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ON THE APPROXIMATION OF SBD FUNCTIONS
AND SOME APPLICATIONS

VITO CRISMALE

ABSTRACT. Three density theorems for three suitable subspaces of SBD functions, in
the strong BD topology, are proven. The spaces are SBD, SBD?_, where the absolutely
continuous part of the symmetric gradient is in LP, with p > 1, and SBDP, whose
functions are in SBD?, and the jump set has finite H"~!-measure. This generalises on
the one hand the density result [I2] by Chambolle and, on the other hand, extends in some
sense the three approximation theorems in [27] by De Philippis, Fusco, Pratelli for SBV,
SBVE, SBVP spaces, obtaining also more regularity for the absolutely continuous part
of the approximating functions. As application, the sharp version of two I'-convergence
results for energies defined on SBD? is derived.

Keywords: special functions of bounded deformation, strong approximation, I'-convergence,
free discontinuity problems, cohesive fracture
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1. INTRODUCTION

The study of free discontinuity functionals has required the introduction of suitable ambient
spaces, such as the Functions of Bounded Variations BV and of Bounded Deformation BD, with
corresponding subspaces and generalisations.

A L' function u is in BV [respectively in BD] if its distributional gradient Du [resp. its distri-
butional symmetric gradient Eu = (Du + D”'u) /2] is a bounded Radon measure. In particular,
a BD function is defined from a set 2 C R™ into R™. The measure Du [Eu| is decomposed into
three parts: one absolutely continuous with respect to £, with density Vu [e(u)], one supported
on the rectifiable (n—1)-dimensional jump set J,,, where u has two different approximate limits
ut, v~ on the two sides of J, with respect to an approximate normal v, € S*~!, and a Cantor
part, vanishing on Borel sets of finite H"~! measure. SBV [SBD] is the space of BV [BD]
functions with null Cantor part. Here we consider also, for p > 1, the subspaces

SBDP(Q) := {u € SBD(Q): e(u) € LP(Q;M2") H"1(J,) < oo}

and
SBDE (Q) :={u € SBD(Q): e(u) € LP(;ML<")}

sym
with analogous definitions for SBV?(2) and SBVZ, (see Section [2| for more details).

The spaces SBDP are very important in Fracture Mechanics: if v represents the displacement
of a body from its equilibrium configuration, J,, is nothing but the crack set and e(u) is the

linearised elastic strain, which is in L? (so p = 2) if the material is linearly elastic in the bulk
1
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region. For many years after the introduction of SBD in [3], SBD? has been employed to study
brittle fracture, namely the Griffith energy

/Ce(u) ce(u)dr +HHJ), (G)
Q

C being the (fourth-order positive definite) Cauchy stress tensor, with possibly lower order terms
due to forces, and boundary conditions. Unfortunately, the corresponding compactness and lower
semicontinuity theorem [9] requires equi-integrability of displacements, which is not guaranteed
for a sequence with bounded energy. Indeed, the right ambient space for is GSBD?,
introduced by Dal Maso in [25], with the corresponding compactness and lower semicontinuity
theorem proven very recently in [I8] (see also [34] in dimension 2).

The first density result for SBD?, due to Chambolle ([T2,[13]) consists then in the approxima-
tion, with respect to the energy , of w € SBD? N L? by functions smooth outside their jump
set, in turn closed and included in a finite union of C! hypersurfaces (this has been extended to
GSBDP in [33, 22, 17]).

If we are given an energy controlling the amplitude of the jump [u] := u™ — v~ in L'(J,;R"),
in contrast to Griffith energy that controls only the measure of .J,,, then SBDP (for a p-growing
bulk energy) is the proper ambient space. This is the case, for p = 2, of the energy

/ Ce(u): e(u)dz + H™ () + / ] @ v dH (©)
Q Ju

(® being the symmetric tensor product) considered by Focardi and Iurlano in [30], and recently
in [II]. A fracture energy depending on [u], as (C)), is often called cohesive, in contrast to the
brittle energy .

In order to deal with energies such as , the following approximation theorem for SBDP,
that involves also the jump part of Eu, is proven. This is the main result of the paper.

Theorem 1.1. Let 2 be an open bounded Lipschitz subset of R, and u € SBDP(Q), with p > 1.
Then there exist ui, € SBVP(Q;R™) N L*(Q; R™) such that each Jy, is closed and included in a
finite union of closed connected pieces of C' hypersurfaces, uj € Coo(ﬁ\ Jup s R™) N Wm0 (Q\
Ju; R™) for every m € N, and:

Jim (s — ull o) + lle(me) — ()l popay + H'™ (e AT)) =0 (L1a)
Moreover, (if p € [1, %] this is trivial) there are Borel sets Ey, C Q such that
lim £"(Ey) = lim / lup —ulPde =0. (1.1b)
k—o0 k—o00

O\ B,

The theorem above is sharp, in the sense that it provides the strongest possible approximation
of all the relevant quantities in the definition of SBDP. Moreover, differently from [12, [I3] that
assume u € L?, it does not require any additional integrability assumption on u, and it is valid for
any p > 1 (in [22] it is observed that the construction in [I2] 13| does not work for p # 2). These
characteristics are in common with the sharp density result in GSBDP [17], which employs a
similar construction, here improved to deal with [u], see below.

We remark that [36] and [17] approximate also any truncation of [u], but this is not enough
to deal with energies such as without assuming a priori a uniform L bound.

It is interesting to compare Theorem [I.1] with available density results in SBVP, where of
course there are more tools, such as the maximum principle or the coarea formula, due to
the control on all Vu. On the one hand, Theorem may be combined with weaker SBV?P
approximations, but through functions with more regular jump set; on the other hand, our
result provides stronger properties (some weaker) with respect to the available approximations
in BV norm for SBVP, giving the possibility to improve them.
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First we consider the theorem by Cortesani and Toader, that approximates functions in SBV?PN
L with respect to an energy

/ IVl dr + H () + / o, ut ) dAH (©)
Q Ju

for very general ¢ (cf. Theorem see also the earlier [28] for a weaker result, and [I] for an
approximation for BV N L* functions). The approximating functions are of class C°° N W™,
for every m € N, outside the jump set, in turn closed and contained in a finite union of (n—1)-
simplexes. Of course, this additional regularity on the jump set is in general in contrast to
convergence in BV -norm.

The first approximation result in BV-norm, for functions in SBV? N L*, is due to Braides
and Chiado-Piat [I0]: the approximating functions u are C'* outside some closed rectifiable sets
Ry, such that J,, C Ry, with no information on the shape of .J,,, .

In the recent paper [27], De Philippis, Fusco, and Pratelli approximate SBV? functions by
means of uy in C®°(Q\ Jy, ), with J,,, a compact C'! manifold, up to a H" !-negligible set, and

Jm (||Uk — ullpvagrm) + [V(uk) = V(W) || Lo@pamxny + /Hn_l(JukAJu)> =0.

The main improvement due to Theorem [I.T] besides the fact that it holds in SBDP, is that our
uy are also in W">°(Q\ J,, ), for every m € N, that may be very important in the applications.
A possible weakness of our result is the fact that J,, is not a C'! manifold, even if, for the
applications that we imagine at the moment (also for those presented in [27]), one needs just Jy,
closed, or one may employ [24] (see also Remark [5.4).

In [27] also two approximations in BV-norm, respectively for SBV and SBVX, are shown.
In the spirit of this work, we prove the following approximations for SBD and SBD5,. As in
Theorem [I.1 we assume that € is open bounded Lipschitz. The crucial property is indeed that
the trace of u is integrable on 9, so one could weaken the regularity assumption on Q.

Theorem 1.2. Let u € SBD(Q). Then there exist u, € SBD(2) N L*>(Q;R™) such that J,, is,
up to a H" ' -negligible set, a finite union of pairwise disjoint C' compact hypersurfaces contained
(strictly) in Q, u, € C°(Q\ Jy ; R") A W™2(Q\ Jy,; R"), and

klirgo ([lur — ull By + H" (T, \ Ju)) = 0. (1.2)

Theorem 1.3. Let u € SBD5,(Q), with p > 1. Then there exist u, € SBVP(Q; R™)NL>®(Q;R")
such that each Jy, is closed and included in a finite union of closed connected pieces of C*
hypersurfaces, ug, € C°(Q\ Ju ; R?) N W™ (Q\ Jy, ; R™) for every m € N, and:

Tim ([l = wll o) + le(ur) = el o) =0 (13)

We observe that in Theoremwe have also the full regularity of .J,,, , so this in fact generalises
[27, Theorem A| allowing us to consider SBD(Q) and uy, of class W™ outside .J,,,. (Indeed we
employ [27, Lemma 4.3] to pass from J,, included in, to .J,, essentially equal to the finite union
of the desired C'! hypersurfaces.)

As for the approximation in SB D%, we are not able to guarantee that H"~1(J,, \ J,) vanishes.
This issue is also present in the corresponding [27, Theorem BJ, so Theorem is not sharp (cf.

Remark .

In all the previous theorems, notice the strong convergence of ug to u in BD implies that (see
(2.1) and |a||b]/v2 < |a ® b| < |a||b] for every a, b in R™)

/|[u] fug][ A 0.
JulOJu,,
We conclude this introduction by briefly describing the proof strategy and possible applications
of our results.
In all the three theorems, we assume u extended with 0 outside €2, and we start from a set
I'e C with H"H(T'\ J,,) and [, \F Hu]! dH"! small. In the spirit of [12], we cover I' by cubes
Q; splitted almost in two halves by this hypersurface, and we apply a rough approximation
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procedure in the complement of the union of the cubes, and in both sides of any cube with
respect to f

We need different rough approximations for the SBDP and SBDZ%, case, provided by Theo-
rem [3.1and Proposition 5.2} respectively, while for Theorem[I.2]a suitable convolution is enough.
The idea behind any rough approximation is to partition a given domain by cubes of sidelength
Ck~"! and to detect the bad cubes, i.e. those where the jump energy (or, similarly, the measure
of the jump set for SBDP) is not controlled well: in these cubes (indeed also in the adjacent
boundary good cubes) one sets uy, as the infinitesimal rigid motion which is the “mean” of u, while
in the remaining good cubes one employs either a Korn-Poincaré-type inequality provided by [14]
(cf. Proposition , or Lemma , or a convolution with a radial kernel supported on a ball of
radius k!, respectively. This construction differs from that of the rough approximation in [17,
Theorem 3.1], where ux = 0 on the bad cubes, because we were there interested mainly to the
measure of Jy, , and not to control [uy].

A fundamental point is to separate the sets on which employ the rough approximation: first,
this requires the function to be defined in a small neighbourhood of any subset, to have the room
for convolution; the second issue is to glue all the pieces obtained from the rough approximations
in each subset. These problems could be solved by the technique in [I2], at the expense of
assuming a priori u € LP, since partitions of unity are needed, or by the trick in [I7], that
employs also an extension argument derived from Nitsche [40] (see Lemma [2.1). Now there is
a further delicate issue: if we glue as in [I7] we are not able to control [ug] on the intersection
between 0Q); and the zone where we extend by Lemma even if this has small #"~! measure.
For this reason we have to perform a very careful approximation procedure, keeping the reflected
zone of height Ck~!, so comparable to the size of small cubes and of the convolution kernels.

A key difference with respect to [27] is that the rough approximants are smooth in a neigh-
bourhood of any piece, so gluing them we keep the regularity up to the jump. This is not the
case if one employs variable convolution kernels whose size decreases close to T', as in [27].

As application, we present an improvement to the sharp version of two I'-convergence ap-
proximations by phase-field energies a la Ambrosio-Tortorelli (cf. [5]) for the energy (C)), in [30]
and [II] (we mention also some approximations for cohesive energies [19], [26], [§]). In [30] and
[11], the I-limsup inequality was proven just in SBD? N L>, because this was done by hand
for the regular functions provided by the Cortesani-Toader approximation, and then extended
by [36]. Now it is enough to apply Theorem to pass directly to SBD?, without any further
integrability assumption.

We give no direct application to Theorems and but we recall that |27, Theorem 6.1]
proves a representation formula for the total variation of Du for BV and S BV functions, derived
from the analogous of Theorem [1.2|in [27].

In general, the result presented could be abstract tools useful to extend a variety of I'-
convergence approximations for e.g. suitable cohesive-type energies, that might be for instance
in terms of finite elasticity or non-local energies, see respectively [31] and [38, [39] for the case of
Griffith energy.

The plan of the paper is the following. In Section [2] we fix the notation and recall some
technical lemmas, in Section [3] we present the rough approximation for Theorem [I.I which is
completely proven in Section [d] Section [5]is devoted to prove the other two density results, and
the applications are contained in Section [6]

2. NOTATION AND PRELIMINARIES

We denote by £" and H* the n-dimensional Lebesgue measure and the k-dimensional Haus-
dorff measure. For any locally compact subset B of R", the space of bounded R™-valued Radon
measures on B is indicated as My(B;R™). For m = 1 we write My(B) for M;(B;R) and
M5 (B) for the subspace of positive measures of My(B). For every u € My(B;R™), |u|(B)
stands for its total variation. We use the notation: yg for the indicator function of any £ C R",
which is 1 on E and 0 otherwise; B,(x) for the open ball with center x and radius g; z - y, |z|
for the scalar product and the norm in R"; p* for np/(n — p), n being the space dimension.
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BV and BD functions. For U C R" open, a function v € L' (U) is a function of bounded varia-
tion on U, denoted by v € BV (U), if D;v € My(U) fori = 1,...,n, where Dv = (Dyv,...,D,v)
is its distributional gradient. A vector-valued function v: U — R™ is BV (U;R™) if v; € BV(U)
for every j =1,...,m.
The space of functions of bounded deformation on U is
BD(U) := {v € L'(U;R"™): Ev € My(U; ML)},

where Ev is the distributional symmetric gradient of v. It is well known (see [3, 41]) that for
v € BD(U), the jump set J,, defined as the set of points x € U where v has two different
one sided Lebesgue limits v (z) and v~ (z) with respect to a suitable direction v, (x) € S*7! is
countably (H"~!,n — 1) rectifiable (see, e.g. [29, 3.2.14]), and that

Ev = E% + E°% + Flv,

where E%v is absolutely continuous with respect to £", E¢v is singular with respect to £" and
such that |[E¢v|(B) = 0 if H"1(B) < oo, while

Flv=[w]ovH LJ,. (2.1)

In the above expression of E/v, [v] denotes the jump of v at any x € J, and is defined by
[v](z) := (v —v7)(x), the symbols ® and L stands for the symmetric tensor product and the
restriction of a measure to a set, respectively. Since |a ® b| > |a||b|/v/2 for every a, b in R", it
holds [v] € L'(J,;R™). The density of E% with respect to L™ is denoted by e(v), and we have
that (see [3, Theorem 4.3|) for L™-a.e. z € U

i an (v(y) — v(z) - €|§/U)—(?|gy —0)Won g
By ()

The space SBD(U) is the subspace of all functions v € BD(U) such that E‘v = 0, while for
pe(1,00)

SBDP(U) :={v € SBD(U): e(v) € LP(U; M2™), H"1(J,) < oo} .

sym

Analogous properties hold for BV, as the countable rectifiability of the jump set and the de-
composition of Dv. Similarly, SBV (U;R™) is the space of BV (U;R™) with null Cantor part
and

SBVP(U;R™) := {v € SBV(U;R™): Vv € LP(U; M™™), H""1(J,) < oo},

Vv denoting the density of D%, the absolutely continuous part of Dwv, with respect to L£™.
Consider also the space (for this notation see e.g. [27])

SBVopo(UaRm) = {U € SBV(U,Rm) Vv e LP(U’Man)}’
and its analogous

SBDE (U) :={ve SBD(U): e(v) € LP(U;Mg,,7)} -
For more details on the spaces BV, SBV and BD, SBD we refer to [4] and to [3], 9, [7, 41],
respectively. Below we recall some other properties that will be useful in the following.
We start with an extension lemma derived from [40, Lemma 1|. The result is employed in
dimension 2 in [21, Lemma 3.4|, and formulated in the more general setting of the space GSBDP
in [34, Lemma 5.2| and in [I7, Lemma 2.8|, to which we refer for more details of the proof.

Lemma 2.1. Let R C R™ be an open rectangle, R’ be the reflection of R with respect to one face
F of R, and R be the union of R, R', and F. Let v € SBDP(R). Then v may be extended by a
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function © € SBDP(R) such that
H Y (J;NF) =0, (
[0l 1y < cllvllorr) (2.2b
HY (T < e H (L), (2.2¢

/|]dH”1<c/\|dH"1 (2.2d

/\ wm<c/¢ )P da (2.2¢)

for a suitable ¢ > 0 independent ofR and v.

Proof. We may follow [I7, Lemma 2.8|, stated for v € GSBDP(R). We assume that F' C
{(2',2,) € R xR: 2, =0} and R C {(x z,) € R"1 x R: 2, < 0}, fix any p, v such that
0<pu<v<l, andlet g := 1+” Then v’ is defined on R’ by
=qua, + (1 —q)ua,,
with A, = diag(1,...,1,—p), A, =diag(1,...,1,—v), and for any u € SBDP(Q2), A € M"™*"
uy(z) == ATu(Azx) . (2.3)
Following [I7, Lemma 2.8|, it is immediate to verify that if v € SBDP(R) then v € SBDP(R')

and (2.2a), (2.2b)), (2.2d)), (2.2¢]) hold. In order to show ([2.2d]) we notice that, for ua as in (2.3),
Ju, = A71(J,) and

[ual (A7 e) = AT[u](x)
for any = € J,,. This gives the further property corresponding to [I7, Lemma 2.7| that allows us
to repeat the argument of [17, Lemma 2.8| for the amplitude of the jump. O

We now recall the so called Korn-Poincaré¢ inequality in BD (cf. [37, 41]). Notice that in the
case of WP functions, with p > 1, one obtains an analogous control for the LP" norm of v — a
by combining the classical Korn and Poincaré inequalities.

Proposition 2.2. Let U C R" be a bounded, connected, Lipschitz domain. Then there exists
¢ > 0 depending only on U and invariant under rescaling of the domain, such that for every
u € BD(U) there exists an affine function a: R™ — R™ with e(a) = 0 such that

lu = all g1 ey < e [Eul(D).
In particular, for any cube Q, of sidelength r, Hélder inequality gives that
= all 1 sy < e(@1) 7 [Eul(@y) (2.4)

Different Korn-Poincaré-type inequalities have been proven recently in the context of SBDP.
In [21), 32, [33] also Korn-type inequalities have been considered. We recall here a result due to
Chambolle, Conti, and Francfort and employed in [15] [16, 17, [1§].
Proposition 2.3. Let Q = (—r,7)", Q' = (—r/2,7/2)", u € SBD?(Q), p € [1,00), H" 1 (J,) <
0o. Then there exist a Borel set w C Q' and an affine function a: R™ — R™ with e(a) = 0 such
that L (w) < erH™ 1(Jy) and

1*
/ (ju — a[P)'" dz < erP~ DU (/ le(u) [P d:c) . (2.5)
Q

Q"\w
If additionally p > 1, then there is ¢ > 0 (depending on p and n) such that, for a given mollifier
or € CX(Byja) s or(w) =177 "p1(2/7), the function v = uxgn., + axw obeys

/ rem%)—e<u>*w|ﬁdx§e<’””1 ) / e(u) P e (2.

Q//
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where Q" = (—r/4,r/4)"™. The constant in (i) depends only on p and n, the one in (ii) also on
$1-
Remark 2.4. By Holder inequality and ([2.5)) it follows that

= all (@) < erlle@l g (2.7)
Moreover, looking at the proof of Proposition (take g = |e(w)|xq instead of g = |e(w)[Pxq
and p = 1 in the last part of [I4, Proposition 2|) one may see that for a as in Proposition it
holds also
o all o @ryuszr) < erlleCw)l s g 28)
In the following 2 will be a bounded open Lipschitz subset of R™. We will denote by C a
generic positive constant depending only (at most) on n and p, using ¢ only when we recall for
the first time Lemma [2.1] Proposition 2.2l or Proposition

3. AN AUXILIARY DENSITY RESULT

Theorem 3.1. Let Q,  be bounded open subsets of R, with Q C Q, p € (1,00), 0 € (0,1), and
let u € SBDP(Q). Then there exist u, € SBVP(Q; R™) N L®(Q;R™) such that Ju,, 18 included in
a finite union of (n — 1)~dimensional closed cubes, ur, € C®°(Q\ Jy, ; RY) N W™ (Q\ J,, ; R?)
for every m € N, and:

limsup/\e(ukﬂpdxg/]e(u)|pd:v, (3.1a)

k—o00
7—[" YTy, NQ) < 09 nn=11,), (3.1b)
limsup/ |[ug)| dH" ! <c/\ J|dH (3.1c)
k—o0
for a suitable C > 0 independent 0fc9 and k. Moreover, there are Borel sets Fy, C ) such that
lim £"(Ey) = lim / lup —ulPde =0. (3.1d)
k—o00 k—o00
O\ B,
In particular
up —u in BD(Q), (3.1e)
e(ug) — e(u) in LP(;Mg,0) . (3.1f)

Proof. As in [I7, Theorem 3.1] we partition the domain into cubes of sidelength k=1 and consider
the cubes that contain a small amount of jump with respect to the perimeter of their boundary
(in terms of the parameter #). While in these (good) cubes we do a construction as in [17,
Theorem 3.1], based on Proposition we have to treat differently the remaining (bad) cubes.
Indeed, even if we control in measure the perimeter of the union of the bad cubes, we have to
define carefully the approximating functions in this zone in order to control the amplitude of the
jump created on the perimeter. We then define in each bad cube with sidelength k! (this is
done also in cubes adjacent to bad cubes, called boundary good cubes) the k-th approximating
function as the affine infinitesimal rigid motion given by Proposition in this way we introduce
new jumps with respect to the construction in [I7, Theorem 3.1], but we estimate both their
measure and the corresponding energy, in terms of the total variation of the symmetric gradient
in (a neighbourhood of) the union of bad cubes. As k — oo one sees only the contribution of
the jump part, since the n-dimensional measure of the union of bad cubes vanishes.

We now recall notation and results from [17, Theorem 3.1], and show the additional properties
obtained by this different construction. In the following we omit to write the target spaces R™
or MZX" from the notation for the LP norm, to ease the reading.

sym

Let us fix an integer k£ with k& > ﬁéﬁaﬁ)’ let ¢ be a smooth radial function with compact

support in the unit ball B(0,1), and let @i (x) = k"p(kx).
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Good and bad nodes. For any z € (2k71)Z" N Q) consider the cubes of center z
¢ =z (kL G =z (2K 267",
QF =2+ (—4k™ N 4k, QF = 24 (—8k 1,8k,
The “good” and the “bad” nodes are defined as
GF={ze 2k HZ"NQ: 1" YT, NnQY <o~V BF .= 2k HZ"nQ\GF, (3.2)

to which correspond the subsets of Q

“ U &= e (3.3)
2€Gk 2€Bk
Notice that _
=Q\QF 4+ (=3k ", 3k71)", (3.4)

so that a row (and a half) of “boundary cubes of Qk belongs to Qk (see also the cubes in the
second figure at page |13 D By (3.2 .

#BF < W) KoY (3.5)
and then B
cr (o’g) <16"H L (J) koL (3.6)

Let us apply Proposition for any z € G* (see also Remark. Then there exist w, C (j]j and
a,: R™ — R"™ affine with e(az) = 0, such that (we recall directly only the condition corresponding

to , weaker than , and (| .

Lw,) < ck "1 NI, NQY) < chk™, (3.7)
lu = azll oo givwsy < k™ Hle() Lo igr) (3.8)
lu = azll 1 gives) < ek~ Hle(u)ll i gr (3.9)
and
/\e(vz * o) —e(u) * gg|Pdr < ¢ (”H"_l(Ju nQk k"_1>q / le(u)P dz < c0? / le(u)|P dz,
a¥ (0 Q%
(3.10)
for v, := UXgk\w, T @zXw, and a suitable ¢ > 0 depending on p and n.
We define N
Wk = Uwz, Ek::Q]lwak.
2€Gk
By (3.7) we have
Lrwh) <ck™ Y H NI NQE) < eH™ N (J) KT,
2€Gk
so that (3.6 implies
klim L"E)=0. (3.11)
—00

For every z € (2k71)Z™ N Q) we employ Proposition and let a,: R™ — R" be the affine
function with e(a,) = 0 such that (also here we recall directly (2.4]))

lu — @zl g < Ck™Eul(gE) - (3.12)
We remark that for every z € G*
ﬂwmm—%hw)<0k<mW$HWWMU@D- (3.13)
Indeed, by (3.9) and ( we get

H%—@MWWMSCW%EW¢HWWMD@07 (3.14)
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and then we deduce (3.13)) because
LY@ |az — sl pooary < Cllaz = aallpr g,y »
which is obtained following the argument of [20, Lemma 4.3] (see also [I7, Lemma 2.12]), since

a, — a, is affine and £"(w,) < £7(§*)/4.

The approximating functions. Let G¥ = (2j)jes, so that we order (arbitrarily) the ele-
ments of G*, and define

~ in Q\ wh,
Uy =" in Q3w (3.15)
az; inw,; \ Ui<j Wy, ,

and

~ . Q ﬁk
uk:={?k*% 2\ % (3.16)

a; in ¢* N ﬁlg .
It is immediate that u, € SBVP(Q;R™) N L™(Q;R™), since u € BD(R2) € L'(;R™), and that
up € C®(Q\ Jyu ; R") N W(Q\ Jy,;R™) for every m € N, since uy * ¢y, is smooth in a
neighbourhood of €2\ Q’lf . Moreover J,, is closed and included in a finite union of boundaries of
n-dimensional cubes ¢¥.

Proof of (3.1b). We have that

Ju, C QF,
so the definition (3.3|) of ﬁ’g gives
Ju, € |J (Ju, N QE). (3.17)
2€Bk

Notice that for every zZ € B*
JuNQz =005 |J a4,
qEcQk
and then
W (T, NQE) < Cl= (D), (3.18)
for C' depending only on n. Together with and , implies ([3.1b)).

Proof of (3.1c|). In order to prove (3.1c|) we estimate the amplitude of the jump in two different
sets: the common boundaries between cubes of sidelength 2k~! included in Q'g (which give the
jump of uy, included in the interior of Q’lf) and 69’;, which is essentially (up to a H" '-negligible

set) contained in the interior of suitable cubes of sidelength 2k, recall (3.4).
Let ¢¥ and ¢* be included in QF, with H"~1(9¢* N dq*) > 0. Then (3.12) gives

- . . - _ ko~
la. — GZ’HLl(q’;mqf,) < lu— azHLl(qlgmqﬁ,) + [lu - a’Z'HLl((j’z@mqf,) < CE ' Eu[(EUds).  (3.19)

Being @, — a,s affine, we have that

4n - ~k e\~ ~ ~ ~
?k "Haz - G,Z/HLoo(qicm(jlzc/) - ﬁn(qz N qZ/)HaZ - az’HLOO(zjﬁﬂqlz,) S CHCLZ - az’HLl(dfﬂ@fz) ’

and together with (3.19)) this gives
/ [lus]| A" = / e [ A )

8qkndgF, 9¢knagt,

< C[Eu|(gFUdh).
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We put together all these contributions, observing that the cubes ¥ are finitely overlapping and
g& c QF if g, € QF (cf. (34)). We therefore obtain that

/ gl | A < € [Eu| (D). (3.20)
@h)”
Let us now consider a node z such that g, N c')ﬁ'g # (. By definition of ng we have that
z € GF N oNE. We claim that
[ — el gty < R el - (3.21)
Indeed and the fact that w, C w® implies that (recall that uj = u in &\ w* by definition)
[k — azl prgewry < CE el g

and it is proven in [I7, equation (3.19)] (the definition of uy is the same, take in [I7, equation
(3.19)] the version with p = 1) that

ik = @zl gty < CORHe(l gy

thus (3.21)) is proven.
We now combine (3.21)) with (3.13), giving

oz = xll gy < CK (IBul(@) + lle(w)l 21 g )
to get
ik = @l ey < Ok (1Bl (@) + o) g, ) - (3.22)
It follows that for every x € 5@5 N g~

|[ur]|(2) = [ur — a:](z) < Cllglloom)k" [k — axll1(s, @)

< CK™|lug, — @zl prgry < Ckn_l(’EUK@f) + He(U)HLl(@;)) ;
where we used the fact that ¢ * @, = a,, being ¢ radial and a, affine. We then conclude
[l an < o (ul@) + el ) (3.23)

Bﬁ’gﬁq’g‘

Let us sum up over z € G* such that ’H”fl(aﬁ’g N¢*) > 0, namely over z € G* N 8(2’;. We
remark that

U dc U 2+ 6kt 6kh)m, U @Fc | #/+ (126" 1267 = O, .

2€GkNOQY  #'E€BF 2€GRNOQF  Z/EBF
Lk Ok : :
Moreover the cubes ¢y, Q% are finitely overlapping, and then by (3.23) we deduce that

/\uk\d’H" 1<c/} J|dH™ 1+C/\ )| da. (3.24)

691“

Collecting (3 and (| we get (recall the definition of uy)
/}uk\dan 1<c/| || dr 1+0/\ ) de.

By (3.5]) we get, as in (3.6)), that L’,”(ﬁ]g’l) < C’H”_I(Ju)k:_lﬂ_l, so we conclude (3.1c)).

Proof of the remaining pr~operties. We notice that our definition of uy, differs form that one
in [I7, Theorem 3.1| only in Qb, since there the approximating functions were set equal to 0. In

particular we may employ properties referring to cubes in €\ Qb proven in [I7, Theorem 3.1].
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Combining [I7, equations (3.14), (3.15), (3.16), (3.19)] we have that

Ju— uk’”LP((Q\ﬁ’g‘)\wk) < Ck‘_llle(U)HLp(@) . (3.25)

Moreover we may follow the argument to prove property (3.1d) in [17] (with ¢ = |- |, now (HPv)
are useless) to get

o= ks ety < CE el @y + OOl s ) + O Py (326)

The set (2’;’2 above is defined as follows: we set G} as the good nodes for which the condition on

Jy is satisfied for k=% in place of 6
Ghi={ze G 1"\ (JunQY) <k "2}, GE:=GF\GY.
and the set é’f of the nodes adjacent to nodes in G¥
GF:={ze€ G" 7€ G for each 7 € (2k™1)Z" with ||z — Z||so = 2k '},
GE .= {z € G*: there exists z € G5 with ||z — Z[|eo = 2k},

Ofy= | @

Zj Gééﬁ

and then

We get that #G% < H"1(J,) k;”—%, SO
#GE < (3" — DH" L (J) k"2

In particular,

LMQE,) < CHY™ (T k7 . (3.27)
Furthermore, the definition (3.16)) of ux and (3.12)) give
= ] 2 gy < Ck™Eu| (QF + (—2k~ 1, 267 1)™) (3.28)

Since it is still true that e(uy) = 0 on ng because e(a,) = 0, we get for free (3.1a]), that is [17,
property (3.1b)|. More precisely, by [I7, egs. (3.32), (3.33)] we have

lle(ur)llzro) < (1 + Ck™lle(w)ll o) + C 0 lle(w)ll Lo,y » (3.29)

for ¢ > 0 depending only on p and n.

Collecting (3.11]), (3.25), (3.26)), and (3.28) we obtain and ugp — w in L'(Q). We have
proven in particular that uy is bounded in BD(2), so the L* convergence to u implies , and
follows immediately from (recall [9, Theorem 1.1]). This concludes the proof. [

4. PROOF OF THE MAIN DENSITY THEOREM

Proof of Theorem[I.1l As in [I7, Theorem 1.1], the starting point is to cover most of .J,, and of
00 by cubes for which J,, or 99 is almost a diameter, namely these sets are there close (with
respect to H™" ! measure) to an almost flat C! hypersurface. The idea, introduced first in [12],
is to apply then the rough approximation on the one hand in both the (almost) half cubes in
which the flat hypersurface splits each cube, and on the other hand in the remaining part of €2,
since in all these sets the amount of jump is small.

We now recall the covering obtained in the first part of [I7, Theorem 1.1|, referring to that
theorem for details.

Approximation of J, and 0f2. For every € > 0, there exist a finite family of pairwise disjoint
closed cubes (@);:1 C Q with

Qj = Q(zj,0j) for z; € J, and one face of Q; normal to v,(z;),



12 VITO CRISMALE

vy(;) denoting the normal to J, at zj, and C! hypersurfaces (Fj)zzl with z; € I'; such that

1 (Ju \ LJJ Qj) <e, (4.12)
j=1
W ((LAD)NQ;) < e(20)" " < T——H" (LN TQy), (4.1b)
T;is a C! graph with respect to v,(z;) with Lipschitz constant less than /2. (4.1c)
In particular, gives
n—1
r;c {mj + ;yl bji + ynvu(xj): yi € (—04,05); Yn € ( - %,—I—%)} ,

where (b;;)7=! is an orthonormal basis of v, (z;)*.

Arguing similarly for 99 in place of J,,, there exist a finite family of closed cubes (@2)521 of
centers 29 € 00 and sidelength 207, with one face normal to vo(2)) (the outer normal to 2 at
x}OL), pairwise disjoint and with empty intersection with any @j, and C! hypersurfaces (T 2)221
with :cz € I'Y, such that

h
-t (aQ\ U Qg) <e, (4.22)
h=1
n— =0 n— € n— 70
H'H((0QATR) N Q) < e(20p)" ™! < T—H"7H(002NQy), (4.2b)
I'Yis a C'! graph with respect to vq(z%) with Lipschitz constant less than e/2. (4.2c)

Notice that we may assume that conditions (4.1) and (4.2)) hold also for the enlarged cubes
QG+ (LD, Qo (-t

for ¢ much smaller than ¢ and min; ,{o;, 00} (we will consider below a parameter k chosen such
that £~! is much smaller than t).

We denote
R J N h
I:=J@;nry), Too = J@)n1ry). (4.3)
j=1 h=1
From (4.1a)), (4.1b)), and (4.2a)), (4.2b)) it follows that
H N (JAD) < CeH (1),  HHONATHq) < CeH1(09). (4.4)
Let

1/(n-1)
Ne:=€eV ( / |[u]| dH™ ! + / [troul dH”_1> .
Ju\T 9N Lon
Then lime 07 = 0, since [u] € L'(J,;R") and trou € L'(9Q;R"), being Q Lipschitz and
u € SBD(2). Moreover, we set

(4.5)

BO;:Q\(OquOQZ). (4.6)

h=0

Definition of the approximating functions in the cubes. We now describe the construc-
tion of the approximating functions in each cube of the collection (@)?Zl or (@2)221. We then
fix a single cube that we denote by Q@ = Q(z, 0) and we call T' the corresponding hypersurface
that splits @ in two (almost) half cubes Q1 and Q~, to ease the reading (T is either close to J,,
or to 9Q2). We also assume that z = 0 and v(z) = e,.

As in the case of the rough approximation in Theorem also now a construction finer
than the corresponding one in [I7] is needed. In [I7] one constructs an auxiliary function in a
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neighbourhood of both the half cubes in a single step, employing a unique extension for each
half cube: in the strip of height £p containing the jump the original function u was replaced
employing values of u in the strip of the same size which is immediately below (for @) or above
(for @T). The argument in [I7, Theorem 1.1] continues by applying the rough approximation
to the auxiliary functions in both the half cubes and in By and gluing simply by characteristic
functions. In this way one introduces a further jump: even if its H" !-measure is Cep™ ! at
the boundary of each cube (so the total surface is small), its amplitude is unfortunately not
controlled.

The idea is now to modify the original function on a strip of height k~! around I in order to
construct the approximation uy in each half cube, since this works well with convolution with
kernels supported on B(0,k~!). One has to choose carefully the zone where the function is
extended from the two sides of ', in order to control the #"!-measure of the new jump set.

Q=
-~ Q @ 9=z
 z
X r
mpk™!
/
Ju\T
Jm
Qr_n QﬁiJrem

In the first figure, the cubes @); covering almost all J,, the relative (almost)
parallelepipeds Q& | and the small cubes ¢* partitioning Q. In the second one, a
zoom on the zone between two adjacent (almost) parallelepipeds for a cube @,
oriented with v, (x;): Jy, is included in the union of the I';, of the J},, and of the
boundary of bad cubes and boundary good cubes of sidelength 2k~ 1.

In order to perform the following construction also for the cubes (Q9)* (and after for By),
that are possibly not included in €2, we extend w outside €2 with the value 0.

Let k € N be much larger than (n.0)~?, let us fix the (almost) half cube Q~ and partition Q~
into the union of (almost) parallelepipeds. We denote

Fo ={(y1, ., yn—1) € R" 11y € (nk) "'y + (0, (nek) ™)}
Fly i= Fm + (=32v/nk~ 1, 32y/nk ™)1

where F' stands for “face” of an n-dimensional cube, for (we may assume 7.ko € N, otherwise
below put the fractional part of —n.kg in place of 0)

m = (mq,...,mu_1) € {—ncko, —nko+1,...,0,... . ncko— 1} L c N*71, (4.7)

Since I' is the graph of a £/2-Lipschitz function with respect to e, and 7. > ¢, there exists
m, € R, depending on m, such that

LN (Fax(—0,(£0)/2)) C Fiyx(my, my + 1/2)k 1, (4.8)
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where (my, mp + 1/2)k=t = (mu k™Y, (m,, +1/2)k71) C R (indeed every side of Fy, has length
notk~t < e k1), Let us set
U in F!_x(—p —16y/nkt, myk™1)
fm = {a in Ffyx ((mp, mn + 25v/n)k™1)
where @ is obtained by Lemma [2.1| taking F', x {m,k~1},
Run = Flox<((my — 25vn,my)k™Y) . Rby i= Fiyx (mn, ma + 25v/n)k ™) (4.10)
as F', R, R’ therein, respectively. We introduce (see figures at page
Qm=Q N(FaxR),  (Qm) = (Qm+ (~16vAk~ 16v/k™)") N (FuxR),

and set

(4.9)

(uk)m := k-th approximating function for um on Qp,, by Theorem [3.1] (4.11)
starting from umy, defined in (4.9) in (Qg,)’ as the extension to Q (see (3.15) and (3.16)). Then

(ur)g- = ZXQ;. (uk)m , (4.12)

and, repeating the construction on Q" to get (ux)g+ in Q,

(ur)q = xq- (uk)g- + Xo+ (ur)g+ - (4.13)

We observe that, by Theorem J(u)m 18 closed and included in a finite union of boundaries
of n-dimensional cubes (the bad cubes and the boundary good cubes), and (ug)m is smooth
outside its jump set up to the boundary of @),. Therefore Ji,,) o I8 closed and included in
Um (Jw)m U 0Qm) (we will see below that it is enough to take I' and the small sets Jy,, see
(4.23), instead of the union of all dQg,).

Moreover, (ug)q € SBV(Q;R”)HCOO(@\J(%)Q;R")ﬁWm’oo(Q\J(uk)
since this holds separately for each (ug)m up to the boundary of Q.

Notice that the presence of y/n in the sets above is due to the fact that the cubes @), oriented
with v(z;), are not oriented as the cubes ¢¥ of Theorem which have faces parallel to the
axes (see figures at page . Moreover, differently from )~, the n-dimensional measure of (g,
vanishes as kK — oo, and at the level of (), we have to employ the construction of Theorem 3.1
exactly at the scale k.

Q;R”) for every m € N,

Properties of the approximating functions in the cubes. For any m, Lemma [2.T] gives
(as usual we omit the target sets R™ and M?X" in the notation for the L! norm of u and e(u))

sym
lumll i ryy < Cllullpr () » (4.14a)
le(um) e (rr) < Clle(u)ll e (Rm) » (4.14b)
H" (T N RLy) < CHN(Ju N Ryn), (4.14c)
/ fum]|dH" " < C / |[u] | dH™ T (4.14d)
R! Rm

By (3.25), (3.26), (3.27), (3.28), and (&.14)

e — (w)mll gy < CH Bul((Qm)' \ Bon) + Ch™ 7l 1 gy + Cllullisz,)
(4.15)

with
LMO2) <Ok Y2HY N (J,N ((Qu) \ Riy)) -

Summing on m we get for
Ug- = ZXQ;]um (4.16)
m
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notice that the cubes Qp, overlap at most two times since 7= ! is larger than 16/n
g

(@g-) — (ur)o-llri -y < Ck M Eu (Q + (=6, )™\ T) + Ck™?|lull 11 (- 1+ (—t.m)

4.17
+Cllullziaz ), (4.17)
with
LMy ) < CEVPHYHILN(Q + (—t,)™")\T).
On the other hand, from (4.9) and (4.14al),
[(ug-) — ullzi-) < CllullLr((@+(=te)m)nfa(-r)<25vmr-1}) -
and then
lu = (ur)g-llLrg-) =0 ask — oc. (4.18)
As for e(u), starting from (3.29)) applied in any Q,, we get
le((ur)g-)zr@-) < lle(tg-)llr@-+(—tem) + Ck™e(tg-)llLr(@-+(=tt)m)
M (4.19)
+C0 He(UQ*)HLP(QéJ )
and (4.14b)) implies
le(ug-) —e(Wllzrg-) < Clle(ll Lr((@—+(=t.t")n{d(- 1) <25 /mk-11) - (4.20)

Let us now estimate the measure and the energy of the jump set of (ux)g in the interior of

Q.
For any m, (311), (B19) for @, and (I-14d), (IT4d) give
H' Ty N Qi) < COH (o 0 (Qm)) < CO M1 (1,1 Q) \ Ri) (4:21a)

/H(uk)m]ydw—l < 0/ |[um] | dH™ ! < c/ |[u]| dH" L (4.21b)
J(up)m N@m Jum N(Qm)’ JuN(Qm) \RL,

Notice that for the (almost) half cubes (Q9)* we have to consider also the possible jump due to
the fact that we have extended u outside 2 with 0, so we could have created jump on 9\ F%.
So the two estimates above include also in the right hand sides the two terms

COH QDo) NAONTY), and  C / lerqu] dHPT

((QF)m) NI\,
respectively.
Let us examine the jump for (u)g- created on the common boundaries between two sets Qp,,
Q> namely between two sets Qp, and Qp,1., for i =1,...,n —1, both inside Q. To fix the
ideas let us take m and consider @y, and Q... Notice that

[mn (m) —mp(m +¢;)] < 1/2,

where m,,(m)k~! and m, (m + ¢;)k~! are the “heights” corresponding to @y, and Qmte; 5€€
(4.8). This means that, for m, = m,(m),
Um = u in Fl x(—o — 16v/nk™1, (m, — 1/2)k71),
Umie, = win Fly o x(—o—16y/nk™!, (m, — 1/2)k71).
By construction of (ux)m (see and (3.16))) we have that
(Uk)m = (Uk)mte, 0 (Ffy N Flye)x(—0 — 163/nk™" (my — (40 +1/2)k7),  (4.22)

and
(uk)m = (uk)m—i-ei in (Flln N Fr,n-i-ei>><<_9 - 16\/7;]?_1’ (mn - (8\/5"’_ 1/2)k_1> 9

since, if € ¢, (Ux)m(7) and (up)m(z) depend only on uy, in ¢¥ and Q¥, respectively (see figure
on the right at page .
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Setting
Tu)g- N OQm N OQmye, = Tin (4.23)
it follows that
Ty C (0Fm N 0Fmye,) % ((mn — (8v/n +1/2),m, + 1)k 1) (4.24)
and thus
HL(JL) < OnZ () (4.25)
Summing up over all the faces of (), in the directions ey, ..., en,—1 We get
H' " (S N0Qm) < Cnz =Dk, (4.26)
and summing up over m gives (see (4.7))
! (J(uk)Q_ N JoQm\ aQ—) < Cneo™ ! (4.27)

In order to estimate the amplitude of the jump, we start from the jump on J),. For every
x € J], we may have four cases, depending if x € (ﬁf)m, x € (ﬁf)mﬂi, or not, where (fl’,f)m is
the set of (neighbourhoods of) bad cubes corresponding to (Qy,)’, see (3.3). By construction of
(ug)m it follows that

[(ur)g-1 = @n * (@)m — (@)mre;) 0 Jn \ (2)m U (B)mre:)

so, for every x in the set above,

[(ur)o-1] < ol poe B0y k" 1) m — (@) mie; | L2 (1 +Bog-1)) - (4.28)
We claim that (see (4.10) for the definition of Ry,)
1(@k)m — (k) mre: L2 (g, +Bok-1) < Ck ' [Eul(Rm N Rmye,) - (4.29)

We have (in the following we consider any enumeration (z;); for the nodes z, and denote the
cubes corresponding to z; by gj, ¢;, @;, @, in no context with the cubes of scale g; introduced

in (1)

I(@)m = @) mse o or1) < Y. I@)m = @k)miell L))
g;N(J+B(0,k~1))#£0

< Y @) m = (@)mtelliig) +C D (E(um)[(Q)) + [E(umie,)[(Q;))
4N (Tn+BOF1)#0 G (Tt BOK1)#0
(4.30)

where (a;)m affine with e((@;)m) = 0 and
lum = (@)mll 1 (g;) < Ok [Buml(g;) -
The second inequality in (#.30)) comes from (let (w*)y, be the exceptional set corresponding to
Um, see Theorem |3.1])
(@) = (@7)mll L1 g\ (@5)m) = [tm = (@)l 21 (g\ @)y < Ck ™' EBuml(q5) ,
and the fact that, recalling (3.22)),
(@) m = (@)mll 1 (gm()m) < CK (Buml(g) + lle(um) 11 g,) -

the same being true for m + e; in place of m.
We now estimate ||(a;)m — (@j)m-+e; [l 21(q,) for ¢ N (Ji, + B(0, k=1)) # 0 in (#.30). We remark
that
£n<q~j N Rm N Rm—l—ei)/ﬁn(qj) > C'0 > 07

with Cy depending only on n. Thus
1(@5)m = (@5)mteillL1(g;) < Cll(@5)m = (@) mte; | 210 R Rmse,)
< Ck™H([E(um)|(Qg) + [E(ume,)|(@)))

since (@;)m — (@;)m+e; is an affine function and um = Umte; = ¥ in R N Rm4e;. (The constant
in the first inequality above depends on Cy.) Therefore (4.29)) is proven, recalling also (4.14)).

(4.31)
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Consider now the case when z € J/, N (Qf)m To fix the ideas assume that z € ¢; (in the
open cube). So (recall -

(up)m (@) = (@)m(z),  with [lum — (@))mllz1(g) < k™ Euml|(g;) -
If & ¢ (U Jmter (W)mie, () = @ * (U)mte; SO
[(ur)-1(2) = @1 * (@) mte; — (@7)m) (z) -
Now
(k) mte; = (@)mllL1 (B k1)) < [(Uk)mte; — (@5)mll21(g))
< (@j)mte; — (aj)mHLl @) T Ck Bumie (@) < Ck™ ([B(um)|(Q;) + |E(Um+e¢)|(@j))a

arguing as done for and - In the same way one deals with the case x € J],
(Q’If)mﬂl \ (Qb) The last case is ¢ € J, N (Qb)mﬂl (Qb)m: now
[(ur)o-1(x) = [(@j)mte; = (@7)ml(2) -
We now put together the different cases, deducing that
|[(ur)-]| < CK" YEu|(Rm N Rine;)  in iy,

so that (4.25) gives, integrating over J),, that

/ () -1 dH™™ < Oz [Eu| (Ron N Runge,) . (4.32)
I
Since in the estimates are employed the cubes @j, with sidelength 16k~!, we look possibly at
height 161/nk~! below J},,, which is distant less than 9y/nk~! from I'. This motivates the choice
of the constant 25 in the definition of Ry,

Summing up over all the faces of @, in the directions eq,...,e,—1 and over m (observe that
R N Rm+e, overlap each other at most 2 times, over ¢ and m) we deduce

/ () g-1| dH™1 < Cnz=D[Bul({d(,T) < 25v/ak~ 11\ QF).  (4.33)
Jup) o MU 0Qm \8Q™

Let us now consider the jump of (ux)g on I', by looking separately at the traces of u — (ug) g+
on the two sides of I". We have (tr~ denotes the trace on I' from Q™)

/ (1 — (up)g- ) dH = / b (u— G- ) dH" + / - ((Ag-) — (up)g-) dH™!
rnQ- rnQ- rnQ-
where - has been introduced in (4.16). By definition (4.9) of um one has

/ Itr™ (u — um)| dH"! < OB (1 — um)|(Flyx{d(-,T) < 2k™1}) < C|Eu|(Rm) ,
I'NQm

and, summing up over m,
/ tr (u— tg-) dH" ! < C|Eu|((Q™ + (—t,)") N {d(-,T) < 25/nk™'}\ Q1) .  (4.34)
rnQ-

Moreover, arguing as in [7, Theorem 3.2, Steps 1 and 4] (see also the proof of [17, Theorem 1.1,
property (1.1d)]), we get

/ [tr™ (o) —(wk)o-)| dH" ™" < %H(’%*) = (ur)o-lIp (4 (-tmnam)
rne- (4.35)
+[E((@g-) — (ur)-)I(Q + (=t,)") n{d(-,T) <t} \ QF).
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Collecting (4.34) and (4.35) we estimate tr™(u — (ux)o-) on ' Q™. Arguing in the same way
for the positive trace (namely, that corresponding to Q1) and adding the two, we obtain

/ |[u] = [(ur)ql| AH" ™ < CBul((Q + (—,1)") N {d(-,T) <t} \T)
rneQ (4.36)

C .
+ ?HUQ - (uk)Q”Ll(Q-i-(—t,t)"))

setting ug = xo-Ug- + Xo+Ug+ (and ug+ defined in analogy to ug-). If we are in a boundary
cube Q%, we consider u extended with 0 outside 2, so that on 92 we replace [u] with trqu also
in the right hand side of (4.36)), in the evaluation of |Eul.

The approximating functions. We consider By := By + (—t,t)" and we denote (ug)p,
the k-th approximating function for u given by Theorem in correspondence to By, starting
from the the extension of u, with value 0 outside €2, in By. Notice that (3.1b)) and (3.1c]) give

H (Juyp,) < COH((Ju 0 Bo) U (0920 By)) (4.37a)
i sup / )]l am " < o / | AR + / trgu] a1 (4.37b)
—00
J(“k)BO JuNBy 90N By

respectively. Then we define the global k-th approximating function
J h
wk, == XBy (Uk) By + Z XQj; (uk)Qj + Z XQ%QQ(“’C)Q% ) (4.38)
j=1 h=1
where (u)g are introduced in (4.13).

Notice that the functions (ux)g and (ux)go are smooth up to the boundaries of their domains,
outside their jump sets, which are closed and included in a finite union of C'* hypersurfaces (see

the discussion below (4.13))).
Then uy € SBV (Q;R?)NC®(Q\ Jyy s R®) NWT2(QN\ Jy, ; RY) for every m € N, J,,, is closed

and

Juk C ‘](Uk)Bo U U(J(uk)Q @] 8@)
Q

(where @ stands for all the Q; and QY) which is a finite union of C'! hypersurfaces (we will see
below that it is enough to take just a little part of 9Q), see (4.43))).
By definitions (4.13]) and (4.18) we have that (ux)g — v in L'(Q;R™) for every (). Moreover,

(ug)B, — u in L'(By; R™) by [B-1d), so ([.38) and (4.6) imply
up — u in L'(Q;R"). (4.39)

We can argue very similarly to prove (1.1b)), starting from (3.1d) applied in each @, (this gives
the analogous of (4.14a]), then we follow the argument for (4.18))).

Putting together (4.19) and (4.20]) raised to the power p for any @, and collecting with (|3.1al)

for By (again raised to the p) we obtain immediately

tim sup (i) | pezey < 1) upezss (4.40)
k—o00

In order to treat the jump set, notice that we have still to estimate the jump of ug on Uj oQ;U

U, (0Q9N8). To do so, we may closely follow what done for the jump on dQp,: the only difference
is that now we have in By the rough approximation of u, without any extension in the spirit of
Lemma . Then, if we have two parallelepipeds Qm C @ and Qm+e; N By # 0, we consider in

(4.8)
Umite, = U i Fly o X (—0 — 16v/nk™", (my, +25v/n)k™ ). (4.41)

Differently from before, now \E(um)\(@]) + ]E(um+ei)](@j), entering for instance in (4.30)), is
estimated by [Eu|(Rm U (Rmye; U Ryyye,)), see (4.10) for the definition of Rj,. For this reason,
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for the analogue of (4.32]) we get

/ |[ug]| K" < Oz (2) [|Euy((Qj +(=t,0)™) N Bo N {d(-,T;) < 25v/nk™ '} \ T;)
Juy, NOQ;
+ [Eul(D; N {d(,0Q;) < 32vnk™"}) |,
(4.42)

and the same for 2, Fg in place of @, I';. Notice that we have an additional term with respect

to ([4.32)), which vanishes as k tends to oo, since | E/u] is evaluated on a subset of I'; whose H" !
measure vanishes in k.

As done for (4.26)), one deduces
H (T, N0Q;) < Oz = D=(=b - =11, N QYN Q) < Cnz " DE=(=D - (4.43)
We have

—0
Ju, C (Ju, N By) U (Ju, N @y N Q).

C=

(Ju, NQ;\T)UTU
j=1 h

CM\

1

Moreover, we may assume that Tc Juy, since there are arbitrarily small a > 0 with ’H”_l(f N
{[ug] = a}) = 0, and then we can add to uy a perturbation with arbitrarily small W*(Q\ T')

norm, having jump of class C'! on [ and equal to a on an arbitrarily large subset of r (see also
[27, Lemmas 4.1, 4.3]). Therefore we may assume that

Juy ATy C (Ju, \T) U (JLAT). (4.44)
Collecting (4.21a)), (4.27), (4.43)), (4.374)), and recalling (4.1b), we deduce
H' (T \T) < COTHH I N\T) +H 10\ Ton)) + C (K™ () +H"H(09)) 1.
By it then follows that

H Ty ANTL) < CO e +Ce.
As ¢ is arbitrary and lim._,g 7. = 0, we conclude

lim H"H(Ju, AJy) = 0. (4.45)
k—oo

The combination of (4.21b)), (4.33), (4.42), and (4.37b) gives

/ |[wg]| AR < C (1472 "72) / (]| dH* "+ C oz 2 le(w)l] 1 ga( Fuon)<as k-1
Jup \T (JL\T)UT,

<Cne+Cnz "2 <”e(u)HLl({d(~fUBQ)<25\/ﬁk*1}) + / |[u]] danl) ;
Ty

(4.46)

letting T, := U; (T n{d(-,0Q;) < Ck'H) U U, @Y Nn{d(-,0Q9) < Ck~'}), and recalling the
definition (4.5)) of n.. Notice that in the first inequality in (4.46)) we should have written all the
term in (4.5, which is nothing but the jump part of the extension of u with 0 outside 2 (see

also the remark below (4.21)).
Summing up (4.36) for j = 1,...,7 and employing (4.17)) we get

/Hu] _ [UkH aHl < ¢ ||e(u)HL1({d(_f)<t}) +C / HuH dH"1!
£ JF (4.47)
O (1 Bul(@\ T) + k12
+5 |Eu[(Q\T) + ull L) + llullr@ey )

with
LM <Ok V2 (g, \T).
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Since
[l =l < [l =l [ [ |t et
JuOu,, T Jup\T Ju\T
we conclude that
lim / |[u] = [ug]| dH" 1 =0 (4.48)
k—o0
JuUdu,,

collecting (4.46)) and (4.47) and sending k& — oo, t — 0, and £ — 0 in this order.
At this stage we can say that uy, is a sequence bounded in BD((Q), converging to u in L'(Q; R")
(see (4.39)). Therefore, by [9, Theorem 1.1] and recalling (4.40)), this gives

klg](r)lo lle(ux) — e(u)HLP(Q;ngxﬁ) =0. (4.49)

By (4.48) we have that A
lim |E? (u — ug)|(Q) =0,
k—o0

and then [|uy — u|lpp@) — 0. Recalling (4.45)) and (4.49) we conclude the proof. O

Remark 4.1. Looking at the proof of Theorem [I.I] one needs that © has finite perimeter, that
there is a suitable notion of trace on 02, and that the function v considered has trace integrable
on Jf). This would permit to weaken the assumption that €2 is a bounded Lipschitz domain.

5. PROOF OF THE OTHER DENSITY THEOREMS

In this section we discuss two further density results for functions in SBD(Q2) and in SBD5,(Q)
in the spirit of [27]. The space SBD5,(Q) consists of all functions v € SBD(Q) with e(u) €

LP(Q; M), and without any constraint on H " H(Jy) (see Section. These results are obtained
by corresponding modifications of the rough approximation result Theorem that permit then
to follow the strategy of Theorem

We assume that 2 C R™ is a Lipschitz domain. As above, this may be avoided by requiring
that  has finite perimeter, that there is a suitable notion of trace on 02, and that the function
u considered has trace integrable on 0f2.

The first part of the proof is common for the two results. Since now H"~!(.J,) may be infinite,
but we are interested in the approximation in energy, we consider for a fixed £ > 0 a set 1~“6 C Ju,

with " 1(T'.) < oo, such that

/ [[u]|[dH" ! <e. (5.1)

Ju\fg
This follows from the fact that [u] € L!(Jy; R”) Then we employ the approximation procedure
at the beginning of proof of Theorem . 1| to T; in place of J, (and to 99 as before), obtaining

a finite family of pairwise disjoint closed cubes (Qj) =1 C Q) satisfying the same properties as
before (we keep the same notation), with .J,, replaced by ¢ (also in (4.4)). In particular

lim /‘ J[dH" ! =0. (5.2)

e—0
Ju\T
The definition of 7. in (4.5) remains the same, and 7. is still vanishing as ¢ — 0 thanks to
(5.1). Notice that we keep the same notation of Theorem for instance for the (almost)
parallelepipeds @, and for the convolution kernel ¢y.

Proof of Theorem[I.3. Since we are now proving an estimate which is linear both in e(u) and
in E7u, the construction for Theorem 3.1} - may be replaced simply by the convolution with ¢y.
Indeed for every v € SBD(U) with U C U we have that, for k large enough, v, := v * ¢y, is in
C>(U;R") and satisfies

/ le(v)| dz < |Eo|(U + B(0,k1)). (5.3)
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So we keep all as in Theorem except for the definition of (ug)m in Qp,, given in (4.11): now
(Uk)m = Um * Pk , (5.4)

where uy, is still defined as in (4.9)) and (4.10]) (notice that now we could have taken also Ry, of
height \/nk~! instead of 25\/nk~!, but we prefer to keep the same notation).
Similarly to before, we have that

ltm — (il 1oy < CKBul(Qm) \ Bln) - (5.5)
while, in place of ,
le((ue)Q-)lz1@-) < lle(tg-)llLi(@-+(-tpm) + 2 [Eul(Q\T). (5.6)

Notice that (4.14B)) and (4.20) hold with the norm L! instead of the norm LP.

Since now we have not distinguished the cubes in bad and good ones, we have no jump in (the
open set) Q,, SO are useless, and in order to estimate [ug] on J}, (see (4.23)) we have only
one case, corresponding to the estimate , which is still true. Also holds as before.

The approximating functions uy are defined as in , with (ug)p, still obtained by convo-
lution between ¢ and the function u in EO, extended with 0 outside €.

Now ([4.39) and (4.40) (with the norm L' instead of L?) follow from and (5.6)), respec-
tively, employing also .

By (the anologues of) (4.33)) and we deduce ([4.46), recalling also the definition of 7.

)
Putting together (4.27) and (4.43]) (that hold also in the present setting) we obtain

H (I \T) < C(H 1 (Jy) + HHO9Q)) e . (5.7)

Moreover, (4.48]) follows as before from (4.46)), that still holds, and (4.47)), which is slightly

modified since now combines (4.36)) and (5.5]) (instead of (4.15))). Since uy is bounded in BD(£2),
then (£.39), (£.40), (1.43), and (5.7) give (L.2).

It lasts only to prove that .J,, is, up to a negligible set, a finite union of pairwise disjoint
compact C! hypersurfaces contained in Q. To do so, notice that

Ju, cTUJ T cc @, (5.8)
Q m

because there is not the jump due to bad cubes and boundary good cubes in any ()5, and in
By. Since J!, are in a finite number and transversal to ', we have that I' N Ug Um Jm consists
in a finite number of n—2 dimensional manifolds, with finite "2 measure. Therefore we may
follow the capacitary argument by Cortesani in |23, Corollary 3.11], replacing the jump in a
small neighbourhood of rn UQ U Jta by an H! transition with arbitrary small H! norm (this
is possible since the capacitary argument is applied to u; € L%°(£2; R™) and since the 2-capacity
of T'N UgUm Jm is 0, because it has finite H"~2 measure). In this way we separate the C*
hypersurfaces one from each other. Now J,, is included in a finite union of pairwise disjoint
compact C! hypersurfaces contained in Q. It is then enough to apply [27, Lemma 4.3] to get a
slight modification of uy, such that J,, indeed coincides with the finite union of C'* hypersurfaces
above. Therefore the proof is concluded. O

We now start the proof of Theorem [I.3] The following Lemma is employed in Proposition [5.2
which is the counterpart of Theorem [3.1] in the proof of Theorem [L.3]

Lemma 5.1. Let Q = (—2r,2r)", @ = (-nr)" v € SBDE(Q,), and o (x) :== r"¢1(x/r),
with 1 € CX(By). Then (recall that Ev is the jump part of the measure Ev, see (2.1]))

/ le(v * @r) — e(v) * pp|P da < HgolHip(Bl) r_"(P—l)(\EijQ))P_ (5.9)
Q/
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Proof. From the standard approximation argument by Anzellotti and Giaquinta (cf. e.g. [0
Theorem 5.2]) there exist v, € C°(Q;R™) N BD(Q) such that vy — v in L'(Q;R"™), there is the
convergence in mass [le(vg)| 1) — [Ev[(Q), and

leor, = 0)ll L) — E0(Q)- (5.10)
For any k € N we have that
le(vr * @r) — e(v) * orlLo(gn = lle(vr — v) * el < lerllrs,) ek — V)l - (5.11)

Moreover vy * @, — v * p, uniformly in Q, since vy — v in L'(Q;R"), and then (5.11])) implies
that e(vg * ¢r) is bounded in LP with respect to k, so that

e(vg * @r) = e(v* ) in LP(Q'; ngxngl) )

We employ the convergence above to pass to the limit in the left hand side of (5.11]), while for
the right hand side we use (5.10)), so

le(v* 1) = e(v) * ol ey < llerllLr(s,) [E0|(Q) -
Now (j5.9)) follows raising to the p and observing that

/ P dar = 7 / o1 (a/r)P de = 70D / ol dy.
By B, By

O

Proposition 5.2. Let 2, Q be bounded open subsets of R"™, with Q C S~2, and let u € SBD&(Q),
p > 1. Then there exist up, € SBVP(Q;R™) N L>®(Q;R™) such that J,, tis included in o finite
union of (n — 1)—dimensional closed cubes, uy € C®(Q\ Jy,; R") N W™2(Q\ J,, ; R™) for every
m € N, and:

lim Huk_uHLl(Q;R") = 0, (5128,)
k—o00
limsup/|e(uk)|pda: §/]e(u)|pdx+C|Eju|(S~2), (5.12b)
k—o0 5 5
H " (Jy,) < k[E7u|(Q), (5.12¢)
lim sup / |fug] | dH" ! < C’/ | [u] dH™ ! + C'/ le(u)|P dz, (5.12d)
k—o0
Juy Ju 0

with £7(Q1) < C[EIu|(), and C > 0 independent of k.
Proof. As in Theorem we take k € N with & > ﬁ%, p € CX(By) radial, p(x) =
k"p(kx), and for any z € (2k~1)Z" N Q the cubes
¢ =2+ (—kLETD", @ =z (26267
We take the “good” and “bad” nodes
GF={ze 2k HZ"NQ: |Eu|({) <k}, Bi=zc@HZ"NQ\G", (5.13)

and the corresponding sets
Q’; = U qlga ng = U Cj];¢ (514)

zeGk 2€Bk
S0 Q’If =Q\ (AZ]; + (=, k1), We have (recall that G~ are finitely overlapping)
#B* < C|Eu|(Q) k", (5.15)

so that
£r(OF) < ClE|(©).
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By Lemma and (5.13)), for every z € Gk

/ye(u « o) — e(u) % ool dz < ClEIu|(g). (5.16)
a¥
Notice that here this plays the same role of (3.10) for Theorem We then define the approx-
imating functions as
U * P in Q\QF ,
up = { e QAL (5.17)
a, in ¢z N,

where a,: R" — R"” is affine with e(a,) = 0 such that (cf. (3.12))
) < Ok™HEu|(2) -

|w =@zl
It is not difficult to see that
lu — wkl| £ urmy < CkHEu|(Q), (5.18)

so ([5.12al) follows.
As done for (3.17) and (3.18]), we have that

Ju, € |J (Juun@®)  and, for z € BY,  H" (1, ngk) <R,
2€By
therefore follows from . Similarly to it follows that
[l awt < € feul @),
@)”
while for every = € aﬁ’g ol
[[ur]|(2) = [(u — @2) * () < CK™u — @zl g ey < CR™ Bl ().
Integrating the above inequality we deduce
[ Nl < cppul@t
a0kENgk
and, since the cubes ¢* are finitely overlapping and Ju, C ﬁ’g,
/ fugl| dH™1 < © / )| a1+ © / le(w)] dz,
Ju JuNQ aF
where ﬁ’g,l = ng + (—k~1, k=)™, This gives (5.12d) with Q; = ﬁ{; since e(u) € LP(€; M),

We prove (5.12b) by summing up (5.16) over z € Gk (we use again that (jf are finitely
overlapping) and recalling that e(uy) = 0 in QF, see (5.17). This concludes the proof. O

Proof of Theorem[1.3. As in Theorem we follow the proof of Theorem [1.1] replacing the
definition of (ug)m in (4.11) by

(ug)m := k-th approximating function for u,, on @,,, by Proposition [5.2], (5.19)

and the definition of (uy)p, with Proposition in place of Theorem
By (5.18) we have the following analogue of (4.17)

I(Eg-) — (o~ o) < CkBul((Q + (—6, ")\ T), (5.20)
that at the end gives (by definition of u; and by Proposition in By)
up — u in L'(Q;R™). (5.21)

On the other hand, ([5.12b)) implies the following counterpart of (4.19))
He((uk)Q*)ng(Q—) < ‘|€(QQ*)“]zp(Q—+(_t7t)n) + C|Eju|(Q7 \I[),
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and similarly in By. Therefore we deduce

lim sup [le(ug) ) < lle(w)

k—o00
and the last term goes to 0 as € — 0 by (j5.2).
Let us now consider [ug]. In comparison to (4.21b]), (5.12d]) gives also an additional term

c / e(w)P de,
O

with E”(ﬁim) < C|Fu|(Qy,)- Summing up on m this entails in (4.46)) an additional term

c / e(w)P dz,
on

with £7(€Q) < C|Eiu|(2\ T), that goes to 0 in & by (-2).

The estimate of [ug] on J}, is done as in (4.32)), distinguishing four cases according to the fact
that each cube intersecting JJ, is good or bad with respect to @, or Qme;- The difference is
in the definition of (ux)m: now there are no exceptional sets in the good cubes, but [u] enters

also if a cube is good regarded both in Q, and in Q... (we employ (5.16) in place of (3.10)).
The final estimate is anyway the same of (4.32), and this holds also for (4.42)). Then we obtain
as in ({4.46)) that (take always ¢ — 0 more slowly than k~1)

)+ C|E/u|(Q\T), (5.22)

p P
| LP(Mgym HL” (M

lim |[ug]] AR = 0.

k—00
Ju \T

In the same way also the estimate (4.36]) is still true, and combined with (5.20)) this implies

n— : - C .
[ 116 = | 4 < C )l g ycap + € TEl@VE) + So Bl (@) ).
T

Then, in particular, |E7(u — u)|(Q2) — 0, and (5.21)), (5.22) give u;, bounded in BD() and
thus (1.3) by [9, Theorem 1.1]. The proof is then concluded. O

Remark 5.3. As in [27, Theorem B, that deals with SBVZ functions, we are not able to ensure
that H" "1 (Jy, \Ju) — 0in Theorem This comes from ([5.12d), which in turn is a consequence
of in Lemma Improving this estimate could then give a control on the measure of the
jump created in the approximation procedure.

Remark 5.4. In Theorems and the jump of the approximating functions is contained in
a finite union of C! hypersurfaces, wAhich are not necessarily pairwise disjoint. Indeed, a major
issue comes from the intersections of I with the bad (and the boundary good) cubes coming from
the construction in Theorem and Proposition in any @),;,: this might consist of countable
many pairwise disjoint sets of dimension n—2, e.g. if Tis locally the graph of zsin(1/x) near 0
with respect to e, (notice that on the contrary any J;, is transversal to f, so we have a finite
number of (n—2)-dimensional pairwise disjoint pieces as intersection, and also any two cubes
intersect each other only on some of their faces). A delicate use of the area formula for Lipschitz
graph (f is a finite union of pairwise disjoint C' curves) should permit to infer that one can
choose the cubes of sidelength k~! in such a way that the grid intersects r (and fag) in a finite
number of pairwise disjoint components of finite H" 2-measure. At this point one could use
the capacitary argument in [23, Corollary 3.11] if p € (1,2] to replace the jump on this (n—2)-
dimensional set by a smooth transition, so separating the hypersurfaces. For p > 2 the situation
is more delicate since one can apply [27, Lemma 5.2] only if J, CC Q and u € C*(Q\ J,). On the
other hand, one could argue as in Theorem C of [27], in Part B-Steps II, III (see Remark
to separate J, from 052, but losing u € C' near 0f). Here we choose to avoid this possible
refinement due to these technicalities and since in the applications considered (also in [27]) one
needs just J, closed or one passes through the approximation in [24], that permits to separate
the components.
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6. SOME APPLICATIONS

The theorems of this paper on SBD functions may be employed in combination with other den-
sity result in SBV, such as those in [10], [24], or [27]. In particular, Cortesani and Toader approx-
imate functions in SBVP(Q;R™) N L*°(Q;R™) by so-called “piecewise smooth” SBV-functions,
denoted W(2; R™), namely

u € SBV(Q;R") N W™ (Q\ J,; R") for every m € N,
u€eW(EQ;R) if ¢ H (T, \ J,) =0,

Ju, is the intersection of Q with a finite union of (n—1)-dimensional simplexes .
We report below the result by Cortesani and Toader, in a slightly less general version.

Theorem 6.1 ([24], Theorem 3.1). Let © be an open bounded Lipschitz set. For every u €
SBVP(Q;R™) N L>®(Q;R™) there exist ui, € W(Q;R™) such that

kli}n;.lo (Huk - uHLl(Q;R") + HVUk — quLp(Q;Man) + Hnil(JukAJu)) = O,

lim /¢($,u:,ulz,uuk)d7-l"_1: / d(z,u, u, vy dH,
NA

k—o0
JuNA

for every A C Q, H* Y (OAN J,) =0, and every ¢ strictly positive, continuous, and BV -elliptic
(see e.g. [2] or [24, equation (2.4)] for the notion of BV -ellipticity).

Remark 6.2. During the proof of Theorem C of [27], in Part B-Steps II, III, it is shown that
for every ¢ > 0 and u € SBVP(Q;R") N WL>(Q \ J,; R") with J, closed, there is a v with
the same regularity, such that J, CC Q and (Ju — v||pv + [|[V(u —v)|[zr + H" 1 (JuATy)) < e
Moreover, by the procedure of |24, Theorem 3.1|, the function v may be approximated in the
sense of Theorem by v € W(Q; R") such that also J,, CC Q. Then by a diagonal argument
we may assume that J,, CC Q in Theorem [6.1]

Theorems [I.1] and [6.1] are, in particular, very useful tools to prove I'-convergence approxima-
tions for energies including a bulk part depending on e(u) and a surface part depending on the
measure of the jump set and on the amplitude of the jump. These energies are then formulated
in the space SBDP and arise in particular in Fracture Mechanics. Indeed, the jump set may
represent the set where a material is cracked, so that the surface part is usually interpreted as
a dissipative part. In the present context we consider the case where the dissipation actually
depends on the amplitude of the jump. If the dissipation depends only on the measure of the
jump set the fracture is said “brittle”, in the other cases it is often called “cohesive”.

The use of Theorems and permits to prove the I'-limsup inequality just for W(Q; R™)
functions: one may approximate any u € SBDP by u, € W(Q;R"), and, if one knows how to
construct a recovery sequence for functions in W(;R™), a diagonal argument is sufficient to
conclude.

As an application of this strategy, we extend the following two results, for which the corre-
sponding I'-limsup inequality is proven in W(€2; R™) (and then extended to SBDP(Q)NL>(Q; R™)
by [36]). We notice that when the bulk energy depends on e(u) it is not natural to assume that
the minimisers are bounded, even if the boundary datum is bounded. Indeed, the functional is
not only non decreasing by truncation, but it is not even true that a truncation of a BD function
is still in BD.

The first result is shown by Focardi and Iurlano in [30, Theorem 3.2]. Its generalisation is the
following. (We formulate the result in a slightly less general setting to simplify the notation.)

Theorem 6.3. Let Q be an open bounded Lipschitz set, let p > 1, p' := p/(p — 1), and ¢ €
C([0,1]) decreasing with (1) = 0. Then the functionals F.: L'(Q;R")x L' (Q) defined as

/ (v le(u)|® + 20 + 8”71]Vv|p> dz if (u,v) € HY (R xWHP(Q;[e,1]),

Fe(u,v) == ¢ <

400 otherwise,
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[-converge, as € — 0, in L1(Q;R")xLY(Q) to

/\e(u)\de—i—aH”_l(Ju) +b/ |[u] © vy|dH"™ " ifue SBD*(Q),v=1,
F(u,v) = 8 7

00 otherwise,
where a := 2p" /PP Y [ pl/P(s)ds and b= 2¢1/%(0).

Remark 6.4. In [30, Remark 4.5] the authors explain why it was possible to prove the I'-limsup
inequality only with an a priori L* bound on u. Here we improve also the desired result in [30,
Remark 4.5], since we not only show it for u € SBD?*(2) N L%(Q; R™), but directly in SBD?*(Q),
without any additional integrability assumption. Notice that Theorem [3.1] would give a density
result in SBDP(2) N LP(2;R™) with the approximation technique in [I2) [36] based on gluing
rough approximations by means of a partition of unity. The work done in Section [ is devoted
to remove even the a priori LP bound.

We consider now a result proven very recently by Caroccia and Van Goethem, that enrichs
[30, Theorem 3.2] with the presence of a low order potential P, controlled from above and below
by two linear functionals in e(u). This is related to the simulation of models for fluid-driven
fracture (e.g. fracking and hydraulic fracture in porous media), and goes in the direction of the
treatment of non-interpenetration or Tresca-type conditions for plastic slips. The result is [11,
Theorem 2.3|, and the I'-limsup inequality is still proven for v € W(Q;R™). We state below
directly the generalised result simplifying some notation, as done for Theorem

Theorem 6.5. Let Q be an open bounded Lipschitz set, 1 € C([0,1]) decreasing with (1) = 0,
P: QxMgsh — R continuous in the first argument, conver in the second, with —o|M| <

P(z,M) < I|M| for any | > 0 and a suitable 0 < o < 2i'/2(0). Then the functionals
G.: LY R") < LY(Q) defined as

/ (v le(u)* + 1@ + P(a:,e(u))) dz if (u,v) € H (G R™")xV;,
Q
400 otherwise,

G:(u,v) :=

where
Ve i={v e WH®(Q;[e,1]): |Vov| < 1/¢},
[-converge, as € — 0, in LY(Q; R™")x LY () to G(u,v) given by

/(\e(u)\Q + P(x, e(u))) dx + /(a' + V| [u] © vu| + Poo (-, [u] © Vu)) dH™™ ' in SBD*(Q)x{v =1},
Q Ju
400 otherwise,

where a' := 2f01 Y(s)ds, b := 2p1/2(0), and Pao(z, M) = lim;_, oo w.

We conclude noticing that with our result it is possible to deal with bulk energies having growth
p > 1in e(u), and not necessarily quadratic. As observed in [22], the constructions by [12] and
[36] do not provide approximations in (G)SBDP but only in (G)SBD?. From a mechanical
point of view the p-growth of the bulk energy is connected with elasto-plastic materials (see for
instance [35, Sections 10 and 11| and reference therein) and interesting also in a purely elastic
framework (see [22, Section 2]).

In a future paper functionals with non quadratic bulk energy and dissipated energy depending
only on the deviatoric part of the matrix-valued function [u] ® v,, will be investigated.
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