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Sylvester double sums, subresultants and
symmetric multivariate Hermite interpolation
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!Univ Rennes 1, CNRS, IRMAR-UMR 6625, F-35000 Rennes,
France
2Univ Poitiers, CNRS, LMA-UMR 7348, F-86000 Poitiers, France

Abstract

Sylvester doubles sums, introduced first by Sylvester (see [Sylvester, 1840,
Sylvester, 1853]), are symmetric expressions of the roots of two polyno-
mials P and @Q. Sylvester’s definition of double sums makes no sense
if P an @ have multiple roots, since the definition involves denomina-
tors that vanish when there are multiple roots. The aims of this pa-
per are to give a new definition for Sylvester double sums making sense
if P and @ have multiple roots, which coincides with the definition by
Sylvester in the case of simple roots, to prove the fundamental property
of Sylvester double sums, i.e. that Sylvester double sums indexed by
(k,£) are equal up to a constant if they share the same value for k + ¢,
and to prove the relationship between double sums and subresultants, i.e.
that they are equal up to a constant. In the simple root case, proofs
of these properties are already known (see [Lascoux and Pragacz, 2002,
d’Andrea et al., 2007, Roy and Szpirglas, 2011]). The more general proofs
given here are using generalized Vandermonde determinants and a new
symmetric multivariate Hermite interpolation as well as an induction on
the length of the remainder sequence of P and Q.

Keywords: subresultants, Sylvester double sums, multivariate Hermite inter-
polation, generalized Vandermonde determinants

Introduction

The first aim of this paper is to provide a definition for Sylvester double sums
making sense if P and () have multiple roots, which is done using quotients
of Vandermonde determinants involving variables, and substitutions. When the
structure of the multiplicities of the roots of P and () is known, we obtain a direct
expresion of the Sylvester double sums in terms of generalized Vandermonde
determinants.



The second aim of the paper is to prove, in the general case, the fundamental
property for Sylvester double sums, i.e. that Sylvester double sums indexed by
(k, £) are equal up to a constant if they share the same value for k+¢. In order to
prove this fundamental property, it is convenient to define more general objects,
the multi Sylvester double sums. We introduce a new multivariate symmetric
Hermite interpolation and use it to study the properties of multi Sylvester double
sums. The strategy then consists in proving the fundamental property for multi
Sylvester double sums and obtaining the result for Sylvester double sums as a
corollary by identifying coefficients.

The third aim of the paper is to prove the relationship between double sums
and subresultants, i.e. that they are equal up to a constant. Our strategy is
based on an induction on the length of the remainder sequence of P and Q.
Our more general proofs are new even in the special case when the roots of the
polynomials are simple.

The idea of introducing a multivariate symmetric Hermite interpolation and us-
ing multi Sylvester double sums was inspired by [Krick et al., 2016]’s use of mul-
tivariate symmetric Lagrange interpolation and introduction of multi Sysvtester
double sums in the context of simple roots.

The content of the paper is the following.

In Section 1 we give a general definition for Sylvester double sums, valid also
when there are multiple roots, and prove that it coincides with Sylvester’s defi-
nition in the special case where all roots are simple (Proposition 6).

In Section 2 we consider generalized Vandermonde determinants and use them to
give a new formula for Sylvester double sums when the structure of multiplicities
is known (Proposition 13).

In Section 3, we introduce an Hermite interpolation for multivariate symmetric
polynomials (Proposition 20).

In Section 4 we study multi Sylvester double sums. We give their definition in
subsection 4.1 In subsection 4.2 we compute the multi Sylvester double sums and
Sylvester double sums for indices (k,¢) with k& + ¢ > deg(Q). In subsection 4.3
we prove that multi Sylvester double sums and Sylvester double sums indexed
by k, ¢, depend only (up to a constant) on j = k + ¢ (Theorem 32 and Theorem
31).

In Section 5 we give a relationship between Sylvester double sums of (P, Q) and
Sylvester double sums of (@, R) where R is the opposite of the remainder of P
by @ in the Euclidean division (Proposition 38).

Finally we prove in Section 6 that Sylvester double sums coincide (up to a
constant) with subresultants, by an induction on the length of the remainder
sequence of P and @ (Theorem 40).

1 Sylvester double sums
We give a general definition for Sylvester double sums, valid also when the

polynomials have multiple roots, and prove that it coincides with Sylvester’s
definition in the special case where all roots are simple (Proposition 6).



1.1 Basic notations and definitions

Let K be a field of characteristic 0.

Let A be a finite list of elements of K.

We denote A’ C, A when A’ is a sublist of A with a elements (i.e. the list A’
is ordered by the restriction of the order on the list A).

Let B be another finite list of elements of K.

We denote
(A,B) = [] (@ —w).

€A
yeB

Note that II(A, B) is independant on the order of A and B.

We abbreviate II({z}, B) and II(A, {y}) to II(z,B) and II(A,y) respectively.
Note that II(A,B) is the classical resultant of the monic polynomials II(X, A)
and TI(X, B).

Definition 1. The Vandermonde vector of length i of x € K, denoted by v;(x),
18

vi(r) = : . (1)

Let A = (x1,...,2;) be a finite ordered list of elements of K. The Vandermonde
matrix V(A) is the i X ¢ matrix having as column vectors v;(z1), . .., v;(z;). The
Vandermonde determinant V' (A) is the determinant of the Vandermonde matrix
V(A). It is well known that

via)= ] (@x—a)).

i>k>j>1
By BJ|A the we denote the list obtained by concatening B and A.
The following result is obvious.

Lemma 2.
V(B|A) = V(A)II(A,B)V(B). (2)

and, as a special case, given a variable U,

V(B||U) = II(U, B)V(B).



1.2 Definition of Sylvester double sums

Let P = (z1,...,2p) and Q = (y1,...,¥,) be two finite ordered sets of element
of K and P = II(X, P), Q = II(X, Q)

The Sylvester double sum of (P, Q) of index k € N,/ € N is usually defined as
the following polynomial in K[U]:

(K, L)I(P\K,Q\L
> H(UvK)H(U’L)HEK,P)\ é{)T\I(Lagng ?

KC,P
LC,Q

(see [Sylvester, 1840, Sylvester, 1853]).

This definition of Sylvester double sums makes no sense if P and ) have multiple
roots, since some of the quantities II(K,P \ K) (resp. II(L,Q \ L)) at the
denominator are equal to 0.

In this section, we give a general definition of Sylvester double sums, valid even
if P and @ have multiple roots and prove that it coincides with the classical one
when all these roots are simple.

Let X = (X1,...,X,) and Y = (Y1,...,Y,) be two ordered sets of indetermi-
nates.

Given X' Cj X (resp. Y’ C; Y ), we denote sxs (resp. sys ) the signature of
the permutation ox/ (resp. oy:) putting the elements of X (resp. Y) in the
order (X \ X)||X’ (resp.(Y \ Y| Y’).

For any k € N,/ € N, we define the polynomial F**(X,Y)(U) in K[X,Y,U]

FREXY)U) = > sxosy VYY) X\ X)DV(YXU)  (4)

X/'CpX
Y'C,Y

Note that if & > p or £ > ¢ then F**(X,Y)(U) = 0.

Proposition 3. The polynomial F**(X,Y)(U) is antisymmetric in the vari-
ables X and in the variables Y.

Proof. For any permutation o of the ordered set X, we call also o the action of
o on a polynomial F in K[X,Y,U],iec(F)(X,Y) = F(c(X),Y). Denoting s
the signature of o we want to prove

o(F*)(X,Y)(U) = sF*(X,Y)(U). (5)

It is enough to prove (5) for a transposition exchanging two sucessive elements,
of signature —1.
So, let 7 be the transposition exchanging X; and X;;1. We want to prove

T(FM)(X,Y)(U) = ~F*(X,Y)(U). (6)

We denote by 7(X) the ordered set obtained from X by exchanging X, and
Xiy1. Given X' Cj, X, we denote by 7(X') the ordered set 7(X’) Cj, 7(X) (i-e.
7(X') is ordered by the restriction of the order on 7(X)) and by X’ the ordered



set 7(X') Cx X (i.e. X’ and 7(X’) have the same elements but X' is ordered
by the restriction of the order on X).
Denote

FXY = sy VY \ Y] (X \ X))V (Y X0).

We have 3 cases to consider.

o If X; € X' and X;; € X' then 7(X \ X') = X\ X’ and

T(FXY) = sxsy V(Y \Y)|r(X\ X)DV(Y||[r(X)|U)
- SX/?{/X((Y\Y’)H(X\X’))V(Y’IIT(X’)IIU)
—FXY

o If X; ¢ X" and X,;11 ¢ X’ then 7(X’) = X’ and

T(FXY) = sxsy VY \Y)|r(X\ X)DV(Y||Ir(X)|U)
SX/?(/X((Y\Y’)HT(X\X’))V(Y’IIX’HU)
—FXY

o If X; € X and Xj1 ¢ X', or X; ¢ X' and X, 41 € X/, then 0g, = 7o0x/,
7(X) =X’ and 7(X\ X’) = X\ X’ so that

P(FXY) = sy V(Y \ Y (X A\ X))V (Y| (X))

= —sxsy V(Y \Y)(X\ X)) V(Y'[X']|U)
— _FX’,Y’

and
T(FXY) = sgsy V(Y \Y)|r(X\ X))V (Y ||7(X)[|U)

= —sxsy V(Y \Y)[(XA X)) V(Y[ X[|U)
— *FX Y ,

From which we deduce
. (Fx’,Y’ n FX’,Y’) _ (FX’,Y’ n FX’,Y’) )
So, we get (6).
The exchange between two elements of Y can be treated similarly. O
Lemma 4. If A(X,Y) in K[X,Y] is antisymmetric with respect to the variables

X, then A(X,Y) = S(X,Y)V(X) where S € K[X,Y] is symmetric with respect
to the variables X.



Proof. f A(X,Y) is antisymmetric with respect to X then, for any j < k,
denote 7; 1 (X) the ordered set of variables obtained by transposing X; and Xj,.

AX,Y) - A(7,.(X,Y)) 2A(X,Y)

X; — X X - X
is a polynomial. So A(X,Y) = S(X,Y)V(X) and S(X,Y) is a symmetric
polynomial with respect to X. O

Applying Lemma 4 and Proposition 3 we denote S¥*(X,Y)(U) the symmet-
ric polynomial with respect to the indeterminates X and with respect to the
indeterminates Y satisfying

kol
SHUX,Y)(U) = m )

Given two monic univariate polynomials P and @ of degree p and ¢ we denote
P = (x1,...,2p) and Q = (y1,...,y,) ordered lists of the roots of P and @ in
an algebraic closure C of K, counted with multiplicities.

Definition 5. The generalized Sylvester double sum of (P, Q) for the exponents
k,¢ € N x N is defined by

Sy* (P, Q)(U) = K4 (P, Q)(U).

Note that this definition does not depend on the order given for the roots of P
and Q.

This definition of generalized Sylvester double sums for monic polynomials co-
incides with the usual definition of Sylvester double sums when the polynomials
P and @ have no multiple roots, as we see now in Proposition 6.

Proposition 6. If P,Q have only simple roots,

(K, LIP\K,Q\L)
(K, P\K)II(L, Q\ L)

SR Q)U) = 3 THU KT, L)
Lcia



Proof of Proposition 6’( JI(P\K,Q\L)
INK,LII(P\K,Q\L
) U KU L) g P KL, Q\L)

KC,P
LC,Q

VI, L)VE)V(Q\ LII(P\ K, Q\ L)V(P \ K)
VKK, P\ K)V(P\ K)V(I)I(L, Q\L)V(Q\ L)

= Y IUKIU,L)
KC,P
LCyQ

LY s V(L|K[IU)V((Q\ L) (P \ K))
= V(P)V(Q)

PR,
- ‘/CP)VX(Q) 4'5 CP7(2)UY)

= Sy (P,Q)(U)

applying Lemma 2. O

2 Generalized Vandermonde determinants and Sylvester
double sums

We consider generalized Vandermonde determinants (also called sometimes con-
fluent Vandermonde determinants, see [Lancaster and M.Tismenetsky, 1985, Horn and Johnson, 1991])
and connect them with the Sylvester double sums (Proposition 13).

Notation 7. Let P be a polynomial of degree p with coefficients in a field K.
Let (z1,...,2m) be an ordered set of the distinct roots of P in an algebraic
closure C of K, with x; of multiplicity u;, and let P be the multiset of roots of
P, represented by the ordered set

P= (Il,Ov vy Ll =1y s Tm,0y v - - axm,,um—l)v

with ;5 = (x4,§) for 0 <j <pi—1, > pi=p

Let Q be a polynomial of degree q with coefficients in K. Let (y1,...,yn) be
an ordered set of the distinct roots of Q in C with y; of multiplicity v;, , for
1=1,...,n. Let Q be the ordered multiset of its root, represented by the ordered
set

Q= (1,0, s Ylr—1r-+ s Yn0s s Ynvm—1)s
with yi; = (yi,j) for 0 < j<wy—1, 30" vi =q.
We introduce an ordered set of variables Xp = (X1,0,- -, Xt i1, s Xm0s - -+, Xy —1)
and an ordereed set of variables Yo = (Y105, Y1,01—1,--+» Yn,00---s Ynu—1)-
For a polynomial f(Xp,Xq) we denote f(P,Q) the result of the substitution of
Xij; by x; and Y, ; by y;.



Notation 8. Given f a polynomial depending on the variable U, we denote

10'f
T lou (8)

f[i]

Definition 9 (Generalized Vandermonde determinant). Let K C; P, L C; Q
and U = (Uy,...,U,) an ordered set of u indeterminates.

The generalized Vandermonde matrix V[L||K|/U) is the ({+k+u) X ({+k+u)
matriz having as column vectors the { columns U,C]HHL (yi) for y;; € L followed
by the k columns v,[jlﬂu(xi) for z; ; € K followed by the u columns v o4 (Us)
(using notation (1) and notation (8)).

The generalized Vandermonde determinant V[L||K||U) is the determinant of
V|L|K|U).

e In the particular case v = 0 we denote V[L||K] the corresponding deter-
manant.

e In the particular case k = p,¢ = v =0 we denote V[P] the corresponding
determinant .

e Similarly, in the particular case k = 0,£ = q,u = 0 we denote V[Q] the
corresponding determinant.

Remark 10. The peculiar notation V[L|K,|U) with one square bracket to
the left and one parenthesis to the right is here to indicate that the column
v,[jluu(xi) indexed by ; ; € K and vl[jlpru(yi) indexed by y; ; € L have been
derivated, while there is no derivation with respect to the columns indexed by

the variables in U.

While the classical Vandermonde determinant V(P) is null when P has multiple
roots, we have the following result for the generalized Vandermonde determi-
nant.

Lemma 11. The generalized Vandermonde determinant V[P] is equal to

vIPl= [ (o —we

1<i<j<m

Proof. The proof is done by induction on p.
Ifp=1,V[P] =1
Suppose that



The polynomial F(U) = V[P||U) is of degree p, with leading coefficient V[P]
and satisfies the property

forall 1 <i<m, forall0<j < p;, FUl(z;) = 0,
So,
FU)=VPI[JW -z = [ (& =z [0 - i)
i=1 1<i<j<m i=1

Consider T'(U) = (U — z)P(U).
— First case: z is not a root of P. Let T the ordered set (obtained by adding x

at the end of P) of roots of the polynomial T, so = x,,11 is a root of T" with
multiplicity 1. Then

m

V[T] = F(z) = H (wj — @yt H(az —x)H = H (2 — a;)Mha.

1<i<j<m i=1 1<i<j<m+1

— Second case: x is a root of P. So there exists 1 < j < m such that z = z; ,
and z; is a root of multiplicity u; + 1 of T'.

Let T the ordered set of roots of the polynomial 7" obtained by inserting x; ,, =
(x4, ;) after 2, 1 in P. Then

VIT] = (—1)“j+1+"'+“mF[“j](xj)

m

= (—1)“-’+1+"'+“"’V[P]H(asj — )M
i
= H (zj — $z‘)ui(”j+1) 0

Remark 12. If K C; P, it can happen that V[K] = 0. Taking for example
P = (z1,0,%1,1,%2,0,%2,1) and K = (21,1, 22,1), it is easy to check that V[K] = 0.

From now on, and till Section 5, P and ) are monic polynomials,

The following proposition makes the link between generalized Vandermonde
determinants and Sylvester double sums.

We denote sk (resp. sp) the signature of the permutation ok (resp. or)
obtained by putting the elements of P (resp. Q) in the order (P \ K)||K (resp.

(Q\L)|L).
Proposition 13.

VIQ\L)[[(P\K)VILIK|U)
VIPIVIQ]

Sylvk’é(P,Q)(U) = Z SKSL

KC P
LCyQ



In the proof of Proposition 13, we use the following notation 14 and Lemma 15.

Notation 14. For any polynomial f depending on the variables Xp, and K Cy
P, denote O™ f the polynomial defined by induction on r as follows.

o=
If K =K'||(z:),
e
iy LYVOXIS
it oxy,

Similarly, for any polynomial f depending on the variables Yq, and L C, Q,
denote QM f the polynomial defined by induction on s as follows.

o=

If L =L|(yi;),
.y
il _ i@y@[ ']f
jtaxi

Note that
VIL|K|U) = f(K,L,U)

with f(Xk, Yy, U) = 0MoKIV (Y| Xk || U).

Lemma 15.
Pl (V(Xp)f(Xp)) = V[P]f(P)

Proof. We first note that

o1 (V(Xp) f(Xp)) = PN (V(Xp)) f(Xp) + Y Vi(Xp) fr(Xp)

where V,.(Xp) (resp. fr(Xp)) is obtained from V(Xp) (resp. from f(Xp)) by
partial derivations, one variable X; ; at least being derived less than j times
(resp. more than j times). Denoting X, ; the first variable which is being
derived less than j times in V,.(Xp), we define j’ as the order of derivation of
X;; in V.(Xp). We notice that V;.(Xp) is the determinant of a matrix with
two equal columns, the one indexed by 7,7’ and the one indexed by 7, j. Hence
V,.(P) = 0. This proves the claim. O

Proof of Proposition 13. Since
FH(Xp,Yq)(U) = V(Xp)V (Yq)S™(Xp, Yq)(U),
using Lemma 15 we obtain

IAIFIFHY(P, Q) (U) = V[PIVIQISH (P, Q)(U) = VI[PV [Q]Syv™ (P, Q) (V).

10



On the other hand, denoting

hk L(Xp,YQ)(U) = V(Yq\Ll[ Xp\k)V (YL Xk |U),

we have
91U hy (P, Q)(U) = V[(Q\L)||(P\ K)V[L|K|U).
Since
FH(Xp,YQ)(U) = Y sksuhx L(Xp,Yq)(U)
e
we get
OIUIPIFEA P, Q)U) = Y skstVIQ\L)|(P\K)VL|K|U) O

LC[Q

The following lemma will be useful later.
Lemma 16.

1. For L Cy Q, defining
f(Yqu) = (_1)p(q—5)3[Q\L] V(Yo\r) H P(Y
YEYQ\L

we have

VIQ\L)[[P] = V[P]f(Q\L).
2. For K Cy P, defining
9(Xp\k) = 9P\ ( (Xp\k) H QX )
XeXp\k

we have

VIQI(P\ K)] = V[Q]g(P \ K)

Proof. Defining

h(Xp,You) = 99V (Yol Xe)
= 91N (V(Xp)I(Xp, Youu)V (Yaur))
= V(Xp)d QY (I(Xp, Yo\L)V (Yq\L))

11



and applying Lemma 15, we get

PP, YquL) = VI[P (V(Yg )l PYQ\L))
HlQ\L]

V(
= V(Yq\L) (—1)PP(Y)
YEYQ\L
= f(Yq\w)-

and finally
V[(Q\L)|P] =0 In(P,Q\L) = V[P|f(Q\L).

Which is Lemma 16.1.
The proof for Lemma 16.2 is similar. O

Corollary 17. If Q) divides P, then

Sylv™ (P,Q)(U) =0

Proof. In this case, f(Q\ L) =0 as any root of @ is a root of P with at least
the same multiplicity. So, applying Lemma 16.1, V[(Q \ L)||P] = 0. It follows

0 VI(Q\L)|[PVIL|U)
Sylv?I (P, Q)(U SL =0
=2 VRV

3 Hermite Interpolation for multivariate symet-
ric polynomials

We now introduce an Hermite interpolation for multivariate symmetric polyno-
mials.

We consider an ordered set of p — k variables U.
Proposition 18. The set

18 a basis of the vector-space of symmetric polynomials in U of multidegree at
most k,... k.

The proof of Proposition 18 uses the following Lemma.

Lemma 19.

12



VIK||(P\K)] = (-1)*"=H s VP] # 0.
2 IfK' #K, VIK'||(P\K)] =

Proof.

1. Tt is clear that V[K||(P \ K)] = (=1)*®=R s V[P] # 0, since sk is the
signature of the permutation putting P in the order (P \ K)|/K.

2. The fact that V[K'||(P \ K)] = 0 when K’ # K follows from the fact that
the matrix V[K'||(P \ K)] has two equal columns. O

Proof of Proposition 18. Since the number of subsets of cardinality k of P is

(i) and that (Z) is also the dimension of the vector space of symmetric

polynomials in U of multidegree at most k, ..., k, it is enough to prove that
S K/HU) _
VIPV(U)
K'C,P

implies cx = 0 for all K Cj, P.
Let us fix K C;, P. Since

Y e VIK'|U) =0,

K/'CyP

it follows by substitution and derivation that

> e dPEVIK | Xpyk) = 0.
K/'C,P

When replacing Xp\k by P\ K we obtain
Y. e VIK|(P\K)] =
K/'C,P
Using Lemma 19, we get cx = 0. 0

The following Proposition gives the connection between a symetric polynomial
in U of multi degree at most k, ...,k and its coordinates in the basis Bp 1 (U).

Proposition 20. (Multivariate symmetric Hermite Interpolation) Let

g be a symetric polynomial in U of multi degree at most k, ..., k. Writing
Y e S KHU)
KCyP V(U)

13



then
gk = (-1)*P" P sgh(P \ K)

with
h(XP\K) = 8[P\K] (V(XP\K)Q(XP\K))

Proof. We have

Y 9xVIK|U) = V[Plg(U)V(U).

Derivating both sides by ™K'l and substituting P \ K’ for U we get, using
Lemma 19

g VIK'[|(P\ K)] = grsx (—1)** MV [P] = V[P]h(P \ K'),

and finally
gk = (1) PR g n(P\ K'). O

Remark 21. Proposition 18 generalizes a result in [Chen and Louck, 1996]
given for Lagrange interpolation of symmetric multivariate polynomials.

As a corollary of Proposition 20, we recover the classical Hermite Interpolation

Proposition 22. (Hermite Interpolation) Given an ordered list

q= ((h,o, s Q1 =150+ 5 Gm,05 - - '7qm,um—1)

of p numbers, there is one and only one polynomial of degree at most p — 1
satisfying the property

forall1 <i<m, forall0<j<pu, QU(z;) = g,

Proof. If k =p — 1 in Proposition 18, then

Bp’pfl(U) = {‘W | Tij € P}

is a basis of the vector space of univariate polynomials in U of degree at most
<p—-1L
Note that (—=1)?"'sp\ (g, ;3 = (—=1)# T Frm=3=1So, the family

{(—1)pittmm=i=lg, o li=1,...,m,j=0,...p0 — 1}
is the coordinates in the basis Bp ,—1(U) of a polynomial Q(U) (necessarily

unique) of degree at most p — 1 such that QUl(z;) = ¢; ;, applying Proposition
20. O

14



4 Multi Sylvester double sums

We introduce in subsection 4.1 multi Sylvester double sums and study their
properties, using the Hermite interpolation for symmetric multivariate poly-
nomials. In subsection 4.2 we compute the multi Sylvester double sums and
Sylvester double sums for indices (k,¢) with k + ¢ > ¢. In subsection 4.3 we
prove the fundamental property of Sylvester double sums, i.e. that Sylvester
double sums indexed by k, ¢, depend only (up to a constant) on j =k + £ < p.
This was already known in the simple roots case but even in this case our proof
is new.

4.1 Definition of multi Sylvester double sums

The idea of replacing the variable U by a block of indeterminates to define multi
Sylvester double sums is directly inspired from [Krick et al., 2016].

Definition 23. The multi Sylvester double sum, for (k,¢) a pair of natural
numbers with k + £ = j, is the polynomial MSylvk’Z(P,Q)(U), where U 1s a
block of indeterminates of cardinality p — 7,

VIQ\ L)(P\ K)VILIK]|U)
MSIVR Q) = 3 s g () ©)

In particular

B ~ VIQI(P \K)] VK|[U)
MSylv O(P,@(U)—K;PSK vial VP[V(D) (10)

The following proposition gives the relationship between multi Sylvester double
sums and Sylvester double sums.

Proposition 24. Denoting U = U||U’ with U’ a block of p— j — 1 indetermi-
nates,
Syl (P, Q)(U) is the coefficient of H U in MSylv™*(P,Q)(U).
U’'eu’
The proof of Proposition 24 is based on the following Lemma.
VIK|U|U)

L 25. VIK|U) is th jent i
emma VIKI||U) is the coefficient of H U" in VuuY)

U’eu’
Proof.

MV (Xk|U[U’) — oI(V(Xk||U)I(U, Xk)I(U’, U)V(U))
vo|uy n(u, u)v(u’)
= oM(V (Xk ||[U)II(U', Xk))
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Noting that

M (V(Xk || U)I(U, Xk)) =
OBV (Xk||U) x I(U', Xk) + Z Vi ( Xk, U)IL.(U’, Xk)

where each IT.(U’, Xk) is obtained by partial derivation of II(U’, Xk) with
respect to at least one variable in Xk, it is clear that the degree of some U’ € U’
in II,(U’, Xx) is less than k. The claim follows, substituting K to Xk. O

Proof of Proposition 2. The coefficient of H UY in V[L|K|U)is V[L|K|U)
U’eu’
by Lemma 25. The coefficient of H U" in MSylv**(P,Q)(U) is
U’eu’

233& [(Q\ L)||(P\ K))V[L|K|)

— Qylyk
VGl = Sy (P.Q)U)

by Proposition 13. O

4.2 Computation of (multi) Sylvester double sums for j > ¢
Proposition 26. If ¢ <j<p

MSylv/ 0(p Q)(U) = 1)d(p=3) H QU

UueUu

Proof. The polynomial H Q(U) is a symmetric polynomial in U of multidegree

UeU
qg,...,q,s0atmost j,...,j. Its coordinates in the basis Bp ;(U) are, for K C; P,

(—1)7®=9) s h(P \ K) where

h(XP\K):a[P\Kl( (Xpx) ] QX )

XEXP\K
by Proposition 20, and moreover

VIQ[I(P\ K)]

MPAK) =)

by Lemma 16.2.

So, the polynomials MSylv’/%(P, Q)(U) and ( J(p 7) H Q(U) have the same

Ueu
coordinates in the basis Bp ;(U) and are equal. O

16



As a corollary

Proposition 27.
1. Sy MU(P,Q)(U) = (-1)P'Q(U)
2. For any q<j <p—1, Sylv/%(P,Q)(U) =0
3. Sy (P, Q)(U) = (=1)*"*~9Q(U)

Proof.

1. For j = p — 1 Proposition 26 is exactly

Syl H(P,Q)(U) = (-1)P QD).

2. If ¢ < j < p—1, denoting U = U||U" with U" a block of p — j — 1
indeterminates, the coefficient of H U" in H Q(U") is equal to 0, so
4 Ureu U'eu
Sylv/(P,Q)(U) = 0 applying Proposition 26.

3. From Proposition 26 and Proposition 24, denoting U = U||U’ with U’ a
block of p — ¢ — 1 indeterminates, we know that Sylv?’(P,Q)(U) is equal
to the coefficient of H U in (=1)1P=DQ(U) [ ey @U’). This co-

Ureu’
efficient is exactly (—1)1P=DQ(U). O

Proposition 28. If{<qg<k+{=j <p then

MSylv®“(P,Q, U) = (—1)“=7) ( ' ) MSylv(P, @, U)

ViQ\D)|T) .
V(U
a symmetric polynomial in the indeterminates U’ of degree at most ¢ — £ < k in
each indeterminate U/,1 < ¢ < p — k. So, we can write this polynomial in the
basis Bp 1 (U’)

Proof. Let L €, Q and U’ = (Uy,...,U/,

»—x); the polynomial

L)|U") KU’
[(?f\ )l T LE H )

Koop )

where, by Proposition 20

gk = ()" Vs V(Q\ L) (P \ K)].

17



We deduce from this

VIK|[U")
V[P

VIQ\L)U) = Y (-1 MsxVI(Q\L)||(P\ K)]

KciP

We replace U’ by U’ = Y1,||U, where U is a set of p— j indeterminates, derivate
with respect to O and replace Yy, by L; we obtain

VQ\L)Lju)= 3 <—1>k(p-k>sKV[<Q\L>||<p\K)]V[KV“[II;|]|U>
KciP
= COMEDE Y i@\ D K )
e V[P]
As
V[(Q\L)|L|U) = s.V[QIU),
we have
viQu)y = Y <—1>k<p-j>sKsL<V[<Q\L><P\K>]W13|[11§5|‘”
KciyP
and
ViQ|U) _ _ V[L|K]||U)
V) K%:P(—l)k( Jsiest(V[(Q\ L)||(P\ K)] VPV (0)
V([Q|U)

The polynomial

V(U is a symmetric polynomial in the indeterminates U

of degree at most ¢ < j in each indeterminate U;,1 < i < p — j. So, we can
write it in the basis Bp_ ;(U)

viQIU) 5 V[W|U)
v(U) WVIPIV(U)

WC,P
where by Proposition 20

gw = (=1 swVIQI|(P\ W)].
So

Y swVIQIP\W)VIW[U) = Y (-1 P sgseV(Q\L)|(P\K)]VIL| K| U).

It follows

Y swVIQIP\W)IVIW(U) = (1) P77 3 sieseVI(Q\L) | (P\K)]V[L|K|[U)

18



( Z) Y swVIQP\W)VIW|U) =

WC,;P

(~D) P 3" sksLVI(Q\ L)|(P\ K)VIL|K|U)

KC P
LC,Q

< q > 2owe,pswVQI(PAW)VIW|U)
l =

VPIVIQV(D)
D S sy V@D VKIVILIK]O)
L, VIPIVIQIV(U)

and

MSylv™(P,Q,U) = (- )@ﬂ(Z>MwMWRguy

Corollary 29. Forq < j <p,

Sy (P.Q) = (=) (4 ) syv(P.Q)

Proof. Immediate using Proposition 28 and Proposition 24.
Proposition 30.
1. For any (k, ) with g =k + ¢,

Sy (P.Q)(U) = (-1 (1)@

2. For any (k,0) with{ < gq,j=k+{ withq<j<p-—1,

Sy A (P.Q)(U) =0
3. For any (k,0) with{ < g k+{=p—1,

sy (P, Q)0) = (1 (4 Q)
Proof.  Follows from Corollary 29 and Proposition 27.

19
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4.3 Fundamental property of (multi) Sylvester double sums

This section is essentially devoted to the proof of Theorem 31, which is a fun-
damental property of Sylvester double sums: up to a constant Sylvester double
sums Sylv"”~"(P,Q) depend only on j. Such a result has been already given
for ¢ < j < p by Corollary 29.

Theorem 31. IfkeN, LeN, k+l=j<qg<p

SV (P.Q)0) = ()0 (1) sy (P Q)

We, in fact, prove Theorem 31 as a corollary of a multivariate version (Theorem
32). The proof of Theorem 32 uses in an essential way the Exchange Lemma
coming from [Krick et al., 2016].

Theorem 32. I[fk e N, L e N, k+{=j<q<p, and U a set of p—j
indeterminates,

MSyIV(P.Q)(U) = (-1) 9 (] ) MSyivi (P, Q)(U)

To prove Theorem 32 for j < ¢, we need a lemma

Lemma 33. Let K C, P,L C; Q and U = Uy,...,U, an ordered set of
variables. Then V[L||K] is the coefficient of the leading monomial

u

H Uik+5+u77,

=1

of V[L||K||U) with respect to the lexicographical ordering.

Proof.

VILIK[[U) = 0™ (V (Y1 || Xk | U))(K, L, U)
= V(U)a™M (v (v | Xx)IL(U, Y | X)) (K. L)

The coefficient of [ U/ in 0®IoM (V (Ve || Xk)TI(U, Xk Y1) (K, L) is the
i=1

coefficient of H Uktttu=i iy VIL|K||U). This coefficient is
i=1

ooy (vy | Xk)(K, L) = V[L|K];

indeed if any derivation is done on II(U, Xk||Y1,), with respect to K or L, the
degree in at least one indeterminate U; € U decreases strictly. O
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Proof of Theorem 32 . We have j < q. Let U’ be a block of p—/ indeterminates.
On one hand,

S 100, v U X > Vol o)V 0| )

TC,P VT 79 H(XP\T XT V (XTHXP\T)
(p—0) Z YQIIXP\T) (Xr[[U")
s V(U)V (Xp)
On the other hand,
(U, ) V(YqLllXp)V (YL|U")
X, YQ\uL)ormr =

3 Midan 2 V0% VOV au T
- Y oa YQ\LHXP) (Yi|[U")

o VUV (Vo)

From the Exchange Lemma in [Krick et al., 2016], we can write

(U, X) (U, Y1)
I(Xp\1, YQ) o = 2, H(Xp, Yo\L) mrar
T%:P O(Xp\p, X1) 2= Yy, Yq\r)

(11)

So, we deduce from (11)

YQHXP\T) Xl0) i s~ VOl Xe)V (U
2 o v 0 e v v )

(12)

TC,P LC.Q

Y stV (Yol Xp\)V(Xx|[U) = (=19 3" sy V(YqullXe)V (Y| U')
TC,P YLCrYq
(13)

Hence, derivating with respect to Q and substituting Q to Xq,
Y stVIQIXp\ o)V (Xo[U) = (1) P79 Y7 s V[(Q\ L) Xp)VIL|U)
TC,P LC.Q

(14)

We fix K Cj;, P. The total degree with respect to Xk of V[Q \ L||Xp]V[L|U")
is

di = ( ’; )+/€(p+q—j)-

Denoting, for any T C; P, ¢ the cardinality of KNT, we note that the cardinality
of P\T)NKisk—c.
So, the total degree with respect to Xk of V[Q|| Xp\ 1)V (Xt[U’) is

dac = ( k;C>+<k—c><p+q—j+c>+<§>+c(p—c),
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ie.
k . .
da,c = ( 9 ) +hp+a—7j)—cla—7+20)
and
di —dy.=clk—c+q—1)

Sody.<diife>0anddy.=d; if c=01ie. if T CP\K. This implies that
subsets T which intersect K don’t contribute to the homogeneous part of total
degree d; in Xk on the left side of (14).

Note that, if T C, P\ K,

VIQ|l Xp\1) = rx, TV [Q[| Xp\ (kuT) [ XK),
where rk T is the signature of the permutation pk r taking the ordered set
P\ T to the ordered set (P \ (KUT))|K.

We can also write

VI(Q\L)|[[Xp) =skV[(Q\ L) Xp\k | Xk)

If Xk = Xu,,--.,Xu,, taking the coefficient of Hle X[-i#P+a= in both sides
of (14) gives, by Lemma 33

Z rk, w51V [Q| Xp\ (kuT)) V[ X1 ||U') =
TC,P\K

(D)0 3" sksLVI(Q\ L) || Xp\k)VL|U).  (15)
LC,Q

Derivating both sides of (15) with respect to dF] and replacing Xp by P,
followed by replacing U’ by Xk ||U, where U is a set of p — j indeterminates,
derivating with respect to 0! and replacing Xk by K gives

Y. rrrstVI[Q[(P\ (KU T)V[T|K|U) =
TC,P\K

(D=0 " sksV(Q\L)[|(P\K)VLIK[U). (16)
Lc,Q

Summing with respect to K, ve get

Y rrrstVIQI(P\ (KUT)VITK|U) = (1)~ IMSylv™ (P, Q)(U).

KC,P
TC,P\K

Denote W the set KU T ordered by the induced order on P. Let i« 1 be the
permutation sending the ordered set P\ W||W to the ordered set P\ W||T| K
and tk T its signature. We deduce

Y txrrerstVIQ|(P\ W)VIW]U) = (-1)C-IMSyv™ (P, Q)(U).
Te Bk
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We remark that tx trk TsT = (—1)usw. Indeed, denoting ¢k T the permuta-
tion sending the ordered set (P \ W)||T| K to the ordered set (P \ W)|K| T,
with signature (—1)¥, and by Pk 1 the permutation sending the ordered set
(P\T)|IT to the ordered set (P \ (KUT))|K|T, with signature rk r, we have
the follwing sequence of permutations

ow P «— (P\W)|W
tkr: (P\W)[W «— (P\W)|T|K
KT PAW)T|K «+— (P\W)|[K]|T

Prr: (PAW)K|T «— (P\T)|T
or: P\DT «— P

. —1 —
with o 0 p'i 1otk T o TK T © awl =1Id.

Noting that there are ( J

, ) ways of decomposing W C; P as W = KUT, we

get
MSylv™(P,Q)(U) = (-1)"7) ( ) ) MSylv/*(P,Q)(U). O

Proof of Theorem 81. Theorem 31 is an immediate consequence of Theorem 32,
by applying Corollary 29. O

5 Sylvester double sums and remainders

In Section 5 we give a relationship between the Sylvester double sums of P, Q
and those of @), R where R is the opposite of the remainder of P by @ in the
FEuclidean division.

We are now dealing with not necessarily monic polynomials.

Definition 34. Let P be a polynomial of degree p which leading coefficient is
denoted 1c(P). Let Q be a polynomial of degree q which leading coefficient is
denoted lc(Q).

Let (k,0) with j = k+ ¢ < p be a pair of natural numbers. We define

SyVH(P.Q)(U) = Ie(P)*71e(@Q)P 7 SyIvh <1c<€3> 1c22)> )

Remark 35. Note that if ke N, A e N/ < q, k+l=j<q

Sy (P.Q)0) = (1)) () sy (P Q)

follows immediately from Theorem 31 and Definition 34.
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We use Notation 7 to define the ordered sets P and Q representing the multisets
of roots of P and Q.
Rewriting Lemma 16 in the non monic case, we get Lemma 36.

Lemma 36.

1. For L C; Q, defining

f(yQ\L):(_l)p(q—tz)a[Q\L] V(Yo H P |,
YGYQ\L

we have

o VI(Q\L)[P)]

FQ\E) = Ie(P) ' =

2. For K Cy, P, defining

9(Xpk) =0 [V(Xpk) [[ QX)) |,
XGXP\K

we have
»—1 VIQ[(P\ K)]

o(P\K) = k(@S

Similarly, reewriting Proposition 27 in the non monic case, we get Proposition
37.
Proposition 37.

L Syl H(P,Q)(U) = (~1)PHe(P)IPHQ(U)

2. Foranyq<j<p-—1, Syle’O(P7 Q)U)=0

3. SyVIO(P,Q)(U) = (~1)Dle(Qpr o Q(U)

We proceed now to the proof of Proposition 38 wich is the main result of Section
5.

Proposition 38. Let R=—Rem(P,Q). If j €N, j <q
e IfR=0, Sylv’'*(P,Q)(U) = 0.
e If R#0, Sylv’*(P,Q)(U) = (—1)1P=9lc(Q)P~"Sylv/*(Q, R)(U)
The following elementary lemma plays a key role in the proof of Proposition 38.

Lemma 39. Let R = —Rem(P, Q). For every y; ; € Q, 0 < j' < 4,

P[j/](yi) = —R[j/] (yi)
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Proof. Write P = CQ — R, derivate ;' times and evaluate at y;. O

P Q

Proof of Proposition 38. If R = 0, Sylvo’j (IC(P)’ m

) (U) =0 follows
from Corollary 17. So,

Syl (P, Q)(U) = (-1~ ISylv*/(P,Q)(U) = 0

If R # 0, let r be the degree of R. Let (21,...,2,) be an ordered set of the
distinct roots of R in an algebraic closure C of K, with z; of multiplicity &;,
and, as in Notation 7, let R be the multiset of roots of R, represented by the
ordered set

R = (2:1707 BN N TR I R-ZIN | DI ngv_l),
with Zij = (Z“j) for O S j S & — 1, Z::l fl =T
If j < g, define for L C; Q
f0qu) = (~1)Pe 0@ (V(Yqu) [Ty ey, P(Y))
M¥qu) = 09 (VYgu) [yerg, R(Y))
Note that ‘
FQ\L) = (-1)PHDEIp(Q\ L)

from Lemma 39.

So
S0 (P.Q)(U) = “EL AT S v Ly PVILI)
y VIPIVIQ] L%:Q -
_ M Z sLf(Q\ L)V[L||U) applying Lemma 36.1
vial 2,
_ 0@ @
1) a3, @ DV
()= @7 5~ (@) TIVIRI(Q\ L))
1 Va2t vm MY

(applying Lemma 36.2)
(p+1) (- 1(@)P1e(R) T

= (-1) PrQviR] 2o, IRI@ LV IEID)
= (71)(P+1)(Q*j) IC(Q)pirlc(Q)rijlc(R)qij Z SLV[R”(Q \ L)}V[L”U)

le(Q)*7VIQIVIR]
= (—1)PTVE=D1e(Q)P~"Sylv?*(Q, R)

LC;Q
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The claim follows since
Sy (P, Q)(U) = (=1 P~ Isyv™ (P,Q)(U)

by Theorem 31 and (—1)7(P—7) (—1)P+D(e—7) = (—1)ap—a), O

6 Sylvester double sums and subresultants

Finally we prove in this section that Sylvester double sums coincide (up to a
constant) with subresultants, by an induction on the length of the remainder
sequence of P and Q.

This section is devoted to the proof of the link between double sums and sub-
resultants which is known in the simple case (see [Lascoux and Pragacz, 2002,
d’Andrea et al., 2007, Roy and Szpirglas, 2011]).

Notation. ¢, = (—1)**=1)/2, The sign ¢, is the signature of the permutation
reversing the order i.e. sending 1,2,...,k— 1,k to k,k—1,...,2,1. We have
alsoep, =1if k=0,1 mod 4, ¢, = —1if K =2,3 mod 4. As a consequence

Ei+1 = (—l)iEi. (17)

We have also N
Ei+j = (—1)”81‘53‘, (18)

which follows from the fact that reversing i 4+ j numbers can be done in three
steps: reversing the first ¢ ones, then the last j one and placing the last j
numbers in front of the i first.

The main theorem of this section is the following.

Theorem 40. Let ke N, {eN, (< q, k+{l=j<p—1

SV (P.Q0) = () e, s (] ) SR QD)

Remark 41. When j =p — 1, Sres, ;(P,Q)(U) = Q(U) by convention; so, as
Sylv* (P, Q)(U) = (—1)* < z ) QU) for k+£=p—1, we get

Syl™(P,Q)(U) = (~1)* ( / )Sresp—ﬂp’ @)

In order to prove Theorem 40, we use an induction on the length of the remainder
sequence of P and () based on Proposition 38.
Before proving Theorem 40, we recall the following properties of subresultants.
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Lemma 42. Let R = —Rem(P, Q).

l.g<j<p-—-1 Sres; (P, Q)(U) =0

2.j=q Sresy(P,Q)(U) = ¢ep—qle(Q)P1'Q(V)
3.j=q—1 Sres,—1(P,Q)(U) = ep_glc(Q)P~ITR(U)
4.j<q—1LR#0  Sres;(P,Q)(U)  =¢p_qlc(Q)P " Sres;(Q, R)(U)
57<q—1,R=0 Sres; (P, Q)(U) =0

Proof. All items follow from [Basu et al., 2003] except the computation of
Sres,—1(P,Q)(U). Sres,—1(P,Q)(U) is clearly equal to &,_q42lc(Q)P 9T (—R(U))
by replacing the row of P by a row of —R in the Sylvester-Habicht matrix, and
reversing the order of its p — ¢ + 2 rows. Notice now that e,_g12 = —gp—q. O

We also recall the following similar properties of Sylvester double sums.

Lemma 43. Let R= —Rem(P,Q). Let jeN, j<p—1

lLg<j<p—1 Sylv?*(P,Q)(U) =0,

2.7=q Sylv? (P, Q)(U) = (~1)1=9e(Q )” =1Q(U)
3.j=q-1 Syl (P,Q) (U) = (-1l Demattp=ale(Q )” “R(U)
4.j<q—1R#0 SyW(P,Q)(U) = (—1)1r=D1e(Q)P~"Sylv"*(Q, R)(U)
5.j<q—1,R=0 Sylv'%(P,Q)(U) =0

)

Proof. All items follow from Proposition 37 except for the computation of
Sylve=1%(P,Q)(U). Using Proposition 38 and Proposition 37 for Q, R, we ob-
tain

Sy (P, Q)(U) =
(—1)1P=D]e(Q)P~"Sylv?™H0(Q, R)(U) = (1)1 1T9r=D]e(Q)P~ 9+ R(U)

It remains to remark that (¢ — 1)(p—q+1)+p—qg=q(p—q) +¢—1. O

Proof of Theorem 40. The statement for ¢ < j < p — 1 follows from Lemma 42
1,2, Lemma 43 1,2 and Theorem 31.

The statement for j = g — 1 follows from Proposition 42 3, Lemma 43 3, Lemma
31 and (17) since €p_q41 = (—1)P7%e,_,.

For j < ¢ — 1 we first prove the special case

Syl (P, Q) = (1Y Ve, Sres; (P, Q) 1)

The proof is by induction on the length of the remainder sequence of P, Q.
The basic case is when @) divides P, i.e. R = 0, and the claim is true by Lemma
42 5, Lemma 43 5.
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Otherwise suppose, by induction hypothesis that
SyIv0(Q, B) = (=177, ;Sres; (Q, R) (20)
Using Proposition 42 5 and Proposition 43 5 it remains to note that
(—1)7P=9)(—1)ila=D) (—1)alP=d) = (—1)(@=9)(P=9)

and conclude by (18) since g, _; = (—1)(@=DP=g, . .
The general case for k, ¢ now follows from Theorem 31.

The authors thank the referees for their relevant remarks.
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