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A Hybrid FDTLM-IE Method for

Efficient-Scattering Problems Modeling

M. Attia∗ M. Ney† T. Aguili ‡

Abstract — A rigorous modelling of open space
problems or matched guided structures including
radiation phenomena needs an enormous computa-
tional effort. This effort is more important when
applying a volumic method that requires the mesh-
ing of the entire computational domain and the use
of absorbing boundary conditions. In this work
we present a hybrid formulation of the frequency-
domain TLM method (FDTLM) with an integral
field equation. This hybrid method combining the
advantages of both numerical methods is applied to
model a diffraction problem where an infinte metal-
lic square cylinder is exposed to an incident plane
wave. As compared to the standard FDTLM, the
hybrid method avoids the use of absorbing boundary
condition and, thus, reduces the total computational
TLM domain.

1 INTRODUCTION

The frequency-domain formulation of the TLM
method (FD-TLM) has been developed to be suit-
able for narrow band applications or dispersive
problems. Despite the success of the TLM method,
it still has an important limitation. As for any
numerical method with volumic formulation, when
analyzing structures, the entire computational do-
main has to be meshed. This may present a
real handicap, especially when modeling structures
open to free space such radiation and scattering
problems. Even if many solutions have been devel-
oped for improving the performance of some bound-
ary conditions, the problem of meshing persists.
The perfectly matched layers, for example, have
been developed for the FDTLM. However, they
should be placed far enough from any discontinu-
ity and surrounding layers have to be meshed as
fields must also be computed within the PML [1].
In this context, combining, the integral field equa-
tions with the frequency domain TLM presents an
efficient way to overcome this problem by avoiding
the use of any absorbing boundary conditions and
reducing the volume to be meshed. Actually, by ap-
plying the equivalence principle [2], it is possible to
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partition the 3D space into sub-regions. Thus, com-
plex objects are embedded in a discretised subdo-
main where the FD-TLM method is applied. Cer-
tainly, this presents the main strength of the TLM
method very suitable in modeling inhomogeneity
and complex structures in a more straightforward
way. Once the problem is resolved inside the sub-
domain and the fields are computed along the Huy-
gen’s surface, the field at any point in the space is,
then, easily obtained by applying the Green func-
tion. Different publications dealt with this hybrid
method [3] but all of them developed time domain
formulation of TLM. One research work, treated a
frequency formulation of this hybridization. But,
it consists on a 2D formulation applied to spe-
cific metamaterials structures [4]. Since then, no
further works have been developed to investigate
the FDTLM-IE hybridization. This paper is or-
ganized as follow: Section 2 presents a brief look
back at the frequency domain formulation used in
this work. Then, Section 3 deals with the devel-
opment of the hybrid FDTLM-IE method. Section
4 presents some numerical results of the proposed
method applied to compute the RCS of an infinite
square metallic cylinder. Finally we end with a
conclusion in Section 5.

2 A BRIEF BACK UP TO THE FDTLM

FORMULATION

The Frequency domain TLM formulation used in
this work is derived from the TD formulation by
applying a Fourier transform. More computational
details are presented in a paper published by Chen
and Ney [5]. We present in this section the main
steps of the formulation. Let’s Consider the inci-
dent and scattering voltages impulses vectors [V i]
and [V r] of all the cells in the computational do-
main. Thus, [V i] and [V r] are one-column vectors
of dimension Nb × Nn where Nb is the number of
branches of the TLM node and Nn, is the total
number of nodes in the structure. The TD-TLM
formulation is based on 2 principal equations relat-
ing incident and reflected voltages:

[V r]k = [S][V i]k (1)

[V i](k+1) = [C][V r]k + [V i
source](k+1) (2)
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where the subscript k represents the time step, [C]
the connecting matrix which describes the trans-
mission between adjacent nodes and [S] the scatter-
ing matrix that incorporates Maxwell’s equations in
their discrete form. When applying a DFT to (1)
and (2) for a given angular frequency ω, subscript
k vanishes and one obtains:

([I]− γ[C][S])[V i(ω)] = [V i
source(ω)] (3)

where γ = exp(jω∆t) , ∆t is a fixed time step and
[I] is the identity matrix. By solving the linear sys-
tem (3), we obtain the incident voltages and then
all the field components at the center of each node.

3 FORMULATION OF THE SCATTER-

ING PROBLEM

Let’s consider an infinite metallic square cylinder
exposed to an electromagnetic field Einc and Hinc.
The structure is considered as two-dimensional elec-
tromagnetic problem. We aim to find the scattered
field at a given point of the space.

3.1 Using a classic FDTLM method

The total field can be decomposed into a scattered
and incident fields. Thus one can write:

Etot = Einc + Escat (4)

Htot = Hinc +Hscat (5)

where Einc and Hinc are defined as the electric
and magnetic incident fields. Based on the equiv-
alence principle, this problem is equivalent to that
of fig. 1 by assuming the presence of magnetic cur-
rent source Ms and electric current source Js on
the connecting surface defined as follow:

Ms = Einc × n (6)

Js = n×Hinc (7)

where n is the inward unit vector of the connect-
ing surface. Thus one obtains two components of
the magnetic surface currents denoted Mx and My

and one electric current component Jz. By us-
ing the equivalences voltages/electric filed and cur-
rent/magnetic field in the TLM node centers [6] one
can note:
*On the interface parallel to the x axis :

My = (2V r
6 + 2V i

6 )− (1V r
10 +

1V i
10)

Jz = 1
Z0

(2V i
6 − 2V r

6 ) + (1V i
10 +

1V r
10)

(8)

*On the interface parallel to the y axis :

Mx = (2V r
7 + 2V i

7 )− (1V r
5 + 1V i

5 )
Jz = 1

Z0
(2V i

7 − 2V r
7 ) + (1V i

5 + 1V r
5 )

(9)

Figure 1: Equivalent problem of an obstacle illumi-
nating by an electromagnetic wave using pure TLM
method.

which leads to the following connecting boundary
conditions:

2V i
6 = 1

2 (Z0Jz +My) +
1V r

10
2V i

7 = 1
2 (Z0Jz +Mx) +

1V r
5

1V i
10 = 1

2 (Z0Jz +My) +
2V r

6
1V i

5 = 1
2 (Z0Jz −Mx) +

2V r
7

(10)

where 1V i, 1V r, 2V i and 2V r are the incident and
reflected impulses from region (1) and (2) respec-
tively.

3.2 Using a hybrid FDTLM-IE method

By applying a hybrid formulation between integral
equations and FDTLM method, one can avoids the
use of absorbing boundary conditions by inserting
a Huygen’s interface denoted (C) and applying the
free-space Green’s function. Thus, the new formu-
lation of the problem is depicted in fig.2. Equation

Figure 2: Coordinate system for the equivalent
problem. External nodes (on the Huygen’s inter-
face) are in Grey color.

(4) is then written as function of the free space
Green function as follow:

Escat
z (r) = −ξ

∮

c

Jz(r
′)H

(2)
0 (k ‖r − r′‖)dl′ (11)
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Then, the total tangential field on the Huygen’s
surface (C), according to (4,5) and (11) is:

E(C)
z (r) = E(inc) − ξ

∮

c

Jz(r
′)H

(2)
0 (k ‖r − r′‖)dl′

(12)

where ξ = ωµ
4 , r′ ∈ C and H

(2)
0 is the Hankel func-

tion of second type and order 0 and Jz is the surface
current density. On the other hand, according to
(3), the electric field at the surface can be com-
puted with the FD-TLM from the incident volt-
age as function of connection matrix [C], scattering
matix [S] and the excitation voltages. If we class
the voltages in TLM domain in two classes V (C)

(external voltages on the surface (C) separating do-
main 1 and 2) and V int(interior voltage inside TLM
domain), then equation (3) becomes:

(

[I]−γ

[

C11 C12

C21 C22

][

S11 S12

S21 S22

])

⎡

⎣

V (int)

V (C)

⎤

⎦

i

=

⎡

⎣

V (int)

V (C)

⎤

⎦

inc

(13)

One should note that the TLM/IE interface must
pass through the centers of TLM nodes (figure 2).
Because equations (4) and (5) deal with total field
component which are computed at the center of
nodes in TLM method. The resolution of the linear
system (13) needs the insertion of the appropriate
boundary conditions at the surface (C) which are
unknown. At this stage, we use equation (11) to
find the relationship between V (C) and V int . To do
this, the electric field as well as the surface current
have to be expressed in terms of incident voltages.
The surface current density at the node center can
be expressed as function of the voltages as follow:

Jz =
1

2Z0∆l

(

V i
11 − V r

12 + V i
1 − V i

3

)

(14)

The electric field Ez is also a linear combination of
the voltages at the node center:

Ez =
1

2∆l

(

V i
7 + V i

10 + V i
5 + V i

6

)

(15)

where V r are reflected voltages from the node
center, Z0 is the free-space impedance and ∆l is the
node size. Next consider a node located at (xl, ym)
on (S), with l = 1 · · ·Nx and m = 1 · · ·Ny (Nx

and Ny are the number of nodes on the surface (C)
along x and y axis respectively). As the structure
is rectangular, we propose the use of Cartesian co-
ordinates to compute electric and magnetic field on
the rectangular Huygen’s interface. So, according
to figure 2 we note: r = xcos(Φ) + ysin(Φ) and

r′ = x′cos(Φ′) + y′sin(Φ′). Inserting (15) and (14)
into (12), yields Ez at each node center (16).

E
(x

l
,ym )

z = 1
2

(

V i
7 + V i

10 + V i
5 + V i

6

)

(x
l
,ym )

= V
TE10

− ξ [
Nx
∑

k=1

(Vcenter)
(Nk,1)

bx
∫

ax

H
(2)
0 (x

l
, ym , x′, y1)dx

′

−

Nx
∑

k=1

(Vcenter)
(Nk,Ny

)
bx
∫

ax

H
(2)
0 (x

l
, ym , x′, y

Ny
)dx′

+
Ny
∑

k=1

(Vcenter)
(NNx,k)

by
∫

ay

H
(2)
0 (x

l
, ym , x

Nx
, y′)dy′

−

Ny
∑

k=1

(Vcenter)
(N1,k)

by
∫

ay

H
(2)
0 (x

l
, ym , x1 , y

′)dy′ ]

(16)
where Vcenter = V i

11 −V i
12 +V i

1 −V i
3 , ξ = ωµ

4 , ax,
bx, ay and by are defined as follows:

ax = x
k
−∆l/2, for (k = 2 · · ·Nx); a1 = x1

bx = xk +∆l/2, for (k = 1 · · ·Nx−1); bNx = Nx

ay = x
k
−∆l/2, for (k = 2 · · ·Ny); a1 = y1

by = xk +∆l/2, for (k = 1 · · ·Ny−1); bNy = Ny

4 SIMULATION RESULTS

As we have already mentioned we aim to com-
pute the diffracted fields of a perfectly conducting
square cylinder exposed to an incident plane wave.
The Huygen’s interface is placed at 6∆l from the
cylinder boundaries. The scattered far-field was
computed at several frequency range where simula-
tions were performed forward (φ = 180◦) and back
(φ = 0◦). The (RSC/λ) in (dB) is computed and
compared to the benchmark values [7] at frequency
points for ka = 0.8, ka = 2 and ka = 6 where a is
the radius of the cylinder (a = 15.5∆l) and k is the
free space phase constant. Results of figure 3 show
a good accuracy when computing the Radar Cross
section RCS of the proposed structure. The hybrid
FDTLM-IE results are in excellent agreement with
the analytical results. In terms of computing time,
we compared in Table 1 the results obtained with a
classic FDTLM (using the perfectly matched layers
PML as absorbing boundary conditions) and the
new hybrid formulation FDTLM-IE. Obviously, we
can observe that for nearly the same accuracy, the
hybrid method needs only almost 1/5 of the com-
puting time required for FDTLM method with a
small deterioration of the precision (the relative er-
ror increases from 0.95% to 1.6%).

Method # of nodes CPU Relative
error

FDTLM 22500 35.6 min 1.72%
FDTLM-IE 4900 7.3 min 2.1%

Table 1: Comparison between FDTLM and FDTLM-
IE for ka = 0.8.
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(a)

(b)

(c)

Figure 3: Scattered far field pattern for the infinite
cylinder: (a):ka = 0.8, (b):ka = 2, (c): ka = 8

5 CONCLUSION

In this work, a hybrid FDTLM-IE method is used
to analyze a two-dimensional electromagnetic scat-
tering problem. Both of the classic and hybrid
method was detailed and applied to compute the

RCS of an infinite metallic square cylinder ex-
posed to a plane wave source. Results showed a
good agreement between the classic FDTLM (us-
ing ABC), the hybrid FDTLM-IE and a benchmark
test with an important gain in CPU time and mem-
ory ressources when using the hybrid method.
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