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0 Abstract
In this paper we consider a penalized Stokes equation defined in a regular domain Q C R? and
with Dirichlet boundary conditions. We prove that our system is null controllable using a scalar

control defined in an open subset inside €2 and whose cost is bounded uniformly with respect to

the parameter that converges to 0.
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1 Introduction

1.1 Main results

Let T > 0 and Q C R? a regular domain. Throughout this paper we use the term “domain”
to refer to a bounded connected non-empty open set. As usual, we denote @ := (0,7) x Q and
¥ :=(0,T) x 09. In this paper we work on the Stokes penalized system with Dirichlet boundary

conditions. This system is given by the following equations:

vy —Av*+Vg =f inQ,
et +V-v*=0 in Q,
1 @ (1.1)
v®* =0 on X,
v¥(0,-) = 00 in Q.

\

Here f : Q — R? is a source term, v° : © — R? is an initial condition and ¢ > 0. This system

approximates the classical Stokes problem, which is given by the following equations:

vw—Av+Vg=f inQ,
V-v=0 in Q,
@ (1.2)
v=20 on 3,
v(0,-) = Y in Q.

The main objective of this paper is to prove that system (|1.1)) is null controllable with a one-
dimensional control whose cost is uniformly bounded with respect to €. We prove it for almost
every direction, being these directions different for each 2. In addition, if € is strictly convex we

prove it for all the directions.

First of all, we state what hypothesis {2 must satisfy to be controllable by a force parallel to
e1 := (1,0). In order to do so, if @ C R? is a C? domain, we use the standard convention to
parametrize 02: we denote the arc-length parametrization of each connected component of 92
by o' = (0%, 0%) and the signed curvature of 9§ on the point o?(f) by (). In both terms the
superscript ¢ is omitted if J€2 is connected. We suppose that each component is parametrized in
the standard way; that is, for U(z,y) := (—y,z) (U is the rotation of 90 degrees to the left) and
for all p = o?(6) € 99, there is dy(p) > 0 such that if 6 € (0,50(p)), then p + SU((c%)'(8)) € Q.

Remark 1.1. Since the o¢ are arc-length, we have the well-known equalities:

K = (o) (1) — (o}) (o) = L = L) (1.3



Hypothesis 1.1. Let Q C R? be a C? domain of boundary 9 parametrized by functions o', ..., "
as explained in the previous paragraph. Then, for any i € {1,...,k} and for any 6 such that
(o) (8) = 0 or (0})(8) = 0, we have that x*(0) # 0.

Remark 1.2. Hypothesis means that if Q is a C? domain, then on all the points of the boundary
of horizontal or vertical tangent line the curvature is not null. We use it to avoid pathologies near

those points, since in that case we do not know how to proceed.

Hypothesis is not restrictive at all, thanks to the following lemma, which we prove at the

beginning of Subsection (4.1

Lemma 1.3. Let Q be a C? domain. Then, there is an orthogonal R%-endomorphism U such
that the domain Q = U(Q) satisfies Hypothesis . In fact, if we denote Uy, the endomorphism
characterized by e; := (1,0) — (cos(¢),sin(¢))) and ez := (0,1) — (—sin(v)),cos(y)), then, for
almost every ¢ in [—m, w|, Uy(Q) satisfies Hypothesis[1.1]

With Lemma in mind, we state one of the main results of this paper:

Theorem 1.4. Let Q C R? be a regular domain that satisfies Hypothesis and let w C Q be a
non-empty open set. Then, there is g > 0 such that for oll T > 0 there is C > 0 such that if
e € (0,20) and y° € L2(R), there is a scalar-valued function f¢ € L*((0,T) x w) satisfying:

151 E2 (0.1 %) < CllY° L)

and such that the solution of the following system:

yi — Ay + Vp* = fflyer  in Q,
ep*+V-y¥f=0 m Q),
P Y Q (1.4)
¥y =0 on X,
ye(0,-) = ¢° in €,

satisfies y¢(T,-) = 0.

As usual, in Theorem[I.4]and throughout this paper L? and H® denote respectively the Lebesgue

and Sobolev spaces of vector-valued functions.

Remark 1.5. From Lemma and since system is invariant with respect to rotations, we
actually have for almost all directions e := (sin(#),cos(6)) that there is g9 > 0 such that for all
T > 0 there is C' > 0 such that for all € € (0,£¢) system is null controllable with a force
fe1,e? satisfying:

175N 20,1y xw) < CllY L2 (-
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Remark 1.6. A natural question that may arise is the relation between the control problem (|1.4])

and the control problem:

—Ay+Vp= flyer inQ,
V-y=0 in @,

Y @ (1.5)
y=20 on Y,
y(0,-) = ¢° in €,

for f € L?((0,T) x w) and for y° € H(Q2) (the subspace of L?(f2) of functions of null divergence
and null normal trace). Using weak compactness, we have that there is a sequence f¢ which
converges weakly in L?((0,7) x w) to some function f°. Moreover, using the techniques presented
in the proof of [31, Theorem I.2], we have that y°*(¢,-) converges in the H~!(2)-norm for all
t € [0,T] to y(t,-) (the solution of (L.5))). In particular, since y** (T, -) = 0, we have that y(T,-) = 0.
Consequently, this provides an alternative way of proving the well-known result that the system
is null controllable with a one-dimensional control supported in any regular domain (see [12]).
In that sense, an interesting problem that remains open is if the control of minimal L?-norm of
converges to the control of minimal L?-norm of .

In order to prove the null controllability of (1.4), we consider as usual its adjoint system:

,

—f —Ap*+ V=0 inQ,
em®+V.-¢p*=0 in Q,
4 @ (1.6)
*=0 on X,
SOE(Ta ) = SOT in (2.

Indeed, it is a well-known result (see [28] 25]) that the existence in ([1.4) of a control f¢ bounded
uniformly in e is equivalent to proving that there is g > 0 such that for all T > 0 there is C' > 0
such that if € € (0,e0) and ¢’ € L2(Q) we have:

Lo <c [[ e, (1.7)

(0,T)xw
for ¢ the solution of ([1.6). The proof of Theoremﬂls thus reduced to the proof of the observability

inequality (1.7), and we focus on it from now on.

In order to prove estimate ([1.7) we prove a Carleman inequality. Before presenting it, let us

define the weights we use throughout the paper as follows:

) e2Mn°lloe — A1° ) A’
B T ) S T ) 18)
a*(t) = max a(t, z), " (t) = min (¢, x).

e e



These weights are classical and widely used in the literature. Here, A and m are positive real
numbers to be fixed later on. Moreover, n° € C* (ﬁ) is a fixed function that satisfies n° > 0 in Q,
n® =0 on 99, and |Vn°| > 0 in m for some non-empty domain wg compactly included in w.
We know that such function n° exists as long as Q € C*. Indeed, a classical proof of the existence

of such function is given in [I8], whereas an alternative recent proof is given in |23, Lemma 2.1].

Theorem 1.7. Let Q) be a regular domain that satisfies Hypothesis let w C Q be an open set,
and let m > 8. Then, there is g > 0, C > 0 and \g > 1 such that if T > 0, € € (0,e0), A > Ao,
and s > e“NT™ 4+ T?™), we have:

315)\16 // 6_25(1*(5*)15‘(,08’2 < 0834)\35 // 6_28a€34|§0ﬂ2, (1.9)
@ (0,T)xw

for any ¢©° regular solution of @ and for the weights defined in @

Proving (1.7) from (1.9)) is mainly done by an energy estimate on y¢®, for x > 0 a regular
cut-off function such that x = 1 in [0,7/2] and x = 0 in [37/4,T]. This is a classic and easy

procedure, so it is omitted in this paper.

We remark that in ([1.6)) we can simplify the pressure and get the following equations for ¢°:

— 520005 — Ouat — T2 05 = Tz 0y 95, (1.10)
— 1120105 — 7520005 — Oy = Tlrgawy‘:oi'

Using standard methods for coupled parabolic equations we know that the important term is

Oy 5, which appears in the equation satisfied by . The main difficulty on proving is that

02y - [|L2() is not necessarily a norm (see Remark [3.2| and Proposition |3.3| below). However, if we

add some information on the first and second order derivatives of 0,,¢° and on the boundary, we

do have a norm. In that sense, we consider the following operator:
Lou = —a0y,u — Oyyu. (1.11)

Theorem 1.8. Let Q be a C* domain that satisfies Hypothesis . Then, for ag > 0 small enough,
there is C' > 0 such that for any function u € H*(Q) N H () and for any a € (0, ag] we have that:

10zl oy < CUl0zyulla2(9) + 1 Lavllm o0))- (1.12)

Remark 1.9. By continuity, (1.12)) remains true for a = 0.

Remark 1.10. Thanks to Poincaré inequality, there is C' > 0 and ag > 0 such that for all a € [0, ag]
and for all uw € H*(Q) N H} (), we have:

[ullco@y < CUl0zyulli2(0) + 1 Lavll i o0))- (1.13)
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Remark 1.11. By symmetry, we get an analogous estimate for d,u if instead of L, we have the

operator:

Lou := —0zpu — alyyu. (1.14)

Indeed, in that case, there is C' > 0 and ag > 0 such that for all a € [0, ap] and for any function
u € HY(Q) N HL(), we have:

10yull cogmy < CUlOsyull i2() + | Latll 1 o0)-

In particular, in this case we also have an estimate of [|ul|o (@) similar to (1.13).

The reason why ((1.12) is useful to prove ([1.9) is the following one:

Remark 1.12. Let us consider ¢° a solution of (1.6). Using (1.10) and the Dirichlet boundary
conditions, we have that, on 99, for all ¢t € [0,T):

— O] — 1520yl = ﬁaxnga
—ﬁaaxx‘ﬂg — Oy = %ﬁaxy@?
Thus, by Remark and Remark we get that there is C' > 0 and ¢ > 0 such that for all
t€]0,T) and € € (0,¢e0):
17t )lez) < CllOzye™ (8 ) m2(0)- (1.15)

Finally, let us make some remarks about possible extensions of the work:

Remark 1.13. The case of Theorem and Theorem for Q C R3 is left for future research. The
main complication that arises is to prove an analogous result to Theorem [I.8] because there is a

larger variety of domains in R? than in R%. Indeed, in R? there is one curvature for each direction.

Remark 1.14. The construction provided in Section for Lipschitz domains in which ((1.4)) is not
null-controllable just gives one problematic € for each €2. Thus, it is an open problem to know if
for all Lipschitz domain € C R? there is 9 small enough such that if ¢ € (0, ¢¢) system (1.4)) is null

controllable.

1.2 Historical background

Getting an approximation of the Stokes and the Navier-Stokes systems by approximating the
incompressibility condition by a term involving the pressure was made for the first time in [31],
where the author considered the almost incompressible Navier-Stokes system. Many other ways
of approximating the Navier-Stokes equations have been presented throughout the years. In the

survey [29] the author presents different ways of approximating the Navier-Stokes system through



the incompressibility condition and compares them. Moreover, there are physical systems which
satisfy in some ways the property of being almost incompressible, as shown in [30] and the references

therein.

The interior null controllability of system (1.1)) was first proved in [23, Section 4] with a control
bounded uniformly with respect to e, for € small enough. Then, in [4], this same property is proved
with an additional first order term. Moreover, in [4] the author also proves the local controllability

to trajectories of the penalized Navier-Stokes system uniformly on e for € small enough.

There is an extensive literature on controllability of partial differential equations uniformly with
respect to a vanishing parameter. For a transport equation with a small diffusion term, see [11] (see
also [19] and [27]). The case of the KdV equation is treated in [20], [7] and [8], while a chemotaxis

system is presented in [10].

As for the restriction of having controls with a reduced number of components, it is not new in the
Navier-Stokes mathematical context. This same property has already been proved for the Stokes
problem in [12]. Consequently, in this paper we prove that a system which approximates the
Stokes system conserves that property after choosing a valid reference system. Moreover, control-
lability results with controls having one null component have been proved for other systems: for
instance, the local null controllability of the Navier-Stokes system (see [6]), the local controllability
to the trajectories of the Navier-Stokes and the Boussineq system when the domain “touches” the
boundary (see [17]), or the existence of insensitizing controls (see [22], [9]). Similarly, the approx-
imate controllability of the Stokes system in a cylindrical domain with a control having two null
components is proved in [26]. Finally, the local null controllability of the Navier-Stokes system in

dimension three with one scalar control is proved in [13].

Outside the Navier-Stokes context, there is a huge literature on controllability results with con-
trols having a reduced number of components. For instance, the null controllability in the context
of linear thermoelasticity (see [24]), the existence of insensitizing controls for the heat equation
(see [14]), the controllability to trajectories in phase-field models (see [2]), the controllability in
cascade-like systems (see [2I]) and the controllability in reaction-diffusion systems (see [1]). For
more results on the controllability of parabolic systems with a reduced number of control, see the

survey [3] and the references therein.

Remark 1.15. The main difference of the problem we consider in this paper with respect to the
above cited papers is the coupling. Indeed, in all the papers cited above (and in the literature as

far as we know) the coupling is constituted by a zero, first or second order term which induces



a norm in the subset of H?(2) which satisfies their respective boundary conditions. However, in
our situation this is clearly not the case since the differential operator d,, with Dirichlet boundary

conditions does not induce a norm for some {2 (see Remark below).

The rest of the paper is organized as follows: in Section [2| we present some analytical results; in
Section [3| we prove Theorem when © is strictly convex; in Section [4] we prove Lemma [I.3] and
Theorem [1.8} and in Section [5] we end the proof of Theorem [1.7] Finally, in the Appendix we prove

some technical results stated in Section 2

2 Some previous and intermediary results

In this section we present some results that are either interesting for understanding the problem
or needed later. The section is split in three parts: first, in Subsection [2.1| we prove that there is a
domain © which is not C? and where we do not even have approximate null controllability; then,
in Subsection we present several results on Cauchy problems and a classical result on linear

ordinary differential equations; finally, in Subsection we present some Carleman estimates.

2.1 A negative controllability result

In this subsection we provide a counterexample on null controllability with one component of
(1.4) when € is not C2, even if w = Q. With that purpose, we show that we do not even have the

approximate null controllability.

Definition 2.1. We recall that system (1.4) is approximately null controllable if for all 3° € L2(Q)
and for all > 0 there is a function f¢ € LQ((O, T) x w) such that the solution 3¢ of lb satisfies

1y (T, L2 ) < -
Proposition 2.2. Let ¢ > 0. Then, there is Q C R? a domain that is just Lipschitz such that,
even for w =, 1s not approximately null controllable.

In order to prove Proposition we use the technique presented in [26, Section 3].

Proof. It is a classical result that system is not approximately null controllable if there is
©® # 0 solution of such that ¢ = 01in (0,7) x w. Suppose that the following scalar-valued
system has a nonzero solution u°:

—Oggu® — %ayyus = Auf in Q,

us =0 on 0f), (2.1)

Opyu® =0 in Q.



Then, ¢°(t, (z,y)) := (0,e*u(z,y)) is a non-trivial solution of (1.6) which satisfies ¢ = 0. Con-
sequently, it suffices to find a domain 2 with a nonzero solution of (2.1)).

The third equation of ([2.1)) is satisfied if u®(xz,y) = f(x)+g(y) for any f,g € C?(R;R). Moreover,
u® satisfies the first equation of (2.1)) if:

—J1@) = M) = T () + Agly) (22)

Since both sides of equation (2.2)) depend on independent variables, they must be constant. So
we have to solve an ordinary differential equation with constant coefficients. We can suppose that

they are equal to 0. Otherwise, if they are equal to some other value a, we have that f := f +

o —

and g := g — § are solutions for the case a = 0 such that u(z,y) = f(x) +g(y).

The solutions (f,g) of the system:

f'(@) + Af(z) =0,
g (y) + Aaly) =0,
are exponential, affine or trigonometric functions, depending on the value of A. Since we need u®

to be null on a bounded boundary, then necessarily they must be trigonometric; that is, A > 0. In
fact, the first equation of (2.1)) is satisfied by:

u®(z,y) = sin (ﬁx) —sin < 18_?63/) . (2.3)

Finally, we have to consider that the function u® given in ({2.3]) is null on the lines:

;

T = /1529
r=,/"=y+ 21’
14 v (2‘ 4)
T = A/ ILJ'_Ey + %7
T=—\/12Y — \%\
Consequently, the function u® given in (2.3) is a solution of (2.1) in R, ), for R, the domain
limited by (12.4)), which is a rhombus. O

Remark 2.3. With this method we can find for R, ) (for € and A fixed) a sequence of eigenfunctions
which satisfy (2.1). The sequence is given by:

u; (x,y) = sin ((Zn + 1)\5@) — sin ((Qn +1)4/ 1T€y> , neN,

and their respective eigenvalues are A, = (2n + 1)2)\.




Remark 2.4. The “reason” why unique continuation fails is that OR. y contains lines of a specific
slope. Indeed, if for ¢ fixed we try to replicate the proof of Theorem for the rhombus R, \ we
find out that the information that provides on the boundary is equivalent to the information
provided by the Dirichlet condition. More precisely, for the case of 2 = R,y we are blocked in
below, since we have k = 0 and (0})? — l%re(aé)Q = 0. This problem somehow persists when
we try to generalize the proof to regular domains and the only solution we have found is to exclude

a few directions (a subset of [0,27) of null measure).

2.2 Results on Cauchy problems

In this subsection we present some results about the Stokes penalized problem: first with Dirichlet
boundary conditions and then with Neumann boundary conditions. We also present a classical
estimate about a linear differential equation. But before, we recall the definition of the interpolation

spaces, for p,q > 0:

HP9(Q) == H?(0,T; L*(Q)) N L*(0,T; HI(2)),
HPY(Y) := HP(0,T; L*(09)) N L*(0, T; H1(09)).

Lemma 2.5. Leti € N, Q € C%. Then, there is ¢g > 0 and C > 0 such that if T > 0, £ € (0,¢),
0 =0 and f € H=Y272(Q) satisfying O f(t,) = 0 for allm € NN[0,i — 2], we have that the
solution v¢ of satisfies v° € HY?(Q) with the estimate:

o< lgze2ig) + €M IV - 0% | gim12i-1(g) < Cllf 12220y - (2.5)

The proof of Lemmais mainly by induction. The base case (i = 0) can be proved by Galerkin
method (we just have to replicate the method in [I5, Chapter 7.1] and see that the constants are
independent of ). As for the inductive case, we get the regularity in time by considering that v§ is
a solution of with (f,0) replaced by (ft,0) and using again the Galerkin method. Moreover,
we get the regularity in space by using the estimate for the steady Stokes problem given in [32]

Proposition 1.2.2].

Let us now state the Stokes penalized system with non-homogeneous Neumann boundary

conditions:
vi —Av*+V¢E =f inQ,
e¢c+V-v*=0 in @,
1 Q (2.6)
O — ¢°n =h on ¥,
v(0,-) = 0 in Q.

We have the following regularity and existence results, which are proved in Annex [A}
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Lemma 2.6. Let Q € C?. Then, there is ¢g > 0 and C > 0 such that if T > 0, € € (0,&0),
0 € HY(Q), f € L2(Q) and h € HYY/2(X), system has a unique solution:

(v%,¢°) € H*(Q) x H*'(Q).

In addition, that solution satisfies the estimate:

[0l 2@y + g o1 @) < CVI+T ([ flla) + 1hllarzs))
\VARTS

e (Hvoum ; H
L2(Q)

+ (1700, )lrz(s)y + AT, ')HL2(2)> - (27)

Remark 2.7. Tt is not necessary to assume that ¢ is small enough if we just want to prove existence
and uniqueness of the energy solution of . Indeed, we prove collaterally that for all ¢ € R,
has a solution in HY'(Q) and that the norm |[v¥][g11 (@) can be estimated by the right-hand
side of for a constant C' independent of ¢ (see below).

Lemma 2.8. Let Q € C*. Then, there is g > 0 and C > 0 such that if T > 0, € € (0,&9), v* =0,
f € HY2(Q) satisfies f(0,-) = 0 and h € H>%/2(X) satisfies:

h(0,:) =0, h(T,-) =0, 9:h(0,-) =0 and O,h(T,-) =0,
we have that the solution v* of (@ belongs to H?*(Q) with the estimate:

o) < OVIFT (Il ) + Ihllsmoras ) - (28)

Remark 2.9. These results are not optimal in terms of the regularity imposed on h, but they are

enough for our purpose.

Finally, we recall the following classical estimate for a linear ordinary differential equation:

Lemma 2.10. Let T > 0 and let z be the solution in C°([0,T]) of the following ordinary differential
equation:

a(t)z(t)+2'(t) =g(t) te(0,7),

2(0) = o,

for xo € R, a € L*(0,T) and g € L*(0,T). Then, we have the estimate:

lzlleoqo.zry) < (ol + gl 0.l et om (2.9)

11



2.3 Results about Carleman estimates

In this subsection we present some Carleman estimates that are needed later. We first state a
Carleman estimate which concerns a parabolic equation with non-homogeneous Neumann boundary

conditions. More precisely, we consider the following system:

—0pr—Ap=f inQ,
Onp=h on %, (2.10)
o(T,-) = T in €,

for o7 € L?(Q), f € L*(Q) and 6 € (0,1].

Lemma 2.11. Let Q be a C* domain, let @ be an open set included in Q such that Wy C @, let
m > 1 and let r € R. Then, there is C > 0 and Ao > 1 such that if T >0, § € (0,1], pT € L*(),
feL?Q), he LX), A > Ao and s > eCNT™ + T?™) we have:

53—&-7‘)\4—1—7’ // 6—25a£3+r|gp‘2+81+7‘)\2+r // 6_25a§1+r|vg0‘2
Q Q

< C | s\ // e_QsafT‘f|2—|—83+T)\4+r // 6—25a53+r|¢|2+81+7")\1+r // e—?sa£1+r|h‘2 ;
Q by
(

0,T)xw
(2.11)

for ¢ is the solution of (@)

The case m =1, § = 1 and r = 0 of Lemma is proved in [I6, Theorem 1]. We get the case
for m > 1 and r € R repeating all the steps in [16] and we get uniformity on § following the steps

of, for instance, [23].

Next, we also need the following elliptic inequality, whose proof can be found in [12, Lemma 3]:

Lemma 2.12. Let Q be a C* domain, let m > 1 and let » € R. Then, there is C > 0 and \g > 1
such that if T >0, A\ > \g, s > CT?>™ and u € L? (O,T; Hl(Q)), we have:

82+r>\3+7’ // e—25a£2+r|u|2 < C Sr)\l—I—r // e—2$a£r’vu|2 _|_S2+r/\3+7" // 6—25a52+r|u|2
Q Q
(U,T)XUJQ
(2.12)

Finally, we need a Carleman inequality for the backwards solution of (2.6)) (see (2.16) below).

For a simpler statement of the Carleman inequality, we define the weights:
n(t) = (s¢ (1) /4 memsen 1), (2.13)

12



and
Ai(t) = (s&*(t)) "3/ e (), (2.14)

Proposition 2.13. Let Q be a C* domain, let & be an open subset Q such that Wy C @ and let
m > 8. Then, there is ¢g > 0, C > 0 and Ao > 1 such that if T > 0, € € (0,¢0), p! € L2(),
h € H25/2(X), A > Ao and s > e“X(T™ + T?™), we have:

83)\4// 6_28a£3|g08|2—|—8)\2// 6_25a£|V(p6|2
Q Q

§C<s4/\5 J[ e v arm (||nh||ip,1/2@)+||ﬁh||ip,5/2@))>, (2.15)

(0,T)xw

for ©° the solution of the following system:

—p; — A" +Vr* =0 in(Q,
e +V.-p*=0 mn Q,
v ¢ (2.16)
Onp® —mn=nh on %,
W (T,-) = ¢ in €.

The proof of this Carleman estimate is presented in Annex

Remark 2.14. Proposition with A = 0 implies that there is ¢y > 0 and C' > 0 such that for all
T >0, e € (0,0 and y° € L*(), there is f¢ € L?((0,T) x @) such that

1201 x3) < CllyClnz@);

and such that the solution of:

y; — Ayt +Vpt = [l in Q,
ep*+V.-yf =0 in Q,
Oy —p"n=20 on X,
kys((), ) = yO in Qv

satisfies y*(T,-) = 0.

Up to our knowledge the result presented in Remark is new.

3 Proof and optimality of Theorem when ( is strictly convex

In Section [3| we first give some remarks about how much Theorem [I.8| can be improved and we

then prove Theorem when (2 is strictly convex. The proof is simpler, clearer and more explicit
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than when we are in a general domain. We recall that {2 strictly convex means that its boundary

consists of one connected component and that:

i 0) > 0. 3.1
eefonjgn””() (3.1)

Moreover, we remark that a strictly convex domain always satisfies Hypothesis

When (2 is a strictly convex convex domain, we do not need ag to be small. We state this in the

following proposition:

Proposition 3.1. Let Q be a strictly convex C* domain. Then, there is C > 0 such that for all
a € (0,1] and for any real valued function u € H*(Q) N HE(Q), we have:

10zt oy < CUlOzyull2() + [[Latt]l 1 60))- (3-2)

Throughout this section we prove Proposition [3.1 which automatically implies Theorem if
Q) is strictly convex.

Remark 3.2. Estimate (3.2)) is false if we remove the term ||Lqul|g1(90). Indeed, we just have to

consider the domain Q = {(z,y) : 22 + y? < 1} and the function u(x,y) = 1 — 22 — %

Although it might be possible that the spaces we give on the right of (3.2]) are not optimal, the
statement is false if we replace ||Ozyullg2(q) by [[9zyull12(q) in the right-hand side of (3.2), even if
we replace H@quCO@) by [lullz2(q) in the left-hand side of |D

Proposition 3.3. Let Q a C* domain with a boundary characterized by an equation of the following
kind:
9(x) + h(y) =0,

for g,h € CHR). Then, there is no C > 0 such that for any u € H*(Q) N H}(Q), we have:

lull 220y < C (10zyull r2() + | Laullarra0)) - (3-3)

Remark 3.4. The hypothesis of Proposition includes circles, ellipses and p-norm spheres (for
p > 2) among others.

Proof of Proposition[3.3. We prove this assertion by contradiction. Let us suppose that there is
C > 0 such that, for any v € H*(Q) N H(Q), we have . Let us consider the function
w(z,y) == g(x)+ h(y), for g and h the functions stated in the hypothesis of Proposition Then,
w € H*(Q) N HE(Q) and dyyw = 0.
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We consider f,, € D(f2) a sequence such that f,, — Lew in L?(Q) and we define u,, as the solution
of the equations:
Loup, = fr,  in Q,

U, =0 on 0f).

By usual theorems on elliptic regularity we have u,, € H*(Q) N H}(Q). Thus, applying (3.3) and

since f, vanishes on the boundary, we get that:

[unllz2 (@) < CllOzyunll L2 ()- (3-4)

Moreover, by continuity with respect to the force in the elliptic problem, we have that u,, — v in

H?(Q), where u is the solution of

Lou=Low in €,
u=20 on Of).

Consequently, u, — w in H?(£2).

Thus, if we take limits in (3.4]) we get:
|wllz2(0) < Cllowyw| 12(0) = 0,

which is absurd. O

Proof of Proposition[3.1 In order to make the proof more understandable we split it in three steps:
first, we obtain a differential equation on the boundary in terms of d,,u and L,u; then, we define
an auxiliary function and perform estimates on it; finally, we estimate J,u in terms of the auxiliary

function.

Step 1: Getting an equation on the boundary.
In order to get a differential equation on the boundary, we consider that because of the Dirichlet

boundary condition u satisfies the equation:
u(al(H),og(H)) =0, VOe]|0,[09].
If we differentiate this, we have:
01 0u+ abdyu =0, VO € [0,]00]]. (3.5)
Moreover, if we differentiate , we get:
o Oy + a5 Oyu + (01)20pu + (05)20yyu + 201 050u =0, VO € [0,]09)]]. (3.6)
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The idea is to get an equality from (3.6) in which we only have d,u, Oppu, Opyu and Lou. In

order to get it, we multiply (3.6) by o4 and use (3.5) and (1.11). We get that:

(010 — 401) 0+ 0} ((01)” — a(0)?) Dugu = —201(04) Dy + (03)° Lo, 8 € [0, 02

Recalling (1.3) we can rewrite the previous equation as follows:

— kOpu + 0b ((0))? — a(0h)?) Opgu = =207 (05)*Opyu + (05)*Lau, VO € [0, |09]].

Thanks to (3.1]), we can divide (3.7)) by x:

201 (0% (03)°

)2
=2 Onyu +

!
— Ozu + % ((03)2 — a(aé)Q) Ogzll = —

In order to shorten this expression, we introduce the following notation:

A(6) = 20 (940)2 - ao3(®)7) = ) (1= @+ D(0)).

Q

Thus, (3.8) turns into:

/(- 1\2 /1\3
201002y w9200 0 e e o, 00

K

— Ogu + ADpzu = —

Step 2: Defining an auxiliary function.

We now consider the lower part of the boundary:

[:={(c1(0),02(0)) : o1(8) > 0}.

Lqu, V6 €[0,]09)]].

(3.7)

(3.10)

We can extend the functions «, o and o}, (i = 1,2) to Q. In order to do so, we define ©(x) as

the only value 6 € [0, |0€2]] such that 01(f) = = and o() € I'. We consider the following auxiliary

function in :

g(:]j, y) = _a’ru(l‘7 y) + A((H)h(x))aﬂmu($v y)

Besides, for any set S C R?, we define:

O(9) := (S +Rez) NQ,
Pu(S) := a(0x(9)).

We estimate g and 0,g on horizontal segments; that is, on segments of the type:

l:= [z, 2] x {y} C Q.
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First, we estimate the L'-norm of 0,.g on any horizontal segment [ C Q. We consider the following

equality:
Y —
o2 hlZ

The second term in this equality is clearly estimated in L' (I, dz)-norm by |0, ul| g2(o) (see (3.11))).
In order to estimate the first term in the previous equality, we differentiate (3.10)) in the direction
0:

2 ! 1\2 /\3 A
71(72) Oyt + (02) Lau>, 6 cd,0].
K KR

010:9 = —050,g + Oy <—

Since 01(0(x)) = x, we have that:
1
o1 (On(z))
So, if we combine this with the fact that |o'| = 1, with the fact that ©p(01(0)) = 6, and recalling
the notation presented in , we have that:

I
-

0} () =

/)2

201 (03 (03)°

R () 0))|) @4l

d o) 20" (o2 20" (o1 )2
(U(h(x)))' ‘ — 0h8,9 — 9y (‘715:2)> Dyt — 01552)(0/139@ + 050y) gy

((Ozyu) 0 0) +

o((Dy9) 0 0) + O (—

dzx

+ O <(Ué)3> L,u+ (U/i)g (010; 4+ 050y) Lau|(0(On(2)))dz

a /Ph(n

/

9 /)2 29! (o 2
— 050yg — Oy <01§:2)) Oyt — 01552)(03&,3 + 050y) Opyu

/N3 /N3
+ Oy <(02)> L,u+ (J;) (010 + 050y) Lau|,

for the geometric functions in the second and third integral above evaluated in O (x), when we are
in a point p = (x,y) € I'. Thus, recalling that dyg = —0yyu + A0zyu and recalling (3.13]) we get
that:

10291 11 (1,4z) < C (0zyuull r2(0) + | Latell 12 (06 ) - (3.14)

Next, we estimate the C%-norm of ¢ on any horizontal segment I C Q. Indeed, if we use (3.8),
(3.11) and the formula:
Y _

oz, y) = g(0(On(@))) + / o0 D@, V) €D

we get, for some p € [, an estimate of g(p) in terms of ||Orzyul| g2(q) and || Lau|| g1 (s0) With a constant
depending on [. So, if we also consider (3.14)), we get that:

19llcoqy < CWD10zyull g2() + | Laull g1 (00))- (3.15)
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Step 3: Getting the information from the ordinary differential equation .
We split  in different subsets depending on the sign of A (Op(x)). With that purpose, we denote
0o, 0F and ch the values such that:

o' (6o) = e1,

o' (0%) = (Ei\/%) , (3.16)

o' (0F) = +ea.
Since the domain is strictly convex, all 6; are uniquely determined for a fixed. We set:

xo = 0'1(90); thlt = 0'1((92:) and $it = Ul(gli)

Because of (3.9) we have that A(6p) = 0 and A(6F) = 0. By (3.11) and (3.15), this implies that

we can estimate 0, u in the vertical segments given by {z = z¢} and {z = xF}. More generally, if we

have an estimate of |Ozu(x*,y*)|, we have an estimate of |O,u(x*,y)| for all y such that (z*,y) € Q2
because [|0zyullco can be estimated by [|0zyullg2(n). Consequently, we just have to transmit
horizontally the punctual estimates of |0,u|. In order to do so, in the rest of the proof we fix some

appropriate horizontal segments and regard equality (3.11)) as an ordinary differential equation.

We first prove estimate in QN {x > zp}. We consider a sequence of values sg < -+ < sy,
such that sy := xg, s, := 2] and such that for any i € {1,...,n} there exists an horizontal
segment [; C §) such that the abscissa of its left endpoint (respectively its right endpoint) is s;_;
(respectively s;). Because we are in a regular bounded convex domain, all this can be done (see
Figure [1] for one such example). We denote by y; the second coordinate of any point of /;. Since
the segments [, ...,[, do not depend on a, we have, due to , the following estimate in those

segments with a constant that only depends on €2:

lglloowr 1) < CUl10wyullm2(0) + ([ Laull m150))- (3.17)

Let us set jo € {1,...,n} such that 8} € ©(l;,). If there are two such segments, we choose the

one on the right. We first get an estimate in O({z > z}}), where we have:
A(On(z)) <0 (3.18)

(see (3.9)). For that purpose, we define I’ :=1;, N O({z > z}}).
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First, considering that d,u(z},y) = —g(z,y) and (3.17)), we obtain the following estimate:

10au(zy, yjo)| < C (10ayull m2() + 1 Laullz o0 - (3.19)

Next, we have that, for any z € [}, s;,]:

a

—/ (x — 2z — 2)(0pu0zzu)(z, y;, )dr = 2/ |Opu(z, yj, ) 2de
(2—7) o + 2 = (=110 |2 3.20
+ = gt i) P~ (< 1)Jwuz, )P (3:20)
Thus, considering ((3.11] and , we have that for a constant C' independent of z:

1 z z
5 [ 10sutei)Pde + / (2~ 2 A(O(x)) [Burulz.y;,) P+ |Opu(z )

< / (= 2 = 290, 35, ) + C (10yul3a ) + | Zatl3 oy ) - (3:21)

So, the last term to be estimated in (3.21]) is the one with g. In order to do that, we integrate by

parts:

z

[ oz g0 i)z = [ (@ 2 = D(@rgOru) (.35, )do
- /+ (90su) (@, yj,)dx — (3 — 2+ 2)g(ag , y5,)0u(zy , yj.) — 20(2,y5,)02u(2, y1,)
< C (11029l 147 dw) + Nlgllcoqry) l102ullcory.  (3.22)

Using that ab < ﬁaQ + nb? and estimating the norms of g by 1' and (D we obtain the
following from ((3.21)):

/ 10su(w, ) Pz + 10,0(z,35,) 2 < Cy (10uyull3a() + ILavln o0y ) + 1l19eulloqy),
Since z is arbitrary, we deduce that:
[02ullcogry < Cy (10zyull 2(e) + | Latll i1 00)) + 1llOztillcogr).-

Thus, taking 1 small enough, we can absorb the last term on the right-hand side. Moreover, as

|02y ullco(qy) is estimated in terms of ||Ozyul| 2y, we get:

10zull co @y < € (19zyull 20y + | Latll g1(o0)) - (3.23)

This method also works for [, 41,...,l, because the trace of J,u on the left of these segments
is obtained first by (3.23)) and then inductively. Indeed, in [; it suffices to multiply at both sides
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of the identity (3.11)) by (z — s; — 2)0,,u and integrate by parts as above. Therefore, we can get

inductively the estimate:

||8mu”00((9(12)) + Z HaﬂcuHCo(W) <C (Haﬂ?yuHHQ(Q) + ”LaUHHl(aQ)) )
7;:ja“rl

which implies that:

HaﬁcuHCO(O({me-{;)}) <C (H8$yuHH2(Q) + HLGUHHl(aﬂ)) .

As for getting the estimate in O({x € [zo,z]]}), we can obtain it analogously as before: first in
Il :=1;, NO({z < xF}), then inductively in ;, 1, ...,l;. The only difference is that this time we
multiply by = + 2 + 2 and we spread the estimates to the left. The reason for these changes is
that for x € [z, 2]], A (O4(x)) is positive instead of negative (see (3.9)).

Finally, it is quite clear that we can get the estimate in a similar way for Q N {x < z¢}. Thus,

(3.2) is true. O

4 Proof of Theorem [1.8 and some geometrical results

In this section we present the proof of Theorem as well as some strongly related results. First,
in Subsection [4.1] we prove LemmalI.3] Second, in Subsections [4.2] and [4.3] we state and prove some
geometrical consequences of Hypothesis Finally, in Subsection [£.4] we prove Theorem using,
among others, Section

We recall that some of the notation used in this section has been introduced above Hypothesis

in!

4.1 Proof of Lemma [1.3

Lemma [1.3|is a consequence of Sard’s Theorem:

Theorem 4.1 (Sard’s Theorem). Let f : R — R a C! function. Let
X :={xeR: f(z)=0}.

Then, f(X) has zero measure.
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Proof of Lemma([1.3 In order to apply Sard’s Theorem, we consider the functions:

(J%)la ) (U’f>/’ (U%)/v SRR (Ulg)/'

Let us denote Z C [—1,1] the set of values such that if (¢¢)/ () = 2z or if (¢%)(§) = —z or if
(08)(0) = z or if (64)/(0) = —z; then, k() # 0. Since x*(f) = 0 implies that (¢%)”(f) = 0 and
(03)"(0) = 0 (see (L.3)), thanks to Sard’s Theorem (and to the fact that a finite union of null-
measure sets and translations of those sets are still of null measure) we get that the measure of
[~1,1]\ Z is 0.

Let us consider ¢ € sin™!(Z). Then, we have that 9 (U (2)) = Uy (9€) and it can be parametrized
by o¢ := Uy(c"). Moreover, we have (Uy(c")) = Uy((c")'). Consequently, (6%)" = =+es if and only if
(09)(8) = U(—1)(0,£1); that is, if and only if (o%)'(§) = £(sin(v)), cos(z))). Similarly, (¢°) = +e;
if and only if (0?)'(0) = +(cos(v)), —sin(t)). Furthermore, if %°(0) is by definition the curvature
in 5°(#), we have, by the non-variation of the curvature by rotations, #!(6) = x*(f). Thus, by the
definition of Z, taking z = sin v, we have that all the points of 9 (U (£2)) with horizontal or vertical

tangent vector have a non zero curvature.

Finally, the measure of R \ sin~!(Z) is null because, for all k € Z, the sinus is a diffeomorphism
from (w(k—1/2),m(k+1/2)) to (—1,1) (and because a countable union of sets of null measure has

null measure). O

4.2 Geometrical consequences of Hypothesis

In order to prove Theorem [1.8] we need to define equivalent notions to the ones presented in the

convex case (see Section [3)).

Definition 4.2. We define I' as the subset of Q such that p = ¢*(§) € I if and only if at least one

of the following properties is satisfied:

e 35(p) > 0: V8 € (0,d0(p)), p+ dez € Q,

o (07) () = *es.

When 2 is convex we have that I' is the bottom of 2. Moreover, for an illustration on what I"

may look like in a non-convex domain, we can regard Figure [2| below.

Remark 4.3. The relative boundary of I' is given by points of tangent vectors +es. Indeed, the
components of J€) are closed curves; thus, by regularity, having a vertical tangent vector is the only

possibility.
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Definition 4.4. Let (z,y) € Q. We define:

Py, (x,7y) := (x,7) — Aeg such that A := min{\ € RT : (z,y) — ey € T'}.

We remark that when €2 is convex Py, represents the vertical projection on I'; is continuous and
does not depend on y. In the general situation, though, there is a dependence on y and Py is not
continuous when I is not connected (see B! in Figure [2| below). Yet, we can define an application

P, that coincides with the one given in Section [3| when (2 is convex:

Definition 4.5. Let [; = [z}, 2%] x {y'} C  a segment. Then,

Py (i) = Pn((a}, 2}) x {y'}).

Moreover, we see that Hypothesis [I.1] implies the existence of segments like in the case of a

convex domain:

Lemma 4.6. Let Q2 be a domain that satisfies Hypothesis . Then, there is a subset S C Q such
that:

e S is a finite union of horizontal segments l; == [z}, 2] x {y'}.
o P,(S)=T.
o [P, is continuous in the relative interior of each segment [;.

Ezample 4.7. In Figure 2| S is given by the segments: [A', A?], [A2, A%], [C',C?], [D!, D®] and
(B, E2).

The proof of Lemma [£.6]is postponed to Section We first prove some geometrical results:

Lemma 4.8. Let Q be a domain that satisfies Hypothesis[1.1. We have:

1. If (62)'(0) = 0 or if (0})'(8) = 0, then, for some §(6) > 0, k' does not change of sign in
(60 —0(6),0+0(6)).

2. The number of points in ) with tangent vectors +ey or teq is finite.

3. Given any c € R, the number of points in 0Q N {x = c} or in O N{y = c} is finite.

4. Given any c € R, there is 6(c) > 0 such that:

e We have
([e=d(c),c+0(c)] x R)yN oY = U o' (1),
p=0"P (0p)e0QN{x=c}
for I, = (911), 012)), for some 011) <0, < 012).
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o In the set
(([c —d(c),e+ ()] \ {c}) X ]R) N o1,
we do not have p = o' () with (c%)'(0) = +es.

5. There is some n > 0 such that for all points p = o'(0,) € O with (¢°)(0,) = Ley, there
exists a neighbourhood V, = o'(I,) C 8Q (I, = (6;,02), for some 0} < 0, < 02) such that
ob5(0)) = 04(02) and such that k'] > .

6. There exists ag > 0 small enough such that, for all a € (0,aq), for each point p = o'() € AN
with (o = ey there is a neighbourhood U, C 0Q) which has ezxactly a point of tangent

vector + (1 /4= 1+a, \/ 1+a> and exactly another one of tangent vector + (1 [ == 1+a, —4/ 1+a) Re-

ciprocally, if p, = o*(0%) € 0Q satisfies (%) (0%) = (:I: Thar £ 1+a>’ then p, € U, for
Uy, one of the above defined neighbourhoods. Finally, we can suppose that for some n > 0,

|k¢| > n on those neighbourhoods.

Proof of Lemmal[{.8 Firstly, implication [1]is an easy consequence of § being at least C?.

Secondly, we prove implication [2| for points of tangent vector +es by contradiction. If they are
not finite, by (pre-)compactness and regularity of 2, there is a point p = ¢*(f) and 6,, — 6 such
that (0%)(0,) = 0. Obviously (o%)'(#) = 0. But, because of the regularity of ), we also have
(01)"(0) = 0. Indeed,

vy _ e (01)'(8) = (91)'(0) (01)'(6n) — (01)'(0) _
(Ul) (9) - lg% s — N0 an —f =0. (41)
Thus, we get by (1.3 that x(6) = 0, which contradicts Hypothesis The proof for points with

tangent vector e is analogous.

Thirdly, given any line x = ¢, we prove by contradiction that there is a finite number of points
in 9QN{z = c}. Indeed, if we have an infinite number of points, by regularity and compactness we
can write a sequence of distinct elements as o?(6,,) with 6, — 6. Since o%(6,,) = ¢, by an equality
similar to , (o) (0) = 0. Since x*(f) # 0 by Hypothesis o'(6,) cannot be in {z = c} for n
large enough, contradicting the choice of 6,. The proof for y = ¢ is analogous.

Fourthly, statement [4] is a consequence of assertion [2] Indeed, the only possibility is that there
is an infinite number of curves of 02 that approach the line = ¢ and then move away (like a
parabola). But this implies that there is an infinite number of points of tangent vector +eq, which

contradicts statement 2
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Fifthly, assertion [5|is an easy consequence of statements [1| and [2| and of picking the neighbour-

hoods small enough.

Finally, statement |§| is a consequence of assertion@ Indeed, we consider U,; some neighbourhoods

of p;, for p; the points of tangent vector £ep. We have the bound:

inf inf ) (9)| > 0.
: ezgi(g)gUij!( 1)(0)]

Moreover, by making them smaller if necessary, we have due to Hypothesis and the continuity
of the k'

inf inf K1(0)] > 0.
i 0:3j:0%(0) €Uy,

Consequently, we can fix some smaller neighbourhoods Up,; and the parameters ag and 7. O

4.3 Proof of Lemma [4.6] and some remarks

In this subsection we first present the proof of Lemma and then, we state some direct

consequences.

First of all, we define some useful notation:

Definition 4.9. Let Q C R? be a domain and = € R. We define:

Qp = QN ((—o0,z) x R).
Now we are ready to present the proof:

Proof of Lemma[{.6. Without loss of generality we can suppose that:
0 = min{z : Jy with (x,y) € Q}.
We consider:

I={xeR":Vse[0,x] 3Ss C Qs :
Ss satisfies the conclusion of Lemma with T" replaced by I' N Q,}.

First, we remark that 0 € I because Qy = (). Thus, in order to prove the result it suffices to show
that if [0,¢) C I, we have ¢ € I and that if ¢ € I, we have (c,c+ d(c)) C I for §(c) > 0 sufficiently

small.
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Next, let us show that [0,¢) C I implies ¢ € I. We consider d(c) given by statement [4]in Lemma
In m we already have the segments S._s(y. Thus, it suffices to define in m
a finite number of segments slightly above the curves of I', which can be done by regularity and
pre-compactness. If there is some point p = ¢%(f) € T with x = ¢ such that (¢°) () = +ey we
might have to start a segment in p and spread it to the left (see the segment [E?, E'] in Figure .

So we have c € I.

Finally, let us show that ¢ € I implies ¢+ d(c) € I, for §(c) sufficiently small. Again, we pick
0(c) small enough to satisfy the conclusion of statement {4| in Lemma {4 We already have S., so

now we consider the possible situation for the points in I' N {z = ¢} (which are finite by statement

in Lemma :

e For the points in {z = ¢} NT" which do not have as tangent vector +es, we just have to extend
the segment of S, with right endpoint in 2 = ¢ to the right of (2., unless some segment has a
right endpoint which belongs to 0€2. In that case, we just have to start a new segment whose
left endpoint can be joint by a vertical segment inside £ with the right endpoint of the former

one (see the dashed segments near C° in Figure .

e As for the points in {z = ¢} NT of tangent vector +ey, we might not be allowed to extend
the segment because Pj, becomes discontinuous and we need to start two new segments (for
instance, in A% in Figure [2| we must stop and start two new segments: one with left endpoint
A2 the other one with left endpoint C'). It might also be the case that we need to start a

new segment above the point (see near D! in Figure .

Summing up, since all this happens for a finite number of situations, for §(c) sufficiently small we
have (¢,c+d(c)) C 1. O

Remark 4.10. Because of the conclusion of Lemma [£.6] the left endpoint of each segment I; is either
a point p = 0%(0) € T with (0%)(8) = tey and x*(0) > 0 (the case of A! in Figure [2) or it can be
joined by a vertical segment (including degenerated segments) inside 2 with some other segment
l; such that x{ < x} <zl (the case of A2, C', D! and E' in Figure .

Remark 4.11. Another easy consequence of Lemma [£.6] is that, if Q satisfies Hypothesis since
P,(S) =T, for all p € Q there is A € R such that [p,p + Aea] C Q and such that p + Aeg € S.
Consequently, since HanyHCo@) is estimated by [|Ozyullg2(q), if suffices to get an estimate of

|0zul|cog)y to prove Theorem

Remark 4.12. Given any segment [; as defined in Lemma [£.6], because of its third property, it makes
sense to define ©! (z), A;(z) and g;(x,y) as in the convex case (see Section by looking at Py (l;).
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Indeed, they make sense in the domain limited superiorly by I; and inferiorly by Pj(l;). Moreover,

we recall that:

We also remark that if min, |k(0} (z))| > 0, we can prove the following estimate as in the convex

case (see (3.14) and (3.15))) for a constant C' depending only on S:

lgillco@y) + 11029:ll L1 1;,d2) < CUIOzyullg2(0) + [ Lattl m1(00))- (4.3)

4.4 Proof of Theorem [1.§

In order to prove Theorem [I.§ we get an estimate in each segment I; given by Lemma[4.6] Indeed,

we prove inductively that:

10zull o)y < CUl0zyullm2@) + [[Lavllmo0))- (4.4)

By inductively, we mean that |D is proved for any other segment /; such that m{ < x% (see Lemma
for the notation).

First, for getting a pointwise estimate on x%, we consider the two situations given in Remark
In the first case, because of statement |§| on Lemma we can get an estimate on x} by
0zyull 2y + [[Lattllg1(a0) as in the convex case (see Section . In the second case, by the
induction hypothesis and the fact that [|Ozyullcoq) can be estimated by ||Oayullm2(0), we get the

estimate on xj by [|0zyull g2(q) + | Latll g1 (a0)- So, in both cases we have:

[Ozu(t, y)] < C ([0zyullr2() + | Latil 112 o)) - (4.5)

So, once we have (4.5)), we have to propagate the estimate in [;. Indeed, we can split, extend
and move the segments I; (see the points A3, A* C3,C* D? D3 D* in Figure 2, which allow us
to split their respective segment into smaller ones) so that we only have one of the four following

possibilities for Py (l;):

1. Py(l;) is the intersection of I' with one of the neighbourhoods U, (see statement |§| in Lemma
13).

2. Py(l;) has null intersection with all the neighbourhoods U, and V,.

3. Pu(l;) is one of the neighbourhoods V), (see statement |5 in Lemma which has a positive

curvature.

4. Py(l;) is one of the neighbourhoods V), (see statement [5|in Lemma which has a negative

curvature.
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e Let us first deal with the case [l} We recall that by Remark functions like g; or G);L or
A; make sense in ;. We start in the subcase in which (0})/(©¢ (2%)) = 0. In Figure [3| O

T

illustrates an example in which the surface is locally convex and {29 an example in which it is
locally concave. We remark that, in the concave case, the ratio U%)/ has the same sign as in
the convex case (by the criteria fixed above Hypothesis (o) <0, (68) >0and k' <0
in that part of I'). Analogously to the convex case (see Section [3)), we define p, € V; as the
point such that A;(0x(p,)) = 0. Moreover, g, is the point in I; such that Pp(q,) = pg. Thus,
in both cases, we can multiply by x + C for C large enough in the segment [q1, q,] and
by x — C for C' large enough in [g,, ¢2] and then follow the procedure of the convex case. The

case in which (0%)' (0% (2})) = 0 is analogous. Consequently, we have (4.4) in the case

e If Py (l;) belongs neither to U, nor to V), (situation, we have, by statement |§| in Lemma
that there is 7 > 0 such that:

|4i(85,(1))] > 1

(see Remark or (3.9) for definition of A;). Consequently, we can divide the equation
(4.2) by A; and hope to have uniform estimates. With that purpose, we define:

1

g~1(x,y) =

In that sense, we can get the same estimate for g; as the one for g; in (4.3|) by following similar

steps. Thus, seeing (4.6) as an ordinary linear differential equation in /; whose initial value
is in (a:;, y"), we get (4.4) by Lemma

e As for the case [3] (see Figure || for the notation), we mainly replicate the method of the
previous section. In this paragraph and in the following one, we do all the estimates by
10eyull g2y + | Lat| g1 o) even if we do not explicitely write it. We already have by
a pointwise estimate in g_1, SO we can prove in [¢q_1,q] following the method of the
convex case. As for [g, q1], to replicate the method of the convex case, we need an estimate
of |0;u(q1)|. In order to get it, first we use the estimate of |0,u(g—1)| in to get an
estimate of |0yu(p—1)|. Then, using the Dirichlet boundary condition, we get an estimate of
|0yu(p-1)|. Next, with the estimate of [[Ozyullco(

p—1,p1])>
To continue with, again by Dirichlet conditions, we have an estimate of |0,u(p1)|. Finally, by

we have an estimate of |9yu(p1)|.

estimating ||0zu||co( we have an estimate of |0,u(q1)|, so we can replicate the method

[p1.41])>
of the previous section to prove (4.4)) in [q, ¢1].

e The last case is that Py(l;) is locally concave (see Figure [5| for the notation). The technique

is the same one as in the case |3| (recall that the ratio (?i) and consequently A’ have the
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same sign as in the convex case), but this time we face the extra difficulty of showing that
having the estimate of |0yu(p—1)| implies having the estimate of |Oyu(p1)|. In order to do it,

we consider that in each component of 92 we have the following equality:
ar'dyu — (01)'(1 = (a+ 1)((05))*)dyyu = ((01)')*Lau — 2a((01)")* () Ouy.

This equality can be obtained similarly to (3.7). So, similarly as in Remark we define
locally at the left of o*((6},0,)) (see statement [5{in Lemma [4.8| for the notation) a function
©! (y) and a function:

g(x,y) = ar' (04()dyu(z,y) — ((01)'(1 = (a+1)((03))*)) (O,(¥)dyyu(z,y).  (47)

Moreover, we can obtain as (4.3) that (see Figure [5[ for the notation):

19l (g1 k1), dy) < CUIOzyull 2y + | Latll 51 (a0))-

So, by seeing as an ordinary differential equation whose initial data is p_1, because
there is 7 > 0 such that (¢%)'(1 — (a + 1)((¢%)")?) > n in V,, we can use Lemma to
get an estimate of [Jyu(k_1)|. Then, because ||Ozyullco(_, k) can be estimated, we have
an estimate of |Oyu(k1)|. Finally, we can propagate the pointwise estimate of |dyu| in the
segment [k, p1] in an analogous way as in the segment [p_1,k_1]. Consequently, we have the

estimate of |0yu(p1)| and we can replicate the method of the case [3|to obtain (4.4).

Finally, by Remark since we have (4.4)) for all segments in S, we have ((1.12)).

5 Proof of Theorem [1.7

For the proof of this theorem we define a subdomain @ compactly contained in w such that
wo C w. Moreover, we consider a cut-off function x > 0 satisfying supp(x) C w and x = 1 in w.
In addition, we define D’ as the tensor which contains all the derivatives of order i with respect to

the = and y variable. In order to clarify the proof we divide it in several steps.

Step 1: Estimates of the crossed derivative.
First of all, we consider estimate (1.15) squared, multiplied by (s£*)!®A6e=25" and integrated in
time. If we also bound the weights (see ([1.8])), we get that:

2
815)\16 //Q 6—2504*(6*)15“06‘2 < 0515>‘16Z//Q 6_28a€15|Diaxy(P€‘2- (51)
=0
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Next, we apply the elliptic estimate (2.12)) to Diamwa for i = 0,...,7 (we take DO&EZ,,QOE
Ory®). We get that:

7
2819—2@')\20—21' // e—25a§19—2i|Diawy(Pe’2 < C<s3)\4 // e—25a£3|D88my(pa|2
i=0 Q
+Z 19-2i 4 20—2i // 72304619 22\D Dy p® ’2> (5.2)

(0 T)Xwo

Moreover, since under our hypothesis 1 < C's§, we combine that fact with (5.2)) and (5.1, and we
get that:

515)\16 //Q 725a 15|§0 ’24—2819 21)\20 21// 72304619 22|D1 oy ‘2

<C 3)\4// _25a§3|D8 oy |2+Z 19— 21)\20 24 // —25&519 2z|Dz 1y |2 . (5‘3)

OT XUJO

To continue with, we deal with each term of D8axy¢6 . In order to do so, we use Proposition m
(on each term of D®9,,¢°) and get that:

SA2 / / e 20| D20,y 0° | + At / / e 2| DB,y 7|
Q Q

<c (s [[ e D06 P + (14 1) (bl + 1) | G
(0,T) %3

for h:= 0,D3¢° + 71V - D8¢".

Remark 5.1. It is well-known since [12] that by taking enough derivatives we can absorb the trace.
Indeed, each time we use , the weight is, up to a constant, divided by s?A2¢2. Moreover, with
the weights o* and £* (the weights on the boundary), we can formally “remove a derivative” by
multiplying the weight by C/(s&*)1+1/™ (this is rigorously done in the next step). Consequently, it
is clear that we can absorb the trace using Proposition by taking enough derivatives. In our
case, if we take less derivatives, what happens when we remove the derivatives of the trace is that

we get something with a weight larger than s'®\16e=2s0" (¢¥)15

left-hand side of ([5.1)).

, which cannot be absorbed by the

Step 2: Absorbing the trace terms.

Let us start absorbing (1 + T)||77h\|H1 12 (s We consider the continuous injections:

=)

29



HO12(Q) ¢ HY(0,T: H'(Q)) and HM'(Q) € H(0,T; H¥/3(0)).
Consequently, we have that:
th”Hl 1/2(x) < C(HWSO | 12 (0,T;H0(Q)) T € HV (77908)”H09

+e IV ) | o s+ ay) < C (Inelmsrzg) +& IV - () lmsn@)) - (5:5)

We recall that:
(ta 33‘) = 77(T - t)(ps(T - tv :E)

is a solution of (1.1)) with null initial value and force —n'(T —t)p®(T —t,x). Thus, applying estimate

(2.5) with ¢ = 6 to (5.5)), we have that:
1n¢% lme.12(g) + €IV - () [y < Cllnt' ¢ |10 -
If we repeat this reasoning five times, we get that:
Inhllepsaes) < Cln"™ ¢l )
We have that, if s > e“(T™ 4 T?™) and m > 8 (see (2.13)):
(1 + T1/2)|77m)| < 0(85*)6+1/4+7/m675a* < C(Sg*)lf)/QGfsa
Consequently, if we also have A > Ao, we can absorb the term (1+T)||nh|/gg1.1/2(5) by the left-hand

side of (5.3]).

Finally, we have to absorb (1 + T1/2)|]ﬁh\|Hg,5/2(E). In order to do so, we recall that:
H™4(Q) c H2(0,T; H'°(Q)) and H53(Q) € H?(0,T; H5T2/3(Q2)).
Thus, we have that:

7]l g252(55) < CIle° [m012(0) + 1765l 2 0,758110(0)) + 8 IV - (7% [ |01 ()
+e V- (19 | 2o ras s y) < C (e lamag) +& IV - (7°)lms15 () -
Consequently, using estimate (2.5]) seven times, we get that:
7Pl ggz.5r2(s < 177 L2

which is a term that can be absorbed by the left-hand side of (5.3)) if A > Ao, s > e“NT™ + T?™)
and m > 8, because under those hypothesis (see (2.14])):

(1+T1/2)|ﬁvzz)| < C(Sé—*)6+1/4+7/me—sa* < 0(85*)15/26—504*. (56)
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Summing up, if we combine (5.3 and ([5.4]), and then do the corresponding absorptions, we have

the estimate:

9
1516 // ~250" (1) 15| 2 4 7 19-21 \20-2i // ¢ 20192 Dig |2
i=0 Q
2819 2i 20—2i // e~250g19-2| Dig F|2 4 s4ND // 250 D8O, )2 | . (5.7)

(0,T") xwo (0,T)xw

Step 3: Bounding the local terms.
In order to bound the local terms, we start estimating everything by a local term of 9,,¢°. We do it
with the usual technique: we bound each 1 by x (which is defined at the beginning of this section)
to a sufficiently high power, we integrate by parts and we use properly weighted Cauchy-Schwarz
inequalities. After all this process, we get from that:

815)\16 //Q —25a 15|90 |2+2819 21)\20 21 // —28@519 2z|Dz ey P ‘2

8
+ 2828731')\29731' // X4+2i€728a§2873i‘Diaxy§05|2 < 0828)\29 // X46725a§28‘8zy905’2' (58)
=1 (0,T)><w (0,T)><w
Indeed, when ¢ = 1,...,8, we have that:
328731‘)\29731‘ // X4+2i672sa§2873’i‘Dia$y(p€ ’2

(0,7)xw

28 31)\29 31 // 4+2i672sa€2873iDi8$y808) . Diflazy(pa
(0,T)xw

< (O s25-3(i-1) \29-3(i-1) // D) 250831 piclg |2
(0,T) xw
+5<828_3iA29_3i // X4+27, —2804528 32’Dz oy P ‘2
(0,T) xw
4 §28-3(41) y29-3(i+1) // X4+2(i+1)€—25a§28—3(i+1)’Di+18mygoa‘2>_ (5.9)
(0,T)xw

The exponents of s, ¢ and A in ((5.8) might look strange. The reason is that we have s*\® in the
last local term of ((5.7)) instead of s3A*, which is the usual term.

In order to get in the right-hand side of (5.8) only a weighted local L?-norm of ¢ we must
treat O] and Oy 5 differently. As for 6961,901, we can deal with it quite easily. Indeed, when we
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integrate by parts twice, we have that:

28)\29 // _28a528|8$y90i|2 — 828)\29 // axy (X4€—25a£28) ary‘pisoi

(0,7)xw (0,T)xw
+ 28729 // 4 —2sa£28) 3:pyy<,0§90§ 4+ g28)\29 // ay 4 —2sa528) my%%
(0,7)xw (0,T)xw
+ 528)\29 // X4€_28a£2881xyy$0§‘10§' (5'10)
(0,T)xw

We can deal with all the term of (5.10]) as usual. In the end, for § > 0 as small as needed, after an

absorption, we get that:

828)\29 // X46725a£28|8$y(pﬂ2 SC(5834)\35 // 672504634’80?’2

(0,7)xw (0,7)xw

445 822)\23 // X8€_2sa§22‘azzyy80ﬂ2+324)\25 // X6€_25a§24‘D18$y90ﬂ2 ) (5.11)

(0,T)xw (0,T) xw

Finally, we have to estimate the term of 0,,¢5. Indeed, by (1.6)), we find out that:

828)\29 // X46725a£28|8$y(p§’2

(0,7)xw
sZB\% // X4e_25“£288$yg0§(—58tg0§ — (1 + €)O0pap] — €0yy 7).
(0,T)xw
We can deal with the term in the right-hand side integrating by parts in space and time and using
weighted Cauchy-Schwarz inequalities. In order to deal with the term of €0y, 5 that appears after
the integration by parts, we have to consider that:
€0ty Ps = — (€0zzayp5 + (1 + €)Ouyyy 5 + Onayypl) -
Consequently, we get that, after an absorption:

828)\29 // X4e—2sa£28|axy¢§|2 < 05534>\35 // 6_28a534|90§|2

(0,7)xw (0,7)xw
+ 5 522)\23 // X8€_2sa§22|D281y90€|2 + 824)\25 // X66_2sa§24’D18ny06’2 . (512)
(0,T)xw (0,T)xw

Summing up, if m > 8, A > Xg, and s > e“N(T™ 4 T?™), combining (5.8)), (5.11) and (5.12) we get
[T9).
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A Existence, uniqueness and regularity of (12.6))

In this section we first prove Lemma and then prove Lemma [2.8l Our proofs are classical,
since they use Galerkin method and elliptic estimates (see Lemma [A.1] m below). We follow the steps
of [15, Chapter 7.1], but we do the necessary adaptations due to the different boundary conditions.

Proof of Lemma uniqueness. In order to prove the uniqueness, we just have to show
that for f =0, h = 0 and v° = 0, the unique solution is v®* = 0. Indeed, by multiplying by v° the
first equation of (2.6) and by integrating in (0,¢) x Q (by parts), we have, for all ¢ € [0, T]:

[ e -

[0,t] x Q2 [0,t]x Q2

which implies that v® = 0.

Proof of Lemma existence. As for the existence, we consider the Galerkin method.
It is well-know that there is a set of eigenvalues {\; };ien — 400 and a set of L?(£2)-orthonormal
and H!(Q)-orthogonal eigenvectors w; such that {w;}ieny € H?(Q) and that —Aw; = \w;. In
that sense, for u € L%(Q), we denote P,u the orthonormal projection of u into (wy,...,w,). We

consider the Galerkin sub-problems, for n € N, ¢ € [0,T7:

/Qatu;; w; /Vv - Vi + /Q(V ”( )V - wi) /f / h(t,-)-w;, (A.1)

for all i = 1,...,n. We look for a solution which belongs to Cl([O,T]; (wy, ... ,wn>); that is, we
look for af,, € C*(]0,T)) such that a; ,(0) = (12, wi)12(q) and that vf (¢, ) :== Y7, a; ,(Hwi(z) is
a solution of (A.1)).

Energy estimates. It is easy to see that each set of components (af,n)?zl is the solution of a linear
ordinary differential equation of n equations and n unknowns. Therefore, system together
with the initial condition has a well-defined solution. Moreover, adding up multiplied by the
coefficients a;,, and integrating in time, we get that, for any ¢ € [0, T, provided that v¢ is defined:

[ [ [ [ e [

[0,¢] x Q2 [0,t] x 2 [0,t] x Q2 [0,t] x O

We have to consider that:

[ fvi<carn [[1r+ 1+T/ o5 2.

[0,t]xQ [0,t] x Q2 [0,t] x 2
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Moreover, we have that:

//hv <Cl+T/ 12 + 1+T // (g + | Ve 2) .

[0,t] x O [0,t] x99 Oth

Consequently, due to Gronwall’s inequality and usual absorptions, we get that:

Lieeo+ [[ivap [[ 50 o

[0,t] x Q2 [0,t]x Q2

<C|a+7) //W +(1+T7) // h|% + /]I[”nv . (A2)

[0,t]x2 [0,t]xOQ

Thanks to estimate , all the solutions (v ),en are bounded uniformly in C°([0,¢]; L2(2)) N
L?(0,t; H'(£2)). This imphes, due to extension theorems related with the Cauchy-Lipschitz systems,
that all the v¢ are defined in [0, 7] and that we can take a weak limit in L?(0, 7; H*(Q)).

Estimates on HY1(Q). Next, in order to take limits in 1' we need to prove that the v}, are
also uniformly bounded in H'(0,7;L?(Q2)). By multiplying (A.1)) by (a Zn) , adding all up and

integrating in time, we have that:

/Qlé’tvi\z /8t/\Vn\2 /8t/ - v) //f s, + //h .

In order to deal with the term [ fz h - Opv;, we have to integrate by parts in time. Then, using also
(A.2), we get for a constant C' that does not depend on n:

lopllan @) < CVI+T (|1 flle2(g) + 1Pllearegsy)+

\V4
C (HUOHHl(Q) + ‘

So, up to extracting a subsequence, we have that (v5),en converges weakly in H(Q) to some

| + 1100, )[[2(s) + [[A(T ')HL2(E)> - (A3)
Q

function v® which satisfies:

[ llerr @) < CVI+T(If 2@ + 1Pl +

VAL
e (nvOnHm) +|

Thus, we can take limits in (A.1)). Indeed, we have for every i € N, as functions of L?(0,7):

/Qvg-wﬁ/gwszwﬁfﬂ(V'”E)e(v'w") z/Qf-wi+/8Qh-wi. (A.5)
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We recall that H'(0,T; L*(Q2)) is compactly embedded in C°([0,T]; H~1(Q2)). Thus, weak conver-
gence in H'(0,T; L*(Q2)) implies strong convergence in C°([0, T]; H~1(£2)), so v*(0,-) = v".

Estimates on H2(Q). In order to prove that the solution is in L?(0,7;H?(Q2)), we use that it
satisfies for any 7 € N, as functions of L2(0,T), that:

/viszv@umu/ﬂ(v’va)(v'wi) :/Q(f—vf)-wi—i—/ h - w. (A.6)

€ a0

So, we use the following lemma, whose proof can be found in [5, Theorem IV.7.1]:

Lemma A.1. Let us consider Q € C? and the system:

(—Au%— Vg=f1 inQ,
V.-u= in €,
f2 (A7)
Opu — gn = f3 on 01,
Jou=0,
for fi € L2(Q), fo € L*(Q) and f3 € HY2(0Q). Then, if we have as a vector equation:
/ Ji+ fz3 =0, (A.8)
Q oN

the solution (u, g) of is unique and

|02y + lgllircay < C (Ifillzay + Ml + 1 sl zon) ) -

In order to apply Lemma it suffices to take fi(¢,) :== f(¢,-) — vi(t,-), fa(t, ) :== V - v°(¢,")
and f3(t,-) := h(t,-). In addition to that, (A.8]) is satisfied because:

/ng:/Q(Auf—qu/Qf:/E)Q(anvs—qnw/ﬂf:/mm/ﬂf.

u(t7 ) = Us(tv ) - |ﬁl| fQ ’Z)E(t, ) and g(tv ) = V:Ev (ta ) = qs(t’ ‘)7

Thus, since:

if we combine (A.4) and Lemma remarking that D?u = D?v°, we get the estimate:

[0 lm12(q) + 67 0@y € CVI+T (I fllL2) + Ihllmrizs))

AV
€

Lo (nvoum(m IV oo + H (0, ) gy + BT, ->||L2<z)> . (A9)

L2(Q)

This expression can be simplified since for ¢ small enough we can absorb the term ||V - v°|| o,1(¢)
by [|¢°|| o.1(q)- So estimate (2.7)) is established.
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Proof of Lemma As for the proof of Lemma it consists of repeating the Galerkin
method for v§, since v; is a solution of with (f, h,0) replaced by (ft, ht,0). Indeed, we first
get an estimate for each 0;v;, and then pass to the limit. Finally, we use a more complete version
of Lemma which can be found in [5, Theorem IV.7.1].

B Proof of Proposition [2.13

Throughout this proof we consider & some open subdomain of 2 compactly contained in w such
that wg C @ (see Proposition for the definition of @). In order to make the reading of the
proof more comfortable we split it in several steps: first, we bound left of (2.15) by a trace and a

local term with the help of the rotational; then, we deal with the trace and local terms as usual.

Step 1: Bounding by a trace and a local term.
To begin with, we have that V x ¢° is a solution of the heat equation, since V x (V#¢) = 0. So,
using Lemma for r = —1 and & = 1, we get that if A > \g and s > e“A(T™ 4 T?™):

52)\3// 6_23a52|v><<,06|2+)\// 6_2sa‘V(VX<’0€)|2
Q Q
<C // e 250, (V x )2 4 s2\3 // eIV x 2|, (BI)

(0,T)x
Next, we consider that the divergence satisfies:
V(V-¢%) =Ap®+V x (V x ¢°).

This implies that ¢ satisfies:

" — Ap® = ——(V x (V x ¢%)).

1+ 14¢

Thus, using again Lemma for @ defined as before, r = 0 and now § =
A > )\ and s > eCNT™ 4 T?™):

83)\4// 628a§3|4p€’2+8)\2// ef2sa€|v(p5’2
Q Q
< C 3A4 // 7250463“0 ’2 // 725a|v V X (P ‘2 —|—8A// 280[5’8714,0 |2 . (B2)

(0,T)xw

T3z, We get that if
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Next, we remark that the term of V(V X ¢°) on the right-hand side of (B.2]) can be absorbed
by the left-hand side of (B.1|) for A > X\g. Thus, we have that:

83/\4// 6_28a£3|908|2+5>\2// e—25a£|v@e|2+52)\3// 6_28a52|v><g06’2
Q
+)\// 20|V x ¢ >P<c( [ e

(0,T)xw

rx [[ e 25&52|V><¢|2+3A// ~250¢|0,¢7|2 + // ~2001,( vww) (B.3)

(0,T)xw

Step 2: Absorption of the trace.
In this step we absorb the traces with the estimates established in Lemma We recall that on
0 o= a* and £ = £*.

Let us first bound the third integral on the right-hand side of (B.3|). First, we consider that,
integrating by parts:

A// 20,07 P < (€A o g I (sET AT e T -
Using Young’s inequality we get that:

o\ [ e el < 0 (s AN G g + 6V G )
. (B.4)
We can absorb the first term on the right-hand side of by the left-hand side of by taking
s> CT?" and \ > 1.

We can bound the fourth integral at the right-hand side of (B.3) similarly. Indeed, integrating
by parts, we get that, if s > CT?*™:

//E e [0,(V x ) < CI(sET) e o a1 (€)™ 4e ™ o g

<C (H(35*)1/46_501*&“%10»2(@) + H(35*)_3/4€_Sa*905H%{OA(Q)) - (B.5)

So, we first deal with the term |n¢° ||H1 2(0) (see ) for the definition of ). We remark that
(t,2) = (T = )" (T — t,2)

is a solution of (2.6) with null initial value, force —n'(T" — t)¢°(T — t,z) and boundary Neumann
term n(T — t)h(T — t,z). Consequently, because of (2.7)), we get that:

I3z < CO+T) (170 32y + IhlEasegs)) - (8.6)
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Moreover, the term of 7'¢° can be absorbed by the left of (B.3)) if m > 8 A\ > X\, and s >
eCNT™ + T?™), since in that case:

(1+T1/2)|77,| < C(sg*)1+1/4+2/me—sa* < O(Sg*)3/26_sa*. (B?)

Let us now estimate the term [|7¢°||310.4 ) (see li for the definition of 7). We have that
(ta ‘T) = ﬁ(T - t)SOE(T —t, CC)

is a solution of (2.6) with null initial value, force —7'(T' — t)¢°(T — t,z) and boundary Neumann
term 7(T — t)h(T — t,z). Consequently, if we use (2.8]), we get that:

176 a0y < CO+T) (176 B zigy + 1015725y ) (B.3)
Let us now estimate the first norm at the right-hand side of (B.8). To begin with, since m > 8
and s > eCNT™ 4 T?™) imply that (14 T%/2)|7/| < Cn, we have that:

L+ DT ¢ 020y < Cllne 300 (B.9)

which is estimated by the left-hand side of . To continue with, we have that, if m > 8 and
5 > eONT™ + T?™):

L+ D)0 2 < ClI(sE)HHHImese" 2|2, < (562 o 2ays  (BL10)

a term which can be absorbed by the left-hand side of (B.3)) for A large enough. Finally, we have
that, if m > 8 and s > e“NT™ 4 T?™):

A+ TV 7 o] < Ingf| < [(9°)e] + 0¥,

which implies that:

(1+ T)Hﬁ/@%Hi?(Q) < C’(|]77<,0€||%{1,0(Q) + ||7I/90€”%,2(Q))7 (B.11)

terms which can be estimated by the left-hand side of and (B.3)) respectively.

Summing up, if we combine (B.3)-(B.11)) we get that, if m > 8, A > \g and s > e“X(T™ + T?™):

83)\4// e—2sa£3|¢5|2+8)\2// 6_25af|V(p6|2+52)\3// 6_28a52|v><<,06’2
Q Q Q
+ )\// 6—23a|v(v % (,06)|2 < C<83)\4 // 6_28a53‘90€|2
Q
(

0,T)xw

42N // 2NV x 24 (1+T) (bl ey + Hﬁhy@p,ﬁ/m))
(0,T)xw
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Finally, we remove the derivative from the local terms. We do it with the usual localizing tech-

niques: we multiply by a cut-off function y, integrate by parts and use Cauchy-Schwarz weighted
inequalities. So, if A > g, s > e“NT™ + T?™) and m > 8, we get estimate (2.15).
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Figure 1: An illustration of the strictly convex case
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Figure 2: An illustration of S in a non-convex domain
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Figure 5: Case [4| of the proof of Theorem
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