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NONPARAMETRIC ESTIMATION IN FRACTIONAL SDE

FABIENNE COMTE* AND NICOLAS MARIE**

ABsTRACT. This paper deals with the consistency and a rate of convergence
for a Nadaraya-Watson estimator of the drift function of a stochastic differen-
tial equation driven by an additive fractional noise. The results of this paper
are obtained via both some long-time behavior properties of Hairer and some
properties of the Skorokhod integral with respect to the fractional Brownian
motion. These results are illustrated on the fractional Ornstein-Uhlenbeck
process.
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1. INTRODUCTION

Consider the stochastic differential equation
t
(1) X(t)=Xo+ / b(X (s))ds + oB(t),
0

where B is a fractional Brownian motion of Hurst index H €]1/2,1[, b: R — R is
a continuous map and o € R*.

Along the last two decades, many authors studied statistical inference from obser-

vations drawn from stochastic differential equations driven by fractional Brownian

motion.

Most references on the estimation of the trend component in Equation (1) deals
1
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with parametric estimators. In Kleptsyna and Le Breton [10] and Hu and Nu-
alart [12], estimators of the trend component in Langevin’s equation are studied.
Kleptsyna and Le Breton [10] provide a maximum likelihood estimator, where the
stochastic integral with respect to the solution of Equation (1) returns to an Ito
integral. In [26], Tudor and Viens extend this estimator to equations with a drift
function depending linearly on the unknown parameter. Hu and Nualart [12] pro-
vide a least square estimator, where the stochastic integral with respect to the
solution of Equation (1) is taken in the sense of Skorokhod. In [13], Hu, Nualart
and Zhou extend this estimator to equations with a drift function depending lin-
early on the unknown parameter.

In Tindel and Neuenkirch [17], the authors study a least square-type estimator
defined by an objective function tailor-maid with respect to the main result of Tu-
dor and Viens [27] on the rate of convergence of the quadratic variation of the
fractional Brownian motion. In [4], Chronopoulou and Tindel provide a likelihood
based numerical procedure to estimate a parameter involved in both the drift and
the volatility functions in a stochastic differential equation with multiplicative frac-
tional noise.

On the nonparametric estimation of the trend component in Equation (1), there
are only few references. Saussereau [23] and Mishra and Prakasa Rao [18] study
the consistency of some Nadaraya-Watson’s-type estimators of the drift function b
in Equation (1). On the nonparametric estimation in It6’s calculus framework, the
reader is referred to Kutoyants [14].

Let K : R — Ry be a kernel that is a nonnegative function with integral equal

to 1. The paper deals with the consistency and a rate of convergence for the
Nadaraya-Watson estimator

(2) bron(z) = iz €R

of the drift function b in Equation (1), where the stochastic integral with respect to
X is taken in the sense of Skorokhod. Since to compute the Skorokhod integral is
a challenge, by denoting by X, the solution of Equation (1) with initial condition
o € R, the following estimator is also studied:

/OTK (W) X (5)

/:K(W)ds

T pu B _
%/ / K/ (XQCO(’[;L) J,’) XQCO‘FE(U) Xﬂco(u) |u _ v|2H_2dvdu
2 0 JoO
g

BT’h’g(a:) =

2o+e(0) — Xy
/ Xagte (V) — Xag (V)

with € > 0 and € R. In this second estimator, the stochastic integral is taken
pathwise. It depends on H, but an estimator of this parameter is for instance pro-
vided in Kubilius and Skorniakov [11].

As detailed in Subsection 2.2, the Skorokhod integral is defined via the divergence
operator which is the adjoint of the Malliavin derivative for the fractional Brown-
ian motion. If H = 1/2, then the Skorokhod integral coincides with Itd’s integral
on its domain. When H €]1/2,1], it is more difficult to compute the Skorokhod
integral, but not impossible as explained at the end of Subsection 2.2. Note that,

—ayg
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the pathwise stochastic integral defined in Subsection 2.1 would have been a more
natural choice, but unfortunately, it does not provide a consistent estimator (see
Proposition 3.3).

Clearly, to be computable, the estimator ET, h,e () requires an observed path of the
solution of Equation (1) for two close but different values of the initial condition.
This is not possible in any context, but we have in mind the following application
field: if ¢t — X, (w,t) denotes the concentration of a drug along time during its
elimination by a patient w with initial dose ¢ > 0, ¢ — X, +c(w, ) could be ap-
proximated by replicating the exact same protocol on patient w, but with initial
dose o + € after the complete elimination of the previous dose.

Section 2 deals with some preliminary results on stochastic integrals with respect to
the fractional Brownian motion and an ergodic theorem for the solution of Equation
(1). The consistency and a rate of convergence of the Nadaraya-Watson estimator
studied in this paper are stated in Section 3. Almost all the proofs of the paper are
provided in Section 4.

Notations:

(1) The vector space of Lipschitz continuous maps from R into itself is denoted
by Lip(R) and equipped with the Lipschitz semi-norm ||.||Li, defined by

p(y) = (@)

;z,yERandx#y}
ly — |

lelluip = sup{

for every ¢ € Lip(R).
(2) For every m € N,

CM(R) := {@ € C™(R): max [p® || < oo}.
ke[0,m]
(3) For every m € N*|

Lip" (R) := {(p € C™(R): ¢ € Lip(R) and | max o™ loe < oo}
cll,m

and for every ¢ € Lip,"(R),

k
lellLipy = llellLip V pax 10| oo

The map ||.||Lipy is a semi-norm on Lipy"(R).

Note that for every m € N*|
Cy"(R) C Lipy*(R).

(4) Consider n € N*. The vector space of infinitely continuously derivable
maps f : R™ — R such that f and all its partial derivatives have polynomial
growth is denoted by Cp°(R"™,R).

2. STOCHASTIC INTEGRALS WITH RESPECT TO THE FRACTIONAL BROWNIAN
MOTION AND AN ERGODIC THEOREM FOR FRACTIONAL SDE

On the one hand, this section presents two different methods to define a sto-
chastic integral with respect to the fractional Brownian motion. The first one is
based on the pathwise properties of the fractional Brownian motion. Even if this
approach is very natural, it is proved in Proposition 3.3 that the pathwise stochastic
integral is not appropriate to get a consistent estimator of the drift function b in
Equation (1). Another stochastic integral with respect to the fractional Brownian
motion is defined via the Malliavin divergence operator. This stochastic integral is
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called Skorokhod’s integral with respect to B. If H = 1/2, which means that B
is a Brownian motion, the Skorokhod integral defined via the divergence operator
coincides with It6’s integral on its domain. This integral is appropriate for the
estimation of the drift function b in Equation (1). On the other hand, an ergodic
theorem for the solution of Equation (1) is stated in Subsection 2.3.

2.1. The pathwise stochastic integral. This subsection deals with some defi-
nitions and basic properties of the pathwise stochastic integral with respect to the
fractional Brownian motion of Hurst index greater than 1/2.

Definition 2.1. Consider x and w two continuous functions from [0,T] into R.
Consider a dissection D := (tx)refo,m] of [5,t] with m € N* and s,t € [0,T] such
that s < t. The Riemann sum of x with respect to w on [s,t] for the dissection D
18

Toawn(5:8) = 3 alti) (wltns) — wits).
k=0

Notation. With the notations of Definition 2.1, the mesh of the dissection D is

(D) = ter1 — trl.
(D) ke[f(r)l,?nx_u]'k“ k|

The following theorem ensures the existence and the uniqueness of Young’s integral
(see Friz and Victoir [6], Theorem 6.8).

Theorem 2.2. Let x (resp. w) be a a-Hélder (resp. [-Holder) continuous map
from [0,T] into R with «, 5 €]0,1] such that o+ 8 > 1. There exists a unique
continuous map Jy . ¢ [0,T) — R such that for every s,t € [0,T] satisfying s < t
and any sequence (Dp)nen of dissections of [s,t] such that 6(Dy,) — 0 as n — oo,

lim [Jyw(t) — Jow(s) = Jzw,p, (s,t)] =0.

n—oo

The map Jy . is the Young integral of x with respect to w and Jy () — Jpw () s
denoted by

t
for every s,t € [0,T) such that s < t.

The following proposition is a change of variable for Young’s integral.

Proposition 2.3. Let z be a a-Holder continuous map from [0,T] into R with
o €]1/2,1[. For every ¢ € Lip;(R) and s,t € [0,T] such that s < t,

¢
p(x(t)) — p(x(s)) =/ o (2(u))dz(u).

For any a €]1/2, H[, the paths of B are a-Holder continuous (see Nualart [20],

Section 5.1). So, for every process Y := (Y (t)):co,r) With S-Holder continuous

paths from [0, T into R such that .+ > 1, by Theorem 2.2, it is natural to define
the pathwise stochastic integral of Y with respect to B by

(/OtY(s)dB(s)) (W) = /OtY(w,s)dB(Ms)

for every w € Q and ¢ € [0, 7.
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2.2. The Skorokhod integral. This subsection deals with some definitions and
results on Malliavin calculus in order to define and to provide a suitable expression
of Skorokhod’s integral.

Consider the vector space

. {¢:R+—>R:/ / |t—s|2H_2|<p(s)-|<p(t)|dsdt<oo}.
0 0

Equipped with the scalar product
(oo = HEH =) [ [Tl sPH2pla)uteidsit s o0 € 1
‘H is the reproducing kernel Hilbert space of B. Let B be the map defined on H by
B(h) = /0 h(s)dB(s) : h € M

which is the Wiener integral of h with respect to B. The family (B(h))ney is an
isonormal Gaussian process.
Definition 2.4. The Malliavin derivative of a smooth functional
F=f(B(h1),...,B(hn))
where n € N*, f € C° (R™,R) and hy,...,h, € H is the H-valued random variable
DF :=> 0kf(B(h),...,B(hn))hs.
k=1

Proposition 2.5. The map D is closable from L*(Q, A,P) into L?(Q;H). Its
domain in L2 (2, A, P) is denoted by D2 and is the closure of the smooth functionals
space for the norm ||.||1,2 defined by

IFI3 2 = E(|F*) + E(DF|3,) < o0
for every F € L?(Q, A, P).
For a proof, see Nualart [20], Proposition 1.2.1.

Definition 2.6. The adjoint 6 of the Malliavin derivative D is the divergence
operator. The domain of § is denoted by dom(d) and u € dom(d) if and only if
there exists a deterministic constant ¢ > 0 such that for every F € D2,

[E(DF, u)y)| < cE(IF|?)'2.

For every process Y := (Y (s))ser, and every t > 0, if Y1y, € dom(é), then its
Skorokhod integral with respect to B is defined on [0, t] by

/0 Y (5)0B(s) :=0(Y1gy)-
With the same notations:
/0 Y(s)0X(s) ::/0 Y(s)b(X(s))ds+0/0 Y (s)dB(s).

The following proposition provides the link between the Skorokhod integral and the
pathwise stochastic integral of Subsection 2.1.
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Proposition 2.7. If b € Lip;(R), then Equation (1) with initial condition x €
R has a unique solution X, with a-Hélder continuous paths for every o €]0, H|.
Moreover, for every ¢ € Lipp(R),

@Awamm&w=A¢WMW&m

0 X (1)

t u
fozHaz/O /o @’(Xz(u))mwfv\”I*zdvdu,

where ay = H(2H —1).

Moreover, we can prove the following Corollary, which allows us to propose a com-
putable form for the estimator.

Corollary 2.8. Assume that b € Lip; (R) and there exists a constant M > 0 such
that

b(z) < —M ; Vz € R.
For every ¢ € Lipé (R), z € R and e,t > 0,

t
/ V(X (1)0 Xz (u) — Sy(x,e,t)| < C’¢6152H_17
0

where
smmﬂ:A¢WMW&w

P e, w Xr+e(u)_Xz(U)u_v2H—2 vdu

and
, 2 10" [l

Cy,:=Ho OJ\O/[Q =.
As mentioned in the Introduction, the formula for S,(x,¢,t) can be used if two
paths of X can be observed with different but close initial conditions.
Lastly, the following theorem, recently proved by Hu, Nualart and Zhou in [13] (see
Proposition 4.4), provides a suitable control of Skorokhod’s integral to study its
long-time behavior.

Theorem 2.9. Assume that b € Lip;(R) and there exists a constant M > 0 such
that

b(z) < —M ;Vz eR.
There exists a deterministic constant C > 0, not depending on T, such that for
every o € Lipy (R):

E

T 2 T 2H
/ p(X(s)B(s)| | <C </ E(I@(X(S))Il/H)d'S)
0 0

2H

+ (/OTE(|<p’(X(s))|2)1/(2H)ds> < 0.

2.3. Ergodic theorem for the solution of a fractional SDE. On the ergodic-
ity of fractional SDEs, the reader can refer to Hairer 7], Hairer and Ohashi [8] and
Hairer and Pillai [9] (see Subsection 4.3 for details).

In the sequel, the map b fulfills the following condition.
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Assumption 2.10. The map b belongs to Lipy°(R) and there exists a constant
M >0 such that

(4) b (z) < —M ; Vx € R.

Remarks:

(1) Since b € Lipj(R), Equation (1) has a unique solution.
(2) Under Assumption 2.10, the dissipativity conditions of Hairer [7], Hairer
and Ohashi [8] and Hu, Nualart and Zhou [13] are fulfilled by b:

(z —y)(b(z) —b(y)) < —M(z —y)* ; Vz,y €R
and there exists a constant M’ > 0 such that
xb(z) < M'(1 —2?) ; Vz € R.

Therefore, Assumption 2.10 is sufficient to apply the results proved in [7],
[8] and [13] in the sequel.

Proposition 2.11. Consider a measurable map ¢ : R — Ry such that there exists
a nonempty compact subset C' of R satisfying ¢(C) C]0,00[. Under Assumption
2.10, there exists a deterministic constant l(¢) > 0 such that

T 2
%/0 P(X()dt =5 1) > 0.

T—o0

3. CONVERGENCE OF THE NADARAYA-WATSON ESTIMATOR OF THE DRIFT
FUNCTION

This section deals with the consistency and rate of convergence of the Nadaraya-
Watson estimator of the drift function b in Equation (1).

In the sequel, the kernel K fulfills the following assumption.
Assumption 3.1. supp(K) = [-1,1] and K € C}(R,Ry).

3.1. Why is pathwise integral inadequate. First of all, let us prove that, even
if it seems very natural, the pathwise Nadaraya-Watson estimator

[ (= axe [ (K axe

/TK (X(SQL_gU) ds fT7h($)
where 0

(5) J?T,h(x) = Tih /OTK <X<S})L_x> ds.

is not consistent.

ET,h(:c) =

For this, we need the following lemma providing a convergence result for nyh(x).
It will also be used to prove Proposition 3.4.

Lemma 3.2. Under Assumptions 2.10 and 3.1, there exists a deterministic con-
stant I (xz) > 0 such that

a.s./L?
T—o0

Fron(z) In(z) > 0.
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Proof. Under Assumption 3.1, the map
1 Yy—x
cR+— - K
ver— g (1)

satisfies the condition on ¢ of Proposition 2.11, which applies thus here and gives
the result. O

Now, we state the result proving that ET7h(a:) is not consistent to recover b(z).
Proposition 3.3. Under Assumptions 2.10 and 3.1:
brp(z) —— 0.
T—o00

Proof. Let K be a primitive function of K. By the change of variable formula for
Young’s integral (Proposition 2.3):

/C(X(T})L_x) —/C(X(Ol)l_x) = }IL/OTf((X(S;l_x) dX (s)

= Tfrn(@)brn(x).

b () = TfT,lh(x) (/c (X<T})L - x) _K ()((()I)l_x)) .

Since K is derivable with bounded derivative K:

= K]

brp(2)] < —= | X(T) — X(0)].
Thfrn(z)
Finally, as we know by Hairer [7], Proposition 3.12 that

t e Ry — E(IX(0)))

Then,

is uniformly bounded, and by Lemma 3.2 that fT,h(x) converges almost surely to

In(z) > 0as T — oo, it follows that by ,(x) converges to 0 in probability, when
T — oo. (]

This is why the Skorokhod integral replaces the pathwise stochastic integral in
bTyh({,C).

3.2. Convergence of the Nadaraya-Watson estimator. This subsection deals
with the consistency and rate of convergence of the estimators.

The Nadaraya-Watson estimator by (x) defined by Equation (2) can be decom-
posed as follows:
~ B g
(6) bT’h(x) _ b(;v) _ AT,h(.T) " AT’h(x)7
fra(@)  fra(z)

where fT,h(a:) is defined by (5),

Brop(e) i= % [« (X(S)_x> (b(X(s)) — b(x))ds.

Stale) = 2 /OTK (X(Sl)l_:”) 5B(s).

By using the Lipschitz assumption 2.10 on b together with the technical lemmas
proved in Section 2, the estimators by p(z) and by (x) can be studied.

and
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Proposition 3.4. Under Assumptions 2.10 and 3.1,

for(a) — b(a)| < [blluph+ L
Jrn(x)

and there exists a positive constant C such that

C
2
E(Stn(2)") < samammy-

As a consequence, for fized h > 0, we have

(7) TPV (2) —L 50;v8¢€ [0,1— H[, where Vp(z) = biT’h(m) .
T— 00 fT,h(x)
Moreover, Ye > 0,
N h—272H-2
(8) by e (x) — br(z)| < O
frn(x)

Heuristically, Proposition 3.4 says that the pointwise quadratic risk of the kernel
estimator /Z;T,h(x) involves a squared bias of order h? and a variance term of order
1/(h*T2(H=1)) The best possible rate is thus 73 1~H) with a bandwidth choice
of order T-3(1-H) A more rigorous formulation of this is stated below.

Note also that it follows from (8) that the rate of BT’h,E(x) is preserved for any
small €.

We want to emphasize that no order condition is set on the kernel, and the bias
term is not bounded in the usual way for kernel setting (see e.g. Tsybakov [25],
Chapter 1). Indeed, we can not refer to the expectation of the numerator as a
convolution product, because the existence of a stationary density is not ensured.
Would it exist, it would be difficult to set adequate regularity conditions on it.

Now, consider a decreasing function h : [tg, co[—]0, 1] (to € Ry ) such that
lim A(T)=0and lim Th(T)= 0
T—o0 T— oo

and assume that fT,h(T) (z) fulfills the following assumption.

Assumption 3.5. There exists [(x) €]0, 00] such that fTﬁ(T)(:z:) converges to ()
in probability as T — oo.

Subsection 3.3 deals with the special case of fractional SDE with Gaussian solution,
in order to prove that Assumption 3.5 holds in this setting. In Proposition 3.6, the
result of Proposition 3.4 is extended to the estimator bT)h(T)(x) under Assumption
3.5.

Proposition 3.6. Under Assumptions 2.10, 3.1 and 3.5:
(1) If there exists 8 €]0,1 — H[ such that T~? =1 _,o, o(h(T)?), then
br(r) () % b(z).
(2) For every vy €]0, B[ such that
R(T) =700 o(T™Y) and TH=1Y =1, o(h(T)?),
then

= P
T by p(ry(z) — b(z)] — 0.
T—o0

Example. Consider

H-1

2
fe|g(t—H)1—H| and h(T):=T"
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Th(T) = TH+30-H) 4 o

T—o0
o T-F/W(T)? =T-F+50-1) . 0.
T—o0
e For every v €0, (1 — H)/3[, h(T)/T~" = TSy . 0
—00
 For every 5 €]0, (1~ H)/3[ TH=141 /h(T)2 = 775 +7 0,

T—00

In Corollary 3.7, the result of Proposition 3.6 is extended to ET,h(T)’g(T)(a?) where
TILHC; e(T) = 0.
Corollary 3.7. Under Assumptions 2.10, 3.1 and 3.5:
(1) If there exists 8 €]0,1 — H[ such that
TP =1 oo o(W(T)?) and (T) =100 o(h(T)~2T?H=2),
then
~ P
bT,h(T),e(T) (x) m b(z).
(2) For every v €0, 8] such that

MT) =100 o(T77),
TH—l—i—'y =T oo 0(h(T)2) ,
e(T) =100 o(h(T)2T?H7247)
then

s B D
T |br h(T),e(1) (%) — b(2)] T 0.

Example. One can take ¢(T) := h(T)>.

3.3. Special case of fractional SDE with Gaussian solution. Assume that
Equation (1) has a centered Gaussian stationary solution X and consider the nor-
malized process Y := X /oy where o := /var(Xp).

Throughout this subsection, v is the standard normal density and the autocor-
relation function p of Y fulfills the following assumption.

T T
Assumption 3.8. / / lp(v — u)|dvdu =70 O(T?).
o Jo

The following proposition ensures that under Assumption 3.8, fATJL(T) fulfills As-
sumption 3.5 for every x € R*.

Proposition 3.9. Under Assumptions 2.10 and 3.1, if Equation (1) has a centered,

Gaussian, stationary solution X, the autocorrelation function p of Y = X/og
satisfies Assumption 3.8 and T*" =2 =1, o(h(T)), then
~ P 1 T
9 —— —v|(— | >0
( ) fT7h(T)(x) T— o0 O'OV <O’0>

for every x € R*.

Now, consider the fractional Langevin equation
t
(10) X(t) = Xo — /\/ X (s)ds + o B(t),
0

where A\, > 0. Equation (10) has a unique solution called Ornstein-Uhlenbeck’s
process.
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On the one hand, the drift function of Equation (10) fulfills Assumption 2.10.
So, under Assumption 3.1, by Proposition 3.4,
b7 (2) + Az| < [|bllLiph + Vi (@),

where
TPV p(z) — ' L0:v8¢ [0,2H — 1].
— 00

On the other hand, by Cheridito et al. [3], Section 2, Equation (10) has a centered,
Gaussian, stationary solution X such that:

t
X(t) = a/ e MWAB() Yt € Ry

Moreover, by Cheridito et al. [3], Theorem 2.3, the autocorrelation function p of
Y := X/oy satisfies
PT) =100 O(T?H2),
So, p fulfills Assumption 3.8.
Consider 8 €]0,2H — 1] and v €]0,2H — 1 — 3] such that
MT) =100 o(T™7) and THY =1, o(h(T)?).
Then,
T2H—2 "ol TH—l+’y
. _ 1oy _
Ay T A DT h(T)?

Therefore, by Proposition 3.6 and Proposition 3.9:

T7|/b\T’h(T)(a?) + Az N s Vo € R*.

T—o0

4. PROOFS

4.1. Proof of Proposition 2.7. On the existence, uniqueness and regularity of
the paths of the solution of Equation (1), see Lejay [15].

Now, let us prove (3).

Let X, be the solution of Equation (2.7) with initial condition z € R. Consider
also ¢ € Lip; (R) and ¢t > 0. By Nualart [20], Proposition 5.2.3:

/ (X (1)), (1) = / (X ()X ()t + 0 / (X, (u)6B(u)
0 0 0
- / (X, (1)) dX (1)

—aygo /Ot /Ot @ (X (u)Dy X, (w)|u — v|*H 2dvdu.
Consider u,v € [0,¢]. On the one hand,
D) = rlipa(0) + | ¥(Xelr))DL Xl
Then, :

D, X, (u) = 0l (v)exp (/ b'(Xz(r))dr> .
v
On the other hand,

0.X,(0) =1+ [ ¥ (Xa(r))0, X, ()
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Then,
0: X (u) = exp (/ b’(XAr))dr)
0
Therefore,
B 0 X (u)
:Dv)(JC (u) = 01[0 u] (’U) 3$Xy (’U)
and

/ (X (1))5X, (1) = / (X (4))dX ()
0 0

b 0p Xy (u)
_ 2 "X i _ L 12H-2 _
apgo /0 /o o'( w(u))ame(v) |u — | dvdu

4.2. Proof of Corollary 2.8. Consider z € R and ¢,t > 0. For every s € [0, 1],
S
0. X.(s)=1 +/ V' (Xo(r))0p Xy (r)dr
0
and, by Taylor’s formula,

Xoio(s) = Xo(s) =2 + / (Xete(r) — Xa(r) / B (Xo () + 0(Xese(r) — Xo(r))dbdr.

So, for every (u,v) € [0,¢]? such that v < u,

m —exp </u b’(Xz(r))dr)
Xote(u) — Xo

Xore(v) — XI(Z)) = &P ( / ) /01 V' (Xa(r) + 0(Xoge(r) — Xa;(T)))der> .

For a given ¢ € Lip; (R), by Proposition 2.7,

and

t u
AZ(z,e,1) < aHJ2/0 /0 @' (X ()| Ay, &, u,v) (u — v)* T 2dvdu,
where .

S o
A (z,e,t) ==

[ i, - ,te.20)

0
and, for every (u,v) € [0,¢]? such that v < u,

OoXa(u)  Xoge(u) — Xo(u)

0: Xz (v)  Xope(v) = Xu(v) |

Since b'(R) C] — 00, 0] and b is two times continuously derivable,

exp ( / ’ b’(Xz(r))dr>

~exp ( / ’ /0 X () 4+ 0( X () — X (r)))d@dr)

< sup €°
zeb/ (R)

<[

< /Uu /01 I (X (r)) = b (Xa(r) + 0(Xape(r) — Xa(r)))|dOdr

Ay(z,e,u,v) :

A¢($7 &, U, U) =

r1

Y (Xa(r) — / V(X () + 0(Xore(r) — Xa(r)))db

0

dr

16"l [
< 5 | Xate(r) — Xa(r)|dr.
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Consider s € R;. By Equation (1):
(Xove(s) — Xa(s))” = €7 +2 /OS(Xz+a(T) = Xa(r)d(Xote — Xa)(r)

=&+ 2/0 (Xate(r) = Xo(r) (0(Xoy=(r) — 0(Xa(r)))dr.
By the mean-value theorem, there exists x5 € R such that

05 (Xote(s) = X (5))” = 2(Xpye(s) — Xﬂf(s))Qb(X)ngg = %izgs))

= 2(Xote(s) = Xa(s))?0 (25) < —2M (Xo1o(s) — Xa(s))?

and then,
[ Xore(s) = Xa(s)| < ce™ 2.
Therefore,
Az e,u,v) < wa/ue_M’”dr
@ \Ly <y Uy X 9
v
/! /!
||(;]&OO (e—JVIU _e—Mu) < ||I;]\‘L_OO€6_MU.
Finally,
||b”||oo Y H
Ai(x,e,t) < ago? / / |’ V(u —v)*H 2dvdu

N

b/l oo .
w2 1 sl || I / / P2 duds

WLl (t““ [ et
= ayo 5 + [ e (t—v) dv
2M? oH —1 ' J,

2 10" oo’ loo _orr—1 2H-1
———— ¢t C’ t
T M2(2H — 1) c

N

4.3. Proof of Proposition 2.11. Consider v €|1/2,H[, § €]H — ~,1 — v and
Q= Q_ x Qp, where Q_ (resp. Q) is the completion of C§°(R_,R) (resp.
C§° (R4, R)) with respect to the norm ||.|[— (resp. ||.||+) defined by

||UJ H— = sup |w ()_w (8)|

s Yw_ € Q_
s<t<o [t = s[7(L+s| +[t])°

(resp.

|w () — w4 (s)]
w = sup ;
leoslle = 20 p U Tl + 14
There exists a Borel probability measure P on 2 such that:

VUJ+ c Q+)

e The process generated by (Q,P) is a two-sided fractional Brownian motion
B.

e For every w_ € Q)_, there exists a unique probability measure P(w_,.) on
Q. such that

Pldw_,dw;) = P(w_, dws )P_(dw_),

where P_ is the probability distribution of (B(t))icr_ -

Let I:R x Qp — C°R,,R) be the It6 map for Equation (1). In general, I(z,.)
with € R is not a Markov process. However, the solution of Equation (1) can
be coupled with the past of the driving signal in order to bypass this difficulty. In
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other words, consider the enhanced Ité map J: Rx Q — C°(R,, R x _) such that
for every (z,w_,wi) ERx Qand t € Ry,

I, wo,wyi)(t) = (I(z,wy) (1), pa_ (0(w-,wi)(t)))
with
O(w—, w4 )(t) = (w- Uw)(t+ ) — (w- Uwy) ().

The process J(x,.) is Markovian and has a Feller transition semigroup (Q(t))ier,
such that for every (z,w_) € R x Q_ and ¢t € Ry,

Q(; (z,w-), ) i= Plw—, {(I(z,)(t), pa_(0(w—, . )(1))) € -}).

In order to prove Proposition 2.11, let us first state the following result from Hairer
and Ohashi [8] (see Proposition 4.4, Proposition 4.6, Proposition 5.8 and Theorem
5.12).

Theorem 4.1. Under Assumption 2.10:

(1) There exists T €]0,00[ such that for every (z,w_) € R x Q_ and every
nonempty open set U C R,

Q7 (z,w-),U x Q2_) > 0.

(2) There exists a unique probability measure p on R x Q_ such that u(po_ €
)=P_ and
Q) =p ; Vt € Ry

Since the Feller transition semigroup ¢ has exactly one invariant measure p by
Theorem 4.1, u is ergodic, and since the first component of the process generated
by @ is a solution of Equation (1), by the ergodic theorem for Markov processes:

T T
7| e = 5 [ eom@o.

a.s. /L2
w0 pr).

T—o0

Moreover, = Q(7)u. So,

u(popr) = /  (pom)(@w)(@n)(dr. o)

> min @ / / (Z,w-), (dz,dw_))u(dz, dw_)
rec” cxa_ Joxa.

> min p(x) - / (15 (Z,0-),int(C) x Q_)u(dz, do_).
zel C><Q_

Since
Q(7; (Z,w_),int(C) x Q_) > 0; V(T,w_) ERx Q_
by Theorem 4.1.(1), then

/ Q(r: (z,w_),int(C) x Q_)p(dz,dw_) > 0.
CxQ_

Therefore, u(y o pgr) > 0.
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4.4. Proof of Proposition 3.4. First write that, under Assumption 2.10, for any
s € [0,T] such that X(s) € [z — h,z + h],

b(X (5)) = b(z)| < [[bl|Liph-
So,

B
L(I) < |IbllLiph-

Fron(x)

Next, the following Lemma provides a suitable control of E(|St 4 (z)[?).

(11)

Lemma 4.2. Under Assumptions 2.10 and 3.1, there exists a deterministic con-
stant C > 0, not depending on h and T, such that:

E(|Su(x)?) < CT*H =D,
Proof. Since K belongs to C} (R, R ), the map

— T
wh:yeR%wh(y):K(‘yh )

belongs to Lipll, (R). Moreover, since K and K’ are continuous with bounded support
[_ 1, 1] )

T 2H
( / E<|soh<X<s>>|1/H>ds> < |K|2T?H

and
2H

T
(/ E(Iw%(X(S))|2)1/<2H)d8> < | K| T2H 2,
0

Therefore, by Theorem 2.9, there exists a deterministic constant C' > 0, not de-
pending on A and 7', such that:

2
1

T2h?

E(|S7(0)?) = —osk /OmX(s))éB(s)

< CTQ(H_l)h_4.

First, by Inequality (11) and Equation (6),
(b (@) = b(@)| < [[bllLiph + Vion(2)
where Vp p,(z) is defined by (7). Consider 8 € [0,1 — H[. By Proposition 4.2:
T?PE(|Sr(z)?) < CT?H- 1A p=4 4,

T—o0
So,
TP\ (2)] —— 0.
T—o0
Moreover, by Lemma 3.2:
1 D 1
fT,h(z) T— 00 lh(:v)

Therefore, by Slutsky’s lemma:

> 0.

TPV (z) —— 0.
T— o0

Lastly, the bound (8) follows from the following Lemma.
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Lemma 4.3. Under Assumptions 2.10 and 3.1, there exists a deterministic con-

stant C > 0, not depending on €, h and T, such that:
ch—2T2H-2
fran(x)

brpe(x) —brp(z) < C

Proof. Since K belongs to C} (R, R.), the map

—x
@h:yER»—Mph(y):K(yh )

belongs to Lipg (R). Consider

T
Sh(z0,6,T) = / on (X (u))dX 1 (1)

T u
Kigte(u) = Xgo(u) _
2 / 0te 0 2H—2
—ago on (X, (u u—v dvdu.
/0 / Xl o) = X 0)

By Corollary 2.8:

< oIV lelighllo pan-s

< Ceh~\72H-1,

T
/0 o (X (1)) Xy () — S (20,2, T)

where
_ Ho? |0l oo|| K|l

C: e

Therefore,
Eh_2T2H_2

br.hc(z) — brp(z)] < O
fron(z)

O

4.5. Proof of Proposition 3.6. On the one hand, assume that there exists g €
10,1 — HJ such that
T7F =100 o(W(T)?)

in order to show the consistency of the estimator ?)\T’h(T) (). First, let us prove that

Sty ()

12 —
() frny(z) T=

For € > 0 arbitrarily chosen:
e (z)

P( >
frnr) ()
By Proposition 4.2:

P(|Srn(r(z)] = TP < Ce72|W(T) 2T 7)? 0.

T—o0

2 6) < P("S’T,h(T) (LL')| 2 ETHJ'_B_l) + ]P)(fT,h(T) (!L‘) < TH+’B_1).

So, since
f:nh(T)(a?) —>T r I(x) €]0, 0],
— 00

the convergence result (12) is true.

Moreover, by Inequality (11):

BT,h(T) (l’) a.s.

13
43 frnmy(z) T

0.
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Therefore, by the convergence results (12) and (13) together with Equation (6):
-~ i
bT,h(T) ((E) e b(iﬂ)
T—o0

On the other hand, let v €]0, 8] be arbitrarily chosen such that
h(T) =700 o(T~7) and T =T—o00 O(h(T)z)
in order to show that

(14) T bg ey () — b()] ——— 0.

T—o0
First, by Inequality (11) and Equation (6):
(15) T [or () = b(@)| < [bllLipT A(T) + T Vrpr) ().
By Proposition 4.2:
T*E(|Stnr (2)%) < CIWT) 2T 1712 —— 0.

T— o0

So, since

~ P

frnery(z) —— U(z) €]0, oc],

T— o0
by Slutsky’s lemma:
T’YVT’h(T) (.’17) L) 0.
T— 00

Finally, since h(T') =1 o(T~7), by Equation (15), the convergence result (14) is
true.

4.6. Proof of Corollary 3.7. In order to establish a rate of convergence for
br ne(r), Lemma 4.2 and Lemma 4.3 provide a suitable control.
Indeed, by Lemma 4.3, there exists a deterministic constant C' > 0 such that:

brnery ey (@) = 0(@)| < [brnery ey (@) = broer) (@)] + [br e () — b()]

—2m2H -2 R
T,h(T)

<C

X

Proposition 3.6 allows to conclude.

4.7. Proof of Proposition 3.9. Consider a random variable U ~» A/(0,1) and
G:={G:R—R:E(GU)) =0and E(G(U)?) < cc},
which is a subset of L?(R, v(y)dy).

The Hermite polynomials
2,0 d1 2
Hy(y) := (—1)%€? /2d7yq€ v/ yeR,qeN
form a complet orthogonal system of functions of L?(R,v(y)dy) such that
E(Hy(U)H,(U)) = ¢'0p,q ; Vp,q € N.
By Taqqu [24] (see p. 291) and Puig et al. [21], Lemma 3.3:
(1) For any G € G and y € R,

(16) Gy = 3 ‘];?’Hq@)
q=m(G@)

in L*(R,v(y)dy), where
J(q) :=E(GWU)H,U)) ;VgeN
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and
m(G) :=inf{q € N: J(¢) # 0}.
(2) (Mehler’s formula) For any centered, normalized and stationary Gaussian
process Z of autocorrelation function R:

(A7) E(Hy(Z(u)Hy(Z(v))) = ¢'R(v — u)?6p 4 ; Yu,v € Ry, Vp,q € N.
Consider the map K7 : R — R defined by:

Kr(y) == ﬁ[( <h(yT)) Vy € R.

In order to use (16) and (17) to prove the convergence result (9), note that nyh(T) (x)
can be rewritten as

fTh(T) / Gr.(Y(s))ds — Ry g,

where
1 .
Rryi=— (KT x U ()) () ;Vy eR
g0 g0

Gra(y) == Kr(ooy — z) — Rr s
Lemma 4.4. The map Gt belongs to G and there exists T, > 0 such that
m(Gry) =1; VT > T,.

and

Proof. On the one hand, since K is continuous and its support is compact, Gr . €
L?(R, v(y)dy). Moreover,

GTx / GTm )

= [ Kalow—a)(w)dy - R =0
SO7 GT,:): eq.
On the other hand, for every ¢ € N, by putting Jr ,(q) := E(Gr (U)H,(U)),

Jra(1 / G (y) H () () dy

(z+h(T)) /o0 00
- / Kr(o0y — o)(y)ydy — Rr.s / Ho(y)H () (y)dy
(z—=h(T))/o0 —oo

(a+h(T))/o0
:/ Kr(ooy — z)v(y)ydy.
(@—h(T))/o0

For any = > 0, there exists 7" > 0 such that for every T' > T},
— h(T T
x—h(T) @+ h )} -

g0 ’ g0

IT,Q,’ = |:

For every T > T,f, since y — Kr(ooy — ), v and Idg are continuous and strictly
positive on I3 ., Jr (1) > 0. Symmetrically, for every z < 0, there exists 7,7 >0
such that for every T' > T, Jr (1) < 0. This concludes the proof. O

Lemma 4.5. For every x € R*,

q=1
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Proof. Since Gr, € LQ(R7 v(y)dy), by Parseval’s inequality:

Z J“ = E(Gr..(U)?)

= /Oo (KT(on - CC) RT,m)QV(y)dy

/ Kr(ooy — 2)v(y)dy + 2R3,

On the one hand,

So,

On the other hand,
> 1 ! h(T)y +x
/ Kr(ooy — 2)*v(y)dy = 7/ K(y)*v (()y> dy
—oo Joh(T) -1
2|| K||3 17 [loo
Uoh(T)
Therefore,

8
|
~
1
3
Q
N
>
5[~
=

Q

let us prove that

1 /T 2
(18) — | Gra.(Y(s)ds| ——0
T 0 T—o0

By the decomposition (16) and Mehler’s formula (17) applied to G, and Y, for
every u,v € 0,7,

E(GT,I( ( ))GTz Z

q=1

p(v —u)?.

So, since p is a [—1, 1]—valued function,

T
/ Gro(Y(s)
0

// B(Gra (Y (4))Gra (Y (v))) | dud
< ihqf‘”/T/T 1p(o — w)|tdudv

T — JT,:L’(Q)Q
< (/0 /0 |p(v—u)dudv>z o

q=1
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Then, by Assumption 3.8 and Lemma 4.5:

T2H72

2
. L :
dm B |7 [ Gnven| | = T =0

Therefore, the convergence result (18) is true.
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