Int(l1, [α]) = λ. Now, since l1 ∈ H1(M ,Z),

this entails λ ∈ Z. On the other hand, since μ + μ	 is minimizing, we have γ ∈ G(	), so
λγ ∈ G(	). Since λ [γ ] mod V(	) = l, this proves the surjectivity of ψ	. �

For any t ≥ 0, denote byN	(t) the number of elements of L(	)which are contained

in the canonical projection of Ft(	) to V(	)⊥/V(	).

Lemma 3.6. LetM be a closed, orientable, surface of genus g, equipped with a generic

Finsler metricm and let γ1, . . . , γg−1 be simple closed geodesics such that the formal sum

	 := γ1 + · · · + γg−1 is a minimizing multicurve.

Then, for any t ≥ 0, N	(t) equals the number �Gt(	) of elements of G(	) of length
< t. �

Proof. Weprove the lemma by showing that themap α �→ [α] mod V(	) is a one-to-one

correspondence between

L(	)
⋂
(Ft(	) mod V(	))

and the subset Gt(	) of G(	) which consists of closed geodesics of length ≤t.
Take α ∈ Gt(	). Then [α] ∈ F(	), and ‖ [α] ‖ ≤ length(α) ≤ t, so [α] ∈ Ft(	). Hence,

[α] mod V(	) ∈ (Ft(	) mod V(	)) .

Besides, [α] ∈ H1(M ,Z) so [α] mod V(	) ∈ L(	). Thus,

[α] mod V(	) ∈
(
L(	)

⋂
(Ft(	) mod V(	))

)
.

Conversely, take h in L(	)
⋂
(Ft(	) mod V(	)). Since h ∈ L(	), by Lemma 3.5 there exists

a unique α in G(	) such that [α] = h mod V(	). Now h ∈ Ft(	) mod V(	), so there exists

h′ ∈ Ft(	) such that h′ = h mod V(	). But Proposition 3.1 says that there exists a unique

h′′ ∈ F(	) such that h′′ = h mod V(	); since [α] ∈ F(	) and [α] = h mod V(	), it follows

that [α] = h′ = h′′, so [α] ∈ Ft(	). Therefore ‖ [α] ‖ ≤ t. But the closed geodesic α is
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minimizing since it lies in G(	), so ‖ [α] ‖ = length(α), thus length(α) ≤ t, which finishes

the proof of the lemma. �

Theorem 3.7. Let

• M be a closed, orientable, surface of genus g, equipped with a generic Finsler

metric m;

• γ1, . . . , γg−1 be simple closed geodesics such that the formal sum 	 := γ1 +
· · · + γg−1 is a minimizing multicurve;

• Gt(	) be the set of closed geodesics α of length ≤t, such that α + 	 is a

minimizing multicurve.

Then, Leb being the normalized Lebesgue measure in Rn,

lim
t→+∞

1

t2
�Gt(	) = Leb(P1(	)). �

Proof. By Lemma 3.6, for any t ≥ 0, �Gt(	) equals the number of elements of L(	)which

are contained in the projection Pt(	) of Ft(	) to V⊥(	)/V(	). Observe that for any t ≥ 0,

we have

Pt(	) = tP1(	).

By Lemma 3.4, P1(	) is a compact subset of V⊥(	)/V(	), whose boundary is Lebesgue-

negligible. Then Proposition A.1 (Appendix) says that the number of elements of L(	)

which are contained in Pt(	), divided by t2, converges to the Lebesgue measure of P1(	).

�
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Appendix

The classical Minkovsky theorem says that if C is a convex body in Rn, then

lim
t→+∞

1

tn
� (tC ∩ Zn) = Leb(C),

where � denotes the cardinality of a set and Leb is the normalized Lebesgue measure in

Rn. Here, we need to deal with non-convex bodies so we prove the following.

Proposition A.1. Let C be a compact subset of R2 such that the boundary ∂C of C has

zero Lebesgue measure. Then,

lim
t→+∞

1

t2
�
(
tC ∩ Z2

) = Leb(C). �

Proof. For t > 0 we define a measure μt on R2 by

μt := 1

tn
∑
z∈Z2

δ
(z
t

)
,

where δ(z) is the Dirac measure at z. Observe that

μt(C) = 1

t2
�
(
tC ∩ Z2

)
,

so we want to prove that limt→+∞ μt(C) = Leb(C). Let us first evaluate μt on rectangles.

Take real numbers a ≤ b, c ≤ d. We have

μt

([
a,b

]× [
c,d

]) ≤ 1

t2
(E(t(b− a))+ 1) (E(t(d− c))+ 1) (A.1)

≤ 1

t2
(t(b− a)+ 1) (t(d− c)+ 1) (A.2)

≤
(
b− a+ 1

t

)(
d− c + 1

t

)
, (A.3)

and similarly

μt

(]
a,b

[× ]
c,d

[) ≥ (E(t(b− a))− 1) (E(t(d− c))− 1) (A.4)

≥ 1

t2
(t(b− a)− 2) (t(d− c)− 2) (A.5)

≥
(
b− a− 2

t

)(
d− c − 2

t

)
. (A.6)
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Now pick ε > 0. Since Leb(∂C) = 0, we may cover the compact set ∂C by a finite number

of open rectangles R1, . . . ,Rk such that

Leb(R1 ∪ · · · ∪ Rk) < ε. (A.7)

Take open rectangles Rk+1, . . . ,Rp contained in C such that C ⊂ R1 ∪ · · · ∪ Rp. Then,

μt

(
Rk+1 ∪ · · · ∪ Rp

) ≤ μt(C) ≤ μt

(
R1 ∪ · · · ∪ Rp

)
,

Leb
(
Rk+1 ∪ · · · ∪ Rp

) ≤ Leb(C) ≤ Leb
(
R1 ∪ · · · ∪ Rp

)

which, by the inequality (A.7), entails

Leb
(
R1 ∪ · · · ∪ Rp

)− ε ≤ Leb(C) ≤ Leb
(
Rk+1 ∪ · · · ∪ Rp

)+ ε. (A.8)

Now by the inequalities (A.3 and A.6), for each i = 1, . . .p, μt(Ri) converges to

Leb(Ri), so there exists a real number T such that for all t ≥ T , we have

μt

(
Rk+1 ∪ · · · ∪ Rp

) ≥ Leb
(
Rk+1 ∪ · · · ∪ Rp

)− ε,

μt

(
R1 ∪ · · · ∪ Rp

) ≤ Leb
(
R1 ∪ · · · ∪ Rp

)+ ε.

Then by (A.8), for all t ≥ T , we have

|μt(C)− Leb(C)| ≤ 4ε,

which, ε being arbitrary, proves the convergence ofμt(C) to Leb(C), and the proposition.

�
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