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ON SMALL TRAVELING WAVES TO THE MASS CRITICAL
FRACTIONAL NLS

IVAN NAUMKIN AND PIERRE RAPHAEL

ABSTRACT. We consider the mass critical fractional (NLS)
i — |D*u4ulul’* =0, 2€R, 1<s5<2.

We show the existence of travelling waves for all mass below the ground state
mass, and give a complete description of the associated profiles in the small mass
limit. We therefore recover a situation similar to the one discovered in [6] for the
critical case s = 1, but with a completely different asymptotic profile when the
mass vanishes.

1. Introduction.

1.1. Setting of the problem. We study the existence and uniqueness of traveling
waves for the mass critical fractional nonlinear Schrédinger equation

iOu— D u+ulu*=0, zeR, 1<s<2, (1.1)

where
D= =iy, F(|D|u) = [¢] (Fu)(§),

which appear as limiting models in various physical situations, see [12], [4] and
references therein. The existence of the ground state solution u(t,z) = Q.(x)e’,
Qs > 0, of (1.1) follows from classical variational arguments, and uniqueness is a
deep result [12]. The ground state produces a sharp criterion of global existence:
for all ug € H2(R) with |jug|/z2 < [|Qsllz2, 3'u € CO([0, 00), H?) solution to (1.1),
[5], and there exists a minimal blow up solution at the threshold |[ug||z2 = ||Qs]| 12,
[10]. For |lug||z2 < [|@Q]|12, the behaviour of solutions dramatically depends on s:

s = 2: In the local case, all solutions below the ground state scatter, which is an
elementary consequence of the pseudo-conformal symmetry for ug € H'N{xu € L?}
and follows from the Kenig-Merle route map [9] coupled to Morawetz like estimates,
[3]. Note that in this case, the travelling wave family generated by the ground state
solitary wave is explicitly given by the action of Galilean symmetry

. 2 . .
u(t,w) = Qs p(w — 280", Qup(y) = e7VQs(y), FER
and hence the explicit degeneracy

VB ER, [Qspllr> = [1QsllL2: (1.2)

s = 1: The half wave case is treated in details in [6] where the existence of travelling
u(t,xz) = Qs5(x — ft) is proved with

li - 0.
/;ngQs,/sHLz

In fact, a unique branch is constructed with the asymptotic behaviour

Qusle) = @ +ora() (125) w511 (1)
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2 I. NAUMKIN AND P. RAPHAEL

where @4 is the ground state to the limiting non-local Szegd equation
Oy =Ty (ulul?), Tu=1e0,

see [5, 16]. The existence of the critical speed § = 1 is the starting point for the
construction of two bubbles interacting solitons with growing Sobolev norms, [16],

I6].

1.2. Statement of the result. Our aim in this paper is to investigate the case
1 < s < 2 and show that a third scenario occurs. Let us consider the travelling
wave problem. We define

up (t,7) = ¢Qy (z— 26%),
where v = v () € R. Then, in order to solve (1.1), Q3 must satisfy the equation

DI~ 28D +1] Qs = Q5 |Qsl™ (14)
which is the Euler-Lagrange equation corresponding to the minimization problem
Eg (N) := inf {5/3 (u) : w € HY? (R) and /R|u|2 = N} (1.5)

where
€5 (u) == %/RmDPu—ﬁ/RﬂDu— 2312/R|u|23+2. (1.6)

For = 0, there holds the Gagliardo—Nirenberg-type inequality (see [17] and [18])

/]R|u|2s+2 < O (/Rmmsu) (/R |u|2>8, (1.7)

where Cs = %, and the ground state Qs is the optimizer of (1.7). We may now
state the main results of this paper where to ease notations, we note Qs = Q.

Existence of a minimizer for all mass below the ground state.

Theorem 1.1 (Existence of a minimizer). Let 1 < s < 2 and 8 > 0. Then, for
all 0 < N < ||Q|lz2, the problem (1.5) has a minimizer Qg n € H/?(R) with
|Qs,n|132 = N that satisfies (1.4) for some v =~ (B, N) € R.

Asymptotic as N = 0. For 0 < N < [|Q[|?; and 8 > 0, we denote by Qg v the set
of minimizers of the problem (1.5), which is not empty by the previous result. Let
R € H! be the unique positive, radial symmetric solution of

—ARHA(s)R —R*T =0 (1.8)

2
with \(s) := (@pé) . po = [|Ro|* and Ro-the solution to the equation

~ARe+Ro—R3¥T = 0 (see Proposition 3.1 below). For 3 > 0, we denote

()"
S

Theorem 1.2 (Asymptotics of Qs n as N — 0). Let 0 < N < [|Q|2,, 8> 0 and
Qs,~N € Qg,n. Consider the function

Ry (z) = (S(S; 1)>28 (6N gt ey 12 Qp.N (mig) . (1.9)




Then, there ezist T,57 € R, ¥ =4 (N) and £ = Z (N), such that
. 7 ) ~\ _
lim {7 Ry (- + ) = R| . =0, (1.10)

for any r > 0, uniformly with respect to B > 0. Moreover, suppose that Qg n
solves (1.4) with the Lagrange multiplier v (8, N) € R and let Oy be given by On =

2 <(s —1)! (%)7E v(B,N) — 1) . Then,
O — A(s)|=0(1), as N — 0,
uniformly with respect to 8 > 0.

Uniqueness for small mass.

Theorem 1.3 (Uniqueness for small mass). There ezists 0 < Ny < [|Q||3,, such

that the following holds. Given 0 < N < Ny, >0 and Qg,N,Qg,N € Qg N, there
exist ¢,y € R such that

Qs (z) =eQpn (z—y).

Control of the tails. Finally, we have a complete description of the tail of solutions
for small mass. Let

. - e <Sis+1+(_i)s+l> efzgr .
1_\/ 2X(s) and b2 = 2v/21 (s — 1) (s), (1.11)

where I (s) denotes the Gamma function.

Theorem 1.4 (Tail asymptotics for small mass). Let Ry be defined by (1.9) and
Z,7 € R be such that (1.10) holds. Then, the following asymptotics are valid

s(2+s)

i N 2-s
e"Ry (z + ) = Cie” A(S)ﬂ/@ My <|R|2SR> (y)dy+C2‘T;/|R|2SR
X
Ns(22_+s)
| -Vl e (0 (1) + o (1))

where oy (1) — 0, as N — 0, and opy (1) — 0, as |z — oco.

Comments on the results.

1. FEuzxistence and uniqueness. The existence proof follows the path [4] which
adapts the classical concentration compactness argument [14|. Let us say that we
focused on dimension d = 1 only for the sake of simplicity, but clearly the argument
can be extended to higher dimensions as well. Uniqueness in the small mass limit
requires a careful renormalization on the Fourier side and the sharp understanding
of the role Galilean drifts which generate an explicit symmetry group for s = 2
only. Related renormalization occur for example in [15] for the description of high
momentum solitary waves. Note that like the case s = 1 (1.3), a concentration phe-
nomenon occurs in the limit N = 0, but the associated profile corresponds to a local
limiting (NLS) problem, profile R, and concentration occurs with large Galilean like
oscillations, (1.9).

2. Tails and interaction. The computation of the tail of the travelling wave in
Theorem 1.4 relies on a careful computation of the Fourier side. Related results for
the travelling waves of the Gross Pitaevski equation are given in |7]. In [6], the sharp
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description of the tail of the travelling wave is an essential step for the derivation of
the modulation equations associated to energy exchanges between two interacting
solitary waves. The derivation of related modulation equations for 1 < s < 2 and
the description of multiple bubbles interaction is a challenging problem due to the
presence of additional high Galilean like oscillations, but Theorems 1.3-1.4 are the
necessary starting point for such an investigation.

The paper is organized as follows. In Section 2 we prove Theorem 1.1. We
translate problem (1.5) to a f—independent problem and we prove the existence of
minimizers for this translated problem. Section 3 is devoted to the proof of Theorem
1.2. Again, we translate (1.5) to a problem where the mass of the minimizers
is independent on N. We obtain an asymptotic expansion for small N for the
minimizers of this new problem and for the corresponding Lagrange multipliers.
These yield the results of Theorem 1.2. Section 4 is dedicated to the proof of
Theorem 1.3. Finally, in Section 5 we prove Theorem 1.4.

Acknowledgements. Both authors are supported by the ERC-2014-CoG 646650
SingWave. P.R. would like to thank A. Soffer for stimulating discussions about this
work and the Central China Normal University, Wuhan, where part of this work
was done.

2. Existence of traveling waves

This Section is devoted to the proof of the existence of solutions to (1.4). First,
we want to reduce (1.5) to a problem independent on 5. For 1 < s <2 and >0
we define the transform 73 by

(75) (2) = (€72 ' Du(E"a), (21)
where £* = <%>Sll . For any £ € R we define
n()=g+1° —s{ -1 (2.2)

We consider the minimization problem

I(N) = inf {I(v) ‘v e H?(R) and/ lv)? = N}, (2.3)

I(”)Z%(/}Rﬁn(D)v—Sil/R|v|2s+2>

with n (D) = F~'n (£) F. A minimizer of (2.3) satisfies the equation
n(D)S +nS=S8S*, (2.4)

with some constant 7 € R. We now prove the following:

where

Lemma 2.1. Let 1 < s < 2 and 8 > 0. Suppose that S € H*/? (R) is a minimizer
for (2.3). Then, Qs (x) = (155) (x) minimizes (1.5). Moreover, if S € H*/?(R)
solves (2.4) with some Lagrange multiplier 6 € R , Qg (x) = (735) (z) is a solution
to (1.4) withy =45 = () (n+s—1).
Proof. We denote

mg (&) = [€]° — 26¢.
Observe that

mly (€) = 0 for € = ¢*



and
mg () =—(§)°(s—1).
Note that

(IDI" = 28D = mg (69) (¢77v) = €= (ID + €°|" = 28D — (€°)") v
Then, using that Qs (x) = (785) (z) we have
g
/2

1D —*2517] =[|DI* = 28D —mg ()] Qs +mp (§7) Qs
= €7 (€))7 ((€)° (n(D) S) (§%2) +my (€7) S (§°2)).

mpg (§) N
2

(2.5)

Then, we get

£ (Qs) = (§7)°Z(9) +
Hence, if S minimizers (2.3), Qg solves (1.5). Next, consider equation (1.4). Using
(2.5) we obtain

., D" = 28D +9] Qs — Qs1QsI*
= o€ ()5 (n(D)S — S15 + (€) [y - (€ (s~ 1] ).
and thus, as v = 4 and S solves (2.4), we conclude that
IDI° = 28D + 4] Qs — Qs1Qs* =0

This proves Lemma 2.1. I

Below we will show that problem (2.3) has a minimizer. More precisely, we aim
to prove the following:

Theorem 2.2. Let 1 < s < 2. Then, for all0 < N < (Q, Q) , problem (2.3) has a
minimizer Sy € H*? (R). In particular, Sy solves (2.4) with some 1 = ny € R.

Remark 2.3. Note that Theorem 1.1 follows immediately from Lemma 2.1 and
Theorem 2.2.

We begin by preparing several results that are involved in the proof of Theorem
2.2. First we prove one elementary lemma.

Lemma 2.4. For any 0 < A < 1, the estimate

1
n(€) = Al =2 5 A=A & - C(4), (2.6)
with some C (A) > 0 is satisfied.

Proof. Since

€+ 11° = |6 —2°[¢]"7", for [¢] =2,
we have

n (&) — AlE]" > (1-A)Jg]" — 2272 ¢|.

Then, noting that

1 S S
S (= A)jgf -2 2 0,

1
if [£] > ¢1(A) = (25+3 (1-— A)_1> *' . we deduce that

n(€) ~ Al > £ (1 - A)lel*, (27)
for |€] > 1 (A). If [€] <1 (A), asn(§) >0, for all £ € R, we estimate

n(€) — Al > 5 (1 - A) € — e (4), (28)
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where ¢ (A) = (A+1) (¢ (A))°. Estimates (2.7) and (2.8) imply (2.6). I

In order to prove Theorem 2.2, first we show that I (V) is bounded from below.
We prove the following:

Lemma 2.5. Let 1 < s < 2. Then, for all0 < N < (Q, Q) , the following inequality
holds

27 (v) > ;<1—ﬁ> /RmDySu—C(N) > _C(N), (2.9)

for v € H*/?(R) such that [|v]> = N. Moreover, any minimizing sequence for
problem (2.3) is bounded in H*/? (R), for 0 < N < (Q, Q).

Proof. Let v € H%/?(R) be such that [ |v|*> = N. By (1.7) we have

NS
Using (2.6) with A = % we get

N?
O~ mgrld 23 (1-Ggr ) -cW. @

for some C'(N) > 0. Using (2.11) in (2.10) we attain (2.9). The boundedness of
minimizing sequences for (2.3) follows immediately from (2.9). B

Next, we show that the infimum I (N) is strictly negative. We have:

Lemma 2.6. Let 1 < s <2 and 0 < N < (Q,Q). Then, the estimate
I(N)<O0 (2.12)
holds.

Proof. Let v € S be such that v (&) is supported on B := {£ € R : £ > 0} and
[ o> = N. We take x (t) such that x (£) = 1, for 0 <t < 1 and x (t) = 0, for t > 1.
By Taylor’s theorem, for £ > 0 we have

0 (&) = x (O (&) + (1 —x(E)n(©)
£
—x© (/0 n”(T)(£—T)dt>+(1—x(£))n(£)-

Then, we get

/ n () [0 (6)? de
R

- [x@ (/jn (7)€ nyar) [ ©Pde+ [ (1= x(©) €+ 1) (@) de

- / (1= X () (s + 1) |0 ()2 de.

Thus, using that

£ s(s —
X [ (- nar < e

and
(1=x(©) (¢ +1)" <2°¢,
for £ > 0, we see that

[r@i@rase [enera
R R



Therefore, we obtain

— 1 2542
T < 2° —A)v — .
(U)_ /’U( )’U 95 2/"[)’

Let now w € S be such that @ (&) is supported on B and [|w|> = N. We take
v (z) = A/?w (A\z). Then,

1
T(w) <X (227 | w(—A)w— 252 ) 2.13
< (222 [wayw- 52 [1ul (2.13)
As s < 2, choosing A > 0 small enough we show that
1
2N | W (=A)w — 252 . 2.14
[oaye— g [l < (214)

Therefore, by (2.13) and (2.14) we obtain
I(N)<ZI(v)<0
and (2.12) follows. I
In the next lemma we show that I (N) enjoys a strict sub-additivity condition.

Lemma 2.7. Let 1 <s<2,0< N < (Q,Q) and 0 < a < N. Then, the following
estimate holds

I(N)<I(a)+I(N—-a). (2.15)

Moreover, the function I (N) is strictly decreasing and continuous on 0 < N <

(Q,Q).

Proof. We follow the proof of Lemma 2.3 of [4]. Suppose that 0 < N < (@, Q).
Then, by Lemma 2.5, I (V) is finite. Observe that

I(N) =N (IL(N)),

where

L (N):= inf {1 </ un (D)v — N /\v\QsH)}- (2.16)
veH2(R), [v]2o=1 (2 \Jr s+1Jr

We can restrict the infimum in (2.16) to elements v € H*/2(R), [lv||32 = 1 such

that
/| 212 > ¢ > 0. (2.17)

Indeed, otherwise there exists a minimizing sequence {v,,}5°_, such that

/ (o[22 5 0.
R

Asn(§) >0, for all £ € R, we see that

/ U (D) vy > 0,
R

for all m > 1. Then,
I(N)= lim Z(vy) > 0.
m—r00

The last relation contradicts (2.12). Hence, (2.17) holds. Relation (2.17) implies
that I (N), as function of N, is strictly decreasing. Then,

I(ON) = ON (I, (ON)) < ON (I, (N)) = 01 (N),
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for & > 1. Thus, (2.15) follows from Lemma II.1 of [14|. Now, as I (N) is strictly
decreasing and I (N) < 0, by (2.12), for 0 < N < N1 < (Q, Q) , we have

I(Ny) = N1 (11 (N1)) < N1 (I (N)) < N (I (N)) = I(N),

and hence, I (V) is strictly decreasing. Since N® is convex for s > 1, I; (N) must
be concave on 0 < N < (Q,Q), and hence I1 (N) € C((0,(Q,Q))) . Therefore, it
follows that I (V) is continuous on 0 < N < (Q,Q) . 1

We define the functional
L(u):= / an (D) u +/ uf®. (2.18)
R R
We need now the following profile decomposition result for a bounded sequence in
H*/?(R).

Lemma 2.8. Let {u,}>°, be a bounded sequence in H*?(R), 1 < s < 2. Then,
there exist a subsequence of {u,},., (still denoted {u,},> ), a family {xj};?‘;l of
sequences in R, with

k

n

x| — +oo, asn — oo, fork # j, (2.19)

X

and a sequence {Vj};il of H3/? (R) functions, such that for every l > 1 and every
rzeR,

l
up, () = Z V7 (z — xf@) + (), (2.20)
j=1
where the series zjoil HV”’ZWU& converges and

—0, asl— oo, (2.21)

lim sup 1o(®)

n— o0

uh (2)

for every p > 2. Moreover, as n — oo,

1
9 2
1t |22 :ZHWHLﬁ(u; o), (2.22)
j=1
[l = e e, + e +om,
"llp2 < 1 L2 "l ' '
j:

and

l
£un) = DL (V) + £ (uh) +0(1). (2.24)

j=1

Proof. See the proof of Proposition 2.1 of [8] for the case of bounded sequence in
H' (R). The proof for the fractional case H%/?(R), 1 < s < 2, is analogous. We
only make a comment on (2.24). Since n () < C'(|¢]* + 1), using (2.6) with A =0,
we deduce

c(EfF+1) <n(@+1<C(E° +1).

for some constants 0 < ¢ < C. Therefore, the norm ||u|, := /£ (u) is equivalent
to the H*/2(R) norm. Hence, relation (2.24) is obtained similarly to (2.22) and
(2.23). 1
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Lemma 2.9. The functional L (u), defined by (2.18), is weakly semicontinuos in
H*/?(R). That is, if up, — u weakly in H*/*(R), as n — oo,

lirginfﬁ (up) > L(u).

Moreover, if lim,, o0 L (upn) = L (u) is valid, {uy};2, converges strongly to w in
H*? (R).

Proof. As noted in the proof of Lemma 2.8, the norm |jul|, = /L (u) is equivalent
to the H*? (R) norm. By Plancharel theorem, the norm ||ul|, is equivalent to a
weighted L?-norm. Then, the result of Lemma 2.9 follows from Theorem 2.11 of
[13]. 0

Now we have all the ingredients to prove Theorem 2.2.

Proof of Theorem 2.2. Suppose that 0 < N < (@, Q), where @ is an optimizer of
(1.7). Let {u,}22, be a minimizing sequence for (2.3). Then,

lim Z (u,) = I (N), with u, € H?(R) and / lun|* = N, for all n.> 0. (2.25)
R

n—o0

Since by Lemma 2.5 {u,,}5, is bounded in H*/% (R), it follows from Lemma 2.8
that there exist a subsequence of {uy,}52, that we still denote by {u,},>, and a
sequence { V7 };).;1 of H®/?(R) functions, such that for every I > 1 and z € R,

(2.20) holds. Note that as [ lup|? = N, by (2.22) Pyl |’Vj|’L2 < N. Moreover,
Z;‘i1 HVjHLQ is strictly positive. Otherwise, V7 = 0, for all j € N and then, (2.20)
would imply that [|u,|;, — 0, as n — oo, for all p > 2. This contradicts (2.12), by
an argument similar to the proof of (2.17).

Suppose that Z;’;l |’VjHL2 = «, for some 0 < o < N, and define

g x—xj

and

Then, by (2.20),
up () =V, (z) + W, ().

Since
l

Vi (z ZHWH + Y (vj(x_xg),vk(x_xg)) (2.26)

k=1, j£k
and l
Z <Vj (x—xﬁl) vk (x—mﬁ)) =o0(1), asn — oo,

k=1, j#k
due to the orthogonality property (2.19), we have

Ve (z ZHVJH +o(l), as n — oo. (2.27)

Thus, as Z;’;l !’Vj|’L2 = a, from (2.22) we deduce that for a given ¢ > 0, there is
some [, ng > 0, such that for all n > ny,

‘||v Tk —a‘<sand (HW 12— (N-a) <e (2.28)
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Using that (Ja| + [b])” < c7<u4p—1yb\+-uq\mp—1), we have
Vo (2) + Wa ()P = [V ()] = [Wa ()]
< C (IVa @ Wa (@) + Vi (@) W (@)P)
Then, for some [ and all n sufficiently large, by (2.19) and (2.21) we deduce
lunllze < Vi @70 + 1Wa ()17 + 05 (), (2.29)

with 0, (¢) = 0, as ¢ — 0. Similarly to (2.27) we show that

!
L(Vy) :ZE(Vj) +o0(1), as n — oo.
j=1

Therefore, from (2.24) we see that

L(up)=L(Vy)+LW,)+0(1l), asn — oo. (2.30)
Using (2.29) and (2.30) we obtain
I(N)= 1i_>m 7 (up) > liminf Z (V;,) + liminf Z (W,,) — 6, (¢) . (2.31)
n—oo n—o0 n—o0

Then, as I (N) is strictly decreasing by Lemma 2.7, using (2.28), from (2.31) we
deduce that

I(N)>I(a+e)+I((N—-a)+e)—20d,(e). (2.32)
By Lemma 2.7, I (V) is continuous on 0 < N < (@, Q). Then, taking the limit as
e — 0 in (2.32) we see that

I(N)>I(a)+I(N—a), (2.33)
for some a € (0, N) . ThisAcontradicts (2.15). Therefore, we get 372, HV]'HLQA: N.
Suppose that Z]Oil HV] H ;2 = N and that there are at least to functions Vi and

VE, for some j°, k > 0, that are not identically 0. Let o =
0 < a < N. We define

o112
vi° HL2 . By assumption,

Vi (z) == v’ (x - xﬁlo)
and
l
W, (z) := Z VI (z — xf@) + b, (z).
i=1, j#5°

Note that by (2.22) limsup,,_,, HulnHiQ — 0, as | — oo. Then, similarly to (2.28)
we have

Then, arguing as in the case when Z‘;il HVjHL2 = «, for some 0 < a < N, we
arrive to (2.33), which contradicts (2.15).

. . : 0
By discussion so far, the sum Z‘;il HVJHL2 = HVJ L2

Then, Lemma 2.8 implies that there exist a subsequence of {u,}°° (still denoted
by {un}o,) and a sequence of real numbers {x,,}°° ), such that 4, = u, (- + )

2

~ 2
WJ@H—Q ~(N-a)| <=

< e and ‘HWn

= N, for some j° > 1.

converges strongly in LP (R), p > 2, to Sy := Vjo, as n — oo. Therefore, by Lemma
2.9 we have
I'(N)= lim Z(u,)>Z(Sy)>I(N). (2.34)

n— o0
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The last relation implies that Sy € H*/? (R) is a minimizer for (1.5). Finally, we
note that by (2.34), lim,, oo £ (4y,) = £ (Sy) . Then, Lemma 2.9 shows that in fact
@, converges strongly to Sy in H*/2 (R),asn — 0. 1

3. Small-mass behavior of traveling waves.

We now investigate the structure of small mass solitary waves. Consider the
minimization problem

Ip = inf {zo (v) :v e H' (R) and /]v\z = so} , (3.1)

To(v) =  [5]D]2v - o[22
2 2 —|—2

R
We now formulate a result on existence and characterlzatlon of minimizers for prob-
lem (3.1) (see Chapter 8 of [1]).

where

and

Proposition 3.1. There exists a real, positive and radially symmetric function
R € H' such that:

i) The set of minimizers of (3.1) is characterized by the family €°R (z — xq),
xg,% € R.

ii) For any sequence {v,}°%q € H*, such that |Jv,| — 5(1)/2 and Iy (v,) — Iy, as
n — 0o, there exist Tn,v, € R and a strictly increasing sequence ¢ : N —N, with
the property:

ei7¢(n)v¢(n) ( + x¢(n)) — R, in H'.

i) R € H' is the unique positive, radial symmetric solution of (1.8).

We aim to compare the minimizers Sy of (2.3) with the minimizer R of (3.1).
For this purpose, we consider the following minimization problem

Y (N) :inf{yN( ):ve H?(R and/|v —80,}, (3.2)
where . .
_ - — _ 2542
yN(v)—2</RvnN(D)v S+1/R|v| )
with
()
nn (D) =F lny (6) F, ny (€)= (3.3)
s(s—1) NZS
and n (&) is defined by (2.2). Let
= 5PN ( i ) .
Ry (z) = sy’ "N 2SN pye (3.4)
Note that
yN (RN) =S - Z(SN)
and

/]RN\Z :soN_l/]SN]Q.
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Then, as Sy minimizes (2.3), Ry is a minimizer for (3.2). Moreover Ry satisfies
the equation

nyn (D) Ry +OnRN — ‘RN’ZS Ry =0, (3.5)
with some Lagrange multiplier 0y € R.

Let 0 < N < (Q,Q), where @ is an optimizer of (1.7). We denote by Ry the set
of minimizers of the problem (3.2), which is not empty by Theorem 2.2 and (3.4).
Now, we prove that Ry converges to R, as N tends to 0. Namely, we aim to prove
the following:

Theorem 3.2. Let 0 < N < (Q,Q) and Ry € Ry. Then, there exist ,7 € R,
7 =%(N) and & = (N), such that the relation

lim (¢ Ry (- +3) = Rl| =0, (3.6)
for any r > 0.

We prepare a lemma that is involved in the proof of Theorem 3.2.

2
Lemma 3.3. Let 0 < o<1 and b > 2. Then, for kg = cb @=9 with some ¢ > 0,
and any 0 < k < Ko,
s (s—1)

n (k) = == (k) + 0 (#3079, (3.7)

for all |€] < k™. Moreover,
n (k€)= br™ " |k¢|” 2 0, (38)
holds, for all |{] > k—¢.

Proof. By using Taylor’s theorem, we have

K&
n(eg) = S g+ SO DEZD [ e ypay, @)
0

2

1
for all |k€| < 3. Then, if K < (3)7= we get (3.7). Next we prove (3.8). If
k< K= (2b)72_is , there exists a constant K > 0 (independent of x) such that

(3.8) is true for all |xk&| > K. Note now that n (k§) > 0 forall £ € R, n/ (k) < 0, for
€ <0,and n’ (k€) > 0, for £ > 0. Then, mine> 17 (k€) = ¢ > 0 and thus, if K > 3,

1
for ky = (55)7 and all 0 < k < ko, (3.8) is satisfied on 3 < |k¢| < K. Suppose

s 1
now that ¢ € R is such that x!7° < |k¢| < min{3, /{1722%5}, for all k < (3)™? and
some 0 < § < 1. Then, using Taylor’s theorem we estimate

n (k) — bA™* [AE°

K&
—s(s=1) [+ )2 (€ )y — b2 g
0 (3.10)
s(s—1) . 5—2 2 2—s s
> min +1 KE|T — bk K
2 <ye[—|m§|,m§n W+ )7 ) I It

(2—s)6

> (220 <% — b/{T) _

- =5
Therefore, if k < ni(,’é) = min { (%) 1-6 <82(§f51b)) (270 } , (3.8) is satisfied on k170 <

|kE| < k17250 Let m be such that (22—?)7”04 <1< (22_?)7”4‘1 o. For0 < k < m, we
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define oy, := (%)ka. We decompose [!17%, 4] = U [kl glmanet]y[rl=am 1.

Using (3.10) with § = ay, 0 < k < m, we see that (3.8) is true on £~ < |k¢| < 1,

if kK < K3 := Iﬁ:( ) Hence, putting ko = min{ky, k2, K3}, we conclude that (3.8) is
satisfied for all ]5] >k with 0 < k < k. I

Proof of Theorem 3.2. To somehow simplify the notation, we introduce xk = N p=
and study the limit of

R = R 2.,
as k — 0. We denote Y, = Y (N) and Y (v) = Yy (v). Let 0, € L> be such
) 1/2
that o, (§) = 5(1]/2 <f|C|<H_“ R(C)‘ dC) , for €] < k7%, and o, (€) = 0, for

. NE
€] > k= We put R, := F 1 (O‘RR) . Note that [ ‘R‘ = so. Using (3.7), we have

< —2 [ n(xf o / 23+2
y ) K /RS(S 1) H ‘R d< 25+ 2 ’ (3.11)
/520',@ é- /‘R ’284—2 + O( 1— 3a) )

Then, as

Y

2542

we deduce

Y, <Io+0 (k7). (3.12)

Let . € L™ be such that x, (&) = 1, for |¢] < k=343 0 < § < 1, and . (£) =0,
for |€] > k~1/3+9/3 We define

wy = F X FRW and 7, := R™ —w,. (3.13)
Let us prove that in fact Y, — Iy, as kK — 0. Note that
Y, =y (R(n)) — Y (Wy + 7) - (3.14)

Using the elementary relation (a + b))’ < a? + b + C (apflb—i— abp*I) , a,b >0,
p > 1, by Young’s inequality we have

[ + 12572 < (14 Ce) Jwe|* T2+ (1 + K (¢)) |re|*2, e >0,

with K (g) := Ce (o +2stl), Using the last inequality in (3.14) we get

Yli > Yi (K) + Y2 (’{) ) (315)
where
L n (K,S) R 2 1 + Ce 2542
V) = [ i o) ds - +2/| J
R
and
e ﬂ A 2 1 +K 28+2
Vo) = [ @ de - /\ el
R
By using (3.7) with o = 152 we have

- 1 + Ce s R
/ W D w = 50 [ 40 () [l (©F de,
R

R
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as k — 0. Observe that

/Iwﬁ (£)|2df+/|fﬁ (£)|2d£:/‘R(H)

Hence, we show that
1/ 14 Ce
R R

as kK — 0. On the other hand, we claim that there is x; (¢) > 0 such that

2
= 50. (316)

Y2 (k) >0, (3.18)

for any 0 < k < k1 (¢) . Indeed, using (1.7) and (3.16), we estimate

[z <c [ e ©F de (3.19)
R R
Then,
Vo) > g () - SO e g P
) (3.20)

Therefore, since 7, (€) = 0 for || < k= 1/319/3 using (3.8) of Lemma 3.3 with

-1 + K
a = T and b = Cos(s = DU+ K (e )), we get (3.18). Since by Lemma 3.3

25 42
( ) , we note that
(2—s)a
e=0 <52(T1+1“5“)> . (3.21)
Using (3.17) and (3.18) in (3.15) we see
__ 1+ Ce
Ve > Vi (5) + Y (6) > Vi (s /wn|D| w5 /| 25240 (),

(3.22)
as k£ — 0. Thus, taking into account (3.12), we get

1/ 14 Ce
i/wn D> w, — /|wﬁ|23+2 <,
R R

2s + 2

for any 0 < k < kg (¢), and some k3 (¢) > 0. Then, from (1.7) and (3.16) we get

/< € ‘%W) [ (&) de < C.
R

Cs (1+Ce)

Iz EE for all [¢] > ¢, by (3.16)

Therefore, as for some ¢ > 0, % —

we obtain the estimate

|willgn < C, (3.23)
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uniformly on 0 < k < k3 (¢) . Moreover, using (3.8) we get

o) > s [ () - SR D g o) e
R

> / €7 17 ()2 de.
R

(3.24)
Then, since the left-hand side of the last relation is bounded by Iy, due to (3.12)
and (3.15), we deduce

IrellFre/2 < C,
for all k > 0 sufficiently small. In particular, we have
_ (1-9)s R _(1-9)s .
e G S B O
R |g|>k—1/3+0/3
< [ rmePesc
‘5‘2,@—1/37%/3

which implies

(1=9)s
/ [ ()2 dE < Ok 5 (3.25)
R
Then, it follows from (3.16) that
/]w,@\z — sp, as k — 0. (3.26)

Then, returning to (3.22) and using (3.21) we get
Y 2 Y1 (k) + Y2 (k) 2 Y1 (k) =Zo(we) +o <,451) ,
for some 0 < §; < 6. Therefore, using (3.12), (3.23) and (3.26), we obtain
Ip+o0 (k) > Y, > Y (k) + Ya (k) > Y7 (k)

= Ty () + 0 (k%) > I+ 0 (x) . (3:27)
In particular, this means
lim Zy (wy) = Ip and lim Y5 (k) = 0. (3.28)
Kk—0 K—0

Then, from (3.24) and (3.25) we deduce that

—0

lim ||rs|[3./> = lim / |7 (£)|2d£+/l£ls|m ©)Pde | =0 (3.29
R

5‘2/{_1/3+5/3

Now, we have all the estimates that we need to prove Theorem 3.2. We argue as
follows. Let {N,,}>° be such that 0 < N,, < (Q, Q) and N,, — 0, as n — oo. Then,

kn = Ny ~° also tends to 0. We consider the sequence {w,,}52, where w,, := wy,,.
Taking into account (3.26) and (3.28), from Proposition 3.1 it follows that there
exist a subsequence of {wy}22, that we still denote by {w,}72, and z,,v, € R,
such that

T e ) < Rl =0
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Furthermore, using (3.13) and (3.29) we deduce that

lim
n—oo

= 0. (3.30)

e RN (- + ) — R|

Hs/2

To complete the proof, we need to show that e?» R(n) (- 4+ x,,) converges to R in

H", for all » > 0. Recall that for any 0 < k < <Q,Q>2;
(3.2). Then, R satisfies equation (3.5), that is

S
, R™") is a minimizer of

2s
n(® (D) Rt 4 (o) glen) _ ‘RW R =0, (3.31)

where

n") (D) :=n ». (D), (3.32)

R

for some (%) = 6? 2=s € R. Since R"n) converges to R, in H¥?, as n — oo,
[R5 122 S
i |R(“")| < C, and then, using the bound (3.12) we see that

<, umformly for n € N. In particular, from Sobolev theorem we get

/n(nn) (€) ‘R(nn) (5)‘2 d¢ < C.
R

Hence, from (3.31) we get

/ ‘ Rn)

uniformly for n € N. From (3.31) and (3.33), via the Sobolev theorem, we also
deduce

nto) () |20 ¢)] de < o ([ |Re)|
[ (ore) e ofae e (f e

Then, it follows from Lemma 3.3 that HR(“")
equation (3.31) and arguing similarly to the proof of (3.34), we get HRUW)

N 2
‘ew Rl (5)‘ de < C, (3.33)

25+2 N /n(“") ©

R

4s+2
/(R(W > <C. (3.34)
s < C. Applying the operator D to
e <

By induction on r € N, we see that, in fact, R*") is uniformly bounded in H", for all
r € N (and hence all » > 0). Therefore, as (3.30) is true, e R(") (- 4 z,,) converges

to R in H", r > 0, as n — oo. Recalling that R(») = R 2-s and Kk, = N2°°

deduce that for any {N,,}72; such that 0 < N,, < (Q, Q) and N, — 0, as n — o0,
the estimate

lim He”"RN (-4 zn) —R| 4

n—oo

holds for any r > 0. Since the sequence {N,, }°° ; in the last relation is arbitrary, we
attain (3.6).

Theorem 3.2 allows to calculate the limit as the mass 0 < N < (@, Q) tends to 0
for Lagrange multiplier 6y in the equation (3.5) for Ry. We have the following.

Lemma 3.4. Let 0 < N < (Q, Q). The relation
O — A(s)|=0(1), as N — 0, (3.35)

2
is true, where A(s) = (Pé@) ™% s the Lagrange multiplier in equation (1.8)
for R.
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Proof. Theorem 3.2 implies that there is Ry (), such that Ry converges to R, in
H",r>0,as N — 0. Since Ry and R solve (3.5) and (1.8), respectively, we have

0N — A (s)|R <1+ |nn (D) (R — Rn)|

+[IRn = Ry — R+ o] [R—R] (3:36)
where
ri= ‘(]D]Q —nx (D)> R‘ .
Asny (§) < C (14&?) forall £ €R,
ny (D) < C(D)%. (3.37)
By noting that the sequence {,}2, in (3.33) is arbitrary, as §(*n) = HH 2= we have
On] < C, (3.38)

uniformly for all N > 0 small enough. Then, since Ry converges to R, using (3.37),
(3.38) and Sobolev theorem, we see that the last three terms in the right hand side
of (3.36) tend to 0, as N — 0. Now, note that Sobolev theorem implies

< [ @R -ny @R de+ (339)

lgl<k—e

Withm:Nﬁ,0<a<1/3and

= [ @R -nv @R 0] d
e
Using (3.37) we have
F<C / (€) ‘ﬁ(g)fdg < Ck® R( ;.

|§|=r—

Then, using (3.7) to estimate the first term in the right hand side of (3.39), we see
that r = 0 (1), as N — 0. Hence, from (3.36) we attain (3.35). I

Proof of Theorem 1.2. To prove the first part of Theorem 1.2 we note that the
minimizers Sy of (2.3) and the minimizers Ry of (3.2) are related by (3.4). More-
over, by Lemma 2.1 we see that Sy is related to Qg n by the equation

Qp.n () = (155n) (z), (3.40)

with 73 given by (2.1). Then, Ry and Qg n are related by (1.9), and hence, the first
part of Theorem 1.2 is consequence of Theorem 3.2. To prove the second part we
observe that if Ry satisfies (3.5), Sy solves (2.4) with n = @9]\;. On the other
hand, it follows from Lemma 2.1 that the Lagrange multiplier 1 corresponding to

Sy is related to the Lagrange multiplier v (3, N) that corresponds to Qs n by the
formula v (5, N) = <¥) =1 (n+s—1). Then,

On = % <(s -1t <¥>_ﬁfy(ﬁ,z\r) - 1) :

Therefore, the second part of Theorem 1.2 follows from (3.35). I
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4. Uniqueness of traveling waves.

We now turn to the proof of Theorem 1.3. In view of relations (3.4) and (3.40),
we need to show the unicity of the minimizers Ry € Ry. We aim to prove the
following.

Lemma 4.1. There exists No > 0 with the following property: given 0 < N < Ny
and Ry, Ry € Ry, there ezist ¢,y € R such that

Ry (z) = ¢Ry (z —y).

Before proving Lemma 4.1 we present a lemma that is involved in its proof.
Consider some fixed Ry € Ry and recall that Ry satisfies equation (3.5). We
define the linearized operator Lg, : H#®/? — H=/2 close to Ry by

Lryf =nn (D) +0nf = (s+ 1) |Rn> [ = s (IR %) T, fe HYV

Recall the notation (f,g) = Re [ fg. We now prove the following invertibility result
for Lr, .

Lemma 4.2. There exists Ng > 0, such that for all0 < N < Ny and all Ry € Ry
the estimate

£l zor2 < C (1LRw fll gr-sr2 + 1(fiBN) + [(f, VEN)]) (4.1)

is true for all f € H/%. Moreover, for all F € H=%/% with (F,iRy) = (F,VRy) =
0, the problem
{ Lpryf=F, fecH?
(f,iRn) = (f,VRN) =0,

has a unique solution f € H%/2, and

1l ggsr2 < ClE | o2 (4.2)
holds.
Proof. Let £ : H' — H~' be the linearized operator for the equation (1.8) around
R :

Lf=|DPf+X(s)f—(s+1)R*f—sR*f, feH.
We write f € H' as f = h + ig, with real h and g. Then,
Lf=Lih+il_g

where
Lih:=|D>h+X(s)h— (25 +1)R*h
and
L_g:=|D|*g+ \(s)g — R*g.
Thus,

(L], f) = (Lyh,h) + (L-g,9), (4.3)
for real functions h,g € H'. It is known (see Lemmas 2.1 and 2.2 of [2]) that
ker L, = span{VR}, L+’{R}L >0 and L_’{R}L > 0. Then, from (4.3) we get

(ﬁfaf) > CHf”?’—Il’
for all f € H' such that |(f,R)| + |(f,iR)| + |(f, VR)| = 0. Moreover, using the
relation L1 R = —2s (]D\Z + A (s)) R, we see that

1l < CULS -2+ I(F AR+ [, VR (4.4)



for all f € H'.

Now, in order to prove (4.1), let us compare Lg, and £. Theorem 3.2 shows
that there exist 2 (N),~ (N) € R such that Ry = ¢?"™ Ry (- + 2 (N)) = R, in
H",r >0, as N — 0. Since the Sobolev norms are invariant under translations and
phase-shift, to prove (4.1) we may assume that Ry itself converges to R, in H",
r>0,as N — 0. We fix such Ry € Ry and denote Ly := Lg,. Let ny € L™ be
such that ny (€) = 1, for [¢] < k™% k= N7, 0 < a < 1/3, and 1y (£) = 0, for
€] > k= We decompose f € H*/? as

with

f:f1+’ra

fi:=F WyyFf and r:=F1 (1 —nn)Ff.

We have
LN fI2=ere = I|EN il Fp=sr2 + 1ENT|F—02 + 2 ((D)™° Ly f1, L)

> (|ENFillfg—ere + 1ENT I T2 = 2| (D)™ Ly f1, L)

We denote

D =((D) *ny (D))"*.

Observe that

and

|((D)™* Ly f1, L) | <
< /IDﬁI (D<(s+1)|RN|25r+s<|RN|25*2R§V) )

+ [ 102 (G5 1) Raf® £+ 5 (a2 B3) 7))

4 [ (1+ Il + 1Ba™) LA I

2 2
IENT(Fr-sr2 = NN (D) 7ll5-s/2

_2/ (D] |D (6 = (s + 1) [Rw[* v — s (IRnI*72 B3 7) |

Also, we have

1
1Lx fillis = 5 IEA NG = I(Ex = £) fillf

Using (4.8), (4.9) and (4.10) in (4.7) we get

where

and

with

and

1
LN fl sz = 3 L A1lI-2 + (D) rl3—ee = v1 (f) =2 ()

ri (f) = [I(Ln — L) fill 51,
ro (f) =11 (f) + 122 (f) +ra3(f) +raa(f),
ra (1) =2 [ [DAI[D (s + 1 1Ba 45 (1R B ) 7).

oo (f) = 2/ |D’I“|

_
D ((s+ 1) Ry fi+s (IR 2 B3) 7))

ras (f) == 2/ Dy ‘D (eNr —(s+1)|Ry[*r—s (|RN|23’2 R%V) F) ‘ .

£ (1) = C [ (14 16w+ [Rx|") 5]

19

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)
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It follows from (3.8) that
Iy (D) rllr-cr2 > e 17l pere - (4.12)

Moreover, from (4.4) by (4.5) we obtain
1 . ,
LA = el Al — (TR + 1A TRIP + | iR)P + [ TR)P)

for some ¢; > 0. Then, using (4.12) and || f1]|%: > c||f1\|qu/2 (s < 2), from (4.11)
we deduce
ExWrare 2 e I e = R = 17, VROP s
-1 (f) =2 (f) —r3(f), '
for some co > 0, where

rs (f) = (iR + |(r, VR
Let us prove that there exists Ny > 0, such that for any 0 < N < Ny

C2

v (f) +r2(f) +rs(F) < 5 1 1lgere (4.14)

for all f € H', with ¢y > 0 given by (4.13). By the definition (4.6) of r we have
Il = [ (% 17 (€2 de < OR i, forp< s/ (419

R
Then,

r3 (f) < O&™ | fllFes2 - (4.16)

As Ry converges to R, in H", r > 0, as N — 0, there exists Ny > 0, such that
BNl < C, (4.17)

uniformly on 0 < N < Np. Then, via Sobolev theorem, using (3.37) we estimate
ra1 (f) as
ro1 (f) < Cllrllga-orz [ fill gra-erz -
Thus, taking into account (4.15) with p =1 — s/2, we see that
ra1 (f) < ORI f | pgase | fillppsre < CRETD | 12
Similarly we estimate roo (f) and rog (f) (by using also (3.38)). Then, noting that
by (4.15), (4.17) and (3.38), roy (f) < Cr**/? HfH?{s/Q , we arrive to

ra (f) < ChC D fl[Tpere (4.18)
Let us consider ry (f). Observe that

(Ex = £) fr = (n (D) = [DP) fi+ (O = A () fi
—(s+1) (|Rn* = R*) fi =5 (IRNI 7 B3 = R2) 1.
Then, as Ry converges to R, by the definition (4.6) of f1, (3.7) and (3.35), as
k = N2=s we obtain
v (f) = o) |52 as N = 0. (4.19)

Using (4.16), (4.18) and (4.19), we attain (4.14). Introducing (4.14) into (4.13) we
get
[ fllzrsr2 < CULNF Il gr-sr2 + [ iR+ I(F, VR)]) - (4.20)

Since Ry converges to R,

[(f,i(R=Bn)) +[(f; V(R = Rn)) <o) [fllggs/2
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as N — 0. Hence, |(f,iR)| + |(f,VR)| in (4.20) may be replaced by |(f,iRn)| +
|(f,VRN)|. Therefore, we arrive to (4.1). Now, note that (4.1) implies ker Ly =
span {iRx, VRx}. Then, the second statement of Lemma 4.2 follows from Fredholm

alternative applied to the operator (ny (D) 4 0nx)"" Lry. B

Proof of Lemma 4.1. Without loss of generality we suppose that Ry and Ry tend
to R, as N — 0. For any v,y € R we define

en (2,7,y) == Ry (z) — e Ry (x — y)

and
fa (9) 1= (en (@.7) i ) s g (1) = (e (0,7,9) VRN ).

These functions are smooth with respect to v and y. Let us denote by Jn (v, y
Jacobian matrix of fy and gy at (v,y). As Ry converges to R, in H", r
N — 0, there is Ny > 0, such that for all 0 < N < Ny,

1
[det T (v,9)| = 5 [ RIIZ2 IVRI 72

for (7, y) in some neighborhood of (0,0) (dependent only on Ny). Then, as fx (0,0)
and gy (0,0) tend to 0, as N — 0, we conclude that there are v(N),y(N) € R
such that

)
0

— )

In(v(N),y (N)) = gn (v (N),y (N)) =0. (4.21)
Since Ry and Ry satisfy equation (3.31) and Ry converges to R, we have
|£ayen @)y )|, <o) llen (v (V) (V) o2

Therefore, using (4.2) we conclude that EN (x,’y(N) ,y(N)) = 0. Lemma 4.1 is
proved. I

5. Spatial asymptotics of travelling waves.

This Section is devoted to the proof of Theorem 1.4. For this purpose we use
relations (2.1) and (3.4) and consider the function Ry which satisfies the equation
(3.5). Taking the Fourier transform in the both sides of (3.5) we have

N (©) B (§) + On By () = (F (1B~ Bx) ) (©),

where we recall that

<N2 T¢ ) <‘Nﬁ5+1(s—sNﬁg—1>
nN (5) - - 2s .
(s—l)NQs s(s—1)Nzs
(Here we used formulae (3.3) and (2.2)). Then,
Ry = my * <|RN|25 RN) (5.1)

where

vt ()

We begin by studying the asymptotics of the function my (). Recall that

" (s + (=) e
) M T T e e

(T" (s) denotes the Gamma function.) We prove the following.

C =
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Lemma 5.1. The following expansion is true

+S)

+on (1) e VB)lal
¥ ‘ ) (5.2)
+ (ON (1) + O|z| ( )) |z ‘s+1 )

for|z| = 0o and N — 0, where oy (1) — 0, as N — 0, and o, (1) — 0, as [z — oo.

( ) Cle \/_m—FCQ

Before proving Lemma 5.1, we prepare a result that is involved in its proof. Let
us consider the functions

) = w1 - sy -1+ 2Dy, (5.3

on Gf = {y € C:Rey > —1 and +Imy > 0}, with the brunch of (y + 1)° selected
in such way that (z 4+ 1)° = (z + 1)°, for x > —1. Also, let
2s
fy @) =(—1)"+sy—1+Nisby (5.4)
onGf ={ye€C:Rey>1and +Imy >0}, where (z —1)* = (z — 1)°, for = > 1.
We have the following.

Lemma 5.2. i) There is Ng > 0, such that for any 0 < N < Ny, the function fli (y)
has only one root y* = y* (N) in the region Gf. This root satisfies the estimate

ly* (V)| =0 (Nr> , (5.5)

as N tends to 0.
i1) On the other hand, the function f2i (y) has no roots in the region G2i.

Proof. Let us consider the case of ffL . We translate y — y — 1 and study the zeros
of the function f;" (y) = y* — sy +s— 14+ x20") in Gf = {y € C: Rey > 0 and
Imy > 0}. We write y = |y| €', for 0 < ¢ < 5. Then, we need to solve the following
equation

FH @) =lyl* e*® — slyl e + s — 1+ Ny = £ (jyl, ) +ifs5 (lyl, &) = 0,
with
£ (yl, ) = |yI° cos (s¢) — s|y|cosd + s — 1 + N6y
and
fi5 (yl, @) = |y|® sin (s¢) — s |y sin ¢.

Equivalently, we get the equations

Hi(yl,9)=0 (5.6)
and
f (yl,¢) =0. (5.7)
From (5.7) we see that for 0 < ¢ < 7
y|* = Siir(lf). (5.8)
The right-hand side is increasing on 0 < ¢ < 7 and it is equal to 1 for ¢ = 0.

l
Therefore, there is no roots for f; (y) if |y| < 1. Let r (¢) = ( 512?3(2)) . Then,
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we need to solve fi (r(¢),¢) =00on0< ¢ < 5. Note that for 0 < ¢ < §

L (r(9),0) = 5 (r*71 (9) cos (s9) — cos ¢) 2
—sr (7""*1 (¢) sin (s¢) — sin ¢) (5.9)
= 6P (ssin ¢ cos (s¢) — sin (s¢) cos @) dz((f) -

—s(s—=1)r(¢)sing < 0.

Moreover, f;; (r(0),0) = Nz n. Then, using (3.35), we see that f;; (7 (0),0) >0
for N > 0 small enough. Since 7 (¢) is increasing on 0 < ¢ < 7, from (5.9) we get

a5 /11 (7 (9),9)
= m (S SiIlgbCOS (qu) — sin (SQS) cos ¢) d:’i((;ﬁ)
(5= D @)~ Dsing s~ Daing < s (o Dsinss

Integrating the last inequality we see that

25
i (¢),0) < N2=Oy —s(s—1) (1 —cos ).
Thus, there is 0 < ¢ < 5, such that fi} (r(¢o),d0) < 0, for all N > 0 small
enough. Hence, we conclude that there is Ny > 0, such that for any 0 < N < Np,
there is 0 < ¢ (N) < § with the property

i (@(N)),¢(N)) =0.

Therefore we conclude for N > 0 sufficiently small, the function ffL (y) has only
one root y* =y (N). Since (y +1)° — sy — 1 = 0 only for y = 0, we show that
y(N) = 0, as N tends to 0. Then, using that (y +1)° —sy — 1 = Cy?> + o (yz) ,
as y — 0, from the equation f;" (y(N)) = 0 we get (5.5). To prove the same
result for f;, we again translate y — y — 1 and study the zeros of the function
ff(y) = y® —sy+s—1+x20" in éf ={yeC:Rey >0and Imy <0}. We
represent y = |y| e, for 0 < ¢ < 5. Then,

@) = fi(yl, o) +ifi (lyl. @) =0,

with .
S (lyl, @) = lyl° cos (s¢) — s |y[cos ¢+ s — 1+ N2-s 6y
and
fia (lyl, @) = = [y|” sin (s6) + s |y[ sin .
Arguing similarly to the case of f1+ we prove that f; has only one root y= =y~ (V)
which satisfies (5.5). This proves the first part of Lemma 5.2.

To prove the second part, we first translate y — y + 1 and study the existence of
zeros for

~ 2s

fy W)=y +sy+s—1+ N2ty (5.10)
on é;ﬁ ={yeC:Rey >0and +Imy > 0}. We introduce the decomposition y =
ly| e, for 0 < ¢ < Z into (5.10) to get

@) = £yl o) +ifs (yl,9),

with
15 (91:6) = Iyl cos (s6) + syl cosé+ 5 = 1+ N=5by
and
F35 (Il 6) = = (|yl*sin (s¢) + s |y| sin @) .
Since

£ 55 (Jyl . ¢) >0
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for all |y| >0 and all 0 < ¢ < 7, and

f31 (lyl,0) =

2s
lyl* + syl +s—1+N2=0y >0,

we conclude that fi (y) does not have roots on G5. i

Proof of Lemma 5.1. We have

m" (z) = my (z) = 5

s(s— 1)]___1

1
<"€2 (’H§+ 1’8 — ngé‘ — 1) +9(n)> (x)’

with k = N2-s and () = @«9 ~. Let us study the function

1
I=r"1 .
(n—2<|m£+1ls —srE — 1) +9<“>>
We have
1 oi d¢
\/ﬂ 2(|k€ +1]° — sk — 1) + )
17 de
\/ﬁ 2(RE+ 1" = srE = 1) + 60 (5.11)
1
o [ g
Var ] © R (RE A AT —sne— 1) + 0
= Il +12,
with
r/ .
= 27 (k€ +1)° — sk€ — 1) + )
and
Iy = / 72:135 d£
V2r (K€ —1)° 4+ sk — 1)+ 0")

Suppose that = > 0. Flrst, we consider I;. We extend the denominator F'(§) =

“2((kE +1)° — sk€E — 1) + 6% analytically by the function k2fF (k€), defined
by (5.3). By Lemma 5.2 F (£) = k2 ((k€ + 1)° — sk€ — 1) + 6®) has only one root
¢ = £¥) in the region {{ € C:Re¢ > —% and Im¢ > O}. Then, it follows from
Jordan’s lemma that

2T . o(n)
I = ——¢t — + 1, (5.12)
V2T 3(,‘15(“)—‘,—1) 1—8
where
—%-‘,—ioo
1 iz d§
IH = — (& 9 s ")
ver ) K 2((RE+1)—skE—1)+0
By (3.9)
W) = 362D () 4 g CAA
F<§ ) - (5 ) 19 10 n<§ ) 0. (5.13)
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Using (5.5) we deduce that ‘f("‘)| < C. Then, from (5.13) it follows

@ <£(H)>2 + 0% =0 (k).

As Im &) > 0, using ) = @GN and (3.35) we get
g(ﬁ) —VA (S)Z =o(1),

as kK — 0. Therefore, taking into account the relation

s </<;§("‘) + 1)371 —s=s(s—1)\/A(s)ik+o(k)

we get
27 pize () K
AT 1
= /T 2 e~VAGl 4 o—v/A@lelg (1)
s(s—=1)y/A(s)
as k = 0.

Making the change y = —i (k€ 4+ 1) in the integral in I1; we have

I = ! ein/eiy rdy .
V2or (iy)® —isy + s — 1 + K20(r)
0
Integrating by parts in I; we have
iK? el
om s — 1+ K260

I = + Z, (515)

with

_m /OO =z, (isy*~ —is) d
J (ivy® —zsy—l—s—l—i—/@H(’i))

We decompose now 7 as

Z =714+ Zy+ Zs, (516)

where

71 = f“—/eiy sy,

! (s — 1)2x\/27ro v
sk2e i 7 1
ZQ = /6_%31 3

V21 s (iy* —isy+ s — 1+ x20())

and

s+1,.2 P - 1 1
Zy =" [ew¥ys! 5 — 5 | dy.
V2 ) (iy* —isy +s—1+K200))°  (s—1)

Making the change z = £y in Z; and Z3 we have

—iZ o0 . iz
s+1 2+s ) o s—ld SZerle U K2+s
) xs—l—l

le( T2 m8+1\/ﬂ z z_i(s—l)Q\/ﬂF(s

and
o ( ﬂ2+s)

1
— 2+
Zg = W + Kk“"%0 <F> . (518)
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Using (5.17) and (5.18) in (5.16) we have
Sierle—i% ﬂ2+s O( 2+s) o 1
7 = 7(3— 1)2\/%1“(3) < 8+1> + Zy + g + K" %0 <—$8+1> .
Introducing the last equation into (5.15) we get
iK? e 'x

Iy —
1 or s — 1 4 k20()

+ Z
(5.19)

SZ'SJrle_Z% 24s o(,‘@%L )
b T(s (“s )+ L+ K20 ().
(3 o 1)2 /_27'[' ( ) s+l s+l ( +1)
Finally, using (5.14) and (5.19) in (5.12)
2
I, =./Z e~ VAB)lz]
' \/;s (s —=1)/A(s)
is+1,—1% . ) —iZ

+-2 L 1 (s) (“fL) = ‘ (5.20)

(s—1)"V2rm v zV2m s — 1+ k20()

‘|‘Z2 +e Vv )\(S)Ix‘on (1) + Hsif Ok (1) + I;Sif O‘x‘ ( )

where o, (1) — 0, as kK — 0, and o}, (1) — 0, as |z — oc.

Let us now consider Ir. We extend Fj (€) = =2 ((k€ —1)° + su€ — 1) + ")
to the analytic function k=2f, (k€), defined by (5.4). By Lemma 5.2 the de-
nominator Fy (¢) = k2 ((k€ —1)° + sk —1) + %) has no roots in the region
{5 € C:Reé > % and Im¢ < 0} . Then, by Jordan’s lemma we have

_ 1 f it d§
b= V2T / ‘ K2 ((kE —1)° + sk€E — 1) + )

—1300

1
Making the change y =i (k — 1) we get

_a dy
I, = — e wY—— )
V2 (—iy)® —isy+ s — 1+ k20"
0
Integrating by parts we have
ke lx 1 - - -
I = — Y1 + Yy + Vs,
? 2 8—1+/<29(H)+ AR e
where "
_7\% —Z% 2+s
7. = (=1t 7z, = ur K
1=(=1)"""2Z PRI ) ( 5
o0
= 5/{ e~ z, )
%= /21 /e —iy)® —isy+s— 1+1@29(N)) dy
0
and
= (= )8Jrl skZe it T B . X
i ((—iy)s—i5y+8—1+f€20("))2 C(s—1)? dy.
0

Changing z = £y in Z4 we show that

Zy= 2) L s <;>

3 xs—l—l 1.3—1—1
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Then,
s(—i)* e ix 24s iK? e i _
e 5 z
2T -1 Ve O\e) = s — 14 e T 22 (5.21)

‘|‘Kjif Ok (1) + %O\x\ (1) :
Using (5.20) and (5.21) in (5.11) and noting that Zy + Z» = O (%) , we obtain
(5.2) for > 0. The case x < 0 is considered similarly. I

We now get a bound for a solution of (5.1). Namely, we prove the following.

Lemma 5.3. Let Ry € H*? be a solution to (5.1) with my (x) € L™ satisfying
the decay estimate
s(2+s)

—/ A(s)|x Nz

for all 0 < N < Ny and some Ng > 0. Then, there is Ny > 0, such that for all
0 < N < Ny, the estimate

s(2+s)
Ry (2)| < C Alel o —Z — )z eR, 5.23
) € VO T (5.29
18 true.
Proof. Suppose that
| (2)] < ¢4 C,A>0
my (x — C, )
A= g
Let us prove that
CA
Ry ()| < ———. 5.24
By @) < 1 (5:29)

To show this inequality, we follow the proof of Lemma 3.1 of [5]. Since Ry € L?,

there is ag > 0 such that
: 1
RY (ydy | <—.
</yzao/2 16

M (a) := sup [Ry (a)].

|z|>a

For any a > 0, we set

Note that
s (7)) ] < v =0 (s ) 01
Sy o (@ - >(1RN1 R ) (v) dy|

f"‘(Tim%M(g))’

for all |x| > a, and a > ag. Using equation (5.1), from the last relation we deduce

C 1 a
< S T Z
Ma)< 4 (1 nprE TR (2>> ’

for all a > ag. Putting a = 2", n > ng, in last relation we obtain

C

M(2") < A <W + %M (2"1)> .
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Iterating the above inequality we see that

C n—mo o—1q 1 —1

M(Q”)SA<W j=0" 27 + g M (2707) -
__ca (5.25)

T 14 (20T
Since Ry € L, to prove (5.24) we can assume that |z| is big enough. For instance,
|z| > 2"0. Then, as |z| € [2", 2], for some n > ng, we deduce (5.24) from (5.25).

224 o VAG)le] s+1 -
Suppose first that N 2=s > e (1 + |z ) . Then, from (5.22) it follows
that

s(24s)
2—s
my (z)] < C——.
Iy (@) £ 07
. . s(2+s)
Applying (5.24) with A = N 2= we get
CNS(2+5)
2—s
Ry (z)| < —————. 5.26
By @] < (5.20)
Suppose now that
NS(22_+55) < e VGl (1 + |x|3+1) ' (5.27)
Let us prove that
IRy (z)] < CemVABIl (5.28)
Since
e (@) <
N -1 + |$|s+17
it follows from (5.24) that
C
Ry (z)| < ————. 5.29
By (@) < 1 (5.29)
To prove exponential decay we turn to the equation (3.5), which we write as
(—A) Ry +0nyRy = ’RNIQS Ry + ((—A) Ry —ny (D)) Ry. (5.30)

Putting Ry (z) = Py (v@nz) in (5.30) we have
1
(=8) Py + Py = 5 |Py|* Py + ((=A) Ry — ny (D)) Ry

Following the proof of Theorem 8.1.1 of [1], we introduce the function w.s(z) =
S|
eltelel for e, > 0. This function is bounded, Lipschitz continuous, and |Vwe| < w, 5

a.e.. Taking the scalar product of (5.30) with w. sPn € H3/? we get
Re [ VPNV (wesPN) + fwes IPNI?
= g Jwes PN+ | [ (=A) = ny (D)) Ry) (w:sBnN)] -
Since V (w:sPy) = (Vwe5) Py + w5V Py,
Re [ VPNV (we,(;P_QN) > [wes yvpév\z — [w.s|Pn| \2VPN]
> [wes|[VPN|" — % [wes |PN|" — 5 [wes|[VPN|°,
and then from (5.31) it follows
fwa,é |PN|2 < gl fwa,é |PN|2SJr2

+2 (((=A) = nn (D)) Ry) (we s R) - (5.32)

(5.31)
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Using (5.29) we have

g [ wes |PN 2 < fcpwes [Py ()™ dy
20
P ﬁy|ZRws,a\PN( y)|* dy

2542 2
< g Sy<rn @Y PN P dy + 5 [wes | Pal*,
for some R > 0 big enough. Using the last relation in (5.32) we get

fwsa(x/_y) Ry (y)* dy

= Wf\qu Py (y)** dy (5.33)
+75= |/ (=) = ny (D)) Ry) (wesR)| -

We estimate the second term in the right-hand side of (5.33) by
|/ ((=A) = ny (D)) Ry) (we sRN)|

) s (8) v (D) W‘ (97" s (VOw9) 1R )
(5.34)

Using (5.27) we have (y) \/”%7“ < N7 for some k > 0. Then, if § > 0 is
We 6(\/%31)

small enough, by using (3.7), via Sobolev’s theorem we obtain

</

(y) m ((=A) =nn (D)) Ry)

< CN™M|(((-=A) = ny (D)) Ry)ll 1 < CN®* | Ryl g

for some 01 > 0 and n > 1. Then, there is Ny > 0, such that

VN

() == (((=4) —=nn (D)) By)| < =3

Ws,é(my)

sup
yeR

Using this inequality in (5.34) we get

[ (8= () Ry (o) < Y24 Y5 [ a5 (V) L ()

Introducing the last inequality into (5.33) we arrive to
[ e (Vou) 1w Py < o | iy Py o
y|<R

Taking the limit as € — 0, we obtain

8
(HN)3/2

/emM IRy (y)|*dy < C. (5.35)

_2X(s) z .
Note that by (5.27) |my (z)| < Ce sG-plel, Then, it follows from (5.1) that
Ry (@) <€ [ VPO (IR Ry) () dy. (5.36)

Since 2s + 1 > 2, from (5.35) and (5.36) we deduce (5.28). Finally, summing up
(5.26) and (5.28) we attain (5.23). 1

We have now all ingredients that we need to prove Theorem 1.4.
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Proof of Theorem 1.4. We consider again equation (5.1). It follows from Theorem
1.2 that there exist z,7 € R, ¥ =4 (N) and £ = & (N), such that

i, [ -+ 5) Ry =0

Let Ry (z) = e Ry (z + &) . Note that Ry solves (5.1) and tends to R, as N — 0.
We write
Ry (@) = C1 [y 10 e VORI (IR R) (y) dy
c Ns(QQE—s% 5 5 (537)
+E e JRIPR+ 3 10))

where
s(2+s)

CoN 5 .
p1 = ziﬂ/ <|R|2 R) (y) dy
Ed jy|> Lzl

5(2+4s) 1 1 2s
prm e /W <\x y\”l_ym\S*l)('R' R) @

s(2+s)

N 2=s s
p3 = / my (¢ —y) = Cre VOl — ¢y = (|R|2 R) () dy,
ly|< =Y

Izl |z =yl

o= [y (] i) ) = (R2R) )
ps :z/ngmzv(:v—y)( ;

We observe that R satisfies the estimate
IR (2)] < Ce VOl 4 e R, (5.38)

and

» RN) (v) dy.

s(24s)

Then, as s > 1, py = N 2 eiVA(s)Mom (1), where o, (1) — 0, as |z| — oo.
Taking into account the relation
25
‘f\ys (\x =~ ) (R >(y)dy‘

2s
i<tz 1| IR R (1) dy,

53
<

‘ ‘s+2

we show that py = %o‘x‘ (1). From Lemma 5.1 it follows that

NS(2+S) (1) NS(2+S)
VAV 2—s ON 2—s
pP3 = ON (1) em VAL + ‘x’8+1 + ‘x‘s—l—l 0 (1) >

with oy (1) — 0, as N — 0. Since my € H%*'E, for € > 0, in particular my € L.
Then, using Lemma 5.1 we show that my satisfies estimate (5.22). Hence, since
Ry — R, as N — 0, we estimate

pa=on (1 )( \/Elg“r‘ ’s+1>

Finally, as s > 1, by using Lemma 5.3 we deduce that
s(2+s)

— VO, s N (D on (1),
p5 = ¢€ 0|m|( ) 1t |£C|s+1 0|m|( )ON( )
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Therefore, summing up the above estimates we prove

s(2+s)

5 sl2ets)

- e N 2—s
dori=1e VA()HJFW (0] (1) +on (1)) -
j=1

As R is radially symmetric we have

e eV (IRPR) () dy

Using this equality in (5.37) we obtain

Ry () = i VA0 [ VA0 (1R R) (3)dy

s(2+s) 6

CZN 2—s 2
W/\R\ "R+ pj
’.%" 7j=1

with

pe = —Cre” V)l oy € A <\R’25 R) (y) dy
ly|>5

By using (5.38) we estimate pg = e~V A(s”mlo‘x‘ (1). Theorem 1.4 is proved. 1
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