Sho Fujimura 
  
Shuji Shiraishi 
  
On the number of perfect matchings of line graphs II

Keywords: perfect matching, line graph, 2-chain

For any general graphs, we provide a formula for the number of perfect matchings in line graphs.

We have shown a method for counting perfect matchings in line graphs and a formula for the number of perfect matchings in L(G) for graphs G of maximum degree at most 3 by [START_REF] Fujimura | On the number of perfect matchings of line graphs[END_REF]. In this paper, we generalize this result for any general graph G. Let T be an extended spanning tree S and v a vertex in T .

Let n v be the number of edges (v, v i ) such that f (v i ) is even, where f is a descendants function of T . We remark that a set of 2-chain covers of G does not depends on the choice of spanning trees of G. Then we have the following theorem:

Theorem. Let G = (V, E) be a graph.
Then the number NPM of perfect matchings of L(G) is

NPM =    ∑ T ∏ f (v) even (n v -1)!! ∏ f (v) odd n v !! if |E| is even 0 if |E| is odd
where the sum runs over all extended spanning trees T.

Proof:

The following holds for each vertex v in T : 

(i) If f (v) is even, there are (n v -1)!! choices for 2-chains of G. (ii) If f (v) is odd, there are n v !! choices for 2-chains of G. where (-1)!!=1. (i) Since f (v) is even, there is an even number n v = 2m of children {v i1 , • • • , v i2m } such that each f (v ij ) is even. So we can partition the edges of T v = {{v, v i1 }, • • • , {v, v i2m }} into m 2-
( 2m 2 )( 2m-2 2 ) • • • m! = n v ! 2 nv/2 • nv 2 ! = (n v -1)!!. (i) is obtained. (ii) If f (v)
is odd, then we apply a 2-chain partition to the set

T v = {{v p , v}, {v, v i1 }, • • • , {v, v i2m-1 }}, where v p is the parent vertex of v and each f (v ij ) is even. In the same way, the number of such 2-chain partitions of T v is n v !!
There are 2 k choices for an extended spanning tree, where k = |E| -|V | + 1 is the number of non-tree edges in G and each such tree generates different 2-chain covers. Since a 2-chain cover of G corresponds to a perfect matching of L(G), the result now follows.
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When the maximum dergee of G is at most 3, NPM is 2 |E|-|V |+1 if |E| is even. This follows automat- ically from n v ≤ 2. Clearly, if n v > 2 for some v in G then n v = 3, v is a root of T and |E| is odd.

Example

Fig. 1 represents the graph G whose vertex set V is {a, b, c, d, e, f, g}, and whose edge set E is {1 = ad, 2 = ab, 3 = ae, 4 = de, 5 = be, 6 = bc, 7 = ef, 8 = cf, 9 = ce, 10 = f g}. The red lines represent a spanning tree S with root a. 

f : f (a) = 10, f (b) = 4, f (c) = 2, f (d) = 9, f (e) = 8, f (f ) = 1, f (g) = 0, f (a ′ ) = 0, f (a ′′ ) = 0, f (c ′ ) = 0, f (f ′ ) = 0, where a ′ , a ′′ , c ′ , f ′ are vertices obtained by cutting off vertices a, c, f . The values f (a), f (b), f (c), f (e), f (g), f (a ′ ), f (a ′′ ), f (c ′ ), f (f ′ ) are even, so n a = (0 -1)!! = 1, n b = (2 -1)!! = 1, n c = (0 -1)!! = 1, n e = (4 -1)!! = 3, n g = (0 -1)!! = 1, n a ′ = (0 -1)!! = 1, n a ′′ = (0 -1)!! = 1, n c ′ = (0 -1)!! = 1, n f ′′ = (0 -1)!! = 1.
The values f (d), f (f ) are odd, so

n d = 1!! = 1, n f = 1!! = 1.
Thus the number of 2-chain covers for the extended spanning tree T 12 , denoted by NPM T12 , is 3:

NPM T12 = 3.
In the same way, NPM T1 = 1, 

NPM T2 = 3, NPM T3 = 1, NPM T4 = 1, NPM T5 = 1, NPM T6 = 1, NPM T7 = 1, NPM T8 = 1, NPM T9 = 1, NPM T10 = 3, NPM T11 = 3, NPM T12 = 3, NPM T13 = 1, NPM T14 = 1, NPM T15 =

Figure 2 .

 2 shows all distinct 16 extended spanning trees based on S. The descendants functions values of extented spanning trees are underlined. The n v values are placed in parentheses. For Fig. 2 (Tree10) , The values of the descendants function
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 12 Fig. 1: Spanning tree S of the graph G