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We define an equivalence relation on subdivided stars ~. Let S and S’ be two subdivided stars. We say
that S and S’ are ~g-equivalent, denoted S ~ §’, if and only if for any subdivided star S, S+*5 = G's*s§.

By Lemma 17 in [I], we already know that Ps ~3 (), and thus Sy ~9 () and Sy 1 ~2 0.

We will prove that there are exactly ten equivalence classes for ~o:

e Dj: subdivided stars S such that G(S) = 0 and S contains zero or two paths of length 2, plus Sy;
o D ={P1,521,52,22} (these stars have Grundy value 1);
e D subdivided stars S such that G(S) = 1, S contains zero or two paths of length 2 and S # Py;
o D5 = {P2,S22} (these stars have Grundy value 2);
e D3: subdivided stars S such that G(S) = 2 and S contains one or three paths of length 2;
. Dg: subdivided stars S such that G(S) = 3 and S contains one or three paths of length 2;
e Fori € {0,1,2,3}, D;: subdivided stars S with G(S) =4 and S is not in a previous class.
Figure [I] shows the equivalence classes of the subdivided stars.

Theorem 22. The equivalence classes for ~y are exactly the sets Dy, D§, D1, Di, DY, Da, Di, D3, D3

and D?')]. Moreover, Table describes how the Grundy value of S*=S' can be computed depending on the
equivalence class of S and S'.

Proof. We prove by induction on the total number of vertices in S and S’ that the Grundy value of S5’
is given by Table

One can check that the rows and columns for D] and D3 in Table [1| are correct: it suffices to prove it
for one representant for Dj (say Py) and for D (say P»). Indeed, Lemma 23 in [I] proves that S ~q S’ if
S,S" € D or 8,58 € Di. For any subdivided star S, §+*pP; is S with a path of length 2 attached to its
central vertex. Thus, for every class, we only need to look at the value diagonally to the right and below in
Figure [I} One can check that if G(S) = 0, then G(S*™*P,) = 2, if § € D} Dy, DJ, then Q(S’APl) =0, if
S € Dy, DY, then G(S***Py) = 3, if § € Di, DY, D3, then G(S**P,) = 1. For any subdivided star S, 5***P,
is S with a path of length 3 attached to its central vertex. Thus, G(S*™P,) = G(S).

Now we study the Grundy value of S***S’ depending on the class of S and S’. We can suppose that
S,S" ¢ D}, D5, and that neither S nor S" are Sy 1 or P3 (since S1a ~2 0); and P3 ~2 ()). We can find the
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Figure 1: First six rows, and rows 2p and 2p + 1, of the table of equivalence classes for ~5 of the subdivided
stars. Stars belonging to resp. D, D, DY, D, D5, D are depicted by resp. 0*, 1*, 17, 2* 27 3" while

the D;’s are depicted by 1.

Do | Dy | Dy | D | DY | D2 | D5 | DS | Ds | DY
Do | ® | ®1]| D 2 |1 &1 | @ | 0 | @1 | @& | D1
Di| @1 |@1|®1| 2 | @1 |@1| 0 | &1 | D1 ]| &1
Dy | & | b1 | @ 3 b1 | © 1 D1 | © | D1
Dil1 2|12 |13]0 3 0 1 1 1 0
D1D 1| D1 |1 | 3 | D1 | D1 | 1 | D1 |D1| D1
Dy | & | P11 | & 0| &1 | & 2 | ®1 | & | P
D51 0 0 1 1 1 2 2 2 3 3
Dy @1 | @ || 1 [ || 2 0 |@& | 1
D3| @ | @1 | D |1 | D1 | D| 3 |D1| D| D1
D@ ||| 0@ |@ | 3] 1 [@] O

Table 1: Computing the Grundy value of S***S’ depending on the equivalence class of S and S’. Recall that

@ denotes the nim-sum. Moreover, x @1 y stands for z @y & 1.

Grundy values of the options of S and S’ thanks to Figure None of the options of S and S’ involves
taking their central vertex. We can verify Table 1| by computing the Grundy value of S***S’ depending on

the Grundy values of their options, by using the induction hypothesis:



G(S*™*S") = mex(G(T***S"), G(S**T")|T option of S, T" option of S)

In order to prove that the equivalence classes are correct, we need to check that the Grundy value of S**S’
does not change with the classes of the options of S and S’. Indeed, two subdivided stars belonging to the
same class can have different options.

There is a total of 36 cases to consider, which is why the full proof was not included in [I]. Indeed, all
those cases work the exact same way: we verify that for each class of each possible option of S and S’, the
mex value of those options is what is predicted by Table The notation Dié'Dj expresses the fact that
the two subdivided stars S and S’ are in the classes D; and D; respectively. Furthermore, on figures, the
original S***S’ will be boxed while the options obtained when playing on S will be displayed on the left, and
those obtained when playing on S” will be displayed on the right (if S and S’ are in the same class, then
we will display them on only one side). Below each option will be the Grundy value predicted by Table
(we can apply the induction hypothesis on the options since they have strictly less vertices than SeZeS ). To
compute the Grundy value of S***S’, one only needs to compute, for all sets on the left, the mex of this set
and every set on the right. If all those mex computations lead to the same value, then this means that it is
the Grundy value of S***S".

Case 1: S,5" € D}

Figure [2] depicts all possible options, their Grundy values and show that the mex computation always

leads to 1 for every set of options. Thus, G (S‘LS') = 1, which is what is predicted by Table
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—— DDy ; D;*D5 ; Dy*D5
0 3 2

Figure 2: Possible options for the case S, S’ € Df.

Case 2: S € Dj and S’ € DY

Figure [3] depicts all possible options, their Grundy values and show that the mex computation always
leads to 0 for every set of options. Thus, G (S'E'S’ ) = 0, which is what is what is predicted by Table
Case 3: S € D and S’ € DJ

Figure [4 depicts all possible options, their Grundy values and show that the mex computations of the
right options always leads to 3, while the left options are always at most 3 and as such the computation of
any left option with every right option will always yield 3. Thus, G(S***S’) = 3, which is what is predicted
by Table 1]
Case 4: S € D} and S’ € DY

Figure [5] depicts all possible options, their Grundy values and show that the mex computations of the
right options always leads to 2, while the left options are always at most 2 and as such the computation of
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Figure 3: Possible options for the case S € D and S’ € Dy .
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Figure 4: Possible options for the case S € D and S’ € D5.

any left option with every right option will always yield 2. Thus, G(S***S") = 2, which is what is predicted
by Table 1]
Case 5: S € Dj and S’ € Dy

Figure [6] depicts all possible options, their Grundy values and show that the mex computations of the
left options always leads to 1, while the right options are always at most 1 and as such the computation of
any left option with every right option will always yield 1. Thus, G (S’LS’) = 1, which is what is predicted
by Table 1]
Case 6: S € Dj and S’ € D;

Figure [7] depicts all possible options, their Grundy values and show that the mex computations of every

set of options always leads to 0. Thus, G (S’i‘S’) = 0, which is what is predicted by Table
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Figure 5: Possible options for the case S € D and S’ € Dy .

DDy

* g2 . xa2
Di*=*Dy ; D3*—Dy *

? 0 —— DD} 3 DgeDf
DjeteDy 2 3
0 ——— DyeleD; ; DieleDy ; Dije*+Dy
0.2 3
DPe2eD, ——
0 ——— DyeleD, ; Di+2D;
Dj***D ; Dj+*+D ; DF***Dy 3 2
2 0 3 — Dy*Di ; Dy*Ds ; Dy*Ds
0 3 2

DP***Dy ; DF**Dy ; D5***Dy ———
0 3 2

Figure 6: Possible options for the case S € D and S’ € Dy.

Case 7: S € D§ and S’ € Dy

Figure [§] depicts all possible options, their Grundy values and show that the computation of any left
option with every right option will always yield 3. Thus, Q(S'E'S’) = 3, which is what is predicted by
Table [1l
Case 8: S € Dj and S" € D3

Figure 0] depicts all possible options, their Grundy values and show that the mex computations of the
right options always leads to 2, while the left options are always at most 2 and as such the computation of
any left option with every right option will always yield 2. Thus, G(S***S’) = 2, which is what is predicted
by Table
Case 9: 5,5 € DY
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Figure 7: Possible options for the case S € D and S’ € D;.
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Figure 8: Possible options for the case S € D and S’ € Ds.

Figure [10] depicts all possible options, their Grundy values and show that the mex computation always
leads to 1 for every set of options. Thus, G(S***S") = 1, which is what is predicted by Table
Case 10: S € DY and S’ € Dy

Figure depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 2, while the left options are always at most 2 and as such the computation of
any left option with every right option will always yield 2. Thus, G (S’LS’) = 2, which is what is predicted
by Table
Case 11: S € D} and S’ € D

Figure [12] depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 3, while the left options are always at most 3 and as such the computation of
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Figure 9: Possible options for the case S € D and S’ € Ds.
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Figure 10: Possible options for the case S, S" € DY.
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Figure 11: Possible options for the case S € D} and S’ € Dy .

any left option with every right option will always yield 3. Thus, G (S’LS’) = 3, which is what is predicted
by Table
Case 12: S € D} and S’ € Dy

Figure [13| depicts all possible options, their Grundy values and show that the mex computation always
leads to 0. Thus, G(S**S’) = 0, which is what is predicted by Table
Case 13: S €D} and S’ € Dy

Figure [14] depicts all possible options, their Grundy values and show that the mex computation always
leads to 1. Thus, G(S**S’) = 1, which is what is predicted by Table
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Figure 12: Possible options for the case S € D} and S’ € Dy .
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Figure 13: Possible options for the case S € D} and S’ € Dy.

Dy***D;

DjeeD, «————— DD, ; DIe*D, ; De**D;
0 0 2 3

Die*eD; ; Dy***D; ; Dy* D, «————— DPs*D ; DY**DJ ; DI+*DY
0 2 3 0 2 3

Figure 14: Possible options for the case S € D] and S’ € D;.

Case 14: S € D} and S’ € D,

Figure [15| depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 2, while the left options are always at most 2, and as such the computations of
any left option with every right option will always yield 2. Thus, G (S’i'S’) = 2, which is what is predicted
by Table
Case 15: S € D} and S’ € Ds

Figure [I6] depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 3, while the left options are always at most 3, and as such the computations of
any left option with every right option will always yield 3. Thus, G(S***S’) = 3, which is what is predicted
by Table 1]

Case 16: S, 5’ € DY
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Dje**Dy > DIe*Dy : DYe*D,
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DDy ; DDy ; Dg+Dy «————— D**Dy ; DP***Dy ; DDy
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Figure 15: Possible options for the case S € D} and S’ € Ds.
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Figure 16: Possible options for the case S € D} and S’ € Ds.

Figure [I7] depicts all possible options, their Grundy values and show that the mex computation always
leads to 0 for every set of options. Thus, G(S***S") = 0, which is what is predicted by Table

Oe2eD
D5 D,

" DF***Dy ; Dy**D; ; DF**Dy
3 1 2

—— Dy***D; ; Dy**Dy ; Dy**D5
3 2 1

Figure 17: Possible options for the case S, S" € D5.

Case 17: S € Dy and S’ € Dy

Figure [18| depicts all possible options, their Grundy values and show that the mex computation always
leads to 1 for every set of options. Thus, G(S***S’) = 1, which is what is predicted by Table
Case 18: S € Dy and S’ € Dy

Figure [19] depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 3, while the left options are always at most 3, and as such the computation of
any left option with every right options will always yield 3. Thus, G(S***S ") = 3, which is what is predicted
by Table 1]
Case 19: S € D7 and S’ € Dy

Figure [20] depicts all possible options, their Grundy values and show that the mex computation always
leads to 2. Thus, G(S**S’) = 2, which is what is predicted by Table
Case 20: S € D3 and S’ € D,

Figure 2I] depicts all possible options, their Grundy values and show that the mex computation of the
left options always leads to 1, while the right options are always at most 1, and as such the computation of
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Figure 18: Possible options for the case S € Dy and S’ € Dy .
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Figure 19: Possible options for the case S € D3 and S’ € Dy.

Dy***D;

De=*D; ; Di***Dy ; DY+ Dy« DJ**Dy ; Dy**D, ; Dy**D;
0 3 1 3 1 0

Die*eD; ; DY**D; ; DD, «————— Dys*D; ; Dy***DY ; DF+*+DJ
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Figure 20: Possible options for the case S € D5 and S’ € D;.

any left option with every right options will always yield 1. Thus, G(S***S’) = 1, which is what is predicted

Case 21: S € D5 and S’ € Ds

Figure [22] depicts all possible options, their Grundy values and show that the mex computation always

leads to 0. Thus, G(S*>S’) = 0, which is what is predicted by Table
Case 22: S,5’ € DY

Figure [23] depicts all possible options, their Grundy values and show that the mex computation always

leads to 1 for every set of options. Thus, G(S***S’) = 1, which is what is predicted by Table
Case 23: S € Dy and S’ € D,

Figure [24] depicts all possible options, their Grundy values and show that the mex computation always

leads to 2. Thus, G(S**S’) = 2, which is what is predicted by Table

10
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Figure 21: Possible options for the case S € D3 and S’ € Ds.

Dy/**D;

Dye*D3 ; Di***D3 ; DY'+**Ds
2 1 3 ———— DeleDy ; DYeeD; ; DY,
3 2 1

DieoDy ; DY***Ds ; D™Dy «——
2 3 1

Figure 22: Possible options for the case S € D3 and S’ € Ds.
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L D5***D; ; Dy**Dy ; D5*~*D;
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Figure 23: Possible options for the case S, S’ € D5.

D5 **D

— D§*=D; ; DF*=Dy

0 1

——— DS's*eD, ; DYs*DyJ ; DYs*D}
Di*Dy ; DP***Dy ; DF+**Dyy 3 ! 0
1 0 3 ——— DUeZeD, ; DYeLeD,

0 1

——— DD, ; DJ***D, ; Dy***D;
3 0 1

Figure 24: Possible options for the case S € D and S’ € Dy.

Case 24: S € Dy and S’ € Dy
Figure [25| depicts all possible options, their Grundy values and show that the mex computation always

leads to 3. Thus, G(S***S") = 3, which is what is predicted by Table

11
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2 2 2

Dg***Dy ; Dy'***Dy ; DD, 2 0 !
0 1 2 N DD,&,DO . DUeZepl . PUeZepl
3 s &3 2 » &3 3
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Figure 25: Possible options for the case S € D3 and S’ € D;.

Case 25: S € D3 and S’ € Dy
Figure [26] depicts all possible options, their Grundy values and show that the mex computation always

leads to 0. Thus, G(S***S") = 0, which is what is predicted by Table

Dy*>D,

—— Dys>*D, ; DF**D;
DijeteD, ; DY2D, ; DYeteD, —— 2 3

3 2 1 ———— DD, ; D™D, ; Dy*Ds
1 2 3

Figure 26: Possible options for the case S € D5 and S’ € D.

Case 26: S € D3 and S’ € D3
Figure [27] depicts all possible options, their Grundy values and show that the mex computation always

leads to 1. Thus, G(S**S’) = 1, which is what is predicted by Table

Dy***Ds

Dj***D; ; Di***Ds ; DY***D; <—|—> Dy Dy ; DF**D; ; DJ**D,
2 3 0 2 3 0

Figure 27: Possible options for the case S € D3 and S’ € Dj.

Case 27: 5,5 € Dy

Figure [28] depicts all possible options, their Grundy values and show that the mex computation always
leads to 0. Thus, G(S**S’) = 0, which is what is predicted by Table
Case 28: S €Dy and S’ € Dy

Figure depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 1, while the left options are always at most 1, and as such the computation of
any left option with every right option will always yield 1. Thus, G (S’LS’) = 1, which is what is predicted
by Table
Case 29: S € Dy and S’ € Dy

Figure [30| depicts all possible options, their Grundy values and show that the mex computation always
leads to 2. Thus, G(S**S’) = 2, which is what is predicted by Table
Case 30: S € Dy and S’ € Dy

12



Do*>D,

> Dp**D; ; Dy***Dy
2 3
> Dp**D; ; Dg***Dy ; Do***D3
1 3 2
> Dg***Dy ; Dy***Ds
2 3

D***D; ; Do**Ds ; Dop**D;
1 2 3

Figure 28: Possible options for the case S, S’ € Dy.

Do***D;

Dj*=Dy ; Dy**Dy
3 2
DD, ; Dy***D; ; D5*D; ¢ —— Do**Dy ; Dp**Ds ; Do**D3
0 2 3 0 2 3
Dy***D; ; D3+ *D; «——+—— Dy***Dy ; Dp**Dy ; Dy**D5
3 2 0 3 2

Dy**D; ; Da***D; ; D3***D;
3 2 0

Figure 29: Possible options for the case S € Dy and S’ € D;.

Figure [31] depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 3, while the left options are always at most 3, and as such the computation of
any left option with every right option will always yield 3. Thus, G(S***S’) = 3, which is what is predicted
by Table 1]

Case 31: 5,5 €D,

Figure [32] depicts all possible options, their Grundy values and show that the mex computation always
leads to 0. Thus, G(S**S") = 0, which is what is predicted by Table
Case 32: S€D; and S’ € D,

Figure depicts all possible options, their Grundy values and show that the mex computation of the
left options always leads to 3, while the right options are always at most 3, and as such the computation of
any left option with every right option will always yield 3. Thus, G (S’i'S’) = 3, which is what is predicted
by Table
Case 33: S€D; and S’ € D3

Figure [34] depicts all possible options, their Grundy values and show that the mex computation always
leads to 2. Thus, G(S***S") = 2, which is what is predicted by Table
Case 34: 5,9 €D,

13
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Dy*—D,

Dje**D, ; D5 Dy
0 1
Dy***D; ; Dy***D, ; D5***D; ¢ > D***Dy ; Dy***D;
3 1 0 0 1

Dy Dy ; D3**Dy > Dy*>*Dy ; Dy**D; ; Dy**D;
0 1 0 1 3

Dy***Dy ; Do***Dy ; Dy***D, ¢
0 1 3

Figure 30: Possible options for the case S € Dy and S’ € Ds.

Dy*>*D5

Dj***D5 ; DY+ D3 —
1 0

D,**Ds ; Dy***Dy ; D**Ds «

2 0 1 > Dy**Dy ; Dg***D; ; Dop**D>

Dy**Ds ; D3**Ds 0 1 2
1 0

D1+ *D; ; Dy***D; ; D3***Ds
1 0 2

Figure 31: Possible options for the case S € Dy and S’ € Djs.

DD,

> Dy**Dy ; D1*°*Dy ; DD
1 3 2

—— D1**Dy ; D1**D5 ; Di*=*Df
1 2 3

Figure 32: Possible options for the case S, S’ € D;.

Figure [35] depicts all possible options, their Grundy values and show that the mex computation always
leads to 0. Thus, G(S***S") = 0, which is what is predicted by Table
Case 35: S €D, and S’ € Dy

Figure [36] depicts all possible options, their Grundy values and show that the mex computation of the
right options always leads to 1, while the left options are always at most 1, and as such the computation of
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DD,

Do***D3 ; Dy**Dy ; Dy***Dy «———— D1*=*Dy ; D1***D;
2 0 1 1 0

Do'i',DQ H 'DQDADQ 3 DE’E'DQ 7 ,Dl'z'lDo ) ’Dl’l'Dl 3 Dl'i'Dg
2 1 0 1 0 2

Figure 33: Possible options for the case S € D; and S’ € Ds.

Dy*D;

Dy**D; ; Da**Ds ; D3***D3 <
3 1 0 ——— Dy*Dy ; Dy*2D; ; DD,
1 0 3

Do**D3 ; DF***D; ; DF+**D; ¢
3 0 1

Figure 34: Possible options for the case S € D; and S’ € Ds.

D2'1'270 5 Dz’z’Dl
2 3

> Dy*™*Dy ; Doy***D; ; Do**Dj3
2 3 1

Figure 35: Possible options for the case 5,5’ € D,.

any left option with every right option will always yield 1. Thus, G(S***S’) = 1, which is what is predicted
by Table

Dye*eDy

Dy***Ds ; D1**Ds
3 2 > Dy™*Dy ; Dy***D; ; Do**D
2 3 0

Dy**D; ; D1**D; ; D3***Ds
3 2 0

Figure 36: Possible options for the case S € Dy and S’ € Djs.
Case 36: 5,5 € Ds

Figure [37] depicts all possible options, their Grundy values and show that the mex computation always
leads to 0. Thus, G(S***S") = 0, which is what is predicted by Table
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D3***D;

D3**Dy ; D3**D; ; D3**Ds

3 2 1

Figure 37: Possible options for the case S, S’ € Ds.
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