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This article is dedicated to the memory of Kazumasa Kuwada.

Abstract

The defining equation (%) : «; = —F'(wy), of a gradient flow is kinetic in essence. This
article explores some dynamical (rather than kinetic) features of gradient flows (i) by embedding
equation (%) into the family of slowed down gradient flow equations: wi = —eF’(w§), where
e > 0, and (ii) by considering the accelerations @;. We shall focus on Wasserstein gradient
flows. Our approach is mainly heuristic. It relies on Otto calculus.

A special formulation of the Schrédinger problem consists in minimizing some action on the
Wasserstein space of probability measures on a Riemannian manifold subject to fixed initial and
final data. We extend this action minimization problem by replacing the usual entropy, underly-
ing Schrodinger problem, with a general function on the Wasserstein space. The corresponding
minimal cost approaches the squared Wasserstein distance when the fluctuation parameter e
tends to zero.

We show heuristically that the solutions satisfy some Newton equation, extending a recent
result of Conforti. The connection with Wasserstein gradient flows is established and various
inequalities, including evolutional variational inequalities and contraction inequalities under a
curvature-dimension condition, are derived with a heuristic point of view. As a rigorous result
we prove a new and general contraction inequality for the Schrédinger problem under a Ricci
lower bound on a smooth and compact Riemannian manifold.
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1 Introduction
The defining equation
Wy = — 1 (wy), (1)

of a gradient flow is kinetic in essence. This article explores some dynamical (rather than kinetic)
features of gradient flows (i) by embedding equation (1) into the family of slowed down gradient flow
equations: w; = —eF'(wf), where € > 0, and (ii) by considering the accelerations &f. We shall focus
on Wasserstein gradient flows, i.e. gradient flows with respect to the Wasserstein metric on a space
of probability measures. Our approach in this article is mainly heuristic, using Otto calculus.

Otto calculus is a powerful tool to understand the geometry of the Wasserstein space on a Riemannian
manifold N. It offers a heuristic for considering the space Py(N) of probability measures with finite
second moments on the manifold, see (30), as an infinite dimensional Riemannian manifold, allowing
one to address natural conjectures. Roughly speaking, Otto calculus is twofold. Firstly, it leads to
the definition of the Wasserstein metric on Py(/N) whose corresponding squared Wasserstein distance



between two probability measures ;1 and v is given by the Benamou-Brenier formula

W2(uv) = inf / o) e(de) ds
((22):(02)) Jjo. 11

where the infimum is taken over all (us, vs)o<s<1 such that (us) is a trajectory in Py(N), starting from
p and arriving at v and (v;) is its velocity field, meaning that the transport equation dsu+div (uv) = 0
is satisfied.

Denoting the squared length of the velocity [t = v by

|ps|is = inf {/N 02 djtg; v 2 Ogpt + div (psv) = O} : (2)

we obtain the Riemannian distance like formula

i - pt [

P (3)

This provides us with natural definitions on PQ(N ) of geodesics, gradients, Hessians and so on. We
call the squared distance W3 the Wasserstein cost.

Secondly, it appears that several PDEs whose solutions (y);>0 are flows of probability measures, are
gradient flows with respect to the Wasserstein metric, of some function F:

fu = — grad, F, (4)

where the velocity fi; and the gradient of F are understood with respect to the Wasserstein metric.
For instance it is well known since [34] that the heat equation is the gradient flow with respect to
the Wasserstein metric of the usual entropy

Ent(p) ::/N,ulogudvol. (5)

We introduce a cost function which is a perturbed version of the Wasserstein cost W3. It is defined
for any regular function JF on the set of probability measures, any € > 0 and any probability measures
t, v on the manifold, by

1

. . L.
A% (p,v) = inf i (2|us

(Ns

52
2+ S lerad,, FI2 )ds

where as in (3) the infimum runs through all paths (ps)o<s<1 in Po(N) from p to v. Remark that

this family of cost functions embeds the Wasserstein cost WZ = A as a specific limiting case,

see (3). This paper investigates basic properties of A% and of its minimizers which are called eF-

interpolations. It also provides heuristic results which extend to A% several known theorems about

the optimal transport cost W3 and the convexity properties of F. The main motivation for introducing
< is that the gradient flow solving

ju = —¢ grad,, F, (6)
is naturally associated to the Lagrangian |u|?/2 + €| grad,, F|7 /2. Indeed, any solution of (6) and
any eF-interpolation satisfy the same Newton equation

2

. €
Hs = E gradus |gradus ]:|is



where i denotes the acceleration with respect to the Wasserstein metric and a Wasserstein version
of the Levi-Civita connection. When ¢ = 1 this is the equation of motion of the gradient flow (4),
while when ¢ = 0, this is the equation of the free motion in the Wasserstein space characterizing
McCann’s displacement interpolations.

Let us quote some of our results.

e We denote the solution of (4) with initial state po by the semigroup notation: p; = S7 (o).
The cost A% satisfies the same contraction inequalities along the gradient flow (S7) as the
one satisfied by the Wasserstein cost. The simplest contraction result states that, under a
nonnegative Ricci curvature condition,

A5(S] 1. ST v) < A5 (v, p),

for any ¢ > 0 and any probability measures u,v. This extends the well-known result by von
Renesse and Sturm for the Wasserstein cost [46].

e Newton’s equation satisfied by the e F-interpolations allows us to prove convexity properties of
F along e F-interpolations. For instance, when the Ricci curvature is nonnegative, F is convex
along the eF-interpolations. This generalizes McCann’s result about the Wasserstein cost [41].

It is remarkable that, similarly to the Wasserstein cost, A% behaves pretty well in presence of the
Bakry-Emery curvature-dimension condition, see Section 4.

Schrédinger problem. A particular and fundamental case is when F is the standard entropy &nt, see
(5). The associated cost Ag,, is related to the Schrédinger problem by a Benamou-Brenier formula,
see Section 5. It is identical up to an additive constant to an entropy minimization problem on the
path space. The Newton equation satisfied by the eént-interpolations is a recent result by Conforti
[17]. It is a keystone of this field.

Unlike the remainder of this article, our results about the Schrodinger problem are rigorous. In
particular we prove that the entropic cost satisfies a general contraction inequality for the heat
semigroup (S&);>o under the assumption that the Ricci curvature is bounded from below by p in an
n-dimensional Riemannian manifold: For any ¢ > 0 and any probability measures pu, v,

1 t
S5 ) < A ) - [ e @t () — (53

The paper is organized as follows. In next Section 2 we treat the finite dimensional case where the
state space is R" equipped with the Euclidean metric. In this case, we are able to do explicitly all
the computations using classical differential calculus. In Section 3 we treat the infinite dimensional
case using the Otto calculus: we start recalling in a simple way the Otto calculus, then a heuristic
derivation of the Newton equation is presented. Convexity properties are explored at Section 4.
Finally in Section 5, the special case of the Schrodinger problem is investigated.

We have to mention again that, except for Section 5, all the results in this paper are heuristic,
even if we believe that there is a way to prove them rigorously. Heuristic results are denoted with
quotation marks. Some parts of the paper are related to other mathematical domains such as Euler
equations and mean field games ; we tried to extract references to known results from the large
related literature. In order to propose a comprehensive document, we do not provide the detailed
proofs in the finite dimensional case at Section 2.



2 Warm up in R”

In this section, F': R — R is a smooth function (C*°) with its first derivative (gradient) and second
derivative (Hessian) denoted by F’ and F”. All the results about gradient flows which are stated
below are well known, see for instance [19].

2.1 Gradient flows in R"
The equation of a gradient flow: [0,00) 3 ¢ — w; € R™ is
d)t = —F/((.Ut), t Z O, (7)

where w; is the time derivative at time t of the path w. This evolution equation makes sense in a
Riemannian manifold if it is replaced by w; = — grad,, F.

Remark 1 When F' is p-convex for some p € R, that is
F" > pld (8)
in the sense of quadratic forms, there exists a unique solution of (7) for any initial state.

Definition 2 (Semigroup) For any x € R", we denote
Si(x) == wy, t>0,zeR",

where (W} )i>o is the solution of (7) starting form x.

From Remark 1, it follows that (S¢)i0 defines a semigroup, i.e.: Soi(x) = Si(Ss(x)) and So(z) = ,
for all s,t > 0, and all x € R"™. This semigroup is called the gradient flow of F' (with respect to the
FEuclidean metric).

For any ¢, x + S;(x) is continuously differentiable.

Equilibrium state

Any critical point & of F' is an equilibrium of (7) since F’(z) = 0 implies that w; = 0 for all ¢ as soon
as wo = 2. If F”(z) > 0 (in the sense of quadratic forms), then z is a stable equilibrium, while when
F"(z) < 0, it is unstable. See Figure 1 for an illustration in dimension one. In the multidimensional
case F"(Z) may admit both stable and unstable directions.

Two metric formulations of gradient flows

The evolution equation (7) only makes sense in presence of a differential geometric structure. It is
worth rephrasing (7) in terms allowing a natural extension to a metric setting. The main idea is to
express everything with the scalar quantities |w;| and |F’(w;)| which admit metric analogues.

Proposition 3 The gradient flow equation (7) is equivalent to

1 t
5/ (ywr|2 n ]F’(w,,)P) dr < F(w,) — F(w,), Y0<s<t.

In such case, the curve w is said to be of maximal slope with respect to F.



Figure 1: Graphical representations of F' and —F’

Theorem 4 (Evolution variational inequality)

(a) The function F is p-convex if and only if

d1
4y @) + Ly S < Fly) - F(S)). 1= 0.¥a.y, O
(b) If wis a C* path satisfying

d1

Sl =@l Sl — il < Fly) = Flw), V20,9, (10)

then it solves (7).

(¢) The function F is p-convex if and only if there exists a semigroup (T;) such that for any x, T,(z)
18 t-differentiable and

a1

P
ot Sy = Tu@) + Dy - af* < Fy) - Fla), Va,y. ()

In this case, T =S.

The evolution variational inequality (10) (EVI in short) is a key inequality for extending the notion
of gradient flow to general spaces. For instance, it leads to the definition of a gradient flow in a
geodesic space, see [55, Definition 23.7]. This is a reason why many research papers focus on EVI.

2.2 The cost A} and the ¢F-interpolations in R"

In this section we see that gradient flows are special solutions of some Hamilton evolution equations
and the related action minimizing problem is considered.



Figure 2: Graphical representation of U = —|F’|*/2

Free energy and Fisher information

To draw an analogy with the infinite dimensional setting to be explored later on, where R™ will be
replaced by the state space Py (V) consisting of all probability measures with a finite second moment
on some configuration space described by a Riemannian manifold N, R"™ should be interpreted as
the state space (not to be confused with the configuration space) and the function F' as the “free
energy” of the system. With this analogy in mind, we define the “Fisher information” I by

I:=|F"?
which appears as minus the free energy production along the gradient flow (7) since for any ¢ > 0,

d / . ! 2
ZF(w) = F'(w) - dn = —[F (@) = ~I(w). (12)

As I > 0, this implies that ¢t — F(w,;) decreases as time passes. In mathematical terms: F is a
Lyapunov function of the system, while with a statistical point of view, this property is an avatar of
the second principle of thermodynamics.

Gradient flows as solutions of a Newton equation

Let us introduce a parameter € > 0. For any z € R", the path
wi := Sg(x)

satisfies the evolution equation
w; = —eF'(wf), t>0.

When ¢ is small, this corresponds to a slowing down of (7). The acceleration of its solution is given

by &f = —e F"(wf) - w§ = e? F"F'(w5). Hence w® satisfies the Newton equation
Of = —U"(w) (13)
with the scalar potential
U= S = 5 pp
=—gl=—7 .
A graphical representation of Us=! = —|F’|? /2 corresponding to the free energy of Figure 1 is given

at Figure 2.



e F-interpolations

It is tempting to investigate the dynamical properties of the trajectories solving the corresponding
Hamilton minimization problem. It is associated with the Lagrangian

0] o] | £

L(g0) = -~ V() = o + SIF (@) (14

The associated Hamilton minimization principle is expressed below at (15).

Definition 5 (¢F-cost, ¢ F-interpolations) For any x,y € R™ and ¢ > 0, we define

1 2
1 €
5 s Ty |2 - ! 2
Anten) = nf, [ (Gl + SIP @) ds (15)
where the infimum runs through all the subset Q™Y of all paths starting from x and arriving at y.
We call A%(x,y) the eF-cost between x and y, and any minimizer w* of (15) is called an ¢F -
interpolation between x and y.

e Remark that A5 = Al.. Therefore, the above definitions of the e F-cost and e F-interpolation
could also be called (e, F')-cost and (e, F')-interpolation.

e For any =,y € R", A%(x,y) > 0 but unless ¢ = 0, it is not a squared distance on R". For
instance whenever F'(z) # 0, we see that A% (z,x) > 0.

A key remark about this article is the following

Remark 6 (Gradient flows are ¢F-interpolations) Suppose that for any e > 0 and all z,y there
exists a unique € F'-interpolation w=™. Then, for any x, the eF-interpolation between x and y = S.x
18

wi’xsf‘:m =Sz, 0<s<1.

In other words, the € F'-interpolation matches with the gradient flow when the endpoint is well appro-
priate. The reason is clear from the uniqueness of the minimizer and the fact that the map s — S.sx
satisfies Newton’s equation (13).

The Hamiltonian corresponding to the Lagrangian (14) is

. T p]> €
H¢(q,p) = -t Us(q) = 5 EIF'(Q)R

and the equation of motion of any minimizer of (15), i.e. any eF-interpolation w, is given by the

Ws = Ps,

< g <1.
s = —U(w,), V=551

Hamilton system of equations: {

Proposition 7 (Properties of the cF-interpolations)
(a) For any x,y € R" and any € > 0, the minimization problem (15) admits at least a solution w*™.

(b) Furthermore, lim._,o w™™ = w™ pointwise, where w™ is the constant speed geodesic from x to y.



(c) Any eF-interpolation is C* and satisfies the Newton equation

2
P — %]/(wz,xy) _ nguF/(w?a:y)’ (16)

S

which is also (13).
(d) Along any eF-interpolation w, the Hamiltonian is conserved as a function of time:

_ e

H(ws,ws) =

2 2
2' - %\F’(ws)|2 = H(wp, i), Y0 <s< 1.

e As already noticed at Remark 6, the path (S.s(x))o<s<1 is an e F-interpolation between z and
S.(z) satisfying Newton’s equation (16) and one immediately sees with the very definition (7)
of its evolution that the conserved value of the Hamiltonian along it is zero.

e When ¢ = 0, the eF-interpolation is the standard constant speed geodesic between x and y.
For any small € > 0, one can think of the ¢ F-interpolation w®*¥ as a small perturbation of the
geodesic.

Dual formulation of the cost A%.

Let h: R" — R be a Lipschitz function and let ¢ > 0. We define the Hamilton-Jacobi semigroup for
any t > 0 and y € R" by,
. |2

Qi) =t {n)+ [ 4 Sirpas) (17

wiwt=y

where the infimum is running over all C! path w such that w; = y. The function U : (¢,y) — QX h(y),
satisfies, in the sense of viscosity solutions, the Hamilton-Jacobi equation

QU (t,y) + %|U’(t,y)|2 = 8glF’(y)lg; (18)
U(0,-) = h(:).

Minimizers of (17) are solutions of the system,
be=SIF (ws), 0<s<t,
wo = h'(wo), wi=uy.
Proposition 8 (Dual formulation of A%.) For any z,y € R,

AG(z,y) = Sglp{QiFh(y) — h(z)} = Slip{QiFh(ﬂf) — h(y)},

where the supremum runs through all reqular enough functions h.



Heuristic proof
< For any smooth path (w;)o<i<1 between wy = z and w; = y, from the definition of Q5

1 <12 2
o - < [ (B4 Sirr) a

then
sup {Qih(y) — h(z)} < A%(z,y).

Now, let v be a minimizer of (17) with ¢ = 1 and choose h such that h(z) = 5o - z in a large enough
family of test functions. By (19), we know that 7 satisfies Newton equation. Hence it is an eF-
interpolation, that is a minimizer of the action between 7y = = at time ¢ = 0 and y; = y at time

t = 1. In other words
el ! ’;YtP 62 / 2 €
Q1 h(y) — h(z) = 9 + 5|F (v)|7 ) dt = A% (7, y).
0

This proves the first equality: A%(x,y) = sup{Qih(y) — h(zx)}.
As the action appearing at formula (15) is invariant with respect to time reversal, we see that
As(x,y) = A% (y, z). Tt follows immediately that A% (z,y) = sup{Q5h(z) — h(y)}. >

Alternate formulations of the cost A7. Since for any z,y € R" and any path w from z to y, we
have

/01 [|@s|2 + 52|F’(w8)|2} ds = /01 [|w5 N 5F’(Ws)|2 B 28F’(w5) ‘@s] s
= /01 s + eF'(ws)[?ds — 2¢(F (y) — F(x)),

we obtain the forward expression of the cost

weNTY

tite =1 ing, { [+ P as) —etri) - Fio),

With the same way of reasoning, its backward formulation is

A%(z,y) = % inf {/0 |lws — &?F’(ws)|2ds} +e(F(y) — F(x)). (20)

weNzy
It follows that its symmetric expression is
1 ! 1 !
As(x,y) = Zwle%f;y {/0 |ws + €F/(w3)|2d8} +3 wlersllfzy {/0 lws — eF’(ws)|2ds}.
Example. Let us treat the simple case corresponding to F'(z) = |z|*/2, x € R", where computations

are simple and explicit.

10



e For any t > 0 and x € R", S;(x) = e 'x.
e For any z,y € R", the e F-interpolation between x and y is given by

ws = Ses(a) + 56(1*8)(5)7 0<s<1,

£ £

T —ye _y—zxe

where @ =T P
F ER",  Ai(m,1) —er O a2
e For any x xr,r) =¢ x|,

y ) F ) 1+€_€

e Moreover, the corresponding Hamilton-Jacobi equation (18) takes the form

oU(t,y) + %\U’(t,y)]Q =&y|?/2, t>0
U(0,z) = h(x),

and has an explicit solution,
F(y) = QY _ceer f(e7Y)/(22) +elyf*/2

with f(z) = h(z) — e|x|?/2.

2.3 Convexity properties of the cost A7

Definition 9 ((p,n)-convexity) Let p € R and n € (0,00]. We say that the twice differentiable
function F on R"™ is (p,n)-convez if

F">pld+ F' @ F'/n. (21)

Example. Let us give some examples where n = 1, n > 0 and (21) is an equality.
e The map x — —nlogz is (0,n)-convex on (0, c0).
e When p > 0, the map = + —nlog cos(z+/p/n) is (p, n)-convex on the interval (—m/21/n/p, 7 /2+/n/p).
e When p < 0, the map x + —nlogsinh(z+/—p/n) is (p, n)-convex on the interval (0, cc).

Contraction inequality under a convexity assumption

Proposition 10 (Contraction of the gradient flow) Let us assume that F' is (p,n)-convex. Then,
forallt>0,e>0 and x,y € R",

A5(S(x), Suy) < e A5 () — - /0 e RS, (2) — F(Su(y)))? du. (22)

n

11



Proof

< Let (ws)o<s<1 be any smooth path between x and y. For all ¢ > 0, the composed path [S;(ws)]o<s<1
is a path between S;(z) and S;(y) and it follows from the definition of A% that the first inequality in
the subsequent chain, where L° is defined at (14), is satisfied:

A(S10).Si) < [ LS. 0.5 w.)) ds
< /0 I wn ) ds — /0 /0 e [F(S,(,)) - S, (wa)ios]? ddl

< e_2pt/0 Lf(ws,ws) ds — 1/ e~ 2p(t—u) [F'(Su(y)) — F(Su(x))P du.

nJo

The second inequality is a consequence of Lemma 11 below, and the last inequality is implied by
Jensen’s inequality. This concludes the proof of the proposition. >

Lemma 11 Let p € R and n € (0,00), the following assertions are equivalent.
(i) The function F is (p,n)-conver.

(ii) For any differentiable path (ws)o<s<1, any € > 0 and any t > 0, 0 < s < 1, we have

LF(Sy(ws), 0sSi(ws)) < e 2P LE (ws, ws) — %/0 e 2PEIIEN (S (ws)) - S (ws)ws)? du. (23)

Proof

< Let us prove that (i) implies (7). We have 0;S;(ws) = S}(ws)ws, and for simplicity, we denote
r = ws and v = ws. We shall use: 0,S,(z) = —F'(Si(z)), 0,S;(z) = —F"(S(2))S}(z) and 0, F'(S¢(x)) =
—F"(S(z))F"(S¢(x)). Let us set

1 2
A(t) = L3(Si(w3), B:Si(w3)) = 5 1Si(@)el? + S| F (S (@)
Its derivative is

O(t) = =Si()v - F'(Si(2))Si(x)v — e*F'(Sy()) - F(Se(2)) F'(Si(x))
(i)

< <2pA(t) — ~[F/(Su(a))S,(x)v]” = —|F'(Si(a))

—_3 |

< —2pA(t) — E[F’(St(x))sé@)U]Q,

which implies (23).

Let us now assume (7i) and show that it implies (i). Since (23) is an equality at time ¢ = 0, fixing
s =0, wp = x and wy = v, the first order Taylor expansion of (23) in ¢ around ¢ = 0 implies that for
any v,r € R",

v (F'(z) — pTd)v — %(F’(m) W2 4 E2F (@) - (F"(2) — pld)F(z) > 0. (24)

12



Suppose ad absurdum that (7) is false. Then (21) fails and there exist x,,v, € R" such that
1
v, - (F"(2,) — pld)v, — =(F'(x) - v,)* < 0.
n
But taking x = z,, v = Av, in (24) and sending A to infinity leads to a contradiction. >

Actually we believe that the contraction inequality (22) is equivalent to the (p, n)-convexity of the
function F' as in the case when ¢ = 0.

Convexity properties along ¢ F-interpolations

Let us introduce the notation
1 — 672(13
buls) = T
Note that lim, ¢ 0,(s) = s.

Proposition 12 (Convexity under the (p, c0)-condition) Let F' be a (p, 00)-convez function with
p € R. Then any e F-interpolation w satisfies

F(ws) < 0,e(1 = s)F(wy) + 0,pe(5)F(wn)
1— e %° (25)
- 2—€0p5(s)9p5(1 — 5)[AF(wo, w1) + eF(wp) +eF(wy)], V0O<s<1.
Proof
< We start followmg the smart proof of Conforti [17, Thm 1.4]. Let (ws)o<s<1 be an e F-interpolation,

and let & and % be two functions on [0, 1] such that for any s € [0, 1],

Flws) = R (s)— T (s)

and
— 1 — 1

h'(s) = 4—5]% + eF'(w,)]?, h'(s) = 4—€|w5 — eF'(wy) 2

d — —
This is possible since d—F(wS) = F'(w,)-ws = h'(s) — h'(s).
s
Then, for any s € [0, 1], using the Newton equation (16) satisfied by w and the (p, co)-convexity (21)

of I', we obtain

— 1 —
h"(s) = §F”(5F’ + W, eF" + wg) > 2pe h'(s).

= =
Similarly we have h”(s) < —2pe h'(s). We know by [17, Lem. 4.1] that these inequalities imply

()< h(1) —0,(1—)[h )= K O],  h(s)> h(0)+0,(s)[ (1) = T (0)].

I

e
Arranging the terms in F(ws) = h (s) — h(s), we see that

- —

F(ws) < 0pe(1 = 8)F(wo) + Ope(5)F(w1) — (1 — €™ *%)0e()0pe(1 — 5)[ 1 (1) = h (0)].
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> <
Now the proof differs from Conforti’s one. By the definitions of A and h, and using the backward
formulation (20) of the cost A%, we obtain

20[H (1) — 1 (0)] = /0 %st e F(w)|Pds + 26 F(wr) = As(z, 1) + eF(wo) + eF(wn),

which gives us the desired inequality (25). >

Proposition 12 implies a Talagrand-type inequality, i.e. a comparison between a cost function and an
entropy, see [17].

Corollary 13 (Talagrand-type inequality for the cost A%) Assume that F' is (p, 00)-convex with
p > 0 and that it is normalized by inf F' = 0. Then for any € > 0 and x,y € R",

1+e "

Ap(,y) < ex—— (F(2) + F(y)). (26)
In particular, if inf F = F(x2*) =0 at ¥, then for any y € R™,
(o L+e ™"
Ap(z,y) < 51_—‘9,2mF(y)- (27)

Proof
< Both (26) and (27) are direct consequence of (25), the first at time s = 1/2 with F'(wy/2) > 0,
and the latter at time s = 0 with inf ' = F((z*) =0. >

Letting € tend to zero in (27), we see that F(z) > p|lz — x*|?/2, which is the optimal inequality.
Costa’s lemma states the concavity of the exponential entropy along the heat semigroup. Here is an
analogous result.

Proposition 14 (Convexity under the (0,n)-condition) Let us assume that F' is (0, n)-convez.
Then, for any € > 0 and any e F-interpolation w, the function

0,1] 3 5+ e~ F@sl/n
18 concave.

Proof
< Differentiating twice A(s) := exp{—F(ws)/n}, we obtain: A'(s) = —A(s)F’'(w) - ws/n, and

A(s) = —%A'(S)F'(ws) o — %A(S)F"(ws)(ws,ws) _ %A(S)F'(ws) &,

= )~ )il F (), 00) + 2F ) (), F' ()

-~ -~

> L (F(ws)ws)? > 2| P (ws) |4

<0,

which is the desired result. We used (16) at second equality and the (0, n)-convexity of F' at last
inequality. >

As a direct consequence of Propositions 12 and 14, we obtain the following

14



Corollary 15 Let w be an eF-interpolation with € > 0.

(a) If F is (p, 00)-conver with p € R then

d+ ] (14 e %
— o F(w)| o+ pAf(en,w) < %[F(wo) — F(w)].
(b) If F is (0,n)-convex with n > 0 then
d+
— %F(ws) . <nfl-— e*(F(WO)*F(Wl))/"]. (28)

In order to prepare the proof of the analogue of EVI at Proposition 17, we need the next result.

Proposition 16 (Derivative formula) For any z,y € R",

N sy < =L P
dt li=o” F ) Y) = dsls=1 Ws )

where w¥* is any € F-interpolation from y to x.
Proof

< Let w be an e F-interpolation from y to z, (we drop the superscript yx for simplicity). Then for
any t > 0, (s+)o<s<1 = (Sst(ws))o<s<1 is a path from y to Si(z) and by definition of A%, we have

M g
A5 (5da)o) < [ G0l + S | ds.
0

Since at ¢t = 0 this is an equality, we see that

d + 1
AR < [ [ ) = P ) ) — 52 ) (F ), )] ds.
t=0 0
Differentiating H(s) := F(ws), we obtain H'(s) = F'(w;) - ws and
H"(s) = F"(ws)(ws,ws) + F'(ws) - @s. With the Newton equation (16): &, = e2F"F'(w,), we arrive at

d+

dt

t=0

1

Ap(Sia)y) < [ [2H(5) = sH(s)ds = ~H'(1),
0

which is the announced result. >

This specific method of applying the gradient flow Sy (ws) to a path w has been successfully used in
[19].
One derives immediately from Corollary 15 and Proposition 16 the following

Proposition 17 (EVI under (p,c0) or (0, n)-convexity)
(a) Assume that F is (p,o0)-conver. Then, for any x,y € R",

d~* pe(l+ e 2r)

@ oo AP Su@)y) + pAp(ey) € 5~ [Fly) - F()). (20)
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(b) Assume that F is (0,n)-conver. Then, for any x,y € R",

+
d Ae(Sy(z), y) < n[l — e~ (F)=FG@)/m.
dt li=o

These inequalities should be compared with the EVI formulation (11) which holds in the case where
e = 0 and n = oo. Note that one recovers (11) by letting € tend to zero in (29), or by sending n to
infinity in the last inequality.

3 Newton equation in the Wasserstein space

This section is dedicated to the infinite dimension case where the states live in the Wasserstein space
on a Riemannian manifold. This is done by relying on the results of previous section in R" as an
analogical guideline, and by using Otto’s heuristic. Only non-rigorous statements and “proofs” are
presented in this section. For the sake of completeness, we start recalling Otto calculus which was
introduced in the seminal paper [44]. This heuristic theory is known for long and well explained at
many places [55, 29, 2]. Our contribution is the introduction of the Newton equation, a key point of
our computations.

3.1 The setting

The configuration space is a Riemannian manifold (N, g) equipped with a Riemannian measure vol
and the state space to be considered later on is the Wasserstein space

M := Py(N) (30)
of all probability measures y on N such that [ d*(z,,-) dpu < oo, where d stands for the Riemannian
distance.

Carré du champ

The gradient in (N, g) is denoted by V and the divergence by V- . Functions and vector fields are
assumed to be smooth enough for allowing all the computations. In particular, for any vector field
A and function f with a compact support, the following integration by parts formula holds

/fV-ffdvol:—/Vﬂffdvol,

using the inner product on (N, g). The carré du champ I' in N is defined for any functions f, g on
N by
['(f,g) :x— Vf(x) Vg(z), x€N.

As usual we write I'(f,g) = Vf- Vg, and state I'(f) = Vf -V f = |V f|% Denoting A, =A =V -V
(we drop the subscript g for simplicity), the Laplace-Beltrami operator on N, we have

/r(f,g) dvol = —/ngdvol.
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Iteration of I', hidden connection

The iterated carré du champ operator in (N, g) introduced by Bakry and Emery in [4] (see also [5])

is defined for any f by
1

La(f) = AL(f) = (£, A)). (31)

It happens to be the left-hand side of the Bochner-Lichnerowicz identity
Lo(f) = IV flfiis + Ricg(V £,V f), (32)

where ||V f||%g is the Hilbert-Schmidt norm of the Hessian V2f of f and Ric, is the Ricci tensor of

(N, g).
For any functions f, g, h : N — R, the evaluation of the Hessian of f applied to two gradients Vg, Vh
only depends on the carré du champ I":

V2[(Vg, V) = 5 [D(T(f.9), 1)+ DTS ), 9) = D9, 1), )] (3)

and of course 2V2f(V f,V f) =T(T(f), f).
The Levi-Civita connection is implicitly invoked in the Bochner-Lichnerowicz identity, in particular
for computing the Hessian of f, and it is hidden in (33). This is commented on at [5, p.158].

3.2 Some PDEs are Wasserstein gradient flows

We present basic notions which are useful to visualize heuristically the Wasserstein space M = P(N)
as an infinite Riemannian manifold.
The same notation is used for the probability measure p and its density dju/dvol.

Velocity, tangent space and Wasserstein metric

If (p¢) is a path in M, then O, satisfies f ~ Oty dvol = 0. In other words the tangent space at some
p € M is a subset of functions f satisfying [ ~ f dvol = 0.

Let us explore another representation of the tangent space. Again, let (1;) be a path in M. Then for
each ¢, there exists a unique (up to some identification) map ®, : N — R such that the continuity
equation

Opry = =V - (11 V) (34)

holds. As a hint for the proof of this statement, denoting a,(Vf) := =V - (uVf), we see that
a,(Vf) = v is an elliptic equation in f and V&, = a;j(atm) exists because v = Oy, satisfies
J Oy dvol = 0. This allows one to identify the velocity dyu; with the gradient vector field V&, via
the mapping

/.Lt = Vq)t = a/:tl (atut) (35)
Within Otto’s heuristics, the tangent space of M at u is represented by the set of gradients

T,M ={V®, &: N R}.

17



To be rigorous it is necessary to define T,M as the closure in L*(N, p) of {V®, ® € C*(N)}. We
call . € T, M the Wasserstein velocity to distinguish it from the standard velocity Oypui;.

The continuity equation (34) is a keystone of the theory. It is valid for instance when N is a smooth
compact Riemannian manifold and the density u(t, z) is smooth and positive. This extends to more
general settings, as explained in [3, Ch. §].

Definition 18 (Wasserstein metric) The inner product on T, M is defined for any V®, V¥ by

(VO, V), = /V(I) VU dp = /r@,xp) dy.

: . _ 1/2

Hence the speed of a path () in M is: |fu],, = ([ |2, ()| Pdpse) 2

Comparing with (2), we see that minimizing velocity fields satisfying the continuity equation (34)
are gradient fields.

As a definition, the Wasserstein cost for transporting p onto v is

W) mint [ Pay)dn
NxN

™

where d is the Riemannian distance on N and 7 runs through the set of all couplings between p and
v. The Benamou-Brenier theorem [7] states that

int / fue? déwdt = W2 (1, v), (36)
(&) J[0,1]xN

where the infimum runs through the set of all (£, v) such that for all ¢, { € Py(N) and v, is a time
dependent vector field satisfying the continuity equation 9,£+ V-(§v) = 0 and the endpoint constraint
& = p, & = v. This means that the Riemannian distance associated to the Wasserstein metric is
W, recall (3). The proof of the analogous result in a metric space can be found in [3].

Other metrics

The standard velocity 0 lives in the space
T, ={ov: /3udvol =0}

equipped with the inner product of L?(vol), while the Wasserstein velocity fi; lives in T,,M equipped
with the above Wasserstein inner product. Both of them represents the same object, they are linked
by (35), but they give rise to distinct gradient flows.

Although the present article focuses on the Wasserstein metric, let us give some examples of alternate
metrics based on the tangent space 7,.

1) The first example is described in [21, Sec. 9.6]. For any u € M and two perturbations dv, ov'
around i, the inner product is the standard scalar product in L?(vol):

(Ov,0V"),1 = /8y01/ dvol. (37)
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2) The second example is rather similar. For any p € M and dv,0v" € T,
(Ov,0V"),,0 = /VA_l(al/) - VA YOV dvol = — /A_l(ay)ay’ dvol . (38)

This metric is explained in [44, Sec. 1.2].

Both inner products (-,-),1 and (-,-),2 do not depend on p and one can show that the geodesic
(tts)o<s<1 between p and v satisfies: 9% pu, = 0. It follows that (u,) is an affine interpolation,
meaning that the mass is not transported but teleported. The geometric content of these metrics
is poorer than the Wasserstein metric one.

3) For any p € M and two perturbations Ov, 0v' € T, around p,

VA~L(v) - VAY(0)
W

(Ov,0V") 3 = / dvol. (39)

This is the Markov transportation metric which is defined and used in [10].

The heat equation
Ou = Au (40)

is the gradient flow of Fi(u) = [ |Vu|? dvol with respect to the metric (-,-),1 defined at (37) and
also of Fo(p) = [ p?/2 dvol with respect to the metric (-,-),2 defined at (38), cf. [21]. The heat
equation is also the gradient flow of the standard entropy defined below at (44), with respect to the
Markov transportation metric defined in (39). We shall see in a moment at (46) that this equation
is also the gradient flow of the same entropy with respect to the Wasserstein metric.

Wasserstein gradient flow

Let us go back to the Wasserstein metric and define the gradient with respect to this metric of a
function F : M — R. If F is differentiable at u, there exists a gradient field V& such that for any
path (p) satisfying i, = VW, and p;, = p, we have

d

GFw)_, = (V0. 90,),.

As a definition, the gradient of F at pu is
grad, F := Vo € T, M.

Similarly to the finite dimensional setting, one can define a gradient flow in M with respect to the
Wasserstein metric.

Definition 19 (Wasserstein gradient flow) A path (ut)i>0 in M is a Wasserstein gradient flow
of a function F if for any t > 0,
fu = —grad,,, F.

We denote by p; = ST, the solution of the above gradient flow equation starting from p € M.
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Examples of Wasserstein gradient flows

Consider the following interesting type of functions

Flu) = / £(41) dvol, (41)

where f : R — R and the Wasserstein gradient flow equation
fu = —grad, F. (42)

With a path () satisfying i, = V,, we obtain

d
() = / £ (112)Bujue dvol = — / F(10) V- (V') dvol

B /v[f/(ﬂt)] -V dpy = (VI (1)), V) -

Therefore
grad, F = V[f'(p)] € T, M. (43)

We mention three standard examples of PDEs whose solutions are Wasserstein gradient flows.

(1) The standard entropy, that is the relative entropy with respect to the volume measure, is defined
for any € M by

Ent(p) = /ulogudvol. (44)

Let us show that the Wasserstein gradient flow of the entropy is the heat equation.
The function F = &nt corresponds to f(a) = aloga and its Wasserstein gradient (43) is

grad, &nt = V log pu. (45)
With (34), we see that the gradient flow equation (42) writes as
Qe = V- (e V1og 1) = Ay, (46)

which is the heat equation (40). This was discovered in the seminal paper [34].

This example can be generalized by considering the Fokker-Planck equation with a potential V'
Ope = Ape + V- (1 VV) =V - (1 V (log iy + V') (47)

whose solution is the Wasserstein gradient flow of

F(u) = Ent(u) + /Vdu.
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(2) The Rényi entropy of order p > 0 with p # 1, is

Ry(p) == ﬁ/;ﬁ’ dvol . (48)

Let us show that the Wasserstein gradient flow equation (42) of the Rényi entropy is the porous
media equation (or fast diffusion equation)

Oppue = Apiy.
The function F = R, corresponds to f(a) = a”/(p — 1) and its Wasserstein gradient (43) is

b -1
graduRp——1V/f .

(49)
With (34), we see that the gradient flow equation writes as Oy = V- <utﬁv,uf _1> = Aub.
This was proved rigorously in [44].

(3) The granular media equation in R" is

Ope =V - (eV(log py +V + W s 1)), (50)
where V : R" — R is a confinement potential and W : R" — R is an interaction potential. We
assume that W(—x) = W(z) and W x p,(z) = [ W(x — y)p () dvol is the usual convolution in
R"™. We directly derive from this equation

frr = =V (log pe +V + Wk puy).

Let us introduce

1
F(u) = / <logu+ V4 §W*u>du.
By the same computation, we obtain
grad, F = V(logu+V + W p).

So the granular media equation (50) is the Wasserstein gradient flow equation of the above
functional F. This result is derived and used in [14].

Many other functionals are also studied. For instance the gradient flow of the modified Fisher
information,

1
Flp) = §/|V10gu|2u+/Vu,

is used in [28] to prove existence of fourth order evolutional equation.
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3.3 Second order derivative in M

Covariant derivative of a gradient field

Let us show that the covariant derivative D,V ®, of the vector field V®, in the tangent space T, M,

along a path (p)i>0 with velocity fi; = VO, is
Dtvq)t = PrO_th (V@tfl)t + VQ(I)tVGt),

(51)

where Proj, is the orthogonal projection on the tangent space T, M. To see this, we compute the

time-derivative of (V®;, V¥,),, = [ T(®;, ;) dpy, where V&, and V¥, belong to T, M:

d
dt

But from (33),
D(D(®,, ), 0,) = V2U,(VD, VO,) + V20,(VI,, VO,).

Hence

d
dt

As the covariant derivative must obey the chain rule:

d
E<V(I)t7 V\Ift>m — <DtVCI>t, V\Ilt>uf, + <VCI>t, DtV\I/t>m,

we have shown (51). Introducing the convective derivative
Dm = 8t + ,utV
used in fluid mechanics, (51) writes as

DtVCI)t = PrOth D#,V@t

Acceleration

—<Vq)t, V\Ift)m == /[F(atq)t, \I/t) -+ F(q)t, 8,5\I/t) -+ F(F(q)t, \Ilt), @t)] d/Lt

—(V®, V), = / (VO, 0, + V*®,VO,) - VU, dp, + / (VO U, + VU, VO,) - V&, dyy.

(52)

(53)

The acceleration ji; = D,y of the path (i) is the covariant derivative of i, = V®,. It is given by

(51) and (53) with V& = VO :
. 1 .
e = V(&@t + §F((Dt)) = Dm,ut € T,utM'

It follows from (54) that any geodesic (y;) in the Wasserstein space satisfies

Oy = IV (V)
atfbt + §F(¢t) — 0,

(54)

(55)

see for instance [55]. Such a geodesic is sometimes called a displacement interpolation or a McCann

geodesic.
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Hessian

Let (ut)i>0 be a Wasserstein geodesic and F a function on M. With (53) and ji; = 0, we see that
the Wasserstein Hessian of F at u, € M, applied to /i is

2

o d : . .
Hessut f(ﬂtvﬂt) = ﬁf(ﬂt) = E<gr&dut F7 /~Lt>ut = <Dt gradp,t fa Mt),ut = <D,ut gradut f? /th>,LLt'

Actually, we need some additional information about F and its gradient to give a more explicit
expression of the Hessian of F. Let us have a look at the important case where

Fiu) = [ sl dvol.

In the subsequent lines, (1) is a generic path with velocity i = V®.
Since, Dy grad,, F = V(= f" (1) V- (1 V®;)) + Proj, V2(f'(11¢)) V®;, we see that

Hess, F(jij) = [ (—r 79 -(i9®), 8] + T [, 17 (), ®)] — ST [0), r(cb)D n

where we used
VIS ())(Ve, V) =T (T(f/ (1), ®), @) = 5T (T(@), f(1)).
Integrating by parts, we obtain

Hess, F (i) = [ ([624"0) = 8 () + F)) (SO + [ (1) ~ F(IT2(®)) dvol.
These computations appear in [45, p. 9], see also [55, p.425]. The Hessian of the entropy is
Hess,, Ent(ji, 1) — / To(®) dp. (56)
In the case of a gradient flow where V® = —grad, ént = —V log 11, we obtain
Hess,, &nt(grad, &nt, grad, &nt) = / [y (log ) dpe. (57)
The Hessian of the Rényi entropy (48), corresponding to f(a) = a?/(p — 1), is

Hess, Ry (i i) = [ (0= D(@®) + Ta(®)) i dp (58)

Schwarz theorem

Next result is a Schwarz theorem for a path in the Wasserstein space depending both on the time
parameters s and t. For the special purpose of next statement, we introduce the notation

dipie := fue

for the expression (35) of the dot derivative.
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“Lemma” 20 (Commutation of the dot derivatives) For any map (ps)si>o0 from [0,00)% to
M

Y

dsdt,us,t = dtds,usyt € Tus,tM7 (59)
where dsdypis, is the covariant derivative in s of the vector field dyfis .

This will be used later during the heuristic proof of Proposition 22.

Heuristic proof
< There exist two functions @, U, such that dsusy = VO, and dypsy = VW, By (35), this
means

as,us,t =-V. (,us,tvq)s,t) and 8tﬂs,t =-V- (,Ms,tv‘ljs,t)-
From (51),

dsdt,us,t = st\ps,t = Pus,t (Vaslps,t + Vqus,tv(I)s,t)
didspisy = DV, =P, (V0,05 + V2, V).

On the other hand, by the standard Schwarz theorem: 0505 = O10spis s =: 0% s 1,

a?t,us,t =V - (=V - (s, VU )V, + 115, V0, Dy )

60
=-V- (—V . (/.Ls’tvq)&t)vqj&t + ,Usytvas‘ljs’t). ( )

It is enough to prove that for any VX € T, M,
<d3dt,LLS7t — dtdsﬂs,ty VX>Hs,t =0. (61)

Dropping the subscript s,t and using (60),

((dgdspt — dedspt, VX)), = / 1 [VO,U + VUVP — V9 d — VOV - VX dvol
— / [VQ\IJ(VQD, VX) — V2B(VW, VX) — AUT(®, X) — [(log 1, W)T(P, X)
+ AGT(W, X) + I(log 1, ®)T(¥, X)) dp.
From (33) we see that
/ [VQ\I/(VCD,VX) - v%(vw,w)} dji = / [F(CD,F(\I/,X)) —F(xp,r(cp,x))} dp.
Integrating by parts,
/A@F(\IJ,X) = — /F(@,MF(\D,X)) dvol = _/ [0(2.(0.0) + D )L(@, log )] d

and something similar for [ AUT'(®, X) du. Adding all these quantities, we obtain (61). >
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3.4 ceF-interpolations solve Newton equation

In this section we investigate the analogue in the Wasserstein space of Proposition 7.
The carré du champ operator on M is defined for any functions F,G : M — R, by

[(F,G)(u) = (grad, F,grad, G),, p€ M, (62)

with T'(F, F)(u) = T'(F)(u) = | grad, ]-"|i > 0.
For instance, if F(u) = [ f(p)dz and G(u) = [ g(p)dx for some real functions f and g, then

L'(F,G)(n) Z/Vf’(u)~Vg’(u)du=/F(f’(u),g’(u))duz/f”(u)g”(u)F(u)du,

where we have used the chain rule in (N, g).
In analogy with the Definition 5 of the e F-cost and ¢ F-interpolations, we introduce the following

“Definition” 21 (¢F-cost, e F-interpolations) Let F be a (regular enough) function on M. For
any € > 0 and p,v € M, we define the eF-cost between p and v by

1 1 52
A =int [ (Gl + SO )as, (63)
w Jo \2 2
where |fi|2, = (fis, fts) ., and the infimum runs over all paths (pis)o<s<i i M such that po = p and
M1 = V.

Minimizers are called e F-interpolations and are denoted by (U™ )o<s<1 (for simplicity we sometimes
omit €, pn and v).

e When ¢ = 0, we recover the formula (3).

e Since A% > %WQQ, A% appears as an approximation from above of the squared Wasserstein
distance.

The eF-cost is the action associated with the Lagrangian

L5, j1) = |Al}/2 + €T (F) () /2

corresponding to the scalar potential
2

€
Uus .= ——I'(F).
2
“Proposition” 22 (Interpolations solve Newton equation) Any eF-interpolation p satisfies

the Newton equation
2

. €
p=g grad, T'(F). (64)

Heuristic proof
< Let p be an eF-interpolation and take any perturbation (ts¢)scjo,1),ter Of p verifying: pso = pus

® 0]
for any s € [0, 1], po+ = po, p+ = 1 for any ¢, and fg g=*H o= 0, where the Wasserstein ¢-velocity of
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0]
fts is denoted by K, while its s-velocity is denoted as usual by ji,,. Let us differentiate the action
At) := fol <|/§Ls,t 22— 62U(u$7t)>ds, t € R, of the t-perturbation:

L7y e ®
A/(t) = /0 (<ﬂ5,t> 'US,t>us,t — 52<gradusytu, “5,t>usyt)d3-

©
Let us integrate by parts fol (ftsts Mo t)p,, ds. By the chain rule (52)

d

. © . ©) . ®
£</’Ls,t7ﬂsgt>#s,t = <N3,t71u8,t>us,t + <N8,ta IUS,t>us,m

and by Lemma 20
L0 oo ) L0
<:U’S,t7 'us,t>us,tds = - </vLS,tv'u8,t>us,td5 + </111,t7'u17t>,u1,t - <:U’0,t7/j’0,t>ﬂo,t'
0 0
. . ® ® )
Taking into account the boundary conditions fy o=/ 9= 0, we obtain at ¢t =0

1
N(0) = —/0 <(,u5 + €2 grad,, Z/{),/Gj&o >Msds.

Since (fs)o<s<1 1S a minimizer, A’(0) > 0. As (ﬁs,o) can be chosen arbitrarily on any interval
s € [9,1— 4] with 6 > 0, this shows that A’(0) = 0, showing that the Newton equation (64) holds. >
From Newton’s equation (64) and the expression (54) of the acceleration ji, one deduces the subse-
quent result.

“Corollary” 23 (Equations of motion of the interpolations) The e F-interpolation between p
and v satisfies the system of equations

Osprs = =V - (1s V),
2
€
VO.®, + VI(®,)/2 =  grad, T(F), (65)
Ho = H, H1 ="V
When e = 0, one recovers the system (55) satisfied by the McCann geodesics. We also believe that
(65) implies regularity properties of the eF-interpolation, for instance when F is the Rényi entropy.

In R™, the system (65) appears as the Euler equation where the initial and the final configuration
are prescribed,

asus =-V- (,uqu)s),

2
Os(11V®,) + V - (4, Vb, @ Vb,) = %Ms grad, T'(F),
Ho = K, M1 =V,

where V- is the divergence applied to each column. This system is a particular case of [24, Eq. (17)]
where the solution also minimizes some action.

Examples. Let us treat two examples.
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(1) In the case where F = &nt is the usual entropy, the system (65) becomes
as,Ufs =-V- (Mqu)s)
0s®s +T'(®,)/2 = 62[F(10g fs)/2 — Apis/ s (66)
Ho=H, M1 =V,
This fundamental example is related to the Schrodinger problem. It will be developped carefully
at Section 5.

(2) In the case where F =R, is the Rényi entropy (48), the system (65) becomes

Ospts = =V - (,Uqu)s)§
1 ep? 2p—4 2p—3
0uPs + S T(®s) = ——((3 = 2p) T () = 217 Aps);
Ho =K, 1=V
With p = 1, we are are back to the entropy &nt. When p # 1, we don’t know how to solve this
system.

In the case where F(u) = [ f(u) dvol, we have
grad, F = V[f'(n)] = f"(1)Vu,
and
D)) = [ 7/ Do) d
Moreover, after some computations, we obtain

grad, T'(F) = =V [2f"(u)* e+ 2" () " (e + £ (0)*)L ()] -

Dual formulation of the cost A%.

Let H be a functional on M and let ¢ > 0. We define the Hamilton-Jacobi semigroup for any ¢t > 0
and v € M by, ,

07 w) = nt { o) + [ 1554 So) s (67

where the infimum runs over all path (p,)o<s<; such that p; = v. The function U : (t,v) — O H(v),
satisfies the Hamilton-Jacobi equation

2

OU(t, V) + =T(U)(t,v) = 651“(JT)(1/); (68)
U, ) =H().

N —

Even if the definition of the function Q7 H is formal, following the work initiated by Gangbo-
Nguyen-Tudorascu [24] (see also [1, 32] and also [25] for their applications to the mean field games),
the functional U satisfies the Hamilton-Jacobi equation in the Wasserstein space in the sense of
viscosity solutions.
Minimizers of (67) are solutions of the system,

2

. g
Ms:ggradmf(f), 0<s<t (69)
I:LU - gra‘dp,o H? Mt = V.
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“Proposition” 24 (Dual formulation of A%) For any p,v € M,
A% (p,v) = S%P{Q?TH(M) —Hv)},

where the supremum runs through all functionals H on M.

Heuristic proof
< It is the analogue of Proposition 8’s proof. >

“Proposition” 25 (Conserved quantity) Let (15)o<s<1 be an eF-interpolation, then the map
5 2, — ST F (1)
is constant on [0, 1].

The result is obvious from the Newton equation (64) satisfied by the e F-interpolations (is)o<s<1-

4 Inequalities based upon A%

We go on using Section 2 as a guideline. To this aim we need to introduce the curvature-dimension
property in the Wasserstein space.

4.1 (p,n)-convexity in the Wasserstein space

Definition 26 ((p,n)-convexity) A function F on M is (p,n)-convez, where p € R andn € (0, o],
of

o . 1 .
Hessy, F (i1, 1) = plily, + —(grad, F, j1), (70)
for any pe€ M and € T, M.

This analogue of Definition 9 was introduced in [20, Sec. 2.1].

Example 27 Let us look at the examples of the standard and Rényi entropies on the n-dimensional
manifold (N, g).

(1) Suppose that Ric, > pld for some real p. Applying this inequality and the C’auchy—Scl/zwarz
inequality: ||[V?*®||}s > (A®)?/n, to the expression (32) of Ty, we see that the Bakry-Emery
curvature-dimension condition holds with n = n, i.e.: for any function f,

La(f) = pL'(f) + %(Afﬁ
By (56), for any 1 =V® € T, M,

Hess,, &nt(f1, 1) = /PQ(cb) dp > p/F((I)) du+%/(A<b)2du

| S D
> il ([ Avau) = plaf + % tenea, et i
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where we used grad,, Ent = V log u, see (45).
In other words, ént is (p,n)-conver.

(2) The Rényi entropy R,, defined at (48), is convexr whenever Ricg, > 0 and p > 1 —1/n, p # 1.
Indeed, it follows from (58) that

Hess, R,(f1, 1) > (p— 1+ 1/n) /(A@)Qu”‘l dp >0,

where (1 = V.

4.2 Contraction inequality

Next proposition is the infinite dimensional analogue of Proposition 10.

“Proposition” 28 (Contraction under (p,n)-convexity) Suppose that F is (p,n)-convez. Then
for any p,v € M andt > 0,

t
A (ST, STV) < e A () — / e 20 (F(ST 1) — F(SLv))du. (71)
0

n

Heuristic proof

< The proof follows the line of Proposition 10. The Wasserstein setting analogue of the implication
(i) = (ii) of Lemma 11 which is used in Proposition 10’s proof, still holds true. Its relies on the
commutation of the dot derivatives stated at “Lemma” 20. >

This result is proved and stated rigorously at Theorem 37 in the context of a compact and smooth
Riemannian manifold. It gives a better contraction inequality than [27, Thm. 6.1].

In the case of € = 0, we recover the dimensional contraction proved in [10, 26, 12]. See also [11].
When ¢ > 0 and p = 0, an improved contraction inequality is also given in [48] for the usual entropy.
The equivalence between contraction inequality for the Wasserstein distance (¢ = 0) with n = oo
and a lower bound on the Ricci curvature was first proved in [46]. See also [36, 6] for a dimensional
contraction with two different times.

4.3 Convexity properties along cF-interpolations

Two kinds of convexity properties can be explored for the cost A%. When F = &nt is the usual
entropy, the first convexity property has been introduced by Conforti under a (p, co)-convexity as-
sumption and the second one by the third author under a (0, n)-convexity assumption.

Next result extends in our context Conforti’s convexity inequality [17, Thm 1.4]. Let us recall our
1— €—2as
———- Note that lim, o 0.(s) = s.
— e a

notation 6,(s) := !

“Proposition” 29 (Convexity under the (p,co)-condition) Let F be a (p, 00)-convex function
with p € R. Then any eF-interpolation (us)o<s<1 Satisfies

F(tts) < Ope(l = 5)F (o) + Ope(5)F (112)
1 — e 2r¢ (72)

= o Ope(8)0pe (1 = )[AF (o, p2) + eF (o) + e F (pua)].
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Heuristic proof
< Exact analogue of Proposition 12’s proof. >

When p = 0 the inequality (72) simply implies that the map s +— F(u;) is convex: a result obtained
by the second author for the usual entropy in [37]. When ¢ = 0, we recover the usual convexity of F
along McCann interpolations: the starting point of the Lott-Sturm-Villani theory [51, 40],

Fps) < (1= 8)F(po) + sF(p1) — 2ps(1 — )Wy (o, 1), V0 <5 < 1.

From the above inequality, when p > 0, we can deduce a Talagrand inequality relating the Wasserstein
distance with the entropy. Indeed, taking s = 1/2, one obtains

W2 (10, 1) < %(fw + Flm)).

The same property holds for the cost A% as proposed in [17, Cor. 1.2].

“Corollary” 30 (Talagrand inequality for the cost A%) Assume that F is (p, 00)-conver with
p > 0 and that it is normalized by inf F = 0. Then for any ¢ > 0 and p,v € M,

14+e77¢

a —_—
Al v) < e

(F(p) + F(v)).
In particular, if m € M minimizes F : inf F = F(m) = 0, then for any pu,

1+ e %"
A% (p,m) < 51_—6_%5?(#)-

This is the exact analogue of Proposition 13.

Next result is a generalization of a result proved for the usual entropy by the third author [48].

“Proposition” 31 (Convexity under the (0,n)-condition) Suppose that F is (0, n)-convex with
n> 0. Then, for any F-interpolation (is)o<s<1, the map

[07 1} D S exp (_j:(ﬂs)/n)’ (7?))

1S concave.

Heuristic proof
< Analogous to the proof of Proposition 14. >

“Proposition” 32 (EVI inequality under (p, o) or (0, n)-convexity)
(a) Assume that F is (p,00)-convex. Then, for any u,v € M,

d+ € € e 1+€72p5
dt t:oAf(Stf'u7 v)+ pAF(pv) < %[}—(V) — F(w)]- (74)
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(b) Assume that F is (0,n)-convex. Then, for any p,v € M,

d+

pr A (ST, v) < m[l — e FOI=F/n),
t=0

Heuristic proof

< It follows exactly the line of proof of Proposition 17. The analogues of the preliminary results
Corollary 15 and Proposition 16 are derived by means of the commutation of the dot derivatives
obtained at “Lemma” 20. >

When ¢ = 0, we recover from (74), the EVI inequality under the (p, co)-convexity of F,

d+

P
yr W3 (ST v) + §W§(u, v) < F(v) — F(uw).

1
t=02

This inequality is commented on for instance in [3].
Under the (0, n)-convexity of F, the inequality has the same form

d—l—

1
dt

t=02

W2(ST p,v) < n(l - e—%(f('/)—?(u)))

It was proved in [20].

5 Link with the Schrodinger problem

5.1 Entropic cost

This section is dedicated to the specific setting where

Fu) = Ent(u) = /ulogudvol.

We depart from the heuristic style of previous sections and provide rigorous results. This requires
some regularity hypotheses: (N,g) is assumed to a compact, connected and smooth Riemannian
manifold.

The Riemannian measure vol is normalized to be a probability measure. Since all the measures
considered in this section are smooth and absolutely continuous with respect to vol, we identify
measures and densities. The heat semigroup is denoted by (P;);>o and defined for any smooth
oyu = Au,
u(07 ) =/
We already saw that the heat equation is the Wasserstein gradient flow of &nt, see (46). We also
know that

function f by P:f(z) = u(t,x) where u solves { t>0.

grad, &nt = Vlog p, L'(ént)(p) = / ‘V logu‘2 du,
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and we expect that any e&nt-interpolation (u) solves the Newton equation (64):

2

ji= %gradu '(ént). (75)

The gradient flow of the usual entropy is denoted by S and for any u € P(M),

et (1) = Pt(d—“)vol,

where P, = exp(tA) is the usual heat semigroup.
The rigorous definition of the cost A%, , on the space (V, g) is the following.

Definition 33 (Entropic cost) For any positive and smooth densities p,v € M,

L1 g2 2
¢ = inf ZIVD,|? — 1 d dt
A (1, v) Wg)w{ / (2|v 2+ [ [910gu) ut> }

where the infimum runs through all smooth and positive paths (fi:)o<t<1 and smooth gradient vector
fields (V®;)o<i<1 such that

{ at/JJt = _V : (Mtv(bt)7 (76)
Mo = [y H1 = V.

Another equivalent formulation is

) Lr1 g2
© (v) = inf { / (—mt 2 | € / \wogm\?dut)dt}, (77)
() Lo \2 2

where the infimum is taken over all smooth (p)o<i<1 such that py = p and py = v.

5.2 Schrodinger problem

Let us recall the Schrodinger problem as explained for instance in the survey [38]. For any two
probability measures q,r on some measure space, the relative entropy of q with respect to r is

dq :
H(qlr) = /logadq, ifq<r
400, otherwise.

The usual entropy is ént(u) = H(p| vol), p € P(N). The set of all probability measures on the path
space © = C([0, 1], N) is denoted by P(Q2). For any € > 0,

R e P(Q)

is the law of the reversible Brownian motion with generator €A and initial measure vol. Note that
this motion has the same law as v/2¢ times a standard reversible Brownian motion. The joint law of
the initial and final positions of this process is the Gaussian measure

R, (dady) = (4me) ™2 exp(—d?(z, y) /4e) vol(dz) vol(dy) € P(N x N)
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where d is the Riemannian distance. For any couple of measures pu,v € M = P(N) such that
H(p|vol) = ént(u) < 400 and H(v|vol) = &Ent(v) < 400, the Schrodinger problem is

minimize eH(Q|R°) subject to Q € P(Q): Qo= p, Q1 =v, (78)

where for any 0 < s < 1, Qs = (X;)2Q € P(N) denotes the s-marginal of @, i.e. the law of the
position X, at time s of the canonical process with law Q. Its value

Sch®(u, v) = inf (78)

is called the Schrodinger cost, its solution @ the Schrodinger bridge and the time-marginal flow
(Qs)o<s<1 the entropic interpolation, between p and v. The Schrodinger problem admits an equivalent
static formulation:

Sch®(p,v) = inf{eH(7|R;); m € P(N x N) : my = p, m = v},

where m, m € P(N) are the marginals of 7. It was proved by Beurling [9] and Follmer [23], see
also [38], that for any probability measures p,v € P(N) with finite entropy and finite second or-
der moments, the minimum of (78) is achieved by a unique probability measure, whose shape is
characterized by the product form

P = f(Xo)g(X1)R* € P(), (79)

where f and ¢ are nonnegative functions (the e-dependence is omitted on the functions f and g).
The logarithm of these functions play the same role as the Kantorovich potentials in the optimal
transportation theory.

The time-marginals of the minimizer P define a flow of probability measures (j5)o<s<1 called the
entropic e-interpolation between p and v. It follows from the Markov property of the Brownian
motion and (79) that (us)o<s<1 takes the particular form

Ms = Pssf Ps(lfs)g VOL (8())

where in the present context P, = exp(tA) is the heat semigroup.
It is proved in [42], see also [39] for a more general result, that

lim Sch®(u, v) = W3 (u, v) /4.
e—0
Next lemma establishes a connection between the Schrodinger problem and previous sections.

Lemma 34 (Entropic interpolation solves (66)) Let (us)o<s<1 be a path of probability measures
on N such that

Hs = PesfPs(lfs)g vol .

where f and g are smooth and positive functions on N. Then (us)o<s<1 solves (66), i.e.:

{ as,us =-V- (,Uqu)s>
0@, +T'(Dy)/2 = 52(F(log ps)/2 — Dpis/ pis),

with @5 = elogP.1_sg — elog P f.
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This system has an explicit solution given by us = exp ((905 + )/ 6) where ¢, := elogP.sf and
1, = elog P.(1_4)g. This gives ®, = 1, —, and @, ¥, satisty the Hamilton-Jacobi-Bellman equations

GSQOS = 5A905 + F(Sps)a 351/15 = _5A¢s - F(¢8) (82)

A heuristic presentation of this computation was proposed at page 27.
In R™, the system (81) appears as the pressureless Euler equation:

as,u/s =-V- (,Uqu)s)a

2 A
Dy(1s V) + V - (1 VP, © VI,) = —%us v <W\/’7) ,

Mo = H, H1 =V

This system is a particular case of [22, Eq. (1.1)]. Let us emphasize that this specific system admits
the entropic interpolation as an explicit smooth solution; this was unnoticed in [22].

Newton equation

Recall that the acceleration is given at (54) by ji, = V(@t@)t + %F(@t)) € T,, M. Together with (81),
this leads us to the Newton equation (75):

ji = V(T (logp) /2 — Ap/p), (83)

which was recently derived by Conforti in [17].

After the seminal works of Schrodinger in 1931 [49, 50|, different aspects of entropic interpolations
were investigated by Bernstein [8] and almost thirty years later by Beurling [9]. During the 70’s,
Jamison rediscovered this theory [33] and this also happened independently during the 80’s to Zam-
brini [56] who initiated the theory of Euclidean quantum theory [18, 16]. The works by Jamison and
Zambrini opened the way to the study of second order stochastic differential equations in order to
derive Newton equations for the Schrodinger bridges in terms of random paths, see for instance the
papers by Krener, Thieullen and Zambrini [53, 35, 54].

The equation (83) in the Wasserstein space has a different nature than the above mentioned Newton
equations in the path space. It sheds a new light on the dynamics of the entropic interpolations.

5.3 Benamou-Brenier and Kantorovich formulas

We show that the Schrodinger cost Sch® is equal, up to an additive constant, to the entropic cost

%nts Using the Benamou-Brenier-Schrédinger formula. This was proved in [15] and in [27, Cor. 5.3]
in R™ with a Kolmogorov generator and in a more general case, like a RCD*(K, N) space, in [52,
Th.5.4.3|, for instance in the compact Riemannian manifold (V, g).

Theorem 35 (Benamou-Brenier-Schrédinger formula) For any couple of positive and smooth
probability measures p,v on N,

Sch®(p, v) = Ag, (1, v) + e[Ent(p) + Ent(v)]/2. (84)

See [15, 27, 52, 31].
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Proof

< Let us recall, in our context, the proof proposed in [52, Thm. 5.4.3]. Let (us)o<s<1 be a path from
p to v with velocity VWU, and let (v5)o<s<1 be the entropic interpolation between p and v that is
the path given by (80) for some functions f and g. If (V®g)p<s<1 denotes its velocity, then from
Lemma 34, the couple (vs, V®y)o<s<1 satisfies (81). We have

di/fbs dups = /6SCI>5 d,u5+/<l>865u8 dvol = /8S<I>S dps+/F(<I>S,\IIS)du5,
s

and from (81) and an integration by parts,

d 1 g2 Avg
E/CI)S dps = / [—EF(@S) + E(F(log V) — 2 ” ) + F(CDS,\I/S)] djig
2

— / [—%F(CI)S) + (P, Uy) + E?<2F(log s, log ) — T'(log VS)>:| dpss.

By [52, Prop. 4.1.5], the functions f and g are positive and smooth. Applying Cauchy-Schwarz
inequality to I', we obtain

d/(bd </ L) + ST og )] d
dS SMS_ 2 S 2 OgMS /’LS7

with equality if Uy = &, (which implies that ps = v5). Hence,

/ By — / By dyt < / / [ )+ r(logus)] dyuads, (85)

and taking the minimum over all paths (us)o<s<1, we have obtained
/<I>1du — /CIDO dp < Az, (p,v),
But when u; = vs, (85) is an equality. This implies that
/(I>1d1/ - /@0 dp = Az, (1, v).

Since (v,) is optimal, we know by (80) that v, = P fP.1_gg and @, = elogP.1_5g — elog P f.
Hence,

/(I>1dy - /QJO dp = 2¢ (/ fPEglogfdvol—l—/gPEfloggdvol) —e(&nt(p) + Ent(v))
= 2eH(P|Rg,) — e(ént(p) + Ent(v)),

where P is given in (79). Then

/(I>1d1/ — /@0 dp = 2Sch®(p, v) — e(ént(p) + Ent(v)),
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and the Benamou-Brenier-Schrodinger formula (84) is proved. >

This result tells us that the action minimization problem (77) and the Schrédinger problem (78)
are equivalent. In particular, the minimizers coincide and satisfy Newton’s equation (75). This was
proved rigorously in [17, Th.1.3] in the same setting. A similar formal computation is done in [47]
for the Schrodinger equation (not the problem).

We propose now a new proof of the dual formulation of the Schrodinger problem. The proof is given
in [43] by using stochastic control and in [27, Thm 4.1] in a more genera context. The one proposed
here is simpler. Let us note that independently and at the same moment, the result was also proved
in a RCD*(p, n) space in [31].

Theorem 36 (Kantorovich-Schrédinger dual formulation) For any couple of positive and smooth
probability measures p,v on N,

£ sup {/loghdy — /log P.h d,u} = %Agm(u, v) + %(é’nt(l/) — &nt(p)). (86)

heC(N)
See [43, 27, 31].

Proof
< For any eént-interpolation (vg)o<s<1 between p and v with velocity (V®s)p<s<; and any smooth
and positive function h on N,

/loghdl/—/logPEhd,u
'd
_ /0 " / log Po1_oyh du, ds
! AP 1_gh
:/ /(_5#+I‘(10g P.(i—s)h, @S))dusds
0 Ps(lfs)h
1

:/ (/51“(%7&(1_8)@ dvol+/F(log P.a-sh, CIDS)dVS) ds
0 e(l—s)
1
—/ / (F(&: log vg + @, log P.(1_sh) — e'(log PE(l_S)h))st ds.
0

Now, because the eént-interpolation writes as v, = P, fP.1_s)g vol for some positive smooth and
bounded functions f and g (see [52] again), and ®; = elog P.(1_s)g—¢c log P., f, we have: elogv,+®, =
2elog P.(1—s)g. This leads to the following inequality

1
/log hdy — /log P.hdu=e //(ZF(log P.(1-59,10g P.a_sh) — I'(log Pg(l_s)h))dys ds
0

1
< 5/ /F(log P.a—sg)dvs ds = /log gdv — /log P.gdpu,
0

with equality when h = ¢g. In other words,

sup {/log hdv — /log P.h d,u} = /log gdv — /log P.gdp.
heC(N)

36



Moreover,

/log gdv — /log P.gdu = /(log 9)gP.f dvol — /(log P.g) fP.g dvol
~ [(ogg)gp.. dvol+ [(tog 1)sP.gavol — [(0g 1P.g)fP.gavol = H(PIR) - Ent(y),

where P is the optimal probability measure given in (79). Taking equation (84) into account, this
concludes the proof. >

Let us see how the dual formulation proposed at Proposition 24 is in fact the same as the one in (86).
Let us define for any t > 0 and pu € M,

it = [ Qi+ et (87)
where Q5 f = —2¢log P.exp(—f/2¢) is the solution of the Hamilton-Jacobi-Bellman equation in N,
1
Oyu + éf‘(u) = eAu.

Then, from a direct computation, the map U solves the Hamilton-Jacobi equation in the Wasserstein

space:
2

OU(t, ) + ST (1) = ST(Ent) (1), (35)

a starting from the initial condition p— [ fdu + eént(p).
By Proposition 24, we have

aup { / QF fdu + =Ent (1 / Fdv — cnt(v )} — A (),
On the other hand from the definition of ()} f,
sup{/Qtfdu~|—65nt /fdu—sé’nt( )}
&TSl}llp {/ log hdv — log P.h d,u} %(Ent( ) — ént(v)),

hence we recover formally the identity (86). It is interesting to notice that the Hamilton-Jacobi
equation (88) has a “smooth” solution given by (87). Let us note that the dual formulation of the
Schrédinger problem has also been computed recently as a particular case in [13].

5.4 Contraction inequality

We are now able to give a new and rigorous result.
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Theorem 37 (Contraction under (p,n)-convexity) Suppose that (N,g) is a smooth, connected
n-dimensional Riemannian manifold with Ricy > p for some p € R. Then for any smooth and
positive probability measures p, v,

1 t

(5, SE) < A () — [ @S ) - Ent(S) P, (59)
0

for any t > 0.

Proof
< Let (ps)o<s<1 be any smooth and positive path between p and v satisfying

85#5 =-V- (,uqu)s)y

with a smooth velocity V®,. Let us denote for any ¢ > 0, ps, = Sf”t(us). It is a path between
S& (1) and S (v). From the continuity equation,

Ri (s Vs
0,57 (ns) = =S (V- (V@) = =V - (Sf"t(ﬂs)%)’
Sy (s)
where (R;):>o is the Hodge-de Rham semigroup on forms. The definition and properties of this
semigroup can be found in this context in [26]. Of course the s-velocity jis; of s is not equal to
Ri(1sV®,) /S5 (us) since the latter is not a gradient. But some inequality remains valid:

. Ri(1t: V) | e
el < [ (Rl ) dvol.
t s
Hence
Ri(11s VP, g2
A (Pof, Pig) < //[ ‘ tP/ij ) 5}VlogPt(us)|2] P:(us) dvolds. (90)

Now we follow [26, Th 3.8]. Let ¢ be fixed and for any r € [0, ],
Ri—r(w)*
Pt—r(g)

where w is some given 1-form and ¢ is some given smooth and positive function on N. First, from
the usual computations on Markov semigroups by using [5, Th 5.5.3] and the Ricci bound on (V, g),

A(r) = PT( ) + 2P (I'(log Py_-g9)P;_,g),

0
a—PT(F(log Pt—r9>Pt—rg) = 2P7’(F2(1Og Pt—rg)Pt—rg) > QpPT(F(]'Og Pt—rg) Pt—r.g)'

As in the proof of [26, Th 3.8] we obtain

[Ri—r(w)[?

N(r) > m( et

) + 2pe”P, (I (log Pi—,.9)Pi—9)

+ 2 [P«(V -w) — P (V(logP;_g) - Rt—rw)}Q
n Prg

_opn(r) + 2PV @) = PT(VF(}(;g Pivg) - Rev)]”
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Integrating over [0, t],

dr.

A(0) < e2A(E) — 2 /0 Coo [PV W) — "Wp(ff;g P g) - Riw))’

n
Let us choose w = u;V®, and g = p,. Integrate this inequality with respect to the probability
measure dvol, by (90)

1 1
A (Puf Pug) < 5 [ [ [V dp 2D tog )] s
0

t 1 . - . 2
. l/ / /e—2p'r [Pt(v (MSVCI)S)) PT(VF()log Pt—r,us) Rt—r(:uqu)s»] dvol dsdr
nJo Jo ribs

Applying twice the Cauchy-Schwarz inequality,

t 1 . _ . 2
/ / /e_Qm[Pt(V (1sV2y)) Pr(VélogPtrﬂs) R VR 1ot dsdr >
0 0 T‘,LLS

t 1 2
/ e 2p(t=r) (/ /V(log Popts) - Ry (s VOy) dvol ds) dr.
0 0
Now, since

d
/V(log Pris) - R(s V) dvol = — /log(Prus)PT(MSVCI)S) dvol = d—é’nt(Pr,us),
s

we have :
/ /V(log Prps) - Ro(ps V@) dvolds = Ent(P,v) — Ent(P,.p).
0

Taking the infimum over all smooth and positive paths (u,) leads to the announced inequality. >

Remark 38 This new result is interesting since the first one, proved in [27], was not satisfactory
at the light of this one. Indeed, we don’t need to use a distortion of the time to obtain a contraction
inequality. The Benamou-Brenier-Schrodinger formulation, namely the definition of the cost A%,
appears as an efficient method to deal with the Schrodinger problem and many other inequalities.
Of course, this contraction inequality can be generalized to a more general operator A, +V where V
is a vector field in (N,g).

5.5 Conclusion

e The general cost A% shares the same curvature properties than the Wasserstein distance, which
is quite surprising for the Schrédinger problem as a minimisation problem of the relative entropy.

e We believe that the F-interpolations are smooth as in the case of the Schrodinger problem. This
gives a way used in [30] to reach the second order differentiation formula on the Wasserstein
space.
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