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STRONGLY INTERACTING BLOW UP BUBBLES
FOR THE MASS CRITICAL NLS

YVAN MARTEL AND PIERRE RAPHARL

ABSTRACT. We consider the mass critical two dimensional nonlinear Schrédinger equation
(NLS)
i0vu+ Au+ |[ul*u=0, teR, R

Let @Q denote the positive ground state solitary wave satisfying AQ — Q + Q* = 0. We
construct a new class of multi-solitary wave solutions: given any integer K > 2, there exists
a global (for ¢ > 0) solution u(t) of (NLS) that decomposes asymptotically into a sum of
solitary waves centered at the vertices of a K—sided regular polygon and concentrating at a
logarithmic rate as t — +o00 so that the solution blows up in infinite time with the rate

IVu(t)|L2 ~ |logt| as ¢ — +oo.

This special behavior is due to strong interactions between the waves, in contrast with
previous works on multi-solitary waves of (NLS) where interactions do not affect the blow
up rate. Using the pseudo—conformal symmetry of the (NLS) flow, this yields the first
example of solution v(¢) of (NLS) blowing up in finite time with a rate strictly above the
pseudo—conformal one, namely,

[Vo(@)llze ~

!
%'tl‘ as t10.

Such solution concentrates K bubbles at a point zo € R?, i.e. [v(t)]*> = K||Q||326, as t 1 0.

1. INTRODUCTION

1.1. General setting. We consider in this paper the mass critical two dimensional non linear
Schrodinger equation (NLS)

i+ Au + |ulPu =0, (t,z) € R xR (1.1)

It is well-known (see e.g. [7] and the references therein) that for any ug € H'(R?), there exists
a unique maximal solution u € C((—T%, T*), H*(R?)) of (1.1) with u(0) = ug. Moreover, the
following blow up criterion holds

T* < +oo implies l%%l |Vu(®)|l2 = +oo. (1.2)
t *

The mass (i.e. the L? norm) and the energy E of the solution are conserved by the flow, where

1 1
E<u>:5/RQ !Vu\Z—Z/RQ !

From a variational argument, the unique (up to symmetry) ground state solution to
AQ-Q+Q*=0, Qe H'(R?, Q>0, Q is radially symmetric
attains the best constant C' in the following Gagliardo—Nirenberg inequality

Vue H'(R?), |ullzs < Clull?:[Vulz. (1.3)
1
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(see [4, 56, 25]). As a consequence, one has

2
Vu € H'(R?), E(u)> 1\|Vu||%2 (1 - Hu”? ) . (1.4)
2 QI

Together with the conservation of mass and energy and the blow up criterion (1.2), this implies
the global existence of any solution with initial data |lug|l2 < [|@]|2. Actually it is now known
that in this case, the solution scatters i.e. behaves asymptotically in large time as a solution
of the linear equation, see [19, 12] and references therein.
We also know that ||ul|z2 = ||@||z2 corresponds to the mass threshold for global existence
since the pseudo—conformal symmetry of the (NLS) equation

() = s (o ) 0 (19
v r)= —U\|—,7 )€ .
SRR

applied to the solitary wave solution u(t, ) = e®*Q(x) yields the existence of an explicit single

bubble blow up solution S(¢) with minimal mass

2

1 x _plelm i 1
s<t,x>=—cz<—)e ST, 1S(0e = [Qles IVS@l ~ ~.  (16)
19 Do T

We refer to [7] for more properties of the pseudo-conformal transform. From [37], minimal
mass blow up solutions are classified in H'(R?):
lu(®)|lz2 = Q]2 and T* < +oo imply uw =S up to the symmetries of the flow.

Recall also the following well-known general sufficient criterion for finite time blow up: for
initial data up € ¥ = H' N L?(|z|>dz), the virial identity

[ el = 165(u0) (7
— x| |u|* = U .
dt2 R2 0

implies blow up in finite time provided E(ug) < 0 (by (1.4), this implies necessarily |uo|| ;2 >

1@l 2)-

1.2. Single bubble blow up dynamics. We focus now on the case of mass slightly above
the threshold, i.e.

1@z < lluollrz < Q2 + 0, 0 <o <1, (1.8)
We first recall in this context that a large class of finite time blow up solutions was constructed

in [6] (see also [22], [45]) as weak perturbation of the minimal mass solution S(¢). In particular,
these solutions blow up with the pseudo—conformal blow up rate

1
t ~ .
IVu@lz2 |, 7

Second, recall that the series of works [51, 38, 39, 54, 40, 41] provides a thorough study of the
stable blow up dynamics under condition (1.8), corresponding to the so called log—log blow up
regime

(1.9)

log | log(T* — t)|
T —t ’

Third, it is proved in [45] (see also [22]) that solutions constructed in [6] are unstable and

correspond in some sense to a threshold between the above log—log blow up and scattering.

(1.10)

Vulie 5, o'/

t~T*
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Finally, recall that under (1.8), a universal gap on the blow up speed was proved in [54]: given
a finite time blow up solution satisfying (1.8), either it blows up in the log-log regime (1.10),
or it blows up faster than the pseudo—conformal rate

1
t >
IVu(t)l2 2 s

(See also [1, 2].) However, the existence of solutions blowing up strictly faster than the
conformal speed is a long lasting open problem, which is equivalent, by the pseudo—conformal
symmetry (1.5), to the existence of global solutions blowing up in infinite time.

1.3. Multi bubbles blow up dynamics. For larger L? mass, it is conjectured (see e.g. [42])
that any finite time blow up solution concentrates at the blow up time universal quanta of
mass m; > 0 at a finite number of points x) € R? | ie.

K
lu(t)|* — kaég% + [u** as t 1T,
k=1

where u* € L? is a (possibly zero) residual. The first example of multiple point blow up
solution is given in [36]: let K > 1 and let (x4)1<k<x be K arbitrary distinct points of R?
there exist a finite time blow up solution u(t) of (1.1) with

ZS —.%'k

In particular, u(t) blows up with the pseudo—conformal rate

K
=0, [u®)]® = Q72 b, as t10.

H1 k=1

1
IVult)lzz ~ o
I
Other general constructions of multi bubble blow up are provided by [53, 16] in the context
of the log—log regime. Observe that these works deal with weak interactions in the sense that
the blow up dynamics of each bubble is not perturbed at the main order by the presence of

the other (distant) bubbles.

ast 1 0.

1.4. Main results. In this paper we construct the first example of infinite time blow up
solution of (NLS), related to the strong interactions of an arbitrary number K > 2 of bubbles.
As a consequence, using the pseudo-conformal transform, we also obtain the first example
of solution blowing up in finite time strictly faster than the conformal blow up rate. Such a
solution concentrates the K bubbles at one point at the blow up time.

Theorem 1 (Infinite time blow up). Let K > 2 be an integer. There exists a solution
u € C([0,4+00),%) of (1.1) which decomposes asymptotically into a sum of K solitary waves

%0 ()

where the translation parameters xy(t) converge ast — +oo to the vertices of a K -sided regular
polygon, and where (t) is some phase parameter. In particular,

1+o0(1)
logt

— 0, At)= as t — +o0, (1.11)

H1

IVu(t)|l2 = K%HVQHLz(l +o(1))logt as t— +oo. (1.12)
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Corollary 2 (Finite time collision). Let u(t) € C([0,+00),%) be given by Theorem 1 and let

v € C((—00,0),X) be the pseudo conformal transform of u(t) defined by (1.5). Then v(t) blows

up at T* = 0 with

log ||
t

IVe@®)z2 = K2 VQI|r2(1 + o(1)) ;o = K||Q7200 as t10. (1.13)

Comments on the main results.

1. Dynamics with multiple nonlinear objects. Multiple bubble solutions with weak interactions
and asymptotically free Galilean motion have been constructed in various settings, both in
stable and unstable contexts, see in particular [36, 48, 27, 31, 21, 11, 52, 5, 16]. As a typical
example of weakly interacting dynamics, for the nonlinear Schréodinger equations
4
i+ Au+ [uf lu=0, zeRY 1<p< 1+ﬂ’ (1.14)

there exist multi solitary wave solutions satisfying for large t,

K 1 1), 12 1 1
u(t) — e~ (Gvez— gVl t+wkt+’7k)wls—1 Q(ng (.— th)>

k=1

Se M 4 >0, (1.15)
Hl

for any given set of parameters {vy,wg, v} with the decoupling condition vy # vy if k # K
(see [31, 11]).

In [21], two different regimes with strong interactions related to the two body problem of
gravitation are exhibited for the Hartree model (hyperbolic and parabolic asymptotic motions).
We also refer to [48, 29| for works related to sharp interaction problems in the setting of the
subcritical (gKdV) equation. We thus see the present work as the first intrusion into the
study of strongly interacting non radial multi solitary wave motions for (NLS). Note that the
solution given by Theorem 1 is a minimal threshold dynamics and its behavior is unstable by
perturbation of the data. An important direction of further investigation is the derivation of
stable strongly interacting multiple bubbles blow up dynamics.

We observe from the proof of Corollary 2 that the K bubbles of the solution collide at the
same point at the blow up time providing the first example of collision at blow up for (NLS).
Note that the geometry of the trajectories of the blow up points (straight lines from the origin
to the egde of the K-sided regular polygon) is an essential feature of these solutions. A related
one dimensional mechanism is involved in the derivation of degenerate blow up curves in the
context of “type I” blow up for the wave equation, see [46]. For the nonlinear heat equation in
one dimension, solutions for which two points of maximum collide at blow up are constructed
in [17]. There are also analogies of the present work with the construction of stationary
solutions with mass concentrated along specific nonlinear grids, see [49]. In the context of two
dimensional incompressible fluid mechanics, special solutions to the vortex point system are
studied as a simplified model for dynamics of interacting and possibly colliding vortex, see for
example [47| for an overview of these problems.

2. Construction of minimal mass solutions. The proof of Theorem 1 follows the now stan-
dard strategy of constructing minimal dynamics by approximate solutions and compactness,
initiated in [36] and extended in various ways and contexts by [27, 21, 11, 55]. The proof
of Theorem 1 combines in a blow up context the approach developed for multibubble flows
in |27, 21| and a specific strategy to construct minimal blow up solutions for (NLS) type
equations introduced in [55, 20|. An key ingredient of the proof is the precise tuning of the
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interactions between the waves. Note that we restrict ourselves to space dimension 2 for sim-
plicity, but similar results hold for the mass critical (NLS) equation in any space dimension
with same proof. For the mass subcritical and supercritical nonlinear Schrodinger equations
(1.14), we expect using similar approach the existence of bounded strongly interacting multi
solitary waves, with logarithmic relative distances, i.e. non free Galilean motion. Interest-
ingly enough, the existence of such solutions is ruled out in the mass critical case by the virial
law (1.7). Indeed, the scaling instability direction of the critical case is excited by the in-
teractions which leads to the infinite time concentration displayed in Theorem 1. Note that
the construction of of Theorem 1 is performed near ¢ = +oo (by translation invariance, it is
then obvious to obtain a solution on the time interval [0, +00)). An interesting question is to
understand the behaviour of such solutions for ¢ < 0.

3. Zero energy global solutions. From the proof of Theorem 1, the solution u has zero energy.
In [41], it is proved that any zero energy solution satisfying (1.8) blows up in finite time
with the log-log regime. Thus, in the neighborhood of @, €**(Q is the only global zero energy
solution. For the critical (gKdV) equation, a similar result holds, though in a stronger topology
(see [32]). Note that the existence of global in time zero energy solutions is strongly related
to Liouville type theorems and to blow up profile, see [50, 38|. For (NLS), the only known
examples of global in positive time zero energy solutions so far were the time periodic solutions
e P where P is any solution to the stationary equation AP — P 4+ P3 = 0. Therefore, the
existence of such a non trivial global (for positive time) zero energy solution w(t) is surprising.
For other works related to minimal mass solutions and their key role in the dynamics of the
flow, we refer to [15, 55, 3, 45, 14, 32, 33|.

4. Blow up speed for (NLS). The question of determining all possible blow up rates for solutions
of nonlinear dispersive equations is in general intricate. For the (NLS) equation (1.14) in the
mass supercritical-energy subcritical range, a universal sharp upper bound on the blow up rate
has been derived in [45] for radial data, but no such bound exists for the mass critical problem.
For (NLS) with a double power non linearity of the form |u[P~lu + |u|?>u where 1 < p < 3,
the minimal mass solution has a surprising blow up rate different from the conformal rate, see
[26]. For the mass critical (gKdV) equation, solutions arbitrarily close to the solitary wave
with arbitrarily fast blow up speed have been constructed in [34]. Recall that constructions
of blow up solutions with various blow up rate are also available in the energy critical and
super—critical context, see [24, 23, 43, 13, 10, 18]. However, such general constructions seem
by now out of reach for the mass critical (NLS) problem. In this context, the derivation of the
anomalous blow up speed (1.13), in spite of its rigidity, is an interesting new fact. We will see
in the proof how such a blow up rate is related to strong coupling between the solitary waves.

1.5. Notation. Let ¥ = H! N L?(|z|?dx). The L? scalar product of two complex valued
functions f,g € L?(R?) is denoted by

(f,9) = Re (/RQ f(m)y(x)dx> .

In this paper, K is an integer with K > 2. For brevity, ), denotes Zle. Fork=1,... K,
27 (k—1)
er, denotes the unit vector of R? corresponding to the complex number ¢!~ & . We define

the constant k = k(K) by

k=1- ei%”( — (2 — 2cos(2m/K))/? > 0. (1.16)
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Recall that we denote by Q(x) := Q(]z|) the unique radial positive ground state of (1.1):

/

Q'+ —Q+Q =0, Q0)=0, lim Q(r)=0. (1.17)
r r—+00
It is well-known and easily checked by ODE arguments that for some constant cg > 0,
for all > 1, ‘Q(r) — ch*%e*r + ‘QI(T) + ch*%e*” < rse (1.18)
We set
Ig = /Q3(m)e$1daﬂ, x = (z1,22). (1.19)
We denote by ) the set of smooth functions f such that
for all p € N, there exists ¢ € N, s.t. for all z € R2 | f®)(z)| < |z|%e™ 1], (1.20)
Let A be the generator of L2-scaling in two dimensions:
Af=f+az-VF.
The linearization of (1.1) around @ involves the following Schrodinger operators:
Li:=—-A+1-3Q% L_=-A+1-Q%
Denote by p € Y the unique radial solution H' to
|z
Lip="—0C (1.21)
which satisfies on R?
p(@)| + V()] S (1 + |2P)Q(z). (1.22)
We recall the generalized null space relations (see [57])
2
x

Li(VQ)=0, L_(2Q)=-2VQ,

and the classical (see e.g. [38, 39, 55, 57, 9]) coercivity property: there exists p > 0 such that
for all n € H',

(LyRen, Ren) + (L_TImn, Imn) > p|nl7n

- i [0, Q)% + (1, 122Q) + (1, 2Q)? + (n,ip)? + (0,iVQ)?] . (1.24)

1.6. Outline of the paper. The main goal of Sect. 2 is to construct a symmetric K—bubble
approximate solution to (NLS) and to extract the formal evolution system of the geometrical
parameters of the bubbles. The key observation is that this system contains forcing terms due
to the nonlinear interactions of the waves, and has a special solution corresponding at the main
order to the regime of Theorem 1 (see Sect. 2.2). In Sect. 3, we prove uniform estimates on
particular backwards solutions of (NLS) related to the special regime of Theorem 1. We proceed
in two main steps. First, we control the residue term by energy arguments in the context of
multi-bubbles. Second, a careful adjustment of the final data yields a uniform control of
the geometrical parameters. In Sect. 4, we finish the proof of Theorem 1 by compactness
arguments on a suitable sequence of backwards solutions of (NLS) satisfying the uniform
estimates of Sect. 3.
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2. APPROXIMATE SOLUTION

In this section, we first construct a symmetric K—bubble approximate solution to (NLS)
and extract the evolution system of the geometrical parameters of the bubbles. This system
contains forcing terms due to the nonlinear interactions of the waves. Second, we write explic-
itly a special formal solution of this system that will serve as a guideline for the construction of
the special solution u(t) of Theorem 1. Third, we state a standard modulation lemma around
the approximate solution. Recall that the integer K > 2 is fixed.

2.1. Approximate solution and nonlinear forcing. Consider a time dependent C' func-
tion p of the form

P= (N 27, 8,b) € (0,+00)% x R3,
with |b] + |3] < 1 and z > 1. We renormalize the flow by considering

ta)— dt = N2(s)d ” 2.1
u( ’x) - Wv(say)a - (S) S Y= @, ( . )
so that .
. 2 e .. ) A .
i0yu + Au + |u| u=-g 10+ Av — v+ |v] v—zXAv—i—(l—y)v (2.2)

(0 denotes derivation with respect to s). We introduce the following p-modulated ground state
solitary waves, for any k € {1,..., K},

Pk(S, y) = 62‘Fk(s’ink(s))QaL(z(s))(y - Zk(s))’ (2'3)
for

b
Br = Pex, 2z =zex, Li(s,y) =0k -y— ZMQ, (2.4)

and where we have fixed

1
ZZCQIQ >0 for K =2
Qo = Q + ap, a(z) = _Cazée_ﬁza Ca = $p7 Q> (2'5)

K2 CQIQ

20, 0) >0 for K>3
Note that the introduction of such modulated @, corresponds to the intrinsic instability of
the pseudo-conformal blow up regime (a = 0 leads to b(s) = s~ !). Similar exact Q, (at
any order of a) were introduced in [44]. The explicit above choice of a(z) corresponds to
direct integration of the nonlinear interactions at the main order, as explained in Sect. 2.2.
We also refer to (3.26) in the proof of Lemma 7 where this choice of a(z) leads to an almost
conservation of the mass for the approximate solution P defined below. Note that the different
formula for ¢, depending on the value of K corresponds to the fact that for K > 3, each given
soliton has exactly two closest neighbor solitons.

Let
P(s,y) = P(y; (2(s),b(s), B(s))) = >_ Puls,). (2.6)
k
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Then, P is an approximate solution of the rescaled equation in the following sense.

Lemma 3 (Leading order approximate flow). Let the vectors of modulation equations be

b+% —iAV
S — 2Bk + 22 —iVV

A= | =1+ [Be = 2B z) — (B &) |, MV=[ -V . (2.7)
Br — %51& + 82 — 28k + %Zk) v
b+b2—2b(b+2) —a bty

Then the error to the renormalized flow (2.2) at P,

. A
Ep =P+ AP -P + |P|2P—z'XAP+(1—1)P (2.8)
decomposes as
Ep = Z [eirkllfk] (y —2zk), Yp=mg- 1\7[62@ +izd (2)p + G, + Vo, (2.9)
k
where
1
Gl S 2727, (19, |~ < laf, (2.10)
and

(GryiQa) + Kcalp, Q)bz7e ™| S (181227 + 0221 + 8]z + [bl2)2 267 + 2Pe 2%, (2.11)
Proof of Lemma 3. step 1. Equation for Py. Let
Ep, = iPy + APy — P, + |P|* Py — z’%APk + (1 —=4)P.
Let y., =y — 2. By direct computations
i = | (i (2)p = (B - y2)Qa + (k- B)Qu

b b
+ Z|yzk|2Qa - §(Zk : yzk)Qa - i(z.k : an))} (yzk)a

. b2
AP = | (AQu = 182 Qu = 124 *Qa — bQ
BBy - ) Qa + 20(By - VQa) = by, - VQa) ) | (021),

A b
APy = [T (AQu + (B - 1) Qu — i3]y *Qa + (42, - VQu)

+ Z(Zk : Bk)Qa - Zg(zk : yzk)Qa + (Zk : an))} (yzk)
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Thus,

Ep, = [eirk ( —i(b+ %)AQa — (2, — 2Bk + %Zk) VQa

— (= 1+18 - %(@g c2k) — (B ) Qa — (Br — %@g + g(ék — 20 + %Zk)) Yz, Qa

b+ 8= 2600+ 2)) 1, 2@ + 20/ ()p + AQ — Qu +1QuQu )| (=)

By AQ — Q + Q% = 0 and the definition of p, Lyp = —Ap+p —3Q%*p = %|y|2Q (see (1.21)),
we have

a
AQa - Qa + |Qa|2Qa = _Z|y|2Qa + \I]Qaa

where )
Vo, = |Qu*Qu — @ — 3aQ%p + %Iylzp- (2.12)
We have thus obtained the P, equation
Er, = | (g - NiQu + i2d(2)p + aq, ) | (v — 24), (2.13)

where m§ and M are defined in (2.7).
step 2. Equation for P. From step 1 and the definition of £p in (2.8), it follows that

&p =Y Ep +[PPP =) |P[P.
k k

Observe that

PP = [PPPe= Y PPiPr= |P*Pe =) F,
. k

gkl k
with '
Fy=2\R>Y P+ P> Pi+Py Y PiR=[d"G](y - ),
Jj#k Jj#k J#k, l#k, j#£1
where we have set
G =260 +GY + ¢ (2.14)
and
I —q il
G W) =[R2 ) D [T Q] (v — (2 — 21)),
Jj#k
11 iy i i
AV = Qu ) Y ([7Qu] (v — (21— 21) - [€71Qu) (v — (21 — =) -
J#k, £k, 571
Therefore,
Ep = Z [eir’”lfk} (y —z1) where Wy = mf - MQ, +izd (2)p + Gi + v, (2.15)

k

step 3 Nonlinear interaction estimates. In order to estimate the various terms in (2.15), we
will use the following interaction estimates: let w,w € R?, |w| > 1, |@| > 1, let ¢ > 0, then:

/ 1+ WD W)Qy — w)dy < w] Be . (2.16)
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/ (1 + [y)QPW)Qy — w)Qly — D)y < e 3l 1 35, (2.17)

‘ [ @wiaty —widy - catglul2e| S ol Ee (2.18)

with I given by (1.19
Proof of (2.16). From

QWY —w) S (L +Jy) "7 (1 + |y — wl) e Wlemllthl < =3¢, (2.19)

1.18), observe that

P

Thus,
/ 1+ W9Q* ) QM — w)dy < || be / (14 [y19Q2()dy < Jol~Fe !

Proof of (2.17). From (2.19),
[+ n@we -« -y s [0 +1INQPWaetH - ety - Dy
Seiklemil /(1 + Yy )Q2 (y)dy < e~ alele=al5l,
Proof of (2.18). First, using (1.18),

/ QW)Qy — w)dy < e~ 1! /Q(y —w)dy < e~
ly|> 2 ||

Second, for |y| < 3|w]|, we use (1.18) to write

QU —w) = cqly — wl Be v l| S Jy — w] FeT el g o) Eenlud b,

In particular,

S lwf7zeml,

/ Q@ )Qy —w)dy - cq / Q}(y)ly — w|ze v =ldy
lyl<2l

lyl<3lwl

Still for |y| < 2|w|, the expansion

ly —w® = w> =2y - w+ |y|?

implies
_1 _1 _3
Iy = 7% = 73] S |yl

and

w _

Iy =l =l - 2] S ol

|w]

Thus,
ef\yfw\ o e—\wH—y-ﬁ S |w|71|y|2 (67|y7w| + 6_|w|+y'ﬁ> ,S |w|71|y|2ef\w\6\y|‘

Therefore,

[ly =l 2emmel 2R S 3 (1 fy e e,
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and so
/ Q*(y)ly —w|~2e” v ldy — |w|72e Q3 (y)e =l dy
|y < 3wl <2l
S lwf2e /(1 +lyPe My < Jw|~2e el
Also, we see that
’wr%e*MI Q?’(y)ey'ﬁdy < ‘w’*%ef\w\ 672‘y|dy < v
ly|> 3wl > e

Since for all w # 0 (see (1.19)),

b=/¢@ﬂ5%

we have proved (2.18).

step 4. Estimates of G, and ¥g,. We are now in position to prove (2.10) and (2.11).
The estimate on W, in (2.10) follows directly from its definition (2.12). To estimate Gy as
in (2.10), we first note that from (1.18), (1.22) and the definition of a(z) in (2.5), we have, for
some q > 0,

Qal < Iyl 27 4 a()l e < (14 [y) 267 4227 (14 fyl)te .
Moreover, for j # k, from the definition of « in (1.16),
|z — 2| = z|e — ] > Kz.
From this, it follows easily that for j # k,
1
QaW|Qaly — (21 — )| S 27 2™,

which in light of the explicit formula (2.14) yields the control of Gy, in (2.10).
We now turn to the proof of (2.11) which requires a more careful analysis of the interaction

terms. We first compute the main order of the contribution of Ggl) to (G1,iQ). For j =
2,...,K,

(e Q2] (W[ Qa] (y — (2 — 21)),iQu)
— [ @wQuly - 2l ~ en))sin(Ts(y — #(e; — 1) = Ta(w)dy.
First, by the decay of p (see (1.22)), (2.16) and the definition of a(z) in (2.5), we have
/ |Q3(1)Qaly — 2(e; — 1)) = QWIQy — 2(ej —e1))| dy S lalz3e ™ S 2>,

Next, note that, since I'; = 3; -y — §|y|2,

[sin(T(y — 2(ej —e1)) = T'1(y)) — (Tj(y — z(ej —e1)) = T1(y))]
STy — 2(ej — e)P + [T1()]” S IBP(Iyl* + 2%) + B (Jy[* + 2%,

and

'(Fj(y —2(ej —e1)) = T1(y)) + Z|Z(ej —e1)[?| S 181Uyl + 2) + bl(lyl* + [yl2).
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Thus, using (2.16),

/Q3 —z(ej —e1))
S Wz? 1672 {8l + b2z 7e ",
Therefore, we have proved
. - . b
([T Q2] () [€M7Qu] (y — 2(ej —€1)),iQq) + Z‘Z(ej —ep))? /Qg(y)Q( —z(ej — el))'
S (’,8‘22’2 4 ‘b‘22’4 4 ‘5’Z+ ‘b‘z)ziéeiﬁz +23672nz.
For j =2 and j = K, we have |z(e; —e1))| = Kz, and so using (2.18),
. . . b 2 2 gz
([ Q2] (W) [T Qu] (y = 2(ej — €1)),iQu) + ZCQIQH;Z%Q

< (181222 + B2 + 18]z + [blz)z" 26 4 23672,

For K >4 and j =3,...,K — 1, we have |e; —e1| > &/, for some ' > k. Thus the following
bound follows from similar computations

([ Q2] W) [ Qa] (y — 2(e; — 1)), Q)]
s (Iﬁl2z2 + [b2* 4 18] + [bl2)z2e 7 4 e

SinfI(y — 2(e; — 1) = Ta(w) + o=(e; — e0)dy

Note that (QG(I) + G ViQq) = <G§I),2Qa>. We finally bound the contribution of ng)_ For
Jj#1, l#landl%],

<[672iFkQa] (y) [eiFan] (y - (Zj - Zk)) [eiFlQa] (y - (Zl - Zk))’iQa>
~ [ @WQuly - (5 - 2)Quly ~ G2~ )
x sin(l(y — (2 — z1)) + Ty — (2 — 21)) — 20k (y))dy-
By (2.17), the bound on |a| and |T';| < |B8](Jy| + 2) + [b](Jy|* + 22), this term is bounded by
(1812 + [bl%)e™ 2
Gathering these estimates, using the definition of the constant ¢, in (2.5) which takes into
account the two different cases K = 2 and K > 2 (for K = 2, the soliton P; has nonlinear

interaction with only one other soliton, while for K > 3, it has exactly two closest neighboring
solitons, P» and Py ), we obtain finally

Gy iQa) + Kealp, Q)bz2e | < (|B122% + [b22* + 8]z + [bl2)z " 2e 7% + 2Pe~ 257,
which completes the proof of (2.11). O

2.2. Formal resolution of the modulation system with forcing. From Lemma 3, we
derive a simplified modulation system with forcing term and we determine one of its approx-
imate solution that is relevant for the regime of Theorem 1. Moreover, we justify the special
choice of function a(z) in (2.5). Formally, i.e. assuming that P is a solution of (1.1) up to
error terms of lower order than the ones in (2.9) (making this rigorous will be the object of
the bootstrap estimates in Sect. 4), we have the following bounds (m is defined in (2.7))

| < 27 ze (2.20)
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Indeed, (2.20) is obtained from (2.9)—(2.10) by projecting &p onto directions related to the
generalized null space (1.23) (see Lemma 7 for rigorous computations). To simplify the dis-

cussion, we drop the equation of v, which is not coupled with any other equation and has no

influence on the regime. Next, we see that using the first line of m{, i.e. |b+ §| < z_%e_"‘z,

we can replace % by —b in all the other estimates. Similarly, we insert the estimate on 2 from

the second line into the estimate for ﬁ . We obtain the following simplified system

AL : - 1
b+ $I+12 =28 = b2l + 18+ 08| + b+ b* —a| S 2 272, (2.21)
It is easy to check the following estimates

Lemma 4. Let (Zapp, Aapp (), Bapps bapp(s)) be such that
Aapp(s) = 1o *1(3) zig (s)emapp(s) = @32
app 3) =108 15); o R (2.22)
|5app(5)| S s7! log™2(s), bapp(s) =s! IOgil(S)-
Then,
Aapp| =0, |Zapp — 2Bapp — bappZapp| S s log_%(s),
Aapp (2.23)

3 . _ _3
|a(zapp) + 577 IOgil(S)’ S s log ™2 (), |bapp + bgpp — a(zapp)| S5 *log ™2 (s).

2
Zapp(s) ~ ; IOg(S), |bapp +

The above estimates mean that (2.22) is a reasonnable guess for the first order asymptotics
as s — +oo of some particular solutions of (2.21) (we refer to Sect. 3.4 for a rigorous integration
of (2.21)). Note that we do not actually determine the main order of §(s); to do this, more
interaction computations would be necessary. However, since | ﬂ +06| < z_%e*’“, formally, we
obtain |3] < s~21log~2(s), which justifies a bootstrap on 3(s) of the form |8(s)| < s~ log™%(s).
Note also that there exist solutions of (2.22) with different asymptotics, corresponding to
(NLS) solutions like v(t) of Corollary 2.

To complete this formal discussion, we justify the choice of a(z) in (2.5) in the regime given
by (2.22). Indeed, projecting ¥; onto the direction i@, from (2.11), we obtain at the leading
order

|2d(z) — /ﬁcabz%e_"‘zl S (181222 + b2t + |8z + ]b]z)z_%e_m + 2372k, (2.24)

In the regime suggested by (2.22), since |3| < |b|z, we have bz ~ Z and thus, simplifying Z,
we obtain

la’(z) — /scaz%e*’“\ < z*%e*“z,
which justifies the definition (2.5) by integrating in z.

2.3. Modulation of the approximate solution. We state a standard modulation result
around P. We restrict ourselves to the case of solutions invariant by the rotation preserving P.
Denote by 7k the rotation of center 0 and angle %’T in R?. Since @ and p are radial, by definition
of P, and B, z in (2.3) and (2.4), we have for k € {1,..., K — 1}, Px(y) = Pr41(7xy) and
Pr(y) = Pi(try). In particular, it follows that P(7xy) = P(y), i.e. P is invariant by the
rotation 7. Note also that equation (1.1) is invariant by rotation. In particular, if a solution
of (1.1) is invariant by the rotation 7x at some time, then it is invariant by rotation at any
time. In this context, the following modulation result relies on a standard argument based on

the Implicit Function Theorem (see e.g. Lemma 2 in [39]) and we omit its proof.
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Lemma 5 (Modulation around P). Let I be some time interval. Let u € C(I, H'(R?)) be a
solution of (1.1) invariant by the rotation Tx and such that

<6 (2.25)
Hl

sup
tel

e TONBu(t, A().) = > Q(. — epi(t))
k

for some A(t) > 0, A(t) € R?, 2(t) > 6, where § > 0 is small enough. Then, there exist a
C! function

7= (\2,7,8,0) : T = (0,00) x R3,
such that, for P(t,y) = P(y;z(t),b(t), 5(t)) as defined in (2.6), the solution u(t) decomposes
on I as

() T
u(t,z) = NG P+e)ty), y= Ok (2.26)
where for allt € I,
()] + 18O + el + 20 6, (2.27)

and, setting e(t,y) = [eT ] (t,y — 21),

(m (), 1912Q) = [m (), yQ)| = (m(t),ip) = [ (t),iVQ)| + (m(t),iAQ) = 0. (2.28)
Moreover, € is also invariant by the rotation Ty .

Note that the choice of the special orthogonality conditions (2.28) is related to the general-
ized null space of the linearized equation around @, (1.23) and to the coercivity property (1.24).
See the proof of Lemma 7 for a technical justification of these choices (see also [55]).

3. BACKWARDS UNIFORM ESTIMATES

In this section, we prove uniform estimates on particular backwards solutions. The key
point is to carefully adjust their final data to obtain uniform estimates corresponding to the
special regime of Theorem 1 and Lemma 4.

Let (A", 2" bi") € (0,4+00)? x R to be chosen with A" < 1, 2™ > 1, [b™| < 1. Let u(t)

for t < 0 be the solution of (1.1) with data (see (2.6))
WPZ" <W> where P"'(y) = P(y; (2*",0",0)) (3.1)
(we arbitrarily fix 4" = 8 = 0). Note that u(0) satisfies (2.25) and, by continuity of the
solution of (1.1) in H', it exists and satisfies (2.25) on some maximal time interval (t™°¢, 0],
where t™°? € [~00,0). Note also that by invariance by rotation of equation (1.1), u(t) is
invariant by the rotation 7. On (t™°? 0], we consider (f,e) the decomposition of u defined
from Lemma 5. For s > 1, we normalize the rescaled time s as follows, for t € (™%, 0],

u(0,x) =

; 0 dr
s=s(t) =s"— . 3.2
() 5 (32
Observe from (3.1) that
A Sin — )\in7 b Sin — bin’ P sin _ Zin’
(™) (5™ (5™ s

v(s™) =0, B(s™) =0, e(s™)=0.
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Proposition 6 (Uniform backwards estimates). There exists so > 10 such that for all s >
S0, there exists a choice of parameters (A", 2" b") with

1
2 2 o 3 K in ;
(Z'ln) 4622 _87/77/
KRCq

1
)\in _ log_l(sm), bzn _ (%) 2 (zin)—%e—gzin7

< 5" log_% (s,

(3.4)

K

such that the solution w of (1.1) corresponding to (3.1) exists and satisfies (2.25) on the
rescaled interval of time [so,s™], the rescaled time s being defined in (3.2). Moreover, the
decomposition of u given by Lemma 5 on [sg, s""]

e(s) T

)\(S) (P+€)(S,y), Y= )\(8)7

satisfies the following uniform estimates, for all s € [sg, 5],

u(s,x) =

2(5) — ~los(s)| < los(loa(s)),  |Als) ~log™"(s)] < log™¥(s),

[b(s) — s log ™ (s)| + 1B(s)| + [|e(s) |1 S s~ log™2(s), [a(s)| S s~ 2log ™ (s).

(3.5)

The key point in Proposition 6 is that sp and the constants in (3.5) are independent of 5™
as s — +o00. Observe that estimates (3.5) match the discussion of Sect. 2.2.

The rest of this section is devoted to the proof of Proposition 6. The proof relies on
a bootstrap argument, integration of the differential system of geometrical parameters and
energy estimates. We estimate £ by standard energy arguments in the framework of multi-
bubble solutions. The particular regime of the geometrical parameters does not create any
further difficulty. On the contrary, the special behavior b(s) ~ s~!log~!(s) simplifies this part
of the proof (see step 2 of the proof of Proposition 8). We control the geometrical parameters
of the bubbles in the bootstrap regime adjusting the final data (A, 2", bi").

3.1. Bootstrap bounds. The proof of Proposition 6 follows from bootstrapping the following
estimates, chosen in view of the formal computations in Sect. 2.2,

1
2 \?2 _3 &,
— zZ 4e2” — 8§
KCq

1
5371 log™1(s) < b(s) <257 1log™!(s),

< slog ™3 (s),

(3.6)

B(s)] < 57 og™2(s), [le(s)lmn < 5™ log™2(s).

Note that the estimate on z in (3.6) immediately implies that, for s large

e < 52 log T3 (s), |2(s) — zlog(S) < log(log(s)), la(s)] S s % log™!(s).  (3.7)

For sq > 10 to be chosen large enough (independent of s™); and all s™ > sq, we define

s* = inf{r € [s0,5™]; (3.6) holds on [r,s"]}. (3.8)
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3.2. Control of the modulation equations. We claim the following bounds on the modu-
lation system m{ and on the error Ep given by (2.7), (2.8)—(2.9) in the bootstrap regime (3.6).

Lemma 7 (Pointwise control of the modulation equations and the error). The following
estimates hold on [s*, s'].

|mg(s)| < s %log™2(s). (3.9)
[(m(s), Q)] S s *log™%(s), (3.10)
12 —bz] S s MogTl(s), B+ |b—al < s72log2(s). (3.11)
Moreover, for all s € [s*,5™], for all y € R?,
[Ep (s, y)| + [VER(s,y)| S s 2log™2(s) Y Q' (y — 2k(s))- (3.12)
k

Proof of Lemma 7. The proofs of the first two estimates are to be combined. Since £(s™) = 0,
we may define

s =inf{s € [s*,s™]; [(m(7), Q)| < C*™*7%log~%(r) holds on [s, s™]},
for some constant C** > 0 to be chosen large enough. We work on the interval [s**, s

step 1 Equation of ¢ and change of variable. Let v = P+¢in (2.1). It follows from (2.2), (2.8)
that

i€+ Ac—ct ([P +e’(P+e) - [PPP) - z’%Ae +(1=4)e +Ep = 0. (3.13)

By rotation symmetry (see Lemma 5) it is enough to understand the orthogonality for 7;.
Thus, we change the space variable to match the one of the bubble P;. Recall that we have
defined e(s,y) = [e"*m](s,y — z1). Denote

P(s,y) = [eiFlPl](s,y —z1), &p(s,y)= [ewlé’pl] (s,y — z1).

We rewrite the equation of € into the following equation for 7; (see also step 1 of the proof of
Lemma 3)

i+ Ant— 4 (PL+ni*(Py +m) — [P1Py) +mf - My + Ep, =0, (3.14)
Recall also that 7, satisfies the orthogonality conditions (2.28).

step 2 General null space like computation. Let A(y) and B(y) be two real-valued functions
in ). We claim the following estimate on [s**, s'"|

L, A+iB) - [, i A— Ly B) — (¢ - NQ,iA - B>} ‘ S s 2log?(s) + s~ mf|.

ds
(3.15)
We compute from (3.14),

= (m, A+iB) = (if,iA — B)
= (=Am +m — (2Q°m + Qm),iA - B)

—(IPy +m (P +m) — [P1]*P1 — 2Q%m — Q*7,,iA — B)
— (m{ - Mm,iA — B) — (ép,,iA — B).
First, since A and B are real-valued, we have

(—Am +m — (2Q*m + Qny),iA — B) = (q1,iL_A — L B).
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Second, note that
Py +m[P(P1+m) — [P1PPy — 2Q°n — Q7
=2(|P1]* — Q*)m + (P} — Q)1 + 2P1|m|* + Pint + 2P |m[* + |m[*my,

and recall the expression of Py

K
P =Q+ap+» TG0 WQ, (y — (2 — 21)).
k=2
Therefore, using A, B € Y, (3.6)(3.7) and |2, — zj| > Kz, for k # j, we have, for some ¢ > 0,

(P — Q)i — B)| + [((P? — Q27 iA — B)|
< (lal + 297 2 < 57 log(s).

Next,
[(2P1|m|* +Pint + 2Py |m|*,iA — B)| < le]l72 S s 2 log ™3 (s),

(I P, iA = B)| < (e, | Al + [BJ) S [l < s7%log ™2 (s).
Third, we have, using (3.6)—(3.7), integration by parts,
(7 N, iA = B)| S |(itg - N, iA - B)| + (675 — i) - Ny, i4 - B)
< s og ™2 (s)|mg| + 5% log T3 (s).
Finally, we claim the following estimate, which is enough to complete the proof of (3.15).
‘<5p1,m ~B) — (% - MQ,iA — B>( < s72log%(s) + s~ 1. (3.16)
Indeed, recall the expression of Ep, (from (2.8)—(2.9))

K
Ep, =V, + Z ei(Fk(y—(zk—Zl))—Fl(y))\pk(y — (21 — 21)).
k=2

K
= il - MQq + i/ (2)p + G1 + Wg, + Y ' TH 2D ROy — (4 — 21)).
k=2
First, since Q, = Q + ap, by (3.6)—(3.7),

7t - M(Qu — Q)14 = B)| S lallii§] S s~ 21og ™ (s) ).
Second, from (3.6)—(3.7),

|(2d'(2)p,iA = B)| S |d'(2)]12] S 572 log ™" (s)(|mf| + |B] + |§|Z)
< 57 log ™ (s) (= + 1)Jig| + 18] + [bl2)
< 52 + 5~ log ().
Third, from (2.10) and (3.6)—(3.7),
(GriAd = B)| S 1|Gillpe £ 2727 5 log *(s).
Fourth, from (2.10) and (3.6)—(3.7),
[(VqQ,,iA = B)| < IWq.llz= < laf* < s7 log™(s).

(3.17)



18 Y. MARTEL AND P. RAPHAEL

Last, since A, B € Y, for k > 2, we have
(/TR (- MQu (. = (21 = 21))), A = B)| S 57|,
and, proceeding as before for the other terms in ¥, we obtain
(/TR G2y (y — (2 — 21)),4A = B)| S 57 [mif] + 572 log2(s).
The proof of (3.16) is complete.

step 3 Modulation equations. We now use (2.28) and (3.15) to control the modulation vector
m{. Using (3.15), we draw one by one the consequences of the orthogonality relations (2.28).
Note that the special orthogonality conditions (2.28), related to cancellations (see (1.23)) are
crucial in these computations.

(n, [y]?Q) = 0. Let A = |[y|?Q and B = 0. Since L_(|y|*’Q) = —4AQ, (n1,iAQ) = 0 and
(mf - MQ,ily[Q) = —(b+ 3){AQ, [yI*Q) = c1(b+ 3), where ¢1 # 0, we obtain

‘b n %( < s2log~2(s) + s~ L) (3.18)

(m,yQ) =0. Let A =yQ and B = 0. Since L_(yQ) = —2VQ, (n1,iVQ) = 0 and (m{ -
MQ,Z@/Q) =—(2-28+ %z)(VQ,yQ) =c(2—268+ %z), where co # 0, we obtain

A
‘2 - 268+ XZ‘ < s 2log 2(s) + s Lmy). (3.19)
(m,ip) = 0. Let A =0and B = p. Since Lyp = |[y[*Q, (m,[y|*Q) = 0 and

(] - MQ, [y*Q) = es(y — 1+ 5% — %ﬁz — B2) + cab+b* — 2b(b + §> —a),

where c3,cq4 # 0, we obtain, for some c,
A , A
(Y —1+82— 382 = B2) +elb+ b2 — 2b(b + - a)‘ < s 2log2(s) + s mYl. (3.20)

(m,iVQ) = 0. Let A= 0 and B = VQ. Since L;VQ =0, and (¢ -MQ, VQ) = ¢5(8 — 28+
g(é — 208+ %z), where c; # 0, we obtain

B 28+ 22— 26+ 32| £ 572 og(s) + 57 | (3.21)

(m,iAQ) = 0. Let A =0 and B = AQ. Note that L, (AQ) = —2@Q, and by the definition of

s, [{n1, Q)] < C**s~2log %(s). Moreover, (1§ - MO, V@) = 06(5 +b? — 2b(b+ %) —a), where
cg # 0, so that we obtain

b+ b2 —2b(b + %) —a| <05 2log 2 (s) + s Hmy). (3.22)

Combining (3.18)-(3.22), we have proved, for all s € [s**, 5™,
i (s)] < C*s™ % log?(s). (3.23)
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step 4 Minimal mass property of the approximate solution. The proof of the degeneracy
estimate (3.10) relies on the following minimal mass property for the ansatz P under the
bootstrap assumptions (3.6):

P ()2 — [P 2] S 57 log™(s)- (3.24)

Note that the implicit constant on the right-hand side does not depend on C**. By the
definition (2.9) of &p, we have

1d . .
5 7 |IPlZ: = (P, iP) = (Ep,iP).

In view of the formula for &p (2.9), and the definition of P = > . P;, (3.24) follows by
integration of the following estimate: for all j, k € {1,..., K},

([ 0a] (0 — 20,3 [ Qu] (0 — 20)] S 5~ log () (3.25)
Proof of (3.25). We start by proving (3.25) in the case j = k = 1. From (2.9):
([T ] (y — 20), i[€T*Qa] (y — 21)) = (V1,iQa) = (1] - MQq +i2d/ (2)p + G1 + ¥q,,iQu)-
Note that (MQ,iQ) = 0. Thus, by (3.23), (3.6)-(3.7),
(7 - MQa,1Qa)| S lallif] S €5~ log™(s) £ 5™ log™(s).

Next, we claim the following estimate, which justifies the special choice of a(z) done in (2.5)
(see also Sect. 2.2)

[(i2d' (2)p + G1,iQq)| < 572 log™2(s). (3.26)
Indeed, first by (3.6)—(3.7) and (2.11),
(G1,iQa) + rcalp, Q)bz2e | < s 3log™2(s). (3.27)
Second, we note that by (3.23) and (3.6)—(3.7),
|2 —bz| < s tlog™Y(s), (3.28)
and that by the definition of a(z) in (2.5),
ld'(z) — ca/ﬁz%e*’“] S ZTreh < s %log %(s). (3.29)

Gathering (3.27)-(3.29), we obtain (3.26). Finally, since @, and ¥g, given by (2.12) are
real-valued, we have the cancellation

(Vg,,iQq) = 0.
The collection of above estimates concludes the proof of (3.25) for j =k = 1.
We now prove (3.25) in the case k =1 and j € {2,..., K}. Note that

([ ] (y — 20), i€ Qu] (y — 2)
= |{7if - MQq + i2d/ (2)p + G1 + Vg, i/ 0G0 =T Q (y — (5 — 1))
First, by (3.23), for some g > 0,
(7] - MQq, i T W2 T Q, (y — (25 — 21)))
< Mzl < C** s logd(s) < s 3 log 72 (s).
Second, using similar arguments, for some ¢ > 0,

|(iza'(2)p + G1 + Vg, ie’ T O~ E==)TRQ (y — (25 — 2)))| S s~ *log?(s).
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The collection of above estimates concludes the proof of (3.24).
step 5 Proof of (3.10). The conservation of mass for the solution w and (3.1) imply:

lu(s)llze = llu(s™) g2 = [IP™| 2.
By (2.26),
(e(s), P) = % (lu()lZ2 = IP()I72 — lle(s)IIZ2) -
Therefore, using (3.6)—(3.7) and (3.24), we obtain
[(e(s), P)| < s log™*(s).
Now, we use the symmetry (g, P) = (g, P;) = K 1(e(s),P) for all j,k € {1,...,K}. More-
over, by (3.6)—(3.7),
(e(s), Pr) = (1, Qa) = (m1,Q) + O(lallle]l =) = (m, Q) + O(s~*log 2 (s)).

Gathering this information, we obtain |(n, Q)| < s~2log™2(s), i.e. estimate (3.10). In partic-
ular, choosing C** large enough, we have s** = s*.

step 6 Conclusion. The estimate (3.11) is a direct consequence of (3.9) and (3.6)—(3.7). We
now turn to the proof of (3.12). Using (3.9), (3.6)—(3.7) and (1.22),

20’ (2)p] S Q7 (bl + 5 log ™! (s))s 2log ' (s) S Q75 *log ! (s).

By (3.9),

78 - MQu| < Q% s 2log 2(s).
Next, by the definition of G} in (2.14) the decay \p\ Qs (see (1.22)) and |eg — e;1| > k for
k#1,

K
|G1|sQ%Z(Q%@)@@—z(ek—e1>>+|a|c2 (W)@ (y — =(ex — 1))

< Q2 (2~ P s72e72%) < Q252 log™2(s).
Finally, by the definition of ¥, in (2.12),
Pa.| £ Qal* £ Q7™ log2(s).
The same estimates hold for V&, which finishes the proof of (3.12). O

3.3. Energy functional. Consider the nonlinear energy functional for
1 1 —
H(s,e) = 5/ (\VayQ + [e]? - 5 (P + el* — |P|* — 4|P|* Re (d)))) :

Pick a smooth function x : [0, +00) — [0, 00), non increasing, with y = 1 on [0, 110] =0 on

[%, +00). We define the localized momentum:
I=S gk ) =om [ vaen ) = x (g7 (s)ly = 2]

Finally, set

F(s,e) = H(s,e) — J(s,¢).
The functional F' is coercive in € at the main order and it is an almost conserved quantity for
the problem.
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Proposition 8 (Coercivity and time control of the energy functional). For all s € [s*,s™],
F(s,e(s)) 2 lle(s)|Fn + O(s ™ log™(s)), (330)

and

a
ds

[F(Sﬁ(S))]‘ < 572 log ™ (s)le() | + 57 og ™ () le(s) 17 - (3.31)

Proof of Proposition 8. step 1 Coercivity. The proof of the coercivity (3.30) is a standard
consequence of the coercivity property (1.24) around one solitary wave with the orthogo-
nality properties (2.28), (3.10), and an elementary localization argument. Hence we briefly
sketch the argument. First, using the coercivity property (1.24) and the orthogonality prop-
erties (2.28), (3.10) and localization arguments, we have

H(s,€) 2 [lellip + O(s™*log™*(s)). (3.32)

Note that the error term in O(s~*log™*(s)) is due to the bound (3.10). We refer to the proof
of Lemma 4.1 in Appendix B of [35] for a similar proof. Second, we note that by (3.6)—(3.7),
[J(s,e)| S Iblzllell?n S s ell?, and (3.30) follows.

step 2 Variation of the energy. We estimate the time variation of the functional H and claim:
for all s € [s*, s,

[H(s,2(s))] = Y (% - VPr,2le[* P + £°Py)
k

d
ds
< s log 2 (s)|le(s) g + s~ log T (s)[le(s) 171 (3.33)
The time derivative of s — H(s,e(s)) splits into two parts
d
ds
where Dg denotes differentiation of H with respect to s and D, denotes differentiation of H
with respect to . First compute:

DH=—(P,[P +c]*(P +¢) — [P?|P — (2¢[P|> + EP?)).
Observe that by the definition of Py in (2.3),

[H(87 5(8))] = DSH(87 5(8)) + <D€H(87 5(8))7 é8>7

Pp=—4 VPe+i(Br- (y — 2) — %\y — 2|?) Py + 2d'(2)pe - where pp = [ p](y — 2).
By (3.11), (3.6) (3.7) and (2.5),
1Bkl + 1] + |20/ (2)| S 57 % log™>(s).
Since
J 1P+ <P +2) = PP = (<[P + 2P%)| 5 [l

we obtain

(8B (9 = 20) = §ly = )P+ 20 (2)pi, [P + 2P + 2) — [P2P — (22|P|* + 2P) )|

S5 2 log 2 (s) el 7
Next, note that

P 4 ¢)?(P +¢) — |[P?P — (2¢|P|?> + EP?) = 2/e|*P + &?P + |¢|%e.
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By (3.11) and (3.6)-(3.7), |2| < s7! and thus by (3.6)(3.7),
[z VP, )] S 57 el < 572 log™2(s) el
For j # k, since e "% < s72 by (3.6)—(3.7) and the decay properties of Py, P;
|(2 - VP, 20e* P + €2 Pj)| < IsI 72 [lell7p.-
Gathering these computations, we have obtained

DyH(s,e) = Y (2 - VB, 2lel* Py + €2 Py) + O(s 2 [le]| ) (3.34)
k

Second,
D.H(s,e) = —Ae +e— ([P +¢[*(P +¢) — [P°P),
so that the equation (3.13) of € rewrites

A
ie — D-H(s,e) — iXAe +(1—=9)e+& =0.
In particular,

(D.H(s, ), &) = (iD.H(s,e), i€)

_ %(DaH(s,a),A@ (1= 4)(iD.H(s,¢),e) — (iD.H(s,¢), Ep).

We recall that
(=Ae, Ae) = | Ve|?, (e,Ae) =0, (|ef’c,Ae) = %/!5\4,
and thus, using also (3.6)—(3.7), (1.3), and the decay properties of @,
[(DeH(s,e), Ae)| < llellfp + llelin < llell-
In particular, from (3.9) and (3.6)—(3.7), we deduce
A

T(DH(s,2),Ac)| < 5™ og™ (3)][elf71-

Note that the estimate on b in (3.6)(3.7) implies |b| < s~ !log™!(s) < s~ which avoids the
use of virial localized identities (as in [55, 20]) to control the above term. By (3.9) and (3.6)—-
(3.7), we estimate

(1= 4)(iD-H(s,¢),)| < 5~ °|lell7-
Finally, integrating by parts, using (3.12) and (3.6)—(3.7), we have
|(iD=H(s,¢),€p)| < (|Vel, [VEp]) + (le] + |, [€p]) < 572 log () el a1 -
The collection of above estimates finishes the proof of (3.33).

step 3 Variation of the localized momentum. We now claim: for all s € [s*, s7"],

dils[J(s,g(s))] 53 ek - VP 20e2 Py + £2)
k

< s 2 log 2 (s)[le(s) ]l + 5™ log T (s)[le(s) 7 (3:35)
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Indeed, we compute, for any k,

d .
E[Jk(s,a(s))] =bIm /(zk -Ve)éxk + bIm /(z/LC -Ve)exk + bIm /(Zk -Ve)exk
+ b(ig, z, - (2xx Ve +eVxr)).

By (3.9) and (3.6)—(3.7), we have
bIm /(zk -Ve)exk| + [bIm /(zk -Ve)éxk

Note that by direct computations, (3.9) and (3.6)—(3.7),

Xkl S (s log ™' (s)|y — 2kl + 12k]) log = ()X (log ™' (s) (y — 2k(5)))| < 5" log ™" (s)
and so, by (3.6)—(3.7),

+ < 572 lellF -

< 572 log 2 (s)llell7p -

bIm /(Zk . VE)?Xk

Now, we use the equation (3.13) of € to estimate b(ic, z, - (2xxVe +eVxg)). By integration
by parts, we check the following

(Ae,2(z - Ve)xx) =/|V6|2(Zk-VXk)—2<(V6-VXk),(Zk-V6)>,

(Beslan ) = - [ 9P V) + 5 [ PG Vb)),
Thus,

(Be, 2 (2xVe + V) = ~2((Ve - Vo), (4 - Vo)) + ¢ / P (21 - V(Axk))-

By (3.6)(3.7), |b] < s 'log™!(s) and |z;| < log(s). Moreover, |Vxz| < log™!(s). Therefore,
[6{(Ve - Vxr), (21, - VeI S ™ log ™ () el -
Similarly, by |V (Ax)| < log™3(s), we obtain

b [ 1P V| £ 5 w0l
In conclusion for term Ae in the equation of &, we obtain
b(Ae, 2 - (2xk Ve + V)| S 57 og ™ (s)[e]l 7
For the mass term in the equation of €, we simply check by integration by parts that
(e, 2k - 2xx Ve +eVxy)) = 0.
We also check that
(iAe, 2k - (2xk Ve +eVixg)) = 2(ie, (21, - Ve)xi) + (i(y - Ve),e(zk - VX)),
and thus, by (3.6)—(3.7),

Al o
B 5| 1(EAe, 25 - (2xk Ve +eVxa)) S 5™ log™ () el

Next, from (3.12),
6P, 2k - (21 Ve +eVw))| S 57 log ™ (s)le]| -



24 Y. MARTEL AND P. RAPHAEL

Now, we only have to deal with the term
b(|P + (P +¢) — |P*P, 2z - (2xx Ve +eVxz)).

Recall that |P+¢|?(P+¢) — |P2|P = (2¢|P|? +2P2?)+2|¢|*?P +£2P +|¢|%¢. First, by (3.6)(3.7),
it is clear that

‘b(?]s\zP + 2P + ]5\28, zk - (2xx Ve + EVXk)>| < s_leH?l’ql < 572 log_%(s)H&“H%ﬂ.
Second, since |b] < s log71(s), |2k < log(s) and [Vxi| < log™(s),
‘b(?a]PP +§P2,€(zk . ka)>| <571 logfl(s)HgH?ql.
Third, by the decay property of @@ and the definition of xp,
p2e(1P1? = 2 1B) +2(P* = 2 B7). (e Vo) | S 52l
j j
and, for j # k,
[b(2IP;? + 2P, (21 Vel )| S 572 el

Finally, we compute by integration by parts,

(26| Py |* +EPZ, (21, - Ve)xk) = —(2k - V Py, 2|e|* Py + &2 Py)

1
—3 Re </ (2]5\2133 + EQ\Pk\z) (2 - VXk)) .

As before,

bRe </ (2]5\21313 + 82]Pk\2) (2 - ka)> ‘ < st logfl(s)Hngql.

The collection of above bounds concludes the proof of (3.35).
step 3 Conclusion. Recall that, by (3.11), |2 — bzi| < s 'log™!(s), and so

[ {2k — bzw) - VP, 20l Py + €*Pi)| S 57 log™ (s)l[el3
and (3.31) now follows from (3.33), (3.35). This concludes the proof of Proposition 8. O

3.4. End of the proof of Proposition 6. We close the bootstrap estimates (3.6) and

prove (3.5).

step 1 Closing the estimates in €. By (3.31) in Proposition 8 and then (3.6)—(3.7), we have

d

G (] £ 57 hog 20l 5~ g el < 5 low )

s

Thus, by integration on [s,s™] for any s € [s*, 5], using £(5™™) = 0 (see (3.3)), we obtain
[F(s.2())] < 5 log™2(s).

By (3.30) in Proposition 8, we obtain
o)z < s~ log™ 2 (s).

Therefore, for so large enough, for all s € [s*, 5™,

1 _
()3 < 55 210875(s),

which strictly improves the estimate on [|e[|3,, in (3.6).
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step 2 Closing the parameter estimates. First, note that from (3.11), 18] < s 2log2(s).
Together with the choice 5(s") = B = 0 (see (3.4)), direct integration in time gives, for all
s € [s%,5™], |B(s)] < s log™2(s). For sg large enough, we obtain, for all s € [s*, s™],

8(s)] < 55 log ™3 (s),

which strictly improves the estimate on (s) in (3.6).
Second, recall from (3.11), (3.7) and the definition of a(z) in (2.5), for all s € [s*, 5™,

‘b + caz%e_m < 572 log_Q(s), |2z_1 — b‘ <t log_z(s).

Since |b] < s 2log ™ (s) and |22 < 57 logT1(s), it follows that

‘i)b + cgiz e < 573 log3(s).

Integrating on [s, 5] for any s € [s*, s™), using the special relation between b™ and 2™ fixed

in (3.4)

b2(8in) _ Qﬁzfé(sin)efﬁz(sm)’ b(Sm) >0,
K
we obtain
2 2¢a _1 —KZ -2 -3 " s —2 Kz / -2 -3
b* — —z 2e S s 7log T (s) + ‘zz ze ds' < s7%log™°(s), b(s)>0. (3.36)
R S

From (3.6)—(3.7) and (3.7), we have

2
e rehe 72 log™%(s)
K

5
<s?log 2s.

Therefore, the following estimate on b(s) follows from (3.36)
5

‘bz — 572 log_2(3)| < s %log2(s).
This implies, for all s € [s*, 5™,
b — 571 log_l(s){ <st log_% (s), (3.37)
which strictly improves the estimate on b(s) in (3.6).
Finally, we address the estimate on z(s). From (3.36), (3.6)—(3.7) and (3.11), we have

1 1
b— <2ﬁ> ’ Z_ie_%z 2';2_1 — <2ﬁ> ? 2=
K K
Using z < log™*(s), we obtain
! () ()’
2 (ymde57) - (222
ds 2

We need to adjust the initial choice of z(s) = 2™ through a topological argument (see [11]
for a similar argument). We define ¢ and & the following two functions on [s*, "]

K
2Z

IS

+ e < s tog™3(s). (3.38)

1

< log™ <log~!(s). (3.39)

(s) + ‘ézfgegz

C(s) = (i) TR, E(s) = (Cs) — )5 logls). (3.40)

KCq
Then, (3.39) writes
[C(s) = 1 < log™' (). (3.41)
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According to (3.6), our objective is to prove that there exists a suitable choice of
C(Sm) _ Cm c [Sin _ Sin log—%(sin)’sin + Sin log—%(sin)]’
so that s* = sg. Assume for the sake of contradiction that for all ¢* € [—1, 1], the choice
Cin — Sin + Cﬁsln 1ng%(5in)
leads to s* = s*(¢f) € (So,ASin). Since all estimates in (3.6) except the one on z(s) have been
strictly improved on [s*, 5], it follows from s*(C*) € (sg,s™) and continuity that
1C(s*(¢F) — s¥| = s* log™2 s* ie. C(s*(¢H) = s* £ 5 log ™2 s*.
We need a transversality condition to reach a contradiction. We compute:
£(s) = 2(C(s) = 8)(C(s) = 1)s~*log(s) — (¢C(s) — 8)*(25™ " log(s) — s7°).
At s = s*, this gives
£65") +2(s) 7 S (s) T log 3 (s).
Thus, for sy large enough,
£(s) < —(sM)7. (3.42)
Define the function ® by
B¢ e[-1,1] s (((s) — 57)(s™) M logh(s%) € {—1,1}.

A standard consequence of the transversality property (3.42) is the continuity of the function
¢f € [-1,1] = s*(¢*). In particular, the function ® is also continuous from [—1,1] to {1, —1}.
Moreover, for ¢* = —1 and ¢? = 1, £(s*) = 1 and £(s*) < 0 by (3.42) and so in these cases
s* = 5™, Thus, ®(—~1) = —1 and ®(1) = 1, but this is in contradiction with the continuity.

In conclusion, there exists at least a choice of
C(sm) — Czn c (sin o Sin logf%(sin)’ Sin + Sin logfé(sin))
such that s* = sg.

step 3 Conclusion. To finish proving (3.5), we only have to prove the estimate on A(s).
From (3.9) and (3.37), we obtain

A
Z 45 g (s)| S st log*%(s).

A

By integration on [s,s™], for any s € [sg,s™), using the value A(s™) = X" = log™!(s™)
(see (3.4)), we have

[log(A(s)) + log(log(s))| < log ™2 (s),
and thus
|A(s) —log™(s)| £ log*% (s). (3.43)
This concludes the proof of Proposition 6.

4. COMPACTNESS ARGUMENTS

The objective of this section is to finish the construction of Theorem 1 by passing to the
limit on a sequence of solutions given by Proposition 6.
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4.1. Construction of a sequence of backwards solutions. We claim the following con-
sequence of Proposition 6.

Lemma 9. There ezist to > 1 and a sequence of solutions u, € C([to — T»,0],X) of (1.1),
where

T, = +o00 asn — +oo, (4.1)

satisfying the following estimates, for all t € [ty — Ty, 0],

2
zn(t) — - log(t + T)| S log(log(t + Tn)), | An(t) — log ! (t + T)| < log_%(t +T,),

b () — (¢ + To) " log™3(¢ + To)| + [8a ()] + lea®ls S (6 + T) Mog 5t +To),  +2)

lan(®)| S (8 +Tp) 2log Yt +T,), €n(0) =0,
where (An, Zn, Yo, Bn, bn) are the parameters of the decomposition of u, given by Lemma 5, i.e.

Uun(t, ) = % (Z [T Q] <%(t) - zn(t)ek> +éen <t, %)) . (4.3)

k

with Tk n(t,y) = Bn(t)(er - y) — b’lﬁ]y\? and Qq,, = Q + anp. Moreover, for allt € [to— T, 0],
/!un(t,x)\le\de <1 (4.4)

Proof. Applying Proposition 6 with s = n for any large n, there exists a solution w,,(t)
of (1.1) defined on the time interval [— Tn, 0] where

n—/A2

and whose decomposition satisfies the uniform estimates (3.5) on [-T),,0]. First, we see
that (4.1) follows directly from the estimate on A,(s) in (3.5).

Proof of (4.2). From (3.5) and the definition of the rescaled time s (see (3.2)), for any
s € [so,n], we have

S
t(s)+ T, = / M (s')ds'  where |A2(s) —log™2(s)| < log*%(s).
50
Fix 59 > sg large enough independent of n so that, for all 59 < s < n,
1 s 3
§slog72(s) < / M (s')ds' = slog™2(s) + O(Slogfg(s)) < §Slog72(s).
50

Fix tg = % 501log™%(50). Then, for all t € [ty — T}, 0],

t+ T, = slog™2(s) <1 + O(log*%(s))> > %slog*Q(s),

and
s = (t+T,) log?(t + T},) (1 +O(log™2 (t + Tn))> :

Thus, estimates (4.2) are direct consequences of (3.5).
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Proof of (4.4). From (4.3) and &, (0) = 0, we have u,(0) € X. It is then standard (see e.g. [7],
Proposition 6.5.1) that u, € C([to — T, 0], X). We claim the following preliminary estimates.
Fix A = l—f > 8. For any k € {1,...,K}, for all t € [ty — T}, 0],

i/ ‘Q“" (o~ 0= 2

0 a7 (1700 (57 —00))

Indeed, (4.5) follows from a change of variable and the decay properties of @ and p,

where we have used from (4.2),

2
dr < (t+1T,)7% (4.6)

j2f?dz = / 1Qu () A (8)y + An(®)zn (Dex Py < 1.

A®)n(t) S 1. (47)
To show (4.6), we see first that by (4.2),

; 2 _3
V[ Qa, ] ()| S IVQan W) + (18a* + b ly[*) Q2 (y) S e 2.
Thus, by change of variable (using A > 8),

2

1 / ( T ( x
Vol [P Qa, | | ——= — zn(t)ex dx
%0 a9 (K
1 / T 2
=30 V{e" Qa, [ (y)| dy
ARE) Jlyzn(Brer >4/ 2 ) vl )]
SlogQ(t—i—Tn)/ e*%‘yldy N (t—i—Tn)*% =(t+T,)™*
ly|>% log(t+Tn)
where we have used from (4.2) (possibly taking a larger tg),
A 3A 4 A
n(l SRy n(t log(t + T, —log(t + T,).
el > T = > o b1 (5~ ) s+ T2 > G log(e + )
Thus (4.6) is proved. Observe that (4.5)—(4.6) and (4.2) imply
5
lzun ()2 S 1 [Vun@®llz2(e>a) S (€ + 1) log 2 (t + T). (4.8)

Define ¢ : R? — [0,1] by p(z) = (Jz| — A)? for |x| > A and ¢(x) = 0 otherwise. By
elementary computations,

/|un| QD_QIHI/ Vo - Vu,)i, = / <£Vun> UnpP2.
jzj>A \ ||
Thus, by (4.8),

/|“n| 2 </|u | w)é </x>A|VU"(t)|2>% < (t+T,) ‘log 2 (t+Ty) (/Iunﬁp)%

By integration and (4.8), the following uniform bound holds on [ty — T}, 0],

=

/|un(t,x)|2gp(x)dx < 1 and thus /|un(t,x)|2x2dx <1,
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which finishes the proof of (4.4). O

4.2. Compactness argument. By (4.2)—(4.4), the sequence (uy(tg — T},)) is bounded in 3.
Therefore, there exists a subsequence of (u,,) (still denoted by (u,)) and ug € ¥ such that

un(to — Tp) — up  weakly in H'(R?),
un(to —Tp) — ug  in H7(R?) for 0 < o < 1, as n — +o0.

Let u be the solution of (1.1) corresponding to u(tg) = ug. By the local Cauchy theory for (1.1)
(see [7] and [8]) and the properties of the sequence u,(t) (recall that T,, — 00), it follows that
u € C([tg, +00),X). Moreover, for all 0 < o < 1, for all ¢ € [tg, +00),

up(t —T,,) — u(t) in HO.

By weak convergence in H', u(t) satisfies (2.25) for all ¢t > ty. Moreover, the decomposition
(P, e) of u satisfies, for all t > ¢,

ﬁn(t - Tn) - ﬁ(t), 5n(t - Tn) — €(t) in HU? 5n(t - Tn) - €(t) in Hl (4'9)
(see e.g. [38], Claim p.598). In particular, for all ¢ € [tg, +00), u(t) decomposes as

e i x — A(t)z(t)e T
T

k

where Ti(t,y) = (t)(ex - y) — % [y[* and

(1) ~ 2 log()] < logog(1)),  |\(1) ~ log™(1)| < log 3 (1)

b(6) — + ™ tog=(0)| + 18] + (@)l <+ log 3 (0), la(n)] < ¢+ log M r),  (411)
/|u(t,x)|2|x|2dx < 1.

Note that by (4.11), we have for all k € {1,..., K},

zp(t) = AMt)z(t)ep — %ek, with |z (t) —

2 ' _ log(log(®)
kY log(t)

Since A~H () le(®)||gn StT log_%(t) and, by (4.10) and (4.11),
AT [ Qu = Qg S ATHO(BMD)] + [b(1)] + la(t)]) St log™2(), (4.12)

we obtain the following stronger form of (1.11)
4 1 . —xp(t)
1) — (0 k
u®) =" D55 )

Next, since for j # k, for some g,

220 [ 1VQ - 2(0)e) - VQy - 2(0)ep) dy S Jote ™ S 7

<t tlog73(t). (4.13)
Hl

we also obtain (1.12). As a final remark, note that by global existence and uniform bound in ¥,
the virial identity (1.7) implies the rigidity E(u) = 0. This concludes the proof of Theorem 1.
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4.3. Proof of Corollary 2. For —tal <t <0, we set
2t) = z([E17Y), A = fAGHTY,  a) = a(lt™h), b)) = b(lt ™),

FE) =A™, By =8>, &) =<(t™h), Tut.y) =Ht)(ex -y
so that from (4.11),

) - Wy

- 2 x _ _3
2(t) — ~|log || < log Tog ¢l], | A(t) = It log ¢l]™"| < 10g |82,
k (4.14)

b4 _ Pt ~ _z ~ _
‘b(t)—!t!\log!t!\ 3(+\6(t)\+H€(t)HH1§!tH10g!tH 2, la(t)] < [t log ¢~

We see from (4.10) that the pseudo-conformal transform v(t) of u(t) as defined in (1.5) satisfies

il _ v i L A)ep ) + &t ——
v(t,x) —e (t x) w(t,x) = 5\(15) (Z [ Qa] (N(t) (t) k) + € <7f, X(t))) .

k

Note in particular that A(£)Z(t) ~ 2|¢| as ¢ 0. From this, it follows that
lo(t,z)]? = K||Q|2:00 ast10.

(¢,
el
Finally, since Vo(t,z) = e 4l < zﬁw) (t,z), and as t 10,
A)
t

Itl2/m w(t, )dz <

/ 12 T Qa] (y — 2t)ew) + 2 () | Py 1,

[ IVt 0)Pds ~ KITQIIt 2 tog P,

we obtain (1.13). Note that [ |z|?|v(t,z)|? < 2 implies by (1.7) that [ |z|?|v(t,z)|* = t2E(v).
Thus, E(v) > 0.
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