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1 Introduction

One of the foremost challenges for information technology over the last few years has been to explore, under-
stand, and extract useful information from large amounts of data. Some particular tasks such as annotating data
or matching entities have been outsourced to human workers for many years. But the last few years have seen
the rise of a new research field called crowdsourcing that aims at delegating a wide range of tasks to human
workers, building formal frameworks, and improving the efficiency of these processes.

The database community has thus been suggesting algorithms to process traditional data manipulation op-
erators with the crowd, such as joins or filtering. This is even more useful when comparing the underlying
“tuples” is a subjective decision – e.g., when they are photos, text, or simply noisy data with different variations
and interpretations – and can presumably be done better and faster by humans than by machines.

The problems considered in this article aim to retrieve a subset of preferred items from a set of items by
delegating pairwise comparison operations to the crowd. The most obvious example is finding the maximum of
a set of items (called max). We also consider two natural generalizations of the max problem:

1. Top-k: computing the top-k items according to a given criterion (max = top-1), and

2. Skyline: computing all Pareto-optimal items when items can be ordered according to multiple criteria
(max has a single criterion).

We assume that there is an underlying ground truth for all these problems, i.e., the items have fixed values along
all criteria that lead to well-defined solutions for these problems. However, these values are unknown and the
only way to reach a solution is by asking the crowd to compare pairs of items. Toward this goal, we adopt a
widespread and simple model for the crowd and present the prevalent theoretical ideas from the existing work in
the literature that allow us to compute the preferred items in this setting. This simple model builds the foundation
for a formal framework, allows us to do a rigorous analysis, and serves as the basis for understanding the more
general and practical cases. We also outline the limitations of the current settings and algorithms, and identify
some interesting research opportunities in this domain.

To illustrate the above problems, imagine some Mr. Smith has been provided with a voucher for a stay in
a ski resort location of his choice from a set of locations. Mr. Smith may wish to choose the location with the
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Figure 1: Example: Skyline of ski resorts

best possible crowd management (i.e., where the average waiting time in the queue is the shortest). One possible
way to reach a decision would be to ask people on the web about how the ski resorts compare to one another
according to this criterion (pairwise comparisons). But to consider more options, he may also ask for the top-5
locations with respect to waiting time. And finally, if he cares about multiple criteria, like both the waiting time
and the snow reliability of the ski resort at a given time, he may wish to remove from the list all locations that
are beaten by another simultaneously on waiting time and snow reliability, and retain every location surviving
this process for further examination (e.g., to consider additional criteria like slopes, availability of cable cars
and elevators, cleanliness, etc.). Figure ?? shows eight such fictive locations on these two criteria assuming that
higher values are better for both criteria.

To achieve such goals, platforms like Amazon Mechanical Turk or CrowdFlower [40, 12, 39, 30, 11] help
their customers connect to the crowd from all over the world through the Internet. The customers post jobs on
these platforms, and the workers from the crowd solve multiple tasks for these jobs, and get paid for each task in
exchange. For a given job (e.g., sorting a list of items), the workers are given some tasks in rounds (e.g., compare
two given items). Once the answers to the tasks in the previous round are returned, some internal computation is
done by the machine, the next set of tasks is decided, and given to the user in the next round. As the crowd is a
more expensive resource compared to a machine, the cost of an algorithm in crowdsourcing setting is typically
measured by the total cost paid to the workers while solving a job.

Workers gathered from the web, however, are prone to return erroneous answers. One major issue in crowd-
sourcing is therefore to mitigate those errors, typically through redundant tasks. In the absence of identified
experts, the traditional “wisdom of the crowd” assumption in crowdsourcing means that the results aggregated
from multiple workers will eventually converge toward the truth. Therefore, crowdsourcing algorithms endeavor
to submit as few redundant tasks as possible to achieve a desired accuracy level, which bounds the probability
of returning an incorrect result for the intended job. Sometimes, the latency of a crowdsourcing algorithm is also
evaluated as a criterion in addition to cost and accuracy, which may include the number of rounds of tasks given
to the workers, and also the workload in those rounds.

Obtaining precise cost, accuracy, and latency models for crowd workers by accurately estimating human
behavior is a non-trivial task by itself. Different workers may have different levels of expertise and sincerity
to solve a task, and may take different amounts of time in the process. Tasks can be assigned individually,
or multiple tasks can be assigned together in a batch. The answers to various tasks returned by the same or
different workers may be correlated. The customers may want to pay the same or different amounts of money
for different tasks. In this article, however, we consider a simple and standard probabilistic setting to model the
possible incorrect answers returned by the crowd, where the crowd is perceived as a noisy comparison oracle.

Crowd as a noisy comparison oracle. We assume that the items admit a correct, albeit implicit, solution
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to each of the problems considered in this article (max, top-k, or skyline). We assume that values of the items
(along single or multiple criteria) are not known explicitly and can only be recovered by asking the crowd to
compare two items. In the simple and standard error model (called the constant error model), the crowd is
considered as an oracle that always returns the correct answer with a constant probability > 1

2 (say, 2
3 ), i.e., the

oracle always performs better than a random answer. In other words, given two items x, y such that x > y, each
oracle call O(x > y) will return true with probability 2

3 and false with probability 1
3 . Further, the answers to

two oracle calls are independent.
In this model, one can increase the confidence arbitrarily by repeating a query to the oracle and adopting

majority vote. In practice, this means asking several people the same question. Every problem could be thus
solved by repeating each oracle call a large number of times and adopting the majority vote. The challenge in
this setting is to obtain more efficient algorithms by focusing on the most crucial questions to reduce redundancy
on others. To control the error introduced by potentially incorrect oracle answers, all of our algorithms take as
input some parameter δ < 1

2 called the tolerance. The algorithms will be designed with sufficient redundancy
so that their final output is correct with probability at least 1− δ. In the simple cost model, we will assume unit
(i.e., constant) cost per oracle call, and aim to optimize the total number of oracle calls; we will also discuss
other interesting error and cost models in the following sections.

Roadmap. In Section 2, we discuss the max and top-k problems for noisy comparison oracles based on the
work by Feige et al. [16] and Davidson et al. [13, 14]. In Section 3, we discuss the skyline problem for noisy
comparisons based on the work by Groz and Milo [20]. We review the related work in Section 4 and conclude
with future directions in Section 5.

2 Max and Top-k

First, we discuss the max and top-k problems in the setting with a noisy comparison oracle:

Input: A set of items S = {x1, · · · , xn} in arbitrary order, where x1 > x2 > · · · > xn; tolerance δ; noisy
comparison oracle O; and k ∈ [2, n] for top-k.
Objective: (i) (Max) Return the maximum item (x1) with error probability ≤ δ. (ii) (Top-k) Return
x1, · · · , xk in order with error probability ≤ δ.

In Figure ??, the location that maximizes the experience with waiting time is location e, and the top-k
locations according to this ordering for k = 5 are e, d, c, b, g.

2.1 Constant and Variable Error Model, Unit Cost Function

For the unit cost function, each call to the oracle for comparing two items has the same constant cost. Therefore,
it suffices to count the number of calls to the oracle. Further, in practice, the comparisons can be delegated to
one or more crowd workers arbitrarily without affecting the total cost. Next, we discuss two error models for
the unit cost function.

Constant Error Model

The constant error model is a standard error model for noisy comparison operations [16, 31, 19], where the
probability of getting the correct answer from a noisy oracle is a constant > 1

2 , i.e.,

(Constant error model) Pr[O(xi > xj |i < j) = false] = p, where p is a constant <
1

2
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Theorem 1: Feige et. al. [16]: The oracle complexity of top-k under the constant error model is Θ(n log(m/δ)),
where m = min(k, n− k). In particular, the oracle complexity of max is Θ(n log(1/δ)).

Tournament Trees. Tournament trees (also called comparison trees in [14, 13]) are frequently used for
the max (min) or selection problems. A tournament tree is a form of max-heap (or min-heap if the minimum is
sought) which is a complete binary tree. Every leaf node represents an item and every internal node represents
the winner (e.g., the larger item) between two of its children as a result of their comparison. Figures 2a and 2b
show two example tournament tree that returns the maximum of n = 8 items at the root of the tree, assuming
there is no error in the comparisons. For noisy comparisons, at each internal node, multiple comparisons are
performed and then the winner is decided, e.g., by a majority vote.
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Figure 2: Constant error model: (a, b) Two tournament trees for max, (c) Comparison tree from [16] after sorting
inputs (2, 5, 7).

Max: Consider the max problem first. In the absence of comparison errors, the max of n items can be
found using n − 1 comparisons along a tournament tree (Figures 2a and 2b). For constant error model, if the
probability of error in each comparison is a constant p, it is not hard to see that repeating each comparison in the
tournament tree O(log nδ ) times and taking the majority vote to decide the winner will make each comparison
right with probability ≤ δ

n , and therefore by union bound, the correct max at the root of the tree can be found
with probability ≤ δ with total O(n log n

δ ) comparisons.
However, by a simple trick, the better bound of O(n log 1

δ ) in Theorem 1 can be obtained: (i) Do compar-
isons along a balanced tournament tree of height log n; the leaves (in the lowest level) are at level 0, the root is
at level log n. (ii) At level i ∈ [1, log n], do i×O(log 1

δ ) comparisons for each comparison node. Take majority
vote to decide the winner for the higher level. (iii) Output the winner at the root as max. There are 2logn−i = n

2i

internal nodes at level i; therefore the total number of comparisons is n ×
∑logn

`=1
i
2i
O(log 1

δ ) = O(n log 1
δ ).

Similarly, by Chernoff bound and union bound1, and with suitable choices of the constants, the total probability
of error that the max item will lose at any of the log n level is bounded by ≤ δ.

Top-k: Next consider the top-k problem and outline the algorithms from [16]. By symmetry, we can assume
that k ≤ n

2 , hence we need to show an upper bound of O(n log k
δ ). We consider two cases, (a) when k ≤

√
n,

and (b) when k >
√
n.

(a) k ≤
√
n: (i) Build a max-heap using the same algorithm as for max using a tournament tree. However,

the error probability is δ
2k , which ensures that the max-heap is consistent with respect to all top-k items with

error probability ≤ δ
2 . (ii) For k times, extract the maximum item from the root, and “reheapify” the max-heap.

1Note that the union bound is applied to only the path of the max from the leaves to the root, i.e., to logn internal nodes and not to
n− 1 internal nodes.
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For noiseless comparisons, each of the reheapying steps requires log n comparisons, i.e., k log n comparisons
in total. By repeating each of the comparisons O(log k logn

δ ) times, each of the top-k items can be extracted
with error probability ≤ δ

2k , i.e., with probability ≤ δ
2 in total. The total error probability is ≤ δ and the top-

k items are output in the sorted order. The number of comparisons in the first step to build the initial heap
is O(n log k

δ ). The number of comparisons in the second step to extract the top-k items and to reheapify is
O(k log n log(k logn

δ )), which is O(n log k
δ ) for k ≤

√
n.

(b) k >
√
n: We give a sketch of an O(n log n

δ ) algorithm from [16] that can sort n items using O(n log n
δ )

comparisons with probability of error ≤ δ, and therefore also solves the top-k problem for k >
√
n with

O(n log k
δ ) comparisons and probability of error ≤ δ. The algorithm uses random walk on another form of

comparison tree, which are extensions of binary search trees. In a binary search tree, the leaves x1 ≥ · · · ≥ xn
are sorted in order; assuming x0 = ∞ and xn+1 = −∞, each leaf xi, i ∈ [1, n + 1] represents the interval
[xi, xi−1). Any internal node with leaves in its subtrees xh, xh+1, · · · , x` represents the interval [x`, xh). When
an item x∗ is searched on this tree, at each internal node with range [x`, xh), it is compared with xz , z = d `+h2 e.
If x∗ ≥ xz , it is sent to the left child with range [xz, xh), otherwise is sent to the right child with range [x`, xz).

In order to handle noisy comparisons, the comparison tree extends the binary search tree by attaching chains
of length m′ = O(log n

δ ) to each leaf (in practice they can be implemented as counters from each leaf); each
node in a chain has the same interval as that of the corresponding leaf. With noisy comparisons, when an item x∗

is searched at a node u with range [x`, xh) (u is either an internal node or at a chain), first it is checked whether
x∗ reached at the correct interval, i.e., whether x∗ ≥ x` and x∗ < xh. If these two comparisons succeed, x∗ is
moved to the correct child of u (its unique child if u is in a chain). Otherwise, it is assumed that some previous
step has been wrong, and therefore the search backtracks to the unique parent node of u. By modeling these
steps as a Markov process by orienting all edges in the comparison tree toward the right location of x∗. We
assume that (without loss of generality), from any node, the probability of transition along the (unique) outgoing
edge is 2

3 , and along all the incoming edges together is 1
3 . The search is continued form = mf +mb < m′ steps,

wheremf ,mb denote the number of forward and backward transitions. Whenm = O(log n
δ ), mf −mb > log n

with high probability. So the final step reaches the correct chain with high probability. If the item does not
already appear in the binary search tree, it is inserted. The tree is maintained as a balanced binary search tree by
using standard procedures which do not require additional comparisons. By repeating this search followed by
insertion procedure for all n items, we get the sorted order in the leaves with O(n log n

δ ) comparisons in total
with error probability ≤ δ. The matching lower bounds for max and top-k can be found in [16].

Variable Error Model

Sometimes the comparison error of the noisy oracle may vary with the two input items being considered. As an
example, suppose S corresponds to a set of photos of a person, and the items xi’s correspond to the age of the
person in the i-th photo. Intuitively, it is much easier to compare the ages in two photos if they are 20 years apart
than if they are a few years apart. To model such scenarios Davidson et al. [14, 13] proposed a more general
variable error model:

(Variable error model) Pr[O(xi > xj |i < j) = false] ≤ 1

f(j − i)

Here f(x) is a strictly growing error function that grows with x (i.e., f = ω(1), e.g., f(∆) = e∆, ∆,
√

∆,
log ∆, log log ∆, etc.), is strictly monotone (f(X) > f(Y ) for X > Y ), and satisfies f(1) > 2 (the probability
of error is always < 1

2 ).

Theorem 2: Davidson et al. [14, 13]: For all strictly growing error functions f and constant δ > 0, n+ o(n)
oracle calls are sufficient to output the maximum item x1 with error probability ≤ δ.
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Figure 3: Variable error model: (a) Upper and lower levels for max, (b) Amplified single X-tree containing max
(x1), (c) Extension to top-k

Further, if f(∆) ≥ ∆, then n+O(log log n) oracle calls are sufficient. If f(∆) ≥ 2∆, then n+O(1) oracle
calls are sufficient.

Max. The basic idea in [14, 13] was to divide a balanced tournament tree for max (e.g., Figure 2a) into
lower and upper levels (Figure 3a). The upper levels will only have n

X = o(n) × F (δ) items, for a function F .
Then we will apply the tournament algorithm from [16] described above to obtain the max with error probability
≤ δ with O( nX log 1

δ ) = o(n) comparisons for constant δ, provided the max item x1 survives in the lower levels.
In the lower levels, only one comparison is performed at each internal node, resulting in < n comparisons.

Surprisingly, assuming variable error model with any strictly growing error function f , the max item x1 still
survives at the lower levels with probability ≤ 2δ for any constant δ > 0. The leaves of the tournament tree are
divided into blocks of length X; they form n

X trees of height logX at the lower levels, called X-trees. We only
need to focus on theX-tree containing the max item x1 (Figure 3b), and ensure that x1 does not lose in any of the
logX comparisons in this X-tree. The key idea is to do a random permutation of the leaves of the tournament
tree. This ensures that the probability of x1 meeting a large item (say x2 or x3) in its first comparison is very
small, and therefore using the variable error model, x1 will have a high probability of winning the comparison.
As x1 progresses in the upper levels, it will have a higher chance of meeting larger items, however, with high
probability, the larger items will still appear in the otherX-trees, and therefore x1 will eventually progress to the
top of its X-tree despite only one comparison being performed at each node in the lower levels. In particular,
we bound the probabilities that (i) P1 = x1 meets a large item within a range x2, · · · , x∆`+1 at level ` for all
1 ≤ ` ≤ logX , and (ii) P2 = x1 wins the comparison at level ` for all 1 ≤ ` ≤ logX provided x1 does not
meet x2, · · · , x∆`+1 at level `. We will show that there are choices of X,∆` such that both P1, P2 ≤ δ and
n
X = o(n). This will give an algorithm to find the max with error probability ≤ 3δ using n+ o(n) queries to the
oracle, which can easily be extended to an algorithm with tolerance δ by choosing constants appropriately.

Instead of showing the bounds in Theorem 2, we will show a weaker upper bound on the number of oracle
calls of n + O(n

1
2

+µ) for max for error functions that are at least linear (f(∆) ≥ ∆), but will ensure a better
tolerance level of 3δ

nµ , for all constant µ < 1
2 , δ. The arguments will be simpler to achieve these bounds, and we

will be able to use these bounds to extend this algorithm for max to an algorithm for top-k under the variable
error model. The proof of the bounds in Theorem 2 can be found in [14].

(i) First consider P1. Since the leaves have a random permutation, the probability that any of x2, · · · , x∆`

belongs to the right subtree of an internal node at height ` in the path of the max item x1, by union bounds, is
≤ ∆`2

`−1

n−1 (these right subtrees are highlighted in Figure 3b). Therefore, P1 ≤
∑logX

`=1
∆`2

`−1

n−1 . (ii) Next consider
P2. Assuming x1 does not meet x2, · · · , x∆`+1 at level `, x1 loses the comparison at level ` is ≤ 1

f(∆`)
(since f

is monotone) ≤ 1
∆`

. Hence P2 ≤
∑logX

`=1
1

∆`
.

We need both P1, P2 to be small (≤ δ
nµ for constant µ < 1

2 ); further we need n
X = o(n). Note that P1 has
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∆` in the numerator and P2 has ∆` in the denominator. Therefore, we need to choose ∆` carefully to meet our
requirements. Here we choose ∆` = 2`nµ

δ and X = δn
1
2
−µ. When the required error probability is a constant

δ, and when f has a high growth rate (e.g., exponential functions), better bounds can be obtained. With these
choices of ∆` and X , (i) P1 ≤

∑logX
`=1

∆`2
`−1

n−1 ≤ nµ

2δ(n−1)

∑logX
`=1 4` = 4nµ

2δ×3(n−1)(4logX − 1) ≤ nµX2

δn (when

n ≥ 3) = δ2×n1−2µ

δn1−µ = δ
nµ . (ii) P2 ≤

∑logX
`=1

1
∆`

=
∑logX

`=1
δ

nµ2`
≤ δ

nµ .

The number of nodes in the upper levels is n
X = n

δn
1
2−µ

= n
1
2+µ

δ , which is o(n) when µ < 1
2 , δ are con-

stants. The number of oracle calls to obtain the max in the upper levels provided it did not lose in the lower
levels with error probability≤ δ

nµ is O( nX log(n
µ

δ )) = O(n
1
2

+µ log n) = o(n) when µ, δ are constants. Hence we
compute the max at the root of the tournament tree with at most n + O(n

1
2

+µ log n) = n + o(n) oracle calls
and error probability ≤ 3δ

nµ , for all constant µ < 1
2 , δ.

Top-k. We can extend the above algorithm to obtain an algorithm for top-k under the variable error model
when k ≤ nµ, for constant µ < 1

2 and f(∆) ≥ ∆ with n + o(n) oracle calls and error probability ≤ δ for
a constant δ > 0. We again use two levels, upper levels (called super-upper levels to avoid confusion) with
height log( nY ) nodes, and lower levels (called super-lower levels) with height log Y . In the super-upper levels,
the top-k algorithm from [16] is run with error probability ≤ δ. The super-lower levels are divided into multiple
tournament trees, each with Y = δn

k2
leaves. The items are again permuted randomly. First we claim that, when

k ≤ nµ for µ < 1
2 , then all the top-k items will appear in different tournament trees with error probability ≤ δ.

This follows from union bound: the probability that any of the tournament trees with Y leaves containing one of
the top-k items will contain another top-k item is ≤ Y (k−1)

n−1 ≤ kY
n = kδn

nk2
= δ

k . Once again, by union bound,
all top-k items appear in different tournament trees with probability ≤ δ.

Now in the super-lower levels, every top-k item is the maximum item in its respective tournament tree, and
we need to return each of them at the root of its tournament tree with error probability≤ δ

k ; then by union bound
the error probability is ≤ δ for the lower levels. We use the algorithm for max as described above. However, we
need a more careful analysis as otherwise the bound would only guarantee the error probability in the individual
tournament tree with Y nodes to be ≤ δ

Y µ which may be much larger than δ
k .

We divide each tournament tree in the super-lower levels again into upper and lower levels; the lower levels
comprise X-trees (Figure 3c). Select X = δY

1
2
−µ, but ∆` = 2`nµ

δ . Since all n items are randomly permuted
among the leaves of all tournament trees (instead of only permuting the Y items within each such tree), (i) Using
similar calculations as in the case of max, P1 ≤ nµX2

δn = X2

δn1−µ = δ2Y 1−2µ

δn1−µ ≤ δ2n1−2µ

δn1−µ = δ
nµ which is at most

δ
k when k ≤ nµ. (ii) Using previous calculations, P2 ≤

∑logX
`=1

1
∆`
≤ δ

nµ ≤
δ
k .

In the upper levels of each of the tournament trees, that have only Y
X items (Figure 3c), the max can be

found with O( YX log k
δ ) oracle calls with error probability ≤ δ

k . Hence the total error probability that each of
top-k items wins in its respective tournament tree is ≤ 3δ. Here X = δY

1
2
−µ. Hence, the total number of

comparisons in the super-lower levels is n
Y × (Y +O( Y

δY
1
2−µ

log k
δ )) = n+O( n

Y
1
2−µ

log k) for constant δ. Note

that Y
1
2
−µ = ( δn

k2
)
1
2
−µ ≥ (δn1−2µ)

1
2
−µ ≥ nε for a constant ε > 0 (since k ≤ nµ and µ < 1

2 is a constant).
Therefore, O( n

Y
1
2−µ

log k) = o(n).

In the upper levels, with n
Y nodes, the number of oracle calls to achieve error probability ≤ δ is O( nY log k

δ )

= O(k
2

δ log k
δ ), which is o(n) for k < nµ and constant µ < 1

2 . Hence with total error probability ≤ 4δ, we find
all top-k items with n+ o(n) oracle calls, for all k ≤ nµ, constant µ < 1

2 , when the variable error function is at
least linear. Further, the top-k items are returned in sorted order (since the top-k algorithms in [16] return them
in sorted order).
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Summary: Under the constant error model, to achieve the correct answers with tolerance δ, O(n log 1
δ )

oracle calls for max and O(n log k
δ ) oracle calls for top-k, k ≤ n

2 , suffice respectively (and these bounds are
tight) [16]. A better bound can be obtained under the variable error model, when the error in comparisons
depend on the relative distance of the items in the sorted order. Then only n + smaller order terms
suffice for max for constant tolerance δ, and also for top-k for smaller values of k and when the error func-
tions are at least linear [14, 13].

Discussion: The variable as well as the constant error models assume that, given two distinct items, the
oracle will always return the correct answer with probability > 1

2 . However, this may not always hold in
crowdsourcing. For instance, if two photos of a person are taken a few minutes (even a few days) apart, it
will be almost impossible for any human being to compare their time by looking at them. However, both
variable and constant error models cannot support such scenarios. Such an error model has been consid-
ered by Ajtai et. al. [4] who assume that, if the values of two items being compared differ by at least ∆
for some ∆ > 0, then the comparison will be made correctly. When the two items have values that are
within ∆, the outcome of the comparison is unpredictable. Of course, it may be impossible to compute the
correct maximum under this model for certain inputs. However, the authors show that the maximum can
be obtained within a 2∆-additive error with O(n3/2) comparisons and Ω(n4/3) comparisons are necessary
(they also generalize these upper and lower bounds). In contrast, even under the constant error model, the
correct maximum can be computed with high probability with O(n) comparisons.

Open question: What are the upper and lower bounds on the oracle complexity and guarantee on the accu-
racy level if we combine the constant/variable error model with the model in [4], where the answers can be
arbitrary if the two items being compared have very similar values?

2.2 Concave Cost Functions

We have used the fixed-cost model so far in which each question incurs unit cost, resulting in a total cost which
is the number of comparisons performed. However, in some scenarios, many questions are asked together, i.e.,
multiple tasks are grouped in batches before they are assigned to a worker2. In these cases, the total payment for
all these questions in a batch can be less than the payment when the questions are asked one by one, since it is
likely to require less effort from the worker (for instance, the worker does not need to submit an answer before
getting the next question and potentially can choose the answers faster). Such cost functions can be modeled as
non-negative monotone concave functions[14], i.e., (Concave functions) for all t ∈ [0, 1], N1, N2,

g(tN1 + (1− t)N2) ≥ tg(N1) + (1− t)g(N2).

Examples include g(N) = Na (for a constant a, 0 < a ≤ 1), logN, log2N, log logN , 2
√

logN , etc. Non-
negative concave functions are interesting since they exhibit the sub-additive property:

g(N1) + g(N2) ≥ g(N1 +N2).

Concave cost functions display a tension between the number of rounds and the total number of questions
asked in an algorithm since (1) it is better to ask many questions in the same batch of the oracle in the same
round, rather than distributing them to many different batches and multiple rounds; but (2) the cost function is
monotone, so we cannot ask too many questions as well. As an extreme (and non-realistic) example, for finding
the maximum item under the constant concave cost function g(N) = a, a > 0, we could ask all

(
n
2

)
comparisons

of the oracle in the same batch and compute the maximum; however, this is not a good strategy for a linear cost
function. We assume that the cost function g is known in advance, and the goal is to develop algorithms for
arbitrary concave cost functions that aim to minimize the total incurred cost.

2Batches denote grouping comparison tasks before assigning them to a worker, while after each round the machine gets backs the
answers from the workers in the batches of that round.
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If the oracle receives a set with N comparisons in the same batch, we incur a cost of g(N) for these N
comparisons. We still assume that the answers to two different comparisons (where at least one item is different)
are independent even in the same batch. However, we cannot ask the oracle to compare the same pair of items
in the same batch when we need redundancy for erroneous answer (i.e., the same worker cannot be asked to
compare the same two items twice). In this case, multiple comparisons of the same pair of items must go to
different batches, and therefore will incur additional cost. We also assume that there is no limit on the maximum
size of the batch of questions that can be asked of the oracle at once. Unlike the fixed-cost model where it
sufficed to minimize the total number of comparisons, now our goal is to optimize the total cost under g.

Algorithms. Assuming no comparison errors, [14] gives a simple O(log log n)-approximation algorithm3

to find the max item using, once again, a tournament tree (a similar algorithm is given in [19] for finding max in
O(log log n) rounds withO(n) comparisons in total). However, unlike the standard tournament tree, at any level
h of the tree withBh nodes, all possible

(
Bh
2

)
comparisons are performed. In addition, the internal nodes at level

h have 2h children from the lower level h− 1. It is shown that, the number of levels of the tree is log logn, and
at any level of the tree, at most n comparisons are performed incurring cost g(n), giving an algorithm with cost
O(g(n) log log n). Since the cost of the optimal algorithm has a lower bound OPT ≥ g(n− 1) ≥ g(n)− g(1).
Assuming g(1) to be a constant, this gives anO(log log n)-approximation algorithm. The same algorithm can be
extended for the constant error model by repeating the comparisons multiple times in different batches of calls to
the oracle4. Two other algorithms for finding max in O(log log n) rounds are also mentioned in [14] that can be
extended to give the same approximation: by Valiant [41] and by Pippenger [36]; however, these algorithms are
more complex to implement for practical purposes. Nevertheless, the algorithm based on Pippenger’s approach
can be extended to a randomized algorithm for top-k under the concave cost function and no comparison error,
with an expected cost of OPT×O(log log n).

Summary: Assuming no comparison error, we get an O(log log n)-approximation for max under any con-
cave cost function g. For the constant error model, the same algorithm with repeated comparisons gives an
O(log n)-approximation for any concave cost function g, and O(log log n)-approximation for g(n) = nα,
where α ∈ (0, 1] is a constant. Using standard and known techniques, an O(log log n)-approximation can
be achieved for top-k and no error (however, not simple to implement for practical purposes).

Discussions: For unit cost function, assigning tasks to single or multiple workers amounts the same total
cost, which is not the case for concave cost functions. In some practical crowd-sourced applications, it may
be useful to assume an upper bound B on the batch size, as workers may not be able to answer questions
in a very large batch without error due to fatigue or time constraint. Further, the independence assumption
is even less likely to hold when multiple questions are asked of the oracle in the same batch. Finding a
practical model when tasks are grouped into batches is a direction to explore.

Open questions: (1) Assuming no comparison errors, can we devise algorithms for concave cost functions
that have better bounds than the algorithms in [14] (for max), and are simpler to implement (for top-k)?
What can we infer about optimal algorithms? Can we have a better lower bounds for OPT than g(n − 1)
for all or some concave cost functions g?
(2) The bounds for the constant error model have been obtained in [14] under concave cost functions sim-
ply by repeating individual comparisons by different workers and taking the majority vote. How can we
obtain algorithms with better bounds for constant and variable error models under arbitrary concave cost
functions?

3An algorithm is a µ(n)-approximation algorithm for some non-decreasing function µ, if for every input of size n it can find the
solution (e.g., the maximum item) with a cost ≤ µ(n)× OPT.

4For constant δ, O(log log n)-approximation when g(n) = nα, α is a constant ∈ (0, 1], and O(logn)-approximation for arbitrary
concave function g
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3 Skyline queries

Skylines. Let S be a set of n items. We assume these items admit a full (but not necessarily strict) order ≤i
along d dimensions i ∈ {1, . . . , d}. We also write v 4 v′ to denote that v ≤i v′ for each i ≤ d. When v � v′

and there is some i ≤ d such that v <i v′, we say that v′ dominates v, which we denote by v ≺ v′.
Given a set of d-dimensional items S, the skyline of S is the set of items that are not dominated (we assume

that two items can not coincide):

Sky(S) = {v ∈ S | ∀v′ ∈ S \ {v},∃i ≤ d. v >i v′}.

Input: A set of items S; tolerance δ; noisy comparison oracle O. Objective: Return Sky(S) with error
probability δ.

In our example of Figure ??, the skyline consists of locations {a, b, c, d, e}, whereas location h, for instance,
is dominated by location a.

Algorithms

Skyline queries must identify the items that are not dominated. The classical skyline algorithms are usually
based on one of two paradigms (possibly combined): divide and conquer, or sweeping line approaches. In the
divide and conquer approach, input items are split around the median on one of the dimensions, then the skyline
of both halves are computed. After the splitting, all items from the smaller half that are dominated by some larger
item are pruned out. Finally the union of the two partial results is returned. One major stumbling block with this
divide and conquer approach for skylines in presence of noise seems to be the issue of splitting items around
the median; with noisy comparisons, identifying exactly the set of items which are larger than the median is as
expensive as a full sort of the input [16]. Because of this it seems unlikely that the classical divide and conquer
skyline algorithms [23, 24] can be adapted into efficient algorithms in presence of noisy comparisons, though
more intricate schemes as proposed for parallel sort with noise [28] might still provide efficient algorithms with
noisy comparisons.

In contrast, the sweeping line approach adapts easily to noisy comparisons. To compute iteratively the
skyline, each iteration adds to the result the maximal item for lexicographic order (the maximum on <1, if there
are ties we take the maximum for <2 among those, etc.) among the items that are not dominated. The algorithm
stops after k iterations.

We first present efficient procedures to check if a given item is dominated. Given an item v and a set C of
items, we say that C dominates v if there is v′ ∈ C such that v ≺ v′, i.e., if

∨
v′∈C

∧
j≤d v <j v

′. The formula
expressing domination is thus a composition of boolean functions involving basic comparisons, which can be
computed in O(d|C| log 1

δ ) [20, 31]. Another approach to check dominance consists in sorting the set of items
C along each dimension, then using binary search to obtain the relative position v within C on each dimension.
The complexity of sorting C is O(d|C| log d|C|

δ ). Once C is sorted, each item v can be inserted along each
dimension with error probability δ/d in O(log d|C|

δ ).
We next observe that classical algorithms for MAX with noisy comparisons (and similarly with boolean

formulae) are what we call “trust-preserving”. This means that these algorithms return in O(n) the correct
output with (at most) the same error probability as the input oracle. Our line-sweeping algorithms thus compute
one skyline point per iteration, using any of the two dominance-checking procedures to compute the maximal
item among those that are not dominated. The algorithm makes sure the probability of error per iteration is at
most δ/k. The value of k is not known in advance but the error requirements are met by adapting a classical
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trick in output sensitive algorithms [9] and proceeding with maximal error δ/2i as soon as 22i items have been
discovered.

As a result, efficient upper bounds can be obtained for skyline computation:

Theorem 3: Groz and Milo [20]: Sky(S) can be computed with any of the following complexities:

1. O(dn log(dn/δ))

2. O(dk2n log(k/δ))

3. O(dkn log(dk/δ))

The first result corresponds to sorting all input items on every dimension. The second and third compute the
skyline iteratively; each iteration adding the lexicographically maximal item among those that are not dominated.
The second uses the boolean formula approach to check dominance whereas the third sorts the skyline item as
they are discovered and then uses binary insertion to check dominance. The first and third results only count the
number of calls to the comparison oracles executed, so that computational complexity may be higher: sorting the
input provides all the ordering information necessary to compute the skyline, but a classical algorithm to compute
the skyline (without noise) must still be applied before a skyline can be returned based on these orderings.
The exact complexity of skylines in this model remains open since the only lower bound we are aware of is
Ω(n log(k/δ) + dn). But even without noise an optimal bound of Θ(n log k) is only known when d is assumed
to be constant.

Rounds. The number of rounds required by those algorithms are respectively O(log n), O(k · log logn ·
log∗(d) · log∗(k)), and O(k · log log n · log k). Two interesting patterns can be observed. First the number of
rounds does not depend on δ: the additional oracle calls that must be performed to gain accuracy can always be
processed in parallel. Second, none of the three algorithms proposed so far for skyline computation stands out
in terms of rounds: each can outperform the others depending on input parameters. Last, we recall from [41]
that log log n rounds are required to compute the maximum of n items with O(n) comparisons even when
comparisons are accurate, therefore it is not surprising that all of our algorithms require at least log log n rounds
even for small values of k.

Summary: [20] presents several algorithms to compute skylines under the constant error model. The com-
plexity of these algorithms is dn multiplied (depending on the algorithm) by k or k2, and logarithms in d,
n, or 1/δ. Each algorithm may outperform the others for some values of the input parameters both in terms
of the cost and the number of rounds.

Discussion: Skylines are generally harder than sorting problems, since even in the case of two dimensions
the comparisons required to check if the skyline contains all items necessarily provide a complete order-
ing of all items. Therefore one cannot hope to achieve drastic improvements in the constant factors as we
showed for Max and Top-k, nevertheless one could reasonably hope that variable error models could benefit
the algorithms in a sense that remains to be defined.

Open questions: (1) Can the bounds of the skyline problem be improved assuming other error models
(e.g., the variable error model)?
(2) How many comparisons are required to compute the skyline when neither d nor k are assumed to be
constant? This question is already open without noise in comparisons [10]. To what extend do noisy com-
parisons raise the complexity?
(3) Multiple variants of skyline problems such as layers of skylines or approximated skylines have been
considered in standard data models without noise. It could be interesting to investigate how such problems
can be tackled by the Crowd. The approximation of skylines, in particular, can be justified by the observa-
tion that the skyline cardinality tends to increase sharply with the number of criteria considered, on random
instances.
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4 Related work

In the past few years, crowdsourcing has emerged as a topic of interest in the database and other research com-
munities in Computer Science. Here we mention some of the relevant work in crowd sourcing, and computation
with noisy operations in general.

Crowdsourcing database/data mining operators. Different crowd-sourced databases like CrowdDB [17],
Deco [32], Qurk [29], AskIt![6] help users decide which questions should be asked of the crowd, taking into
account various requirements such as latency, monetary cost, quality, etc. On the other hand, several papers focus
on a specific operator, like joins [44], group-by or clustering[18, 46], entity resolution [43, 45], filters [34, 33],
frequent patterns identification [5], centroid [22], and investigate techniques to optimize the execution of this
operator in a crowdsourcing environment.

Max, top-k, and ranking. Multiple approaches have been proposed to sort or search the maximal items
using the crowd. The comparative merits of comparisons and ratings have thus been evaluated experimentally
in the Qurk system [29], as well as the effect of implementation parameters such as batch size. Ranking features
were similarly proposed in the CrowdDB system [17]. Heuristic to compute the maximal item with the Crowd
have been introduced in [42]. In their model, the Crowd must return the largest item in the batch, and the
probability of returning each item depends on its rank in the batch. This line of work thus also allows to model
distance-dependent error, though not in a comparison framework. A classical issue in voting theory is rank
aggregation: given a set of ranking, one must compute the ”best” consensus ranking. This is the approach for
the judgment problem studied in [21] (given a set of comparison results, which item has the maximum likelihood
of being the maximum item) and the next vote problem (given a set of results, which future comparisons will be
most effective). They propose hardness results and heuristics to compute the most likely maximum. Their model
assumes a comparison oracle with constant error probability, and the input consists in a matrix summarizing
the results of oracle queries that have already been performed. Beyond the computation of the most likely
maximum they also consider the problem of best using a fixed budget of additional questions that should be
issued to complement the vote matrix. In [37], the authors consider the crowdsourced top-k problem when the
unit of task (for time and cost) is not comparing two items, but ranking any number of items. The error model
is captured by potentially different rankings of the same items by different people. If many people disagree on
the ranking of certain items, more people are asked to rank these items to resolve the conflict in future rounds.
A related problem studied in the machine learning community is that of learning to rank in information retrieval
(e.g., [25, 8, 38]). Our noisy comparison model with constant error probability appears with some refinements
in [16, 19, 31, 28], while other models have also been considered for ranking problems in [35] (the total number
of erroneous answers in bounded) and [4] (comparisons are arbitrary if two items are too close).

Skyline. While Pareto-optimality has received ample attention in machine learning, algorithm [23, 10]
and traditional database [7] communities, fewer uncertain data models have been considered so far for skylines
in the database community. One popular model considers inputs given by a (discrete) probability distribution
on the location of items in space [2]. Heuristic approaches have been considered over incomplete or imprecise
data [26, 27]. Beside [20], the parallel computation of skylines has only been considered in the absence of
noise [1].

Number of query rounds and beyond worst case. The number of rounds required by fault-tolerant sorting
and searching algorithms has been a topical issue for a long time [16], in parts driven by parallelism in circuits.
Efficient Sorting [28] and Maxima [19] algorithms with respectively log n and log log n rounds have thus been
proposed, matching the theoretical lower bounds. Whether in our error model or others, worst-case complexity
may appear too conservative a measure to derive efficient crowdsourcing algorithms, so it may be interesting to
look at average complexity or instance-optimality, which have been considered for top-k [15] and skyline [3]
problems in other models.
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5 Discussions and Future Work

The crowd has become a valuable resource today to answer queries on which the computers lack sufficient
expertise. This article gives an overview of known theoretical bounds under different cost and error models for
max/top-k and skyline queries. These results assume a simple probabilistic model for the crowd as a noisy oracle
performing pairwise comparisons between elements. This simple model for the crowd lays the foundation for
several interesting future research directions for practical purposes:

• The actual error, cost, and latency models for the crowd, as mentioned earlier, are hard to formalize and
need to be substantiated with real experiments with crowd that model their behavior in different scenarios.

• None of the algorithms in this article considers the actual number of crowd workers who are involved in
the tasks, as long as there are sufficient number of crowd workers for redundant comparisons. One can
study the dependency on the cost. accuracy, and latency of the algorithms for different numbers of crowd
workers involved, and variations of the independence assumptions and uniformity of error models across
all workers.

• Even assuming the model is a reasonable approximation of the crowd’s behavior, the algorithms must
know the parameters (tolerance δ, error function f ) precisely. Estimating those parameters accurately
with low cost may require additional experimental study.

• The relevance of asymptotic estimations provides some hindsight on the cost one may expect to achieve,
but may not accurately capture the cost for practical purposes where either more comparisons may be
needed or fewer comparisons may suffice for reasonable results. Similarly, some easier comparisons
can be performed by machines to save on cost and time. A rigorous analysis of human behaviors with
experiments on crowd sourcing platforms, and adapting the models and algorithms accordingly, will be
an important and challenging research direction.
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