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CONVERGENCE RATE OF A RELAXED INERTIAL PROXIMAL ALGORITHM
FOR CONVEX MINIMIZATION

HEDY ATTOUCH AND ALEXANDRE CABOT

ABSTRACT. In a Hilbert space setting, the authors recently introduced a general class of relaxed
inertial proximal algorithms that aim at solving monotone inclusions. In this paper, we specialize
this study in the case of non-smooth convex minimization problems. We obtain convergence rates
for the values which have similarities with the results based on the Nesterov accelerated gradient
method. The joint adjustment of inertia, relaxation and proximal terms plays a central role. In doing
so, we put to the fore inertial proximal algorithms that converge for general monotone inclusions,
and which, in the case of convex minimization, give fast convergence rates of the values in the worst
case.

1. INTRODUCTION

Throughout the paper, H is a real Hilbert space equipped with the scalar product (.,.) and the
corresponding norm ||.|]. The Relaxed Inertial Proximal Algorithm (RIPA) was introduced by the
authors in [6]. It aims at solving by fast methods the inclusion A(z) > 0, where A : H — 2% is a
general maximally monotone operator. (RIPA) is a proximal-based algorithm involving both inertia
and relaxation aspects. In [6], it is shown the weak convergence of the iterates to equilibria under
general conditions on the inertia, relaxation, and proximal coefficients of the algorithm. It extends
the work of Attouch-Peypouquet [9] which concerns the particular case where the inertial coefficient
is of the form 1 — £, an important issue because of its connection with the accelerated method of
Nesterov, see [4], [7], [17], [31].

In this paper, we specialize the study of (RIPA) in the case of (nonsmooth) convex minimiza-
tion problems. This corresponds to taking A = 9® where ® : H — R U {+o0} is a convex lower
semicontinuous proper function. The algorithm is then written

Y = T + og (T — Tp—1)

(1) (RIPA)
Try1 = (1 — pr)yr + prprox .o (Yk),

where the proximal mapping prox,s : H — H is defined, for every x € H, and every p > 0 by the
formula

1
prox () = argmingcq {u@(&) + §||:c - §||2} .

The sequence (ay) of nonnegative numbers reflects the inertial aspects, while (py) is the sequence of
positive relaxation parameters. The sequence (u) of positive numbers makes it possible to consider
the proximal operator with a varying parameter, which is an important issue in this context, see [9].
By using variational methods and well-chosen Lyapunov functions, we obtain convergence rates for
the values. In doing so, we put to the fore inertial algorithms whose iterates converge in the case of
general monotone inclusions, and which, in the case of convex minimization, give fast convergence
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2 HEDY ATTOUCH AND ALEXANDRE CABOT

rates of the values (in the worst case). Let’s first recall the main results concerning (RIPA) in the
general maximally monotone framework.

1.1. (RIPA) for general monotone inclusions. Given A : H — 2" a maximally monotone
operator, the Relaxed Inertial Proximal Algorithm, (RIPA) for short, is defined by, for k£ > 1

Yk = T + og (T — T—1)

(RIPA)
Trr1 = (1 — pr)ye + prdpa(Ye)-

In the above formula, J,4 = (I + ,uA)_1 is the resolvent of A with index p > 0. It plays a central role
in the analysis of (RIPA), along with the Yosida regularization of A with parameter p > 0, which is
defined by A,, = /% (I — Jua). We denote by zer A the set of zeros of A, and we assume that zer A # ().
The weak convergence of the sequences (x) generated by the algorithm (RIPA) is based on a joint
tuning of the sequences (), (1), (pr). As a crucial ingredient, the analysis of the convergence
properties of (RIPA) involves the sequence (t;) defined by

400 l
(2) tp =1+ Z H Q;
=k \j=Fk

The sequence () is well defined under the following standing assumption

“+00 !
(Ko) Z H o | <+oo  for every k> 1.
1=k \j=k

The formula (2) that allows to pass from (ay) to (t;) may seem complicated. By contrast, one can
simply retrieve (ay) from (¢x) thanks to the following formula that will prove very useful.

Lemma 1.1. Assume that the nonnegative sequence () satisfies (Kg). Then the sequence (ty)
satisfies

(3) 1+ aptir1 =tx  for every k> 1.
Let us first formulate the convergence properties of (RIPA) in the case (pi) bounded away from zero.

Theorem 1.2. ([6, Theorem 2.6]) Let A : H — 2™ be a mazimally monotone operator such that
zerA # 0. Suppose that oy, € [0,1], px €]0,2] and p, > 0 for every k > 1. Under (Ky), let (tx) be
the sequence defined by (2). Assume that there exists € €]0, 1] such that for k large enough,

2 — pp_ 2 — 2 — pr_
(L) (1—€)¢(1—0zk_1) > aptr1 <1+Oék+ |: Pk (1—ak)—/)]€1(1—ozk_1):| ) .
Pk—1 Pk Pk—1 +

Then for any sequence (xy) generated by (RIPA), we have
+o0 too

. 2 — pp—
(7) Z ¢(1 — 1)k — zp_1]]* < 400, and hence Zaktk+1||xk —zp® < +oo.
k=1 PRl k=1
—+oo
(i) > pr(2 = i) b |k Apy () |* < 400,

k=1
(#91) For any z € zer A, limy_, 4o ||z — 2|| exists, and hence (x1) is bounded.

Assume moreover that limsupy,_, , . pr. < 2, and liminfy_, o pr. > 0. Then the following holds
(1) limp—4oo Ay, (xr) = 0.
(v) If liminfg_ 1o pr > 0, then there exists Too € zerA such that xi — To weakly in H as
k — 4o00.



Let us now state the convergence results in the case of a possibly vanishing sequence (py).

Theorem 1.3. ([6, Theorem 2.14]) Let A : H — 2" be a maximally monotone operator such that
zerA # (). Suppose that oy € [0,1], pr €]0,2] and pg > 0 for every k > 1. Assume moreover that
conditions (Ko) and (L) hold true. Then for any sequence (x1) generated by (RIPA),

(7) There exists C' > 0 such that for every k > 1, ||xg41 — a2kl < C Zle [(H?:H_l aj) pz}.

Assume morover that limsupy_, , . pr < 2, together with
k k 1
* > i [(Hj:i+1 Oéj) Pi] = O(prtr+1), b g O(pite+1), pr—1tk = O(prtr+1) ask — +oo;

HEk+41
° sz Pktk+1 = 4-00.
Then the following holds

(44) lmp—sqoo Ay, (xr) = 0. If liminfr_, oo pi > 0, then there exists oo € zerA such that
Tp — Too weakly in H as k — +00.

In particular, the above results provide estimates concerning the rate of convergence to zero of the
discrete velocities. When A is the subdifferential of a convex lower semicontinuous proper function,
we will complete these results by estimating the rate of convergence of the values.

1.2. (RIPA) for convex minimization. Let us now suppose that A is the subdifferential of a
convex lower semicontinuous proper function ® : H — R U {+oo}, let A = 9. Then, as a classical
result, A : H — 2™ is a maximally monotone operator, and the minimizers of ® are exactly the zeros
of A. Let us specialize (RIPA) in this framework. We have J,93 = prox s, hence the formulation (1)
of (RIPA). Let’s give another useful formulation of (RIPA). By definition of the Yosida approximation

(1= pe)yk + prJua(Wrk) = Y — PriieAu, (Yi)-
We have A, = V&, where ®, is the Moreau envelope of ® with index y > 0. Recall that, for all
reH

1
o) = inf {000 + 5 lle - €I},

see Appendix A for its classical properties. It follows that (RIPA) can be rewritten in an equivalent
way

(4) (RIPA) {

Y = T + ap(Tr — Tp—1)
Tr1 = Yk — Prtk VP, (Yi)-

As a distinctive property, ®, : H — R is a convex differentiable function, whose gradient is Lipschitz
continuous. Thus, when A is the subdifferential of a convex lower semicontinuous proper function, this
property naturally links (RIPA) to the inertial gradient methods, see [1], [4], [8], [10] [13], [17], [18],
[22], [23], [26], [31], [32] for some of the rich literature that has been devoted to this class of algorithms
in recent years. The new aspects of the algorithm (RIPA) are the general inertial coefficients (o),
the fact that the potential ®,, varies at each iteration, as well as the step size ppur. A helpful
study is [4], where the authors considered inertial forward-backward algorithms for structured convex
minimization problems, and with general inertial coefficients.

1.3. Links with continuous dynamics. Linking (RIPA) to continuous inertial dynamical systems
provides a physical intuition, and enlights the role of parameters entering the algorithm. Following
[5] and [9], let us consider the continuous dynamics

(5) B(t) + () (t) + VO, (x(t)) = 0,

where «(-) is a positive viscous damping parameter, which is time-dependent. It is governed by the
Yosida regularization of the maximally monotone operator 0®, with a time-dependent regularization
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parameter p(t). Thanks to the Lipschitz continuity property of the Yosida approximation, this
dynamics is relevant owing to the Cauchy-Lipschitz theorem, and the corresponding Cauchy problem
is well-posed. Let us describe successively explicit and implicit discretization of (5).

Take a time step hy > 0, and set t; = Zle hi, o, = x(tr), pe = p(te), v = v(tk).

1.3.1. Ezxplicit discretization. A finite-difference scheme for (5) with centered second-order variation

gives
1
(6) hﬁ(xk+1 — 2z + Tp_1) + %:(fk —xp_1) + V@, (yx) =0,
k

where y is an extrapolated point from x; and z;_; that will be chosen later (because Vo, is
Lipschitz continuous, there is some flexibility in this choice). After developing (6), we obtain

Tp41 = Tk + (1 — ’ykhk)(azk — xk_1) - hiV‘I)Hk (yk)
Take yr, = xx + (1 — yphi) (2 — x—1), which is the Nesterov choice for the extrapolation term. We
obtain

ye = Tk + (1 —yphe)(TE — Th-1)
Trp1 = Y —ha Ve, ().

That’s algorithm (RIPA), as formulated in (4) with o = 1 — yhy, and p, = Z—% Thus pgux has the
dimension of the square of a length, and the vanishing viscosity property vy — 0 is related to oy — 1.

1.3.2. Implicit discretization. Implicit discretization of (5) gives

1 Vi
@($k+1 — 20k + Xp—1) + T

Equivalently, xx11 + hiVCI)M (xp+1) = g + (1 — yxhg) (xx — K1), which gives
-1
Thor = (T +hEV®,,)  (ak+ (1 — vehw) (ze — T3-1)) -

Using the resolvent equation (see [6] for more details) we obtain

(x) — 2p—1) + V®,, (xp41) = 0.

Ye = X+ (1 - ’Ykhk) (fEk - $k71)
Tr4+1 = al Yk hi ProxX(,, +h2 (yk)
1 + . .
& hi & hi (/J,k hk)CD

That’s algorithm (RIPA) with o =1 — yxhg, px = and proximal parameter uy + h3.

n:
pp+hio
1.4. Inertia and relaxation. In his pioneering work [30], Polyak introduced the Heavy Ball method
in order to speed up the classical gradient algorithm. Later Alvarez [1] studied the Inertial Proximal
algorithm, which can be viewed as an implicit version of the Heavy Ball method. The extension from
the subgradient case to the maximally monotone case was first considered by Alvarez-Attouch [3]. Re-
cently, an extensive literature has been devoted to inertial methods, in relation with their acceleration
properties.

Relaxation has proven to be an essential ingredient in the resolution of monotone inclusions,
see Bauschke-Combettes [12], Eckstein-Bertsekas [19]. After having reformulated the problem in
the form of a fixed point, it makes it possible to use Krasnoselskii-Mann theorem. Without using
inertia, over-relaxation provides a natural way to speed up the algorithm. By contrast, for the
resolution of monotone inclusions by inertial methods, we will see that under-relaxation allows to
balance the inertial extrapolation effect. This makes it play a crucial role in the convergence of
inertial proximal methods for general monotone inclusions. Let us mention some related contributions:
Alvarez [2], Attouch-Cabot [6], Attouch-Peypouquet [9], Bot-Csetnek [15], Maingé [24]. In [20],
Tutzeler-Hendrickx compare the numerical performances of inertia and relaxation techniques.



2. CONVERGENCE RATE OF THE VALUES FOR (RIPA)

Throughout this section, we assume that A = 9P, and make the following assumptions on the
function ® and the sequences (), (pr), (k)
e d:H — RU{+o0} is a convex lower semicontinuous proper function;
e S := argmin® # ();
(H) e (ay) is a nonnegative sequence;
e 0 < pr <1 forall £>1;
o (1) and (pgpk) are nondecreasing sequences of positive numbers.

For each k& > 1, we write briefly ®; for ®
equivalent way

> and set sy = pppg. Therefore, (RIPA) is written in an

(7)

Yk = Tk + ap(Tr — Tp—1)
Tht1 = Yk — S VP (yk)-

A key point of our study will be to control the variations of ®; with respect to k. To do this, we will
use the fact that the application p +— ®,, is nonincreasing (a direct consequence of its definition), and
assume that k +— py is nondecreasing (assumption (H)).

2.1. Preliminary results. Let us establish some lemmas concerning the energy sequence (Wy) and
the sequence of anchor terms (hy). They will play a central role in the Lyapunov analysis of (RIPA).

2.1.1. Descent rule. As a key classical ingredient, we use the descent rule for the gradient method,
that we recall below, see [13, Lemma 2.3], [17, Lemma 1].

Lemma 2.1. (descent rule) Suppose that © : H — R is a convex, differentiable function, whose
gradient is L-Lipschitz continuous. Then for any 0 < s < %, for all x, y € H, we have

Oy —sVO(y)) < O(z) +(VO(y),y — ) — %IIV@(y)IIZ-

Note that V&, is Lipschitz continuous with the Lipschitz constant u% We have si, = prpr < pk,
therefore the descent rule applies for ®; with the step size s;. So, the following inequality is true for
all z, y € H,and all k > 1

Sk
(8) iy — sk VO(y)) < Py () + (Vi(Y),y — ) — S [IVOx(y)[1*,
2.1.2. Energy sequence (Wy). Let us introduce the sequence (Wy)
. 1
Wy := Op(2g) — min ® + 2—||zk —zp|%
Sk

The term W is naturally interpreted as the global mechanical energy (potential + kinetic) at the
stage k. Since inf @), = inf ®, we have Py (x) — min ® > 0. Therefore, W}, is nonnegative, as the sum
of two nonnegative terms. Let us evaluate the energy decay. The following result is consistent with
the fact that the friction effect, and hence the dissipation of mechanical energy, is related to ay < 1.

Proposition 2.2. Let us make assumption (H). Let (z1) be a sequence generated by the algorithm
(RIPA). Then, the energy sequence (W) satisfies for every k > 1,

1—af
2Sk

As a consequence, the sequence (Wy) is nonincreasing if oy, € [0,1] for every k > 1.

9) Wir — Wy < — |2k — zr—1]*.
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Proof. By applying formula (8) with y = y, and = = xj, we obtain
Sk
Pp(zrt1) = Pulye — sk Vex(yk)) < Prlzr) + (VOi(Yk) Y — z) — ?HV%(ZJMF

1 1
O (zr) — Eﬂyk — 5,V (yr) — x> + E”yk — .

Since zp4+1 = yr — Sk VP (yr) and yi — xp = ax(xp — rr—1), this implies that

1 a?
Pp(wr41) < Prlan) — E”xlﬁl — | + ﬁ\lm — |

Equivalently

1 1 o? 1
® — a2 <® e Y [ e |2
k(Trt1) + 55 [zk+1 — zk” < k(xk)+23k|\xk Tp—1]|” + (25k 5o 2k — 21|

By assumption (H), the sequences (sx) = (pruxr) and (puy) are nondecreasing. These properties
respectively imply that s—=— < 51— and ®;,1 < ®,. It follows that

2Sk+1 - 2Sk
PN p— 2 < By(en) + o | e (2o LY &
T T —x T — |z — T — — — | ek — zp—1]”.
k+1(Th+1 2or i1 k+1 k|7 < Pr(zk 95n k k—1 9 2sn k k—1
This can be equivalently rewritten as
1—a?
Wisr Wi — — oy — o |
Sk
The last assertion is immediate. O

2.1.3. Anchor sequence (hy). Let us now fix 2* € H, and consider the anchor sequence (hy) which is
defined by hy, = 3|z, — 2*|)2.

Proposition 2.3. Let us make assumption (H). Let (x1) be a sequence generated by the algorithm
(RIPA). We have for every k > 1

1 s?
(10) hpy1—h—ag(hy—h—1) = i(aiﬂLak)H%k*xk—lHQ*5k<V‘I’m@(yk)7yk*x*H?kHV‘I)uk(yk)Hz-
If moreover x* € argmin ®, then

hk+1 — hy — Oék(hk — hkfl) < (ai =+ ak)||xk — CL‘k,1||2 — Sk(q)uk ({Ek+1) — min (P)

DO =

Proof. Observe that

lye —2*1* = |log + awlzr — zp—1) — 2|

lzp — %)% + ai”xk —zp 1|+ 20z — 2 ) — 2p_1)
* (12
[

lzk — 2*|? + ook — zp—1]?

+

agllzr — 2?4 ollwk — zp-al]® — agllzr—1 — 2|7

lze = 2|1 + an (o — 2*[” = lex-1 — %)) + (af + aw)l|lzr — zx-1]
= 20 + an(hy, — hie—1)] + (@ + a) o — x|
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Setting briefly Ay = hgy1 — b — ag(hr — hi—1) = %kaﬂ —a*||2 — [hi + ag(hgx — hg_1)], we deduce
that

1 . 1 . 1
A, = §||3?k+1 —z*|? - §||y1c —** + §(Oéi + ag)||zk — zp-a ]

1 A1
= <$k+1 — Yk, §($k+1 +yr) —x > + i(ai + )|z — $k71||2

1 1
= (@ = vy = 27) + Sl — el + 50k + o)z -z |
Using the equality z1 = yr — s, VP, (yr), we obtain (10).
Let us now assume that z* € argmin ®. From inequality (8) applied with y = y; and z = z*
(recall the simplified notation &5 = ®,,)

(i) = Pulye — sk V() < Pele”) + (V) y — o) = [V (w)]”

Since @ (z*) = min @, we infer that

2
* S .
=5k (Vi (yr), yp — 2°) + §||V<I>k(yk)ll2 < —53(Pr(Tg11) — min ®),
which completes the proof of Proposition 2.3. O

2.2. Convergence rates for the values. Given z* € argmin ®, let us define (&) by, for each k£ > 1

(11) &, = t3(®,, (7)) — min @) +

1
Tp—1 +te(xp — x8q) — 2° 2,
okt 1) )

With our simplified notations ®, = ®,, , and s = pi i, the energy &, writes
. 1 "
5k: = t%(q)k({tk) — mln@) + E”xkil + tk(xk — l‘kfl) — X ||2

The next result shows that the sequence () is nonincreasing, under some suitable condition (K7).
The following statement is an adaptation of [13, Lemma 4.1] to our setting.

Proposition 2.4. Let us make assumptions (H) and (Ky). Let (x) be a sequence generated by the
algorithm (RIPA), and let (£x) be the sequence defined by (11). Then we have

(12) Errr = Ek < (thr — 1 — tir1) (P (1) — min @).
Under the assumption
(K1) tiiy —th <tegr for every k> 1,

then the sequence (&) is nonincreasing.

Proof. Let us write successively formula (8) at y = y; and = = zy, then at y = y, and =z = z*.
Recalling that xp41 = yr — sk VP (yr), we obtain the two inequalities

(13) P (wr+1) < Pilar) + (V,(Yk), yr — k) — %||V<I’k(yk)||2,
(14) i (@r1) < min® + (VO (), g — ) — | V(g1
Multiplying (13) by tx+1 — 1 > 0, then adding (14), we derive that

(15) tet1 Pk (Tr41) < (tg+1 — 1)Pr(zg) + min &

S
+ (V). (b — D gk — i)+ yr = 27) = i [ V()]
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Observe that

(thrr = D(ye —21) 96 = terryr — (b — g
= Zp+thy1 op(Tp — 1)
= Tp_1+ (1 + tht1 ak)(xk — xk_l)
= Zp_1 +tg(zp —xK—1) in view of (3).

Setting 2 = xx—1 + ti(xkx — Tx—1), we then deduce from (15) that
(16) tkH(CI)k(ka)—min@) S (tkH—l)((I)k(xk)—min<I>)+<V<I>k(yk),zk—x*>

On the other hand, observe that

Sk
2

trr [ VO ()|
Zhp1 — 26 = T+ lpp1(Thgr — k) — Tp—1 — te(Tk — Tp—1)
= th1(@Tpr1 —xx) — (b — 1) (@) — 2p—1)
= tk+1({L‘k+1 — Tk — ak(xk - ‘kal)) in view of (3)
= trp1(Tee1 — yr) = =Sk ter1 VOr(yr)-
It ensues that zp41 — o™ = 2, — * — sk tp41 VP (yr), which gives
2k — 212 = ll2e — 2 [|* = 250t 41 (VP (), 26 — 2*) + s t7 41 [ VR (yn) |-

By using this equality in (16), we find

th1 (Pr(Tpg1) — min @) < (tpy1 — 1)(Pp(zg) — min ®) + (lze — =" = llzk41 — 2*|1%),

28k lg41
which is equivalent to

. 1 . . 1 .
(17) 111 (@ (@p41) —min @) + EH%H —2*)? < (thgr = tie1) (Pre(2) — min @) + Eﬂzk — %

By assumption (H), the sequences (sx) = (pruxr) and (uy) are nondecreasing. These properties
respectively imply that ﬁ < i and ®j11 < Py Therefore, we deduce from (17) that

. 1 " . 1 N
ti1(Phsy1(Thy1) — min @) + 5 2kt — 2% < (41 — ths1) (Pr(zr) — min @) + EH% —z*||.

k+1

Using the expression of the sequence (&), we obtain
Enr1 < E + (g — 12 — ths1)(Pp (k) — min @).

The last assertion is immediate. O
We can now state our main result concerning the rate of convergence of the values for (RIPA).

Theorem 2.5. Under (H), assume that the nonnegative sequence (o) satisfies (Ko)-(K1). Let (xy)
be a sequence generated by the algorithm (RIPA). Then we have

(i) For every k > 1,

. C
®,, () —min® < %,

with C = t3(®,, (z1) — min ®) + pllm (d(xo, S)? + t3]|z1 — zol|?).

As a consequence, setting py = prox,, ¢(zx), we have

O(pg) —min® =0 ( L

t2> and xk—pk|2—(9(?2k> as k — +o0.
e 3



(73) Assume moreover that there exists 0 < m < 1 such that
(K tis1 —th <mtpyr  for every k> 1.

Then we have

—+oo
Zthrl(q)uk (2g) — min ®) < +o0.
k=1

Proof. (i) By Proposition 2.4, the sequence (&) is nonincreasing. It ensues that & < &; for every
k > 1. Recalling the expression of &, we deduce that

1
(@, (75) —min @) < & = #7(P,,, (v1) — min @) + %

lxo + t1(x1 — o) — a:*||2
1M1

1223
. 1 X
< (@, (1) — min @) + o (lzo — 2™ [|* + t1[la1 — 2ol|?).
1M1

Since z* can be taken arbitrarily in S = argmin®, we obtain ¢3(®,,, (zx) — min ®) < C, with

C = t%(‘bul (1‘1) — min@) + (d(.’]?075)2 + t%”xl — l‘0||2> .

P1Li1
(#4) By summing inequality (12) from k£ =1 to n, we find

n
Entr1 + Z(tk-H — 1241 +17)(Pp, (2x) — min @) < &;.
k=1

Since £,41 > 0 and since ¢, — 7 < m 41, this implies that
n
(1—m) Z tet1(Pp, () —min @) < &;.
k=1

The expected estimate is obtained by letting n tend to infinity. O

Remark 2.6. By contrast with the classical inertial gradient methods, the rate of convergence of the
values for (RIPA) is expressed in terms of the proximal sequence (p), with py, = prox,, ¢(zx), and
not directly in terms of (). This has some analogy with the convergence properties of the shadow
sequence in the Douglas-Rachford algorithm.

Remark 2.7. Let us assume that x; belongs to the domain of ®, that is ®(x;) < 4o0o. Then
D, (21) < ®(x1) < 400, and Theorem 2.5 gives, for every k > 1

Ei(wo, x1)

®,, (z1) —min® < 2
k

where
. 1 x
E1(xo, 1) = B[®(21) — min @) + —— ||z — 2 + 1 (21 — x0)||>.
P1H1

As a function of (zg,1), & achieves its minimum when x; € argmin® and z; — 29 = %(m* — xp).
Of course, taking x; € argmin ® is not realistic, since this would mean that the problem is already
solved. But this suggests taking the initial direction x1 — z¢ as a multiple of an approximation of
x* — x¢, such as the opposite of the gradient V&, (o). This amounts to take a gradient step at the
first stage.
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2.3. Convergence rate of the velocities to zero. Let us first show estimates in a summation
form.

Proposition 2.8. Under (H), assume that the sequence (o) satisfies (Ko)-(K{"). Let (x1) be a
sequence generated by the algorithm (RIPA). Then we have

+oo ¢
k 2
18 — — Tp_ .
(18) > Ellok = it < +o0
k=1
Moreover
= trt1
>k — wxoa || < oo,
Sk
k=1
and hence
+oo
Ztk+1Wk < +o0.
k=1

Proof. Let us recall the inequality (9) from Proposition 2.2

1—0% 9
T — Tre—1|%.
25k ” k k 1”

Wie1 — Wi < —

Multiplying this inequality by ti 41 and summing from k£ =1 to n, we obtain

Zthrl W1 — Wi) + Z tk+1 —af)|lx — xpa|” <0.

By rearranging the terms (we perform a discrete form of the integration by parts formula), we find

n+1Wn+1+Zt2 £ WwZ ktm(l a)||w — zpa | < W,
k=1

Recalling the expression of Wy, we deduce that
n 1 n )
S = By + (1= D)ok — w2 < W+ S (g — £2)(B(ax) — min ®).

2s
k=1 k k=1

Since g1 =ty — 1 and 7, — t7 < tp41 by assumption (K1), this implies

- (17 — (t — 1 [lox — 2pa | S BEWL+ D g1 (Pp(ar) — min @)
1 k=1

(1
|
» | =

>
Il

Observing that ¢t > 1, we have
th— (te — 1) =20, — 1> t;.

Hence,
n

n
1 .
Z 7tk||$k — xk_1||2 < t%Wl + Z tk-‘,—l(q)k(l'k) — min (I)).
2Sk
k=1 k=1
By letting n tend to infinity in the above inequality we obtain
t =
Z k ||£Ck — Tl— 1”2 < 2t2W1 + 2Ztk+1 (I)k(l'k) min (I)) < +OO,
k=1 k=1
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which gives the conclusion (18). Let us complete this result by observing that assumption (K7)
implies
t+1
tey1 =t < ——— <
* lt1 + Lk
Since t; > 1, we deduce that t541 < 2ty for every k > 1. The estimate (18) then yields
+oo

lry1
D> Bz — x| < +oo.
=1 °
Recalling from Theorem 2.5 that 315 t441 (P (1) —min &) < +00, we obtain Y% tx 1 Wy < +o0.

O
Let us now establish pointwise estimates for the rate of convergence of the velocities.

Theorem 2.9. Under (H), assume that the sequence (ay) satisfies (Ko)-(Ki"), and ay € [0,1] for
every k > 1. Then for any sequence (xy) generated by the algorithm (RIPA), the following holds true

Sk

k
Z¢:1 ti

1
(19) O, (zp) —min® =o < ) and ||z —xp—1]| =0 (

3
. as k — 400,
Zi:l ti

thus implying

) 1 Lk :
(20) O(pr) —min® =o < - ) and ||xp —pil| =0 ( i’ > as k — +oo.
Zi:l t; Zi:l ti

As a consequence, we have
1 v/ NG
O(pr) —min® =o( = ), |z —pr|=0 VIR and ||z —xK—1]| =0 AL as k — +oo.
ts tr tr
Proof. According to Proposition 2.2 and «y € [0,1] for all k& > 1, we deduce that the energy se-
quence (W) is nonincreasing. By Proposition 2.8, we have that E;:? tr1 Wi < +o0. Since (Wy)
is nonincreasing, this implies that >3 tj11Wi1 < 400, hence Y.7°5 ¢, Wy < +oo. Let us apply

Lemma B.2 in the Appendix, with the sequences (t;) and (W}), respectively in place of (7x) and (gg).
We obtain that

1
Wk=0< - ) as k — +oo.
Zi:lti

The estimates (19) follow immediately. From the definition of ®,, , we clearly deduce (20). In view
of assumption (K1), we have t7, | — ¢ < t;41 for every i > 1, hence by summing from i =1 to k — 1

k-1 k
<+ tipn=H—t+> .
i=1 i=1
We easily deduce the last estimates. O

2.4. Convergence of the sequence of iterates (zy).

Theorem 2.10. Under (H), assume that the sequence () satisfies (Ko)-(K{"), together with oy, €
[0,1] for every k > 1. Assume moreover that

Sl;p gk < 400 and Sléppk/ik < +o00.
i=1"

Then, for any sequence (xy) generated by algorithm (RIPA), the following holds

(4) limg— 10 |75 — pr|l = 0, where p, = prox,,, ¢(7x);
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(7) (z1) converges weakly, as k — 400, to some x* € argmin ®.
Proof. (i) By the second estimate of (20) we have

2
||ij—pk|| :O(Z’/jkt> — 0 ask—>+oo,
i=1"

< 400 by assumption.

273
Yt
(#7) Let us velrify1 successively the items (i) and (44) of the Opial lemma, see Lemma B.1 in the
Appendix. Take S = argmin ®. From the first estimate of (20), the sequence (p;) is minimizing,
which implies that any weak cluster point of (py) belongs to S. Since lim ||z — pi|| = 0, the same
property holds true for the sequence (zy), which completes item (i) of Opial’s lemma. Let us fix
z* € S, and show that limy_, 4« ||z — 2*|| exists. For that purpose, let us set hy = 3|z — 2*||*>. By
Proposition 2.3, the sequence (hy) satisfies the following inequalities

because supy,

1 .
hesr — hi — ap(br — 1) < =(ai + ap)llze — 2x-1 ]| — s (®p, (2h41) — min @)

- 2
1
< Skt aw)lek — 2
< log — xp_1|[*  since oy, € [0, 1].

Taking the positive part, we find

(his1 = b))+ < ap(he — hi—1)+ + |lze — 2e—1]*.

+00 tr41

By Proposition 2.8 we have ] “ |2y, — 2_1]|* < 4o00. Since (si) has been supposed to be

bounded from above, this implies 375 tx41][x — zx—_1]|> < +o00. By applying Lemma B.3 (given in
the Appendix) with aj, = (hy — hx_1)+ and wy = ||z — 75_1]|?, we obtain

+oo

Z(hk — hk—1)+ < +o0.

k=1
Since (hy) is nonnegative, this classically implies that limg_, o hg exists. The second point of the
Opial lemma is shown, which ends the proof. a

2.5. Geometrical aspects. The results obtained in the previous section deal with general convex
lower semicontinuous proper functions ® : H — RU{+o00}. They give convergence rates for values in
the worst case. It is a well-documented fact that under additional geometric properties on ®, one can
expect better convergence rates. Let us mention [4], [7], [31] for results based on strong convexity,
[23] for results based on partial smoothness, and [14, 21] for results based on the Kurdyka-Lojasiewicz
property. For the Nesterov acceleration (vanishing damping coefficient of the form ¢), [11] gives a
recent account on these issues with optimal convergence rates.

Since (RIPA) is governed by V®,, at iteration k, a natural question is to ask whether such
geometric assumptions about ®, are preserved by taking the Moreau envelopes. We will examine
several cases for which we will answer this question affirmatively. This suggests that in these cases,
it is likely that one can improve the rate of convergence that we obtained for (RIPA) in the worst
case. This is an interesting question for future studies.

2.5.1. Strong convezxity. We recall that ® : H — R U {400} is strongly convex with constant 8 > 0
it & — gH - ||? is convex. Ome can consult [12, Section 10.2] for classical results concerning strong
convexity. First, as a direct consequence of Theorems 2.9 and 2.10, we obtain the strong convergence
of the iterates in this case.
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Proposition 2.11. Let’s make the hypotheses of Theorem 2.10, and suppose that ® : H — RU{+o0}
is a convex lower semicontinuous proper function that is strongly convex. Then, for any sequence (xy,)
generated by (RIPA), (z1) and (pr) converge strongly, as k — 400, to the unique minimizer x* of ®.
Proof. By Theorem 2.9, we have ®(p;) — min® = o (t%) Since ¢ > 1, this implies ®(px) —
k
min ®. Hence, (p) is a minimizing sequence of the strongly convex function ®. This classically
implies that (px) converges strongly to the unique minimizer z* of ®. By Theorem 2.10, we have
limg 400 ||k — P&|| = 0, which implies that, likewise, (x) converges strongly, as k — 400, to the
unique minimizer x* of ®. O

Proposition 2.12. Suppose that ® : H — R U {+o0} is a convex lower semicontinuous proper
function. Then, the following implications hold: for any B, v >0 and >0

(1) @ strongly convex with constant f = ®,, strongly convex with constant

1+ Bu
1
(i1) @, strongly convex with constant v < — = ® strongly convex with constant .
1 —
Proof. (i) If ® is strongly convex with constant 8 > 0, we have & = ¥ + g” - ||? for some convex

function ¥. Elementary calculus (see [12, Exercise 12.6] for example) gives, with 6 =

_ 1 B
B, (x) = Wy <1+W> + gl

Since z +— Uy (ﬁ x) is a convex function, the above formula shows that ®, is strongly convex

K
1+8p>

with constant v = % Note that vu = 15@ < 1, which gives v < %

(i) Conversely, suppose that ®, = G+ || - ||? for some convex function G and some > 0 such
that yu < 1. Since the Moreau envelope ®,, is of class C!, the function G is also of class C'. Taking
the Legendre-Fenchel conjugate, we obtain (®,)* = (G + %|| - ||2)* . Using classical calculus rules, we
have

1

12 — *
=11 = (),

* _ i'2*_*ﬁ‘2 T2\ e
@ = (##50012) =+ 512 and (G411 1P) =60

where # denotes the infimal convolution (also called epi-addition). It ensues that ®* = (G*),—&||-°.
Since @ is convex lower semicontinuous and proper, we have ® = &** = ((G*),, — £| - ||?)".
By definition of the Legendre-Fenchel conjugate and the infimal convolution, this gives

o(o) =swpsup { (5.6 6" (00 = i€~ ulP + §1eIP .

Elementary calculus (switch order of supremum in the above expression) gives ® = J + ﬁ 112,
where J is convex lower semicontinuous and proper. Hence @ is strongly convex with constant
. O

1—yp”
2.5.2. Growth condition. Let us consider ® : H — RU {+o0} a convex lower semicontinuous proper
function that satisfies the growth condition: there exists some positive constant 8 such that for all

rEeH
O(z) > min® + gd(a:, S)2,
where S = argmin®. When & is convex, which is our case, it is equivalent to a Kurdyka-Lojasiewicz

inequality. This makes it play an important role in the mathematical analysis of continuous and
discrete dynamical systems. It is also called conditioning or Holderian error bounds. Note that
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1d(z,5)? = (8s)1 where dg is the indicator function of the set S. The resolvent equality (semi-group
property) gives

(;d(~,5)2> = ((0s)1)p = (08)14p = md(-,S)Q.

From this, it is an easy exercise to verify that for such a function ®, the Moreau envelope ®,, satisfies

P, (r) > min® + M

Since min ® = min ®,,, we deduce that ®,, satisfies a similar growth condition (with another constant).

d(z, S)?.

2.6. Related algorithms. The analysis of (RIPA) performed in the previous sections is based on
its formulation as an inertial gradient algorithm

{ Yk = Tk + ap(Tr — Tp—1)

(21)
Trt1 = Yk — S5V Pr(Yk),

where, as a distinctive feature, the potential function @, varies at each iteration. A careful inspection
at the proofs shows that the results listed in section 2 up to the first part of Theorem 2.9 are valid
in a more general context than that of Moreau-Yosida regularization. As part of the algorithm (21),
these results remain true for sequences (®) and (si) that meet the following conditions:

e (D)) is a nonincreasing sequence of differentiable convex functions;
o V&, is Ly-Lipschitzian;
e argmin®y is not empty and min ®; =m for all k > 1;

e 55 is a nondecreasing sequence such that s; < L% for all £ > 1.

This suggests a natural extension, which consists of replacing the quadratic regularization term of
the Moreau envelopes with a general Bregman distance. This is another direction for future research.

3. APPLICATION TO PARTICULAR CLASSES OF PARAMETERS Qg, (U AND pg

We will now specialize the parameters ay, pr and pg in order to obtain inertial proximal-based
algorithms whose iterations converge in the case of general monotone inclusions, and which, in the
case of convex minimization, give fast convergence rates of values (in the worst case).

Theorem 1.3 provides convergence of the iterates for general maximally monotone operators, and
Theorem 2.5 gives fast convergence of the values for convex minimization. So, each of them meets
one of the two above objectives, and we just need to synthesize them. This amounts to finding
assumptions about the data («g), (pr), (ux) for which both results are valid. Note that apart from
the (Kj) assumption common to both, and which is basic to define the sequence (t3), each of these
results is based on a specific set of assumptions. For general monotone inclusions, we use Theorem
1.3, which concerns the case pr — 0. Indeed, when ap — 1, which is the situation for which one
can expect rapid convergence results of the values for convex minimization, a direct inspection of the
condition (L) shows that we must have py — 0. The assumptions of Theorem 1.3 and Theorem 2.5
are expressed in terms of the sequences (ax), (pr), (ux), and (tx). Only the sequence (tx) is not
given explicitly from the data. The following proposition provides a criterion for simply obtaining an
asymptotic equivalent of (tx), see [4, Propositions 14 and 15]. It also guarantees that the property
(Ko) is satisfied.

Proposition 3.1. Let (ay) be a sequence such that oy, € [0, 1] for every k > 1. Assume that

(22) lim( ! ! >:c,

k=400 \ 1 — ag41 1—ay
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1
for some ¢ € [0,1]. Then the property (Ko) is satisfied, and tj41 ~ ——————— as k — +o0.

(I-¢)(1—ag)
The following result gives a practical form of Theorem 1.3 that relies on Proposition 3.1. The
conditions are now expressed simply and directly in terms of the sequences (ay), (px), (1k)-

Theorem 3.2. [6, Theorem 3.6] Let A : H — 2" be a mazimally monotone operator such that
zer A # (). Suppose that the sequences (au) and (py) satisfy oy € [0,1] and py, €]0,2[ for every k > 1.
Let us assume that there exist @ € [0,1], p € [0,2], ¢ € [0,1] and ¢ € R, with —(1 —p/2) < ' <
—(1—=75/2)c such that

(23) kEToc ap=a and kggloo Pk =7;
1 1
(24) lim ( — > =c
k——4o0o \ 1 — 41 1— o
(25) lim —PEtLTPE o,

k—+o00 pk+1(1 — Oék)

(26) fim g L) @0 +a)
k—4o00 Pk 2 — p+ 2c '

Then for any sequence (xx) generated by (RIPA), we have

(@) l|lzps1 — 2l = O (1 pkak> as k — 4o00.

Assume additionally that = +o0.

|1 — pl -0 ( Pk
Hkt1 1—ag

+oo
) as k — +o0, together with Z Pk
— 1—a
Then the following holds

(1) imp—qoo prAp, (ze) = 0. If liminfy_, o pp > 0, then there exists o € zerA such that
Tp — Too weakly in H as k — 4o00.

3.1. The case ap =1— %. In a seminal paper [25], Nesterov considered the accelerated gradient
method

Ti41 = Yk — /\kV(I)(yk),

which aims at minimizing a differentiable convex function ® : H — R. It is assumed that ® has

a L-Lipschitz gradient, and that the parameters satisfy Ay = 1/L, and «ap = ’;’;:11 with ¢; =

{ Yk = Tk + ap(Tr — Tp—1)

412 +141
1 and tht1 = ’“f (

increasing sequence of extrapolated coefficients (ay), that behaves like 1 — % as k — +oo. This
scheme exhibits the convergence rate for the values ®(z)) — min® = O(7) as k — +oo, which, for
gradient methods, is known to be optimal among all first-order methods having only information about
the gradients and functions at previous iterates [26]. Then, Beck-Teboulle [13] extended Nesterov’s
method to inertial proximal-gradient methods for solving structured minimization problems, that’s
(FISTA). Other choices of the extrapolation factors «j have been recently considered in [7, 8, 10,
17, 31]. Notably, the case ay = 1 — ¢, with a > 3 offers many advantages. First, it ensures the
convergence of the sequences (), as proved by Chambolle and Dossal [17], see also [7]. Let us
recall that the convergence of the sequences generated by (FISTA) has not been established so far.
Second, as proved by Attouch and Peypouquet in [8], it provides the better rate of convergence
®(z) —min® = o (%) . A unified point of view on these methods has been lately brought to light
by Attouch-Cabot [4], where a general extrapolation coefficient «, is considered.

this corresponds to the case of equality in (K7)). This choice leads to an

o

The following result is a direct application of Theorem 3.2 to the case a, =1 — ¢
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Corollary 3.3. [6, Corollary 3.8] Let A : H — 2™ be a mazimally monotone operator such that

zerA # 0. Suppose that o =1 —% and pi = kﬁr for k > 1, where the parameters «, B, r are
supposed to satisfy:

r>2, a>r and B >0 is such that f < a(a —2) if r =2 (no condition on B if r > 2).

Then for any sequence (x) generated by (RIPA), we have

. 1
@) o —anll =0 () as ks 4.

— 1
Assume additionally that r = 2 and that M =0 (k) as k — +oo. Then the following
Hk+1
holds
(ZZ) limk*}J’,oo NkA,uk (mk) =0.

(#9¢) If liminfg oo pir > 0, then there exists Too € zerA such that xp — xo weakly in H as
k — +o0.

Proof. Let’s verify that, with this choice of parameters, the assumptions of Theorem 3.2 are satisfied.

e Assumption (23) is clearly satisfied, with @ = 1 and p = 0 respectively.

e Observe that 1_;“1 - l—lak =1(k+1)— 1k =1 hence assumption (24) is verified with
c=1.
e We have % = (ﬁ — %) (k+ 1)k — —Z  ask — 4oo. This shows that

assumption (25) is fulfilled with ¢” = —Z. The hypothesis —(1 —p/2) < ¢ < —(1 —p/2)c
amounts to —1 < —g < —é, which is in turn equivalent to 1 <r < a.

1-— 2 1
e Assumption (26) can be rewritten as lim inf (1= ) -
k—too g l-r/a a-—r

We have (1 — ax)?/pr, = (0?/k?)(k"/B) = % k"2 Therefore
(l—ap)® _ { +oo  if r>2

1imk~>+oc

Pk a?/B if r=2.
Hence, assumption (26) is satisfied if r > 2, while it is equivalent to a(a —2) > 8 if r = 2.
Kk

e Condition Zzzol 1fa = 400 amounts to r < 2, which boils down to r = 2.

k
o lHEti—me| _ O —ex is equivalent to lpksr—pe] O (l)
Pt1 1—ay Phet1 k

O

Let’s now check the assumptions of Theorem 2.5. Since condition (22) is satisfied with ¢ = %,

Proposition 3.1 shows that the property (Ky) holds true when o > 1, and ¢g1 ~ % Indeed one can

easily verify that equality holds, that is, tx+1 = ﬁ We then obtain that condition (K7), namely,

241 — 1 < trqr for every k > 1, is equivalent to o > 3. A similar calculation gives that condition

(K{") is equivalent o > 3. Thus when o > 3, and under assumption (H), we obtain the following
convergence rate of the values for (RIPA) ®(p,) — min® = O ({%), where p, = prox,, ¢ (o)

The previous results are summarized in Figure 1. In the general maximally monotone case, weak
convergence of the iterates is ensured by the assumptions of the first column. When A = 99, the
convergence rate of the values O (k%) is guaranteed by the hypotheses of the second column. The last
column provides assumptions that ensure the weak convergence of the iterates in the case A = 09.
In this case, it is not necessary to assume pr — 0 to get convergence of iterates.
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(RIPA)
A maximally monotone A=0P, &:H — RU{+o0} convex lsc.
a

oy ap=1-— A

a>2 a>3 a>3

_ B

Pk PR =13 B < ala—2) 0<pr<1
i % =0(3) (%) and (pgpr) nondecreasing

liminf i, > 0

sup ppfix < +00

sup £% < 400

weak convergence of iterates || ®(pg) —min® = O (k%) weak convergence of iterates

lzx41 — 2l = O (}) with pi, = prox;,, ¢ (zx)

o

Figure 1: Summary of the convergence results for (RIPA) with ap =1 — ¢

We can now easily deduce a set of assumptions for which both types of results are satisfied.
Corollary 3.4. Take the parameters oy, px, pr of (RIPA) as follows: for each k > 1
. ak:l—%, a > 3; pkzﬁ B<ala—2); up=ck” for somer >2 andc> 0.

k2’
Then, we have both
a) the weak convergence of the iterates (xy) generated by (RIPA) when A is a general mazimally

monotone operator. Moreover, ||zy41 — x| = O (1).

b) the rate of convergence of the values O ({%) for (RIPA) when A = 0® and ® : H — RU{+o0} is
convez, lower semicontinuous, proper. Precisely, ®(py) —min® = O(%) where pj, = prox,, ¢ (k).

Proof. Tt is an immediate consequence of the results contained in Figure 1. Concerning the choice of
wy just notice that, when taking uy = ck” for some ' > 2, the sequences () and (prux) = B k" ~2

. . ’
are nondecreasing. Moreover £rs1=tel Z=0(31). O
Hk+41

[e3

The case r = r’ = 2 has been studied by Attouch and Peypouquet [9] with ap =1 — ¢, pp =

s and g = A+, where o, s > 0 and A, = (1+ E)%ka, for some £ > 0. With this choice,
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the sequence (si) with sy = pgpuk is constant, equal to s. This particular situation naturally occurs
when deriving the algorithm from a dynamical system with constant step size, see section 1.3.2.

3.2. The case o =1 — %. The following result is a direct application of Theorem 3.2 to the case
ar =1—a/k? and p; = B/k", for some «, >0, ¢ €]0,1[ and r > 0.

Corollary 3.5. [6, Corollary 3. 7] Let A : H — 2™ be a mazimally monotone operator such that
zer A # (). Suppose that ap, =1 — — and pp = ]:% for k > 1, where the parameters «, B, q and r are

k;q
supposed to satisfy:

(q,7) €]0,1[xR%, r > 2q, and (o, B) € R% x RY satisfies o* /B > 1 if r = 2q (no condition if r > 2q).
Then for any sequence (xx) generated by (RIPA), we have

(3) lloers — zal = 0(

1
qu) as k — 4o0.

— 1
Assume additionally that v < g+ 1 and that M =0 (W) as k — +oo. Then the
Hk+1
following holds
(7,2) hmk—H—oo /’LkAHk (.L“k) =0.

(#4¢) If liminfg oo pre > 0, then there exists o, € zerA such that xp — xo weakly in H as
k — +oo.

Proof. Let’s verify that, with this choice of parameters, the assumptions of Theorem 3.2 are satisfied.

e Assumption (23) is clearly satisfied, with @ = 1 and p = 0.
e Observe that — = =L((k+1)1—k%) ~ k71 50 as k — +oo, where we have

1— Otk+1 17041@
used ¢ €]0,1[. Hence assumption (24) is verified with ¢ = 0.
1 rk? T L.q—
e We have pfﬁ(ll pofk) ((k_H)T kT> (k+1) ~ =Lkl -0 as k— +oo.
Therefore, assumption (25) is fulfilled with ¢” = 0.

e Assumption (26) amounts to liminfg_, M > 1. We have

(1= an)?/pi = (/K20 (k" /8) = k" ~21, hence limy oo “‘“’”2:{ R

P a?/B if r=2q.
It ensues that assumption (26) is satisfied if r > 2¢, while it is equivalent to o® > 3 if r = 2q.

e Condition Y, = oo amounts to Y, %5 = = +oo0, that is, r < ¢+ 1.
k1 —pe] _ (

k
; [prt1—prl 1
v ) is equivalent to Son o0 (—ky,,q )

1— a

O

Let’s now check the assumptions of Theorem 2.9. We have —2— —

Tary — Toan 0 as k — +4o0. Hence,

¢ = 0 in Proposition 3.1, which implies that (Kj) is satisfied, and tp1q ~ = qu Since ¢ < l , it
follows from [4, Proposition 14] that (K;") is satisfied. Note that Zle ti ~ a(l = kita, Accordmg to
Theorem 2.9, under (H), the following holds true ®,, (z) —min® = o (74) and |lz, — 21| =

ak

1
0 (kff;q )2 . Therefore, ®(py) — min® = o (ﬁ), where py = prox,, ¢(7x). Under the additional
assumptions sup % < 400 and sup pgur < +00, Theorem 2.10 shows the weak convergence of the
iterates (zy).

The previous results are summarized in the table of Figure 2.
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Hk+1

liminf g, > 0

(RIPA)
A maximally monotone A=00, &:H — RU{+oo} convex lsc.
—1-= 0,1 0
L ap = _ﬁv qe}a[aa>
B
Pk = ﬁv ﬂ >0
Pk 0<pp <1
r=2q, f<a®|re2q,q+1]
i ezl — o () (ux) and (pgp) nondecreasing

sup prpup < +00

sup 7ty < 400

weak convergence of iterates

lok = @r—1ll = O (57=5)

®(py) — min ® = o (2

e

zx — k1] = o

Pk Mk )%

kl+a

) weak convergence of iterates

Figure 2: Summary of the convergence results for (RIPA) with oy, = 1 — £, ¢ €]0,1].

We can now easily deduce a set of assumptions for which both types of results are satisfied.

Corollary 3.6. Take the parameters oy, pi, pr of (RIPA) as follows: for each k > 1

(6%
cap=1-,

.pk:

ka
B
Er’

Then, we have both

a) the weak convergence of the iterates (xy) generated by (RIPA) when A is a general mazimally

a>0,q€l0,1];

monotone operator. Moreover, ||xy — zp—1] = O (75)-

b) the rate of convergence of the values o (zr5) for the algorithm (RIPA) when A = 0® and

B>0,7r€2q,q+1], and B < a? if r = 2q (no condition if r > 2q);

’ .y .
o up =ck” for somer’ >r and some positive constant c.

P : H — RU{+oo} is convez, lower semicontinuous, proper. Precisely, ®(py) — min® = o)

where pjp = prox

i ®

(x1). Moreover, ||z — xp_1| =0 (

!

1
k 77“)5

kl+ta
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Proof. Tt is an immediate consequence of the results contained in Figure 2. Concerning the choice of
g just notice that, when taking py = ck” for some r’ > r, the sequences (ux) and (pgur) = cSk™ "
120(#),sincer§q+1. a

[Prt1 =] r
~E Er—a

are nondecreasing. Moreover prrw

Remark 3.7. As a general rule, we can observe a balance between the inertial effect and the re-
laxation effect. As ay gets closer to one, the relaxation parameter pj gets closer to zero. As well,
there is a balance between the relaxation and the regularization parameters. As py tends to zero, the
regularization parameter uj tends to infinity. A typical situation is pp = %7 for some C' > 0.

APPENDIX A. MOREAU ENVELOPES

Recall some basic facts concerning the Moreau envelope. Let ® : H — R U {400} be a convex
lower semicontinuous proper function. For any p > 0, and any = € H,

. 1
27 2,() = int {26+ 5-le — 6l |
The infimum in (27) is achieved at a unique point prox,q (), which gives

1
(@) = D(prox,e (@) + 5 - llw = Prox,q ()|,

Writing the optimality condition for (27), we get
prox,qe () + pd® (prox,q(z)) > =,
that is prox,e(z) = (I + pd®) " (). Thus, prox,q is the resolvent of index 1 > 0 of the maximal

monotone operator d®. Consequently, the mapping prox,q : H — H is firmly nonexpansive. For any
p > 0, the function  — @,,(z) is continuously differentiable, with

Vo, (z) = i (z — prox,,e(x)) .

Thus V&, = i (I - I+ u@@)_l) = (0®),, is the Yosida approximation with index p of the maxi-

mally monotone operator 0®. As such, V@®,, is Lipschitz continuous, with Lipschitz constant %, and
P, € CH(H). See [12, 16, 28, 29], for further results.

APPENDIX B. AUXILIARY RESULTS

Let us present some auxiliary lemmas that are used throughout the paper. To establish the weak
convergence of the iterates of (RIPA), we apply Opial’s Lemma [27], that we recall in its discrete
form.

Lemma B.1. Let S be a nonempty subset of H, and (x1) a sequence of elements of H. Assume that
(1) every sequential weak cluster point of (xx), as k — 400, belongs to S;
(1) for every z € S, limp_ 1o ||xg — 2| exists.

Then (xy) converges weakly as k — 400 to a point in S.

The next lemma provides an estimate of the convergence rate of a sequence that is summable with
respect to weights.

Lemma B.2 ([4, Lemma 22]). Let (1) be a nonnegative sequence such that Z;ﬁ T = +o00. Assume

that (er) is a nonnegative and nonincreasing sequence satisfying ZZ_:{ Tk €k < +00. Then we have
Ek:o(%) as k — +oo.

=1 "7
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The following result allows us to establish the summability of a sequence (ax) satisfying some
suitable inequality.

Lemma B.3 ([4, Lemma 23]). Given a nonnegative sequence (ay) satisfying (Ko), let (t) be the
sequence defined by tp, = 1+ jzo,j H;:k a;. Let (ag) and (wg) be two sequences of nonnegative
numbers such that axy1 < agag + wy, for all k > 0. If Zgj’) tpriwg < 400, then Z;i% ap < +oo.
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