N

N

A Class of Infinite Horizon Mean Field Games on
Networks
Yves Achdou, Manh-Khang Dao, Olivier Ley, Nicoletta Tchou

» To cite this version:

Yves Achdou, Manh-Khang Dao, Olivier Ley, Nicoletta Tchou. A Class of Infinite Horizon
Mean Field Games on Networks. Networks and Heterogeneous Media, 2019, 14 (3), pp.537-566.
10.3934/nhm.2019021 . hal-01802120

HAL Id: hal-01802120
https://hal.science/hal-01802120
Submitted on 29 May 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01802120
https://hal.archives-ouvertes.fr

A Class of Infinite Horizon Mean Field Games on Networks

Yves Achdou * Manh-Khang Dao | Olivier Ley  Nicoletta Tchou

May 29, 2018

Abstract

We consider stochastic mean field games for which the state space is a network. In the
ergodic case, they are described by a system coupling a Hamilton-Jacobi-Bellman equation
and a Fokker-Planck equation, whose unknowns are the invariant measure m, a value function
u, and the ergodic constant p. The function u is continuous and satisfies general Kirchhoff
conditions at the vertices. The invariant measure m satisfies dual transmission conditions:
in particular, m is discontinuous across the vertices in general, and the values of m on each
side of the vertices satisfy special compatibility conditions. Existence and uniqueness are
proven, under suitable assumptions.

1 Introduction and main results

Recently, an important research activity on mean field games (MFGs for short) has been
initiated since the pioneering works [29, 30, 31] of Lasry and Lions (related ideas have been
developed independently in the engineering literature by Huang-Caines-Malhamé, see for
example [26, 25, 24]): it aims at studying the asymptotic behavior of stochastic differential
games (Nash equilibria) as the number N of agents tends to infinity. In these models, it is
assumed that the agents are all identical and that an individual agent can hardly influence the
outcome of the game. Moreover, each individual strategy is influenced by some averages of
functions of the states of the other agents. In the limit when N — +o00, a given agent feels the
presence of the others through the statistical distribution of the states. Since perturbations
of the strategy of a single agent do not influence the statistical states distribution, the latter
acts as a parameter in the control problem to be solved by each agent. The delicate question
of the passage to the limit is one of the main topics of the book of Carmona and Delarue,
[11]. When the dynamics of the agents are independent stochastic processes, MFGs naturally
lead to a coupled system of two partial differential equations (PDEs for short), a forward in
time Kolmogorov or Fokker-Planck (FP) equation and a backward Hamilton-Jacobi-Bellman
(HJB) equation. The unknown of this system is a pair of functions: the value function of the
stochastic optimal control problem solved by a representative agent and the density of the
distribution of states. In the infinite horizon limit, one obtains a system of two stationary
PDEs.

A very nice introduction to the theory of MFGs is supplied in the notes of Cardaliaguet
[10]. Theoretical results on the existence of classical solutions to the previously mentioned
system of PDEs can be found in [29, 30, 31, 20, 22, 21]. Weak solutions have been studied in
[31, 34, 35, 5]. The numerical approximation of these systems of PDEs has been discussed
in [3, 1, 5].
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A network (or a graph) is a set of items, referred to as vertices (or nodes/crosspoints),
with connections between them referred to as edges. In the recent years, there has been an
increasing interest in the investigation of dynamical systems and differential equations on
networks, in particular in connection with problems of data transmission and traffic man-
agement (see for example [18,; 13, 15]). The literature on optimal control in which the state
variable takes its values on a network is recent: deterministic control problems and related
Hamilton-Jacobi equations were studied in [2, 27, 4, 28, 32, 33]. Stochastic processes on
networks and related Kirchhoff conditions at the vertices were studied in [17, 16].

The present work is devoted to infinite horizon stochastic mean field games taking place
on networks. The most important difficulty will be to deal with the transition conditions
at the vertices. The latter are obtained from the theory of stochastic control in [17, 16],
see Section 1.3 below. In [8], the first article on MFGs on networks, Camilli and Marchi
consider a particular type of Kirchhoff condition at the vertices for the value function: this
condition comes from an assumption which can be informally stated as follows: consider a
vertex v of the network and assume that it is the intersection of p edges I'y,...,I',, ; if,
at time 7, the controlled stochastic process X; associated to a given agent hits v, then the
probability that X+ belongs to I'; is proportional to the diffusion coefficient in I';. Under
this assumption, it can be seen that the density of the distribution of states is continuous
at the vertices of the network. In the present work, the above mentioned assumption is not
made any longer. Therefore, it will be seen below that the value function satisfies more
general Kirchhoff conditions, and accordingly, that the density of the distribution of states
is no longer continuous at the vertices; the continuity condition is then replaced by suitable
compatibility conditions on the jumps across the vertex. Moreover, as it will be explained
in Remark 1.14 below, more general assumptions on the coupling costs will be made. Mean
field games on networks with finite horizon will be considered in a forthcoming paper.

After obtaining the transmission conditions at the vertices for both the value function and
the density, we shall prove existence and uniqueness of weak solutions of the uncoupled HJB
and FP equations (in suitable Sobolev spaces). We have chosen to work with weak solutions
because it is a convenient way to deal with existence and uniqueness in the stationary regime,
but also because it is difficult to avoid it in the nonstationary case, see the forthcoming work
on finite horizon MFGs. Classical arguments will then lead to the regularity of the solutions.
Next, we shall establish the existence result for the MFG system by a fixed point argument
and a truncation technique. Uniqueness will also be proved under suitable assumptions.

The present work is organized as follows: the remainder of Section 1 is devoted to setting
the problem and obtaining the system of differential equations and the transmission con-
ditions at the vertices. Section 2 contains useful results, first about some linear boundary
value problems with elliptic equations, then on a pair of linear Kolmogorov and Fokker-
Planck equations in duality. By and large, the existence of weak solutions is obtained by
applying Banach-Necas-Babuska theorem to a special pair of Sobolev spaces referred to as V'
and W below and Fredholm’s alternative, and uniqueness comes from a maximum principle.
Section 3 is devoted to the HJB equation associated with an ergodic problem. Finally, the
proofs of the main results of existence and uniqueness for the MFG system of differential
equations are completed in Section 1.

1.1 Networks and function spaces

1.1.1 The geometry

A bounded network T" (or a bounded connected graph) is a connected subset of R” made of
a finite number of bounded non-intersecting straight segments, referred to as edges, which
connect nodes referred to as vertices. The finite collection of vertices and the finite set of
closed edges are respectively denoted by V := {v;,i € I} and £ := {T,,a € A}, where I
and A are finite sets of indices contained in N. We assume that for a, 5 € A, if a # f,
then I'y, NI's is either empty or made of a single vertex. The length of I',, is denoted by



ly. Given v; € V, the set of indices of edges that are adjacent to the vertex v; is denoted
by A; ={a € A:v; €T,}. A vertex v; is named a boundary vertex if  (A;) = 1, otherwise
it is named a transition vertex. The set containing all the boundary vertices is named the
boundary of the network and is denoted by JI" hereafter.

The edges I', € £ are oriented in an arbitrary manner. In most of what follows, we
shall make the following arbitrary choice that an edge I', € £ connecting two vertices v;
and v, with ¢ < j is oriented from v; toward v;: this induces a natural parametrization
Ta 1 [0,40]) = To = (14, v5]:

Ta(y) = (ba —y)v; +yv;  for y € [0,4,]. (1.1)
For a function v : I' = R and a € A, we define v, : (0,4,) — R by
Vo () :=v|p, oma(x), for all € (0,4,).

Remark 1.1. In what precedes, the edges have been arbitrarily oriented from the vertex
with the smaller index toward the vertex with the larger one. Other choices are of course
possible. In particular, by possibly dividing a single edge into two, adding thereby new
artificial vertices, it is always possible to assume that for all vertices v; € V,

either 7, (v;) =0, for all @ € A; or m(v;) = 4o, for all a € A;. (1.2)

This idea was used by Von Below in [36]: some edges of I' are cut into two by adding
artificial vertices so that the new oriented network I" has the property (1.2), see Figure 1 for
an example.

1_‘1 ~ Fl

4 14 Vo U1 » Uy
T -
I3 2 I's
Yy Vs
Is
V3 14 V4 173 = 4 Uy
1—‘4 F4

Figure 1: Left: the network I' in which the edges are oriented toward the vertex with larger
index (4 vertices and 4 edges). Right: a new network I obtained by adding an artificial vertex
(5 vertices and 5 edges): the oriented edges sharing a given vertex v either have all their starting
point equal v, or have all their terminal point equal v.

In Sections 1.2 and 1.3 below, especially when dealing with stochastic calculus, it will
be convenient to assume that property (1.2) holds. In the remaining part of the paper, it
will be convenient to work with the original network, i.e. without the additional artificial
vertices and with the orientation of the edges that has been chosen initially.

1.1.2 Function spaces
The set of continuous functions on I' is denoted by C(T") and we set

ve € C(0,44) }

PC(I) = {U TR forallae 4, v, can be extended by continuity to [0, £,].



By the definition of piecewise continuous functions v € PC(T'), for all a € A, it is possible
to extend v|p, by continuity at the endpoints of T'y: if I'y, = [v;, 5], we set

Vo (131 () if x € Ty \V,
tlr, (a) = § 2 O3 B e )i = (13)
Vo (Uo) = lim v, (y), ifz=v;.
y—=Lo

For m € N, the space of m-times continuously differentiable functions on I' is defined by
Cm () :={veC(l):v, € C™([0,4,]) for all « € A},

and is endowed with the norm [v]|cm ) = > 20c a2 k<m HakvaHLx(O 1) Foroe (0,1), the
space C™ (T'), contains the functions v € C™ (T') such that 9™v, € C% ([0,4,]) for all a €

om —om
A it is endowed with the norm [|v|| .o py = [[V[|gm () + sup  sup [9"va (v) 5 Va (2) .
a€ yzléﬁ)ze | |y—z|
For a positive integer m and a function v € C™ (T'), we set for k < m,

v (z) = OFv, (731 (z)) if 2 € To\V. (1.4)

Notice that v € CF (') is continuous on I' but that the derivatives d'v, 0 < I < k are
not defined at the vertices. For a vertex v, we define d,v (v) as the outward directional
derivative of v|p_ at v as follows:

Vo (0) — va (h)

hlim+ W , if v =m,(0),
v (v) 1= "0 L B (1.5)
lim 2 (la) = va (fa h), ifv=my(ly).
h—0t h
For all i € I and « € A;, setting
- 1 ify; =7a(la),
Mia = { 1 it = 7 (0), (1.6)
we have
Dov(V3) = Nia OV|r, (V) = Nie Ova (15 (14)). (1.7)

Remark 1.2. Changing the orientation of the edge does not change the value of d,v(v) in
(1.5).

If for all @ € A, v, is Lebesgue-integrable on (0, £,,), then the integral of v on I" is defined
by [pv(z)de =3 ca foé" va (y) dy. The space LP (T') = {v : v|r, € LP (T,) for all a € A},

1
p € [1,00], is endowed with the norm [[v ;) = (ZaeA ||Ua|\’zp(oﬁea))p if1 <p< o0,

and maxae A [|Va| Lo (0,¢,) if p = +00. We shall also need to deal with functions on I" whose
restrictions to the edges are weakly-differentiable: we shall use the same notations for the
weak derivatives. Let us introduce Sobolev spaces on I':

Definition 1.3. For any integer s > 1 and any real number p > 1, the Sobolev space

W#P(T') is defined as follows: W*P(I") :={v € C(I') : vo, € WP (0,4,) for all o € A}, and
1

endowed with the norm [[v[|y .,y = (22:1 Daea Hak”auizﬂ(wa) + ””HI;JJ(F)) ", We also

set H5(T') = W2(I).

1.2 A class of stochastic processes on I

After rescaling the edges, it may be assumed that £, = 1 for all & € A. Let puo,a € A and
Piasi € I, € A; be positive constants such that > 4 pia = 1. Consider also a real valued
function a € PC(I).



As in Remark 1.1, we make the assumption (1.2) by possibly adding artificial nodes: if
v; is such an artificial node, then #(A4;) = 2, and we assume that p;, = 1/2 for a € A;. The
diffusion parameter p has the same value on the two sides of an artificial vertex. Similarly,
the function a does not have jumps across an artificial vertex.

Let us consider the linear differential operator:

Lu(z) = Lou () = pad*u () +alr, () du(z), ifx €Ty, (1.8)

with domain

D (L) := {u €C?(T): > piabau(vi) =0, forallie 1} : (1.9)

acA;

Remark 1.4. Note that in the definition of D (L), the condition at boundary vertices boils
down to a Neumann condition.

Freidlin and Sheu proved in [16] that
1. The operator L is the infinitesimal generator of a Feller-Markov process on I' with

continuous sample paths. The operators £, and the transmission conditions at the
vertices

> piaau(vi) =0 (1.10)

acA;

define such a process in a unique way, see also [17, Theorem 3.1]. The process can be
written (X¢,or) where Xy € Ty,. If X; = 14, @ € I, o4 is arbitrarily chosen as the
smallest index in A;. Setting x; = 74, (X:) defines the process x; with values in [0, 1].

2. There exist

(a) a one dimensional Wiener process W,

(b) continuous non-decreasing processes ¢; ¢, ¢ € I, which are measurable with respect
to the o-field generated by (X;, ay),

(¢) continuous non-increasing processes h; ¢, ¢ € I, which are measurable with respect
to the o-field generated by (X;, ay),

such that

d.’L‘t = Mozf,th + Aoy (.’L't)df + dﬂi,t + dhl’7t, (111)
¢; + increases only when X; = v; and z; =0,

h; ¢ decreases only when X; = v; and z; = 1.

3. The following Ito formula holds: for any real valued function u € C?(T):
u(X¢) =u(Xo)

t
£ /O L, eray (Hedu(X.) + a(X,)0u(X,)ds + /Zigdu(X,)dW, )

= (1.12)

+ 3> piaOatu(vi)(lis + hiy).
i€l a€A,;

Remark 1.5. The assumption that all the edges have unit length is not restrictive, because
we can always rescale the constants p, and the piecewise continuous function a. The Ito
formula in (1.12) holds when this assumption is not satisfied.

Consider the invariant measure associated with the process X;. We may assume that it
is absolutely continuous with respect to the Lebesgue measure on I'. Let m be its density:

Elu(X:)] := /Fu () m (z)dx, for all u € PC(T). (1.13)



We focus on functions uw € D (£). Taking the time-derivative of each member of (1.13), Ito’s
formula (1.12) and (1.10) lead to E [1{x,¢vy (aOu(X) + pd?u(Xy))] = 0. This implies that

/F (a(z)0u(z) + pd*u(z)) m(z)dz = 0. (1.14)

Since for a € A, any smooth function on I' compactly supported in I',\V clearly belongs to
D(L), (1.14) implies that m satisfies

— 1160*m + 0 (ma) = 0 (1.15)

in the sense of distributions in the edges I',\V, @ € A. This implies that there exists a real
number ¢, such that
— paOmlp, = —m|r, alr, + cq- (1.16)

So m|r, is C*! regular, and (1.16) is true pointwise. Using this information and recalling
(1.14), we find that, for all w € D(L),

Z Z tamp, (Vi) Oqu (Vi) + Z 8u|p6 ( paom|r, () +a|p5(x)m|p5(x))dz = 0.

i€l a€A; BeA

This and (1.16) imply that

Z Z tam|r, (1) Oau (V) + ZCg/ Oulr, (z)dz = 0. (1.17)

i€l a€A; BEA

For all i € I, it is possible to choose a function v € D(L) such that
1. u(vj) =6, for all j € I;
2. Jqu(vj) =0forall j € I and o € A;.

Using such a test-function in (1.17) implies that for all ¢ € I,

0= Z cﬂ/ Oulr, (z)dx = Z Z CaNjalt|r, (V) Z TiaCas (1.18)

BeEA Jje€I acA; aEA;
where n;, is defined in (1.6).
For alli € I and a, § € A;, it is possible to choose a function u € D(L) such that
1. u takes the same value at each vertex of T', thus fm Oulr, (z)dx =0 for all § € A;

2. Oau(v;) = 1/pia, Opu(v;) = —1/p;p and all the other first order directional derivatives
of u at the vertices are 0.

Using such a test-function in (1.17) yields

mIre (#1) = mlrﬂ (Vi), for all a,8 € A;,v; €V,
Yia YiB

in which .
Yia = pm, forallie I,a € A;. (1.19)
Ho

Next, for ¢ € I, multiplying (1.16) at = v; by n;, for all @ € A;, then summing over all

a € Ai, we get Y e HaOam (Vi) — Nia (m|pa (vi)alr, (vi) — ca) =0, and using (1.18), we
obtain that

Z taOam (V;) — nigalr, (v;)mlp, (v;) =0, foralliel. (1.20)
acA;



Summarizing, we get the following boundary value problem for m (recalling that the
coefficients n;, are defined in (1.6)):

— e 0*m + 0 (ma) = 0, z € (Ta\V), a € A,

> padam (vi) = nigalr, (vi)mlr, (1) =0, v €V,

ek, (1.21)
mir, () _ iy Oji), a,B e A,y €V.

Yia Yip

1.3 Formal derivation of the MFG system on I’

Consider a continuum of indistinguishable agents moving on the network I'. The set of Borel
probability measures on I' is denoted by P (I'). Under suitable assumptions, the theory of
MFGs asserts that the distribution of states is absolutely continuous with respect to Lebesgue
measure on I'. Hereafter, m stands for the density of the distribution of states: m > 0 and
Jrm(z)dz = 1.

The state of a representative agent at time ¢ is a time-continuous controlled stochastic
process X; in I, as defined in Section 1.2, where the control is the drift a;, supposed to be
of the form a; = a(X;). The function X — a(X) is the feedback.

For a representative agent, the optimal control problem is of the form:

= infliminf =
= it il 7.

T
/O L(Xs a0)+ V m (- s) (X)] ds|, (1.22)

where E, stands for the expectation conditioned by the event Xy = x. The functions and
operators involved in (1.22) will be described below.

Let us assume that there is an optimal feedback law, i.e. a function a* defined on I" which
is sufficiently regular in the edges of the network, such that the optimal control at time ¢
is given by af = a*(X;). Then, almost surely if X; € T',\V, dry ' (Xe) = a (751 (Xe))dt +
V2puadWy. An informal way to describe the behavior of the process at the vertices is as
follows: if X; hits v; € V, then it enters I',, o € A; with probability p;, > 0.

Let us discuss the ingredients in (1.22): the running cost depends separately on the control
and on the distribution of states. The contribution of the distribution of states involves the
coupling cost operator, which can either be nonlocal, i.e. V : P (I') — C2(T'), or local, i.e.
V[m|(z) = F(m(x)) assuming that m is absolutely continuous with respect to the Lebesgue
measure, where F': RT™ — R is a continuous function.

The contribution of the control involves the Lagrangian L, i.e. a real valued func-
tion defined on (Upeal'a\V) x R. If z € Ty\V and a € R, L(x,a) = Lu(7;(x),a),
where L, is a continuous real valued function defined on [0,4,] x R. We assume that
lim|q| 00 infyer, La(y,a)/la] = +oo. Further assumptions on L and V' will be made be-
low.

Under suitable assumptions, the Ito calculus recalled in Section 1.2 and the dynamic
programming principle lead to the following ergodic Hamilton-Jacobi equation on I', more
precisely the following boundary value problem:

—1a0?v + H (2,00) + p =V [m] (z), x€ (To\V),ac€ A,

> Viatiadav (i) =0, vi €V,
acA; (123)
U|Fa (VZ) = U|Fg (Vi)v avﬂ S Ai,l/i S Va
/U(ac)dac =0.
r

We refer to [29, 31] for the interpretation of the value function v and the ergodic cost p.
Let us comment the different equations in (1.23):



1. The Hamiltonian H is a real valued function defined on (Upeal's\V)xR. For 2 € T',\V
and p € R,
H (z,p) =sup {—ap — Lo (7' (2),a) },

The Hamiltonian is supposed to be C' and coercive with respect to p uniformly in z.

2. The second equation in (1.23) is a Kirchhoff transmission condition (or Neumann
boundary condition if v; € 9T'); it is the consequence of the assumption on the be-
havior of X at vertices. It involves the positive constants v;, defined in (1.19).

3. The third condition means in particular that v is continuous at the vertices.
4. The fourth equation is a normalization condition.

If (1.22) has a smooth solution, then it provides a feedback law for the optimal control

problem, i.e.
a*(z) = —0,H (z,0v (z)).

At the MFG equilibrium, m is the density of the invariant measure associated with the
optimal feedback law, so, according to Section 1.2, it satisfies (1.21), where a is replaced by
a* = —0p,H (z,0v (x)). We end up with the following system:

—p1a0%v + H (z,00) + p =V (Im]), el \V,a € A,
pad*m + 0 (md,H (z,0v)) = 0, rzeT\V,ae A,
Z ViattaOa (Vi) =0, v, €V,
a€A;
Z [Naaozm (Vi) + niaOpHq (Vi, ovlp, (Vi))mh‘a (Vz)i| =0, vy eV,
= (1.24)
U|Fa (Vi):U|FB (Vi)’ aaﬁeAiaViEVa
mlr" (Vl) = mlrﬂ (Vi)’ a, B e A,y €V,
Vi YiB

/v(z)d:c:(), /m(x)d:czl, m > 0.

r r

At a vertex v;, ¢ € I, the transmission conditions for both v and m consist of d,,, = §(A;)
linear relations, which is the appropriate number of relations to have a well posed problem.
If v; € O, there is of course only one Neumann like condition for v and for m.

Remark 1.6. In [8], the authors assume that ;o = ;3 for all i € I, a, 5 € A;. Therefore,
the density m does not have jumps across the transition vertices.

1.4 Assumptions and main results

1.4.1 Assumptions

Let (fta)aea be a family of positive numbers, and for each ¢ € I let (Vin)aca, be a family of
positive numbers such that ZaeAi Yiatta = 1.

Consider the Hamiltonian H : I’ x R — R, with H|p, : T, x R — R. We assume that, for
some positive constants Cy, C1,Cy and ¢ € (1, 2],

H, € C*([0,44] x R); (1.25)

H, (z,-)is convex in p for each z € [0, 4] ; (1.26)

Ho (z,p) 2 Colp|" = C1 for (2,p) € [0,la] X R; (1.27)

10, Ho (z,p)] < Co (|p|q—1 + 1) for (z,p) € [0,4a] x R. (1.28)
Remark 1.7. From (1.28), there exists a positive constant Cy such that

|Ho (z,p)] < Cy (Ip|* +1), forall (x,p) € [0,0,] x R. (1.29)



Below, we shall focus on local coupling operators V', namely
Vm|(z) = F (m(z)) with F € C([0,+0);R), (1.30)

for all m which are absolutely continuous with respect to the Lebesgue measure and such
that dm (x) = m (z)dx. We shall also suppose that F' is bounded from below, i.e., there
exists a positive constant M such that

F(ry>—-M, forallre|0,+00). (1.31)

1.4.2 Function spaces related to the Kirchhoff conditions

Let us introduce two function spaces on I', which will be the key ingredients in order to build
weak solutions of (1.24).

Definition 1.8. We define two Sobolev spaces, V := H*(T'), see Definition 1.3, and
w:lT —-R: w, € H(0,4,) for all a € A,

W wir, (1) _ wiry () forallie I, a, B € A;
Yia 71ﬁ

(1.32)

N

which is also a Hilbert space, endowed with the norm ||wl|,, = (ZaeA HwaH?{l(o,ea))
Definition 1.9. Let the functions ¢ € W and ¢ € PC(T") be defined as follows:

1o 1s affine on (0,4,),
Ylr, (Vi) = Yia, if a € Ay, (1.33)
1) is constant on the edges I', which touch the boundary of T'.

¢ 1s affine on (0,4,),
1
dlr,, (vi) = o~ if o € A;, (1.34)

(1%
¢ is constant on the edges I', which touch the boundary of T
Note that both functions 1), ¢ are positive and bounded. We set 1) = maxrp 1), 1 = minr ¥,
¢ = maxr ¢, ¢ = minr ¢.
Remark 1.10. One can see that v € V +—— v is an isomorphism from V onto W and
w € W — w¢ is the inverse isomorphism.

Definition 1.11. Let the function space W C W be defined as follows:

m:T—=R: m, e CL([0,4,]) for all a € A,
W= mir, @3) _ mlne 04 ¢y e 10,8 € 4,
Yia YiB

(1.35)

1.4.3 Main result

Definition 1.12. A solution of the Mean Field Games system (1.24) is a triple (v, p,m) €
C? (') x R x W such that (v, p) is a classical solution of
—pa0?v + H (z,00) + p=F (m), inT,\V,a€ A,

Z ’Yiouu/aaozv (Vi) = 0; if v; € Va (136)
acA;

(note that v is continuous at the vertices from the definition of C?(T")), and m satisfies
Z / [aOmiu + 0 (MmO, H (z,0v)) uldz =0, forallueV, (1.37)
Fa

acA

where V is given in Definition 1.8.



We are ready to state the main result:

Theorem 1.13. If assumptions (1.25)-(1.28) and (1.30)-(1.31) are satisfied, then there exists
a solution (v,m,p) € C?>(I') x W x R of (1.24). If F is locally Lipschitz continuous, then
v € C*YT). Moreover if F is strictly increasing, then the solution is unique.

Remark 1.14. The proof of the existence result in [8] is valid only in the case when the
coupling cost F' is bounded.

Remark 1.15. The existence result in Theorem 1.13 holds if we assume that the coupling
operator V is non local and regularizing, i.e., V is a continuous map from P to a bounded
subset of F, with 7 := {f: T = R: f|p, € C% (I'q)}. The proof, omitted in what follows,
is similar to that of Lemma 4.1 below.

2 Preliminary: A class of linear boundary value problems

This section contains elementary results on the solvability of some linear boundary value
problems on I'. To the best of our knowledge, these results are not available in the literature.

2.1 A first class of problems

We recall that the constants p, and ;. are defined in Section 1.2. Let \ be a positive number.
We start with very simple linear boundary value problems, in which the only difficulty is the
Kirchhoff condition:

— a0V + v = f, inTo\V,a € A,

’U|Fa(yi):v|rﬂ(yi)7 avﬂeAia 7’617 (21)
Z YiataOav (Vi) =0, €1,

aEA;

where f € W/, W' is the topological dual of .

Remark 2.1. We have already noticed that, if v; € 9T, the last condition in (2.1) boils down
to a standard Neumann boundary condition d4v (v;) = 0, in which « is the unique element of
A;. Otherwise, if v; € V\JT', the last condition in (2.1) is the Kirchhoff condition discussed
above.

Definition 2.2. A weak solution of (2.1) is a function v € V such that
B (v, w) = (fyw)y y, forallweW, (2.2)

where %) : V x W — R is the bilinear form defined as follows:

B (v,w) = Z/

(e Ov0W + Avw) dz.
acA T

Remark 2.3. Formally, (2.2) is obtained by testing the first line of (2.1) by w € W, integrating
by part the left hand side on each I', and summing over o € A. There is no contribution
from the vertices, because of the Kirchhoff conditions on the one hand and on the other hand
the jump conditions satisfied by the elements of W.

Remark 2.4. By using the fact that I, are line segments, i.e. one dimensional sets and solving
the differential equations, we see that if v is a weak solution of (2.1) with f € PC ('), then
veC* ().

Let us first study the homogeneous case, i.e. f = 0.

Lemma 2.5. The function v = 0 is the unique solution of the following boundary value
problem

—0%v+ v =0, inTo\V,a € A,

vlr, (Vi) = vlr, (vs), a,fe A, iel, (2.3)
Z ViataOav (V) =0, €1,

acA;
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Proof. Let Z; :={k € I: k#1i; v, €T, for some a € A;} be the set of indices of the ver-
tices which are connected to v;. By Remark 1.1, it is not restrictive to assume (in the
remainder of the proof) that for all k € Z;, T, =T, = [vi, k] is oriented from v; to vy.
For k € Z;, T, = [v4, k|, using the parametrization (1.1), the linear differential eqaution
(2.3) in the edge Ty, is
_Ug (y) + Avg (y) =0, in (0, foz) )
whose solution is

Vo (y) = (4 cosh (\/Xy) + &, sinh (\/Xy) , (2.4)
with
Ca =00 (0) =0 (1),
{gam(wmg+@mmbﬂa)%@@v@w.
2N
ﬁnh(vﬁwa)

the transmission condition in (2.3) becomes: for all i € I,

VMo, e, cosh (\/Xﬂaik)

It follows that d,v (v;) = —VAa = — {’U (vg) — v (v;) cosh (\/Xﬂa)} Hence,

\/X’Yiaik Moy

0= > YiattaOav (v;) = v (v) — v (vg) .
Therefore, we obtain a system of linear equations of the form MU = 0 with M = (M;;), ., J<N

N =t#(I),and U = (v (1) ,...,v(vn))", where M is defined by

Z cosh (\/XEO%)

M;; = Vi oy, ——F—<

keZ; * * sinh (\/Xgam)

Mi _ —Yiai, Moy < 0, ke Ii;
sinh (\/Xfaik)

My, =0, k¢TI

> 0,

For all ¢ € I, since cosh (\/Xﬁaik) > 1 for all k € Z;, the sum of the entries on each row is

positive and M is diagonal dominant. Thus, M is invertible and U = 0 is the unique solution
of the system. Finally, by solving the ODE in each edge I'g with vg (0) = vg (¢g) = 0, we
get that v =0on . |

Let us now study the non-homogeneous problems (2.1).

Lemma 2.6. For any f in W', (2.1) has a unique weak solution v in V, see Definition 1.8.
Moreover, there exists a constant C' such that |[v]|,, < C||flly -

Proof. First of all, we claim that for Ay > 0 large enough and any f € W', the problem
'%)\ (Ua ’LU) + )‘0 (Ua ’LU) = <fa w>W’7W (25)

has a unique solution v € V. Let us prove the claim. Let v € V, then @ := vt belongs to
W, where v is given by Definition 1.9. Let us set 0¢ := maxr [0¢| and 9 := minp¢ > 0,
(01 is bounded, see Definition 1.9); we get

B (0,8) + Do (0,0) = 3 / 101002 4 i (000) D06 + (A + do) 0] di
acA Fa

o W00
>y /F [% O] + (Aog “2;’ )ﬁ] dz. (2.6)

acA
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Pa O

2¢°

<

K© 2
[olly, =

When \g > 'l%a + for all a € A, we obtain that B (v, ®) + Ao (v, D) >

% [lv]ly ||y, using the fact that, from Remark 1.10, there exists a positive constant Cy,
¥

such that |[ve]|y, < Cy |lv||y, for all v € V. This yields

> ‘

inf sup P v w) + do (v,w) o B ﬁ (2.7)
¥

veVuwew  [lvlly lwlly 2C

Using a similar argument for any w € W and © = w¢, where ¢ is given in Definition 1.9, we
obtain that for Ao large enough, there exist a positive constant Cy such that

b

inf sup ’@/\ (’U, w) + >‘0 (va) W
@

weW 4y wllw llvlly

> (2.8)

From (2.7) and (2.8), by the Banach-Necas-Babuska lemma (see [14] or [7]), for A¢ large
enough, for any f € W', there exists a unique solution v € V of (2.5) and |jv||,, < C||fly-
for a positive constant C. Hence, our claim is proved.

Now, we fix \g large enough and we define the continuous linear operator Ry, : W' — V/
where Ry, (f) = v is the unique solution of (2.5). Since the injection Z from V to W' is
compact, then Zo Ry, is a compact operator from W’ into W’. By the Fredholm alternative
(see [19]), one of the following assertions holds:

There exists ¥ € W'\ {0} such that (Id— Ao (ZoRy,))? = 0. (2.9)
For any g € W', there exists a unique ¥ € W’ such that (Id— Ao (Zo R»,)) 7 =g. (2.10)

We claim that (2.10) holds. Indeed, assume by contradiction that (2.9) holds. Then there

exists 7 # 0 such that v € V and Z o R),v = )\1 Therefore, v € V, and %) (%,w) +
0 0

Ao <)\1,w) = (T,w), for all w € W. This yields that %) (v,w) = 0 for all w € W and by
0
Lemma 2.5, we get that v = 0, which leads us to a contradiction. Hence, our claim is proved.
It is then classical to see that (2.10) implies that there exists a positive constant C' such
that for all f € W’, (2.1) has a unique weak solution v and that |[v[|,, < C||f]lyy, see [12]
for the details.
O

2.2 The Kolmogorov equation

Consider b € PC (T'). This paragraph is devoted to the following boundary value problem
including a Kolmogorov equation

— e 0%V + b0V =0, in T, \V,a € A,
v|r, (v5) = vl (i), a,BeA;,iel, (2.11)
Z Viaﬂozaav (Vl) = 07 rel.
acA;
Definition 2.7. A weak solution of (2.11) is a function v € V such that
o* (v,w) =0, forallweW,

where &* : V x W — R is the bilinear form defined by

g (v,w) = Z / (e, 0vOW + bOvw) dex.

acA’l
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As in Remark 2.4, if v is a weak solution of (2.11), then v € C? (I).
The uniqueness of solutions of (2.11) up to the addition of constants is obtained by using
a maximum principle:

Lemma 2.8. For b€ PC (T'), the solutions of (2.11) are the constant functions on T.

Proof of Lemma 2.8. First of all, any constant function on I' is a solution of (2.11). Now let
v be a solution of (2.11) then v € C? (T'). Assume that the maximum of v over I is achieved
in I'y; by the maximum principle, it is achieved at some endpoint v; of I',. Without loss
of generality, using Remark 1.1, we can assume that 75 (v;) = 0 for all 8 € A;. We have
Opv (v;) > 0 for all 8 € A; because v; is the maximum point of v. Since all the coefficients
vig, 143 are positive, by the Kirchhoff condition if v; is a transition vertex, or by the Neumann
boundary condition if v; is a boundary vertex, we infer that dgv (v;) = 0 for all 8 € A;. This
implies that Ovg is a solution of the first order linear homogeneous differential equation
u' +bgu =0, on [0, £g], with u (0) = 0. Therefore, dvg = 0 and v is constant on I'z for all
B € A;. We can propagate this argument, starting from the vertices connected to v;. Since
the network I is connected and v is continuous, we obtain that v is constant on I'. ([l

2.3 The dual Fokker-Planck equation

This paragraph is devoted to the dual boundary value problem of (2.11); it involves a Fokker-
Planck equation:

—a0?m — 0 (bm) = 0, inT,\V,a € A,
mlr, (vi) _ mlr, (i) -
Yie VB xpeA, el (2.12)
> iablr, (vi) mlr, (1) + padam (v;)] =0, i€,
a€A;

where b € PC (T'), with
m > 0, /mdm =1 (2.13)
r

First of all, let Ay be a nonnegative constant; for all h € V', we introduce the modified
boundary value problem

Aom — pa0*m — 9 (bm) = h, inT\V,a € A,
mr, (vi) _ mlr, (1) .
Yia - Yip ) a,ﬁ G.Ai, (3 GI, (214)
Z [nmb (Vi) m|ra (l/l) + /Laaam (l/l)] =0, 1€1.
acA;

Definition 2.9. For )\ € R, consider the bilinear form 7\ : W x V' — R defined by

Ay (m,v) = Z/

[Amv + (o Om + bm) Ov] dz.
acA’Ta

A weak solution of (2.14) is a function m € W such that
Do (m,v) = (h,v)yr v, forallveV.
A weak solution of (2.12) is a function m € W such that

hlm,v) = 3 [

g (taOm + bm) dvdx =0, for all v e V. (2.15)
aEAY T«

Remark 2.10. Formally, to get (2.15), we multiply the first line of (2.12) by v € V, integrate
by part, sum over a € A and use the third line of (2.12) to see that there is no contribution
from the vertices.

13



Theorem 2.11. For any b € PC (T'),
o (Existence) There exists a solution m € W of (2.12)-(2.13) satisfying

[mlly <C, 0<m<C, (2.16)

where the constant C' depends only on ||b]| . and {pta} e a- Moreover, mq € C* (0, £4y)
for all « € A. Hence, m € W.

o (Uniqueness) m is the unique solution of (2.12)-(2.13).

o (Strictly positive solution) m is strictly positive.

Proof of existence in Theorem 2.11. We divide the proof of existence into three steps:

Step 1: Let Ao be a large positive constant that will be chosen later. We claim that for
m € L*(T) and h := A\ogm € L?(I") C V', (2.14) has a unique solution m € W. This allows
us to define a linear operator as follows:

T:L2T) — W, T(m)=m,

where m is the solution of (2.14) with h = Agim. We are going to prove that T is well-
defined and continuous, i.e, for all m € L?(T'), (2.14) has a unique solution that depends
continuously on m. For w € W, set ¥ := w¢ € V where ¢ is given by Definition 1.9. We
have

D, (w,0) = Z /F [Nodw® + (o 0w + bw) 8 (we)] dz

acA

-y /F (A6 +b06) W + (1100 + b6) wOw + 1o (w)?] .

acA

It follows that when Ag is large enough (larger than a constant that only depends on b, ¢
and po ), @, (w,0) > Cy, ||w|\?/v for some positive constant Cy,. Moreover, by Remark 1.10,
there exists a positive constant Cy such that for all w € W, we have [[wo|,, < Cy ||wl|yy -
This yields
oy, (w,v C

inf sup Bl RUGLYE (w, v) > o,

weW vev [[vlly lwlly, Cs
Using similar arguments, for \¢ large enough, there exist two positive constants Cy, and Cy,
such that o o

inf sup —o~ (w, v) > 2o

eV wew [lwlly ol — Cy
From Banach-Necas-Babugka lemma (see [14] or [7]), there exists a constant C' such that
for all m € L? (), there exists a unique solution m of (2.14) with h = Ao and ||m||y, <

C 7| 2. Hence, the map 7" is well-defined and continuous from L?(T) to W.
Step 2: Let K be the set defined by

K::{mELQ(F):mZOand/mdaczl}.
r

We claim that T'(K) C K which means [.m =1 and m > 0. Indeed, using v =1 as a test
function in (2.14), we have fr mdx = fr mdxr = 1. Next, consider the negative part m~ of
m defined by m™(x) = =1y (2)<0ym(z). Notice that m™ € W and m~¢ € V, where ¢ is
given by Definition 1.9. Using m~ ¢ as a test function in (2.14) yields

Z f/r (Ao + b0®) (m™)? + pa(0m™ )¢ + (10 + b) m™Om™ | da = / Nomm ™~ ¢dz.

acA r
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We can see that the right hand side is non-negative. Moreover, for A\ large enough (larger
than the same constant as above, which only depends on b, ¢ and ), the left hand side is
non-positive. This implies that m~ = 0, and hence m > 0. Therefore, the claim is proved.

Step 3: We claim that T has a fixed point. Let us now focus on the case when m € K.
Using m¢ as a test function in (2.14) yields

- /F [(Aoqb +506) M + e (0m)? 6 + (a0 + bd) m (am)} dz = /F NoFmedz. (2.17)

acA

Since H' (0,/,) is continuously embedded in L* (0,/,), there exists a positive constant C
(independent of 7 € K) such that

/megbdz < /Fmdz Hm||Loc(F)$ = ||mHLoc(l")a < Clm|y -

Hence, from (2.17), for A9 large enough, there exists a positive constant C; such that
C1 |m|%, < AoC |Imllyy- Thus
AoC

[mlly < < (2.18)

Therefore, T (K) is bounded in W. Since the bounded subsets of W are relatively compact
in L2 ('), T (K) is compact in L? (I'). Moreover, we can see that K is closed and convex in
L? (T'). By Schauder fixed point theorem, see [19, Corollary 11.2|, T has a fixed point m € K
which is also a solution of (2.12) and [|m||,;, < AC/Ch.

Finally, from the differential equation in (2.12), for all @ € A, (M., + bafa) = 0 on

(0,4, ). Hence, there exists a constant C,, such that
my, + baMma = Cq, for all z € (0,4,). (2.19)

It follows that m/, € C([0,4,]), for all a« € A. Hence m, € C'([0,4,]) for all « € A. Thus,
meW. g

Remark 2.12. Let m € W be a solution of (2.12). If b,0b € PC (T'), standard arguments
yield that m,, € C%([0, £4]) for all a € A. Moreover, by Theorem 2.11, there exists a constant

C which depends only on [[b]|, , {|0ball o} peq @and pa such that [[mallcz(g ) < C for all
acA

Proof of the positivity in Theorem 2.11. From (2.13), m is non-negative on I'. Assume by
contradiction that there exists o € I'y, for some a € A such that m|r, (o) = 0. Therefore,
the minimum of m over I' is achieved at ¢ € T'y. If 2y € T'y\V, then 0m(zo) = 0. In (2.19),
we thus have C,, = 0, and hence m,, satisfies

my, + bama =0, on [0,4,],

with M (75" (20)) = 0. It follows that Mmq = 0 and m|p, (v;) = Mr, (v;) = 0if T = (13, v5].
Therefore, it is enough to consider zy € V.
Now, from Remark 1.1, we may assume without loss of generality that xo = v; and 7g(v;) =0
for all 8 € A;. We have the following two cases.
Case 1: if zy = v; is a transition vertex, then, since m belongs to W, we get
i

1

fl\’Llrﬂ (Vi) = fl\’Llra (l/l) = 0, for all 6 (S Ai. (2.20)
This yields that v; is also a minimum point of m|r, for all 5 € A;. Thus dgm (v;) < 0 for all
B € A;. From the transmission condition in (2.12) which has a classical meaning from the
regularity of m, dgm (v;) = 0, since all the coefficients g are positive. From (2.19), for all
B € A, we have

Cﬁ = T?L/ﬁ(()) + bﬁ(O)ffLﬁ(O) =0.
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Therefore, mj;(y) + bg(y)ms(y) = 0, for all y € [0, £5] with 7(0) = 0. This implies that
mp = 0 for all § € A;. We can propagate the arguments from the vertices connected to v;.
Since I' is connected, we obtain that m =0 on T'.

Case 2: if xp = v; is a boundary vertex, then the Robin condition in (2.12) implies
that 0,m (v;) = 0 since pq is positive. From (2.19), we have C, = 0. Therefore, m/ (y) +
bo(y)Ma(y) =0, for all y € [0, £,] with 7,(0) = 0. This implies that m (v;) = 0 where v; is
the other endpoint of I',. We are back to Case 1, so m =0 on I

Finally, we have found that m = 0 on I, in contradiction with fF mdr = 1. O

Now we prove uniqueness for (2.12)-(2.13).

Proof of uniqueness in Theorem 2.11. The proof of uniqueness is similar to the argument in
[8, Proposition 13]. As in the proof of Lemma 2.6, we can prove that for Ay large enough,
there exists a constant C' such that for any f € V', there exists a unique w € W which
satisfies

Ay, (w,v) = (f,v)y, y forallveV. (2.21)

and ||w|ly < C |||y, This allows us to define the continuous linear operator

Sy : L* (T) — W,
fr—w,

where w is a solution of (2.21). Then we define Ry, = J o Sy, where J is the injection
from W in L? (T'), which is compact. Obviously, Ry, is a compact operator from L? (') into
L2 (T). Moreover, m € W is a solution of (2.12) if and only if m € ker (Id — AgR»,). By
Fredholm alternative, see [19], dimker (Id — Ao R»,) = dimker (Id — Ao R},).
In order to characterize R} , we now consider the following boundary value problem for
geL*T) cw
AoV — fa0?v +bOv = g, in T,\V,a € A,

vlr, (¥i) = vlr, () a,feA;, iel, (2.22)
Z YiataOav (Vi) =0, i€l
acA;

A weak solution of (2.22) is a function v € V such that

R

(Movw + e vow + bwdv)dx = / gwdzx, for all we W.
e’ Ta r

Using similar arguments as in the proof of existence in Theorem 2.11, we see that for Ag
large enough and all g € L? (T'), there exists a unique solution v € V of (2.22). Moreover,
there exists a constant C' such that [|v]l,, < C||g]| 2 for all g € L?(T). This allows us to
define a continuous operator

Ty, : L* (T) — V,
gr— .
Then we define R,\O = ToT), where Z is the injection from V in L? (T'). Since Z compact, R,\O

is a compact operator from L? (T') into L?(T"). For any g € L?(T"), set v = Ty,g. Noticing
that 9, (v, w) = Ay, (w,v) for all v € V,w € W, we obtain that

(g’R)\of)LQ(F) = ‘%0 (’U’ S)\of) = “Q{ko (S)\ofav) = (faU)LZ(F) = (fa R)\og)LZ(F)-

Thus R}, = R),. But ker (Id— )\OR,\O) is the set of solutions of (2.11), which, from

Lemma 2.8, consists of constant functions on I'. This implies that dim ker (I d— )\ORXU) =1
and then that dimker (Id — AgR),) = dim ker (Id — )‘0R§0) = 1. Finally, since the solutions
m of (2.12) are in ker (Id — AgR),) and satisfy the normalization condition [, mdz =1, we
obtain the desired uniqueness property in Theorem 2.11. [l
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3 Hamilton-Jacobi equation and the ergodic problem

3.1 The Hamilton-Jacobi equation

This section is devoted to the following boundary value problem including a Hamilton-Jacobi
equation:
—pa0*v + H (2,00) + v =0, inT,\V,a € A,

U|Fa (Vi) = ’Ulrﬁ (Vi)a aaﬁ € Aia (XS Ia (31)
> YiattaOav (i) = 0, iel,
acA;

where ) is a positive constant and the Hamiltonian H : I' x R — R is defined in Section 1,
except that, in (3.1) and the whole Section 3.1 below, the Hamiltonian contains the coupling
term, i.e, H (z,dv) in (3.1) plays the role of H (z,0v) — F (m (x)) in (1.24).
Definition 3.1. e A classical solution of (3.1) is a function v € C? (I') which satisfies
(3.1) pointwise.
e A weak solution of (3.1) is a function v € V such that

Z / (10 0v0w + H (x,00) w + Mvw)dx =0 for all w € W.
acA o

Proposition 3.2. Assume that

H, € C([0,£,] xR), (3.2)
|H (z,p)| < Cs (1 + |p|2) forallzel',peR, (3.3)

where Cy is a positive constant. There exists a classical solution v of (3.1). Moreover, if H,
18 locally Lipschitz with respect to both variables for all o € A, then the solution v belongs to

21 (I).

Remark 3.3. Assume (3.2) and that v € H?(I') C V is a weak solution of (3.1). From
the compact embedding of H?(0,¢,) into C17([0,4,]) for all ¢ € (0,1/2), we get v €
CY7(T). Therefore, from the differential equation in (3.1) pa0%va() = Ha(-,0va(-)) +
Mg (+) € C([0, £,]). Tt follows that v is a classical solution of (3.1).

Remark 3.4. Assume now that H is locally Lipschitz continuous and that v € H?(I') C V
is a weak solution of (3.1). From Remark 3.3, v € C1?(T") for o € (0,1/2) and the function
— v — Hq (-, 0v,) belongs to C%7([0,4,]). Then, from the first line of (3.1), v € C%°(T).
This implies that dv, € Lip[0,¢,] and using the differential equation again, we see that
v e CH(T).

Let us start with the case when H is a bounded Hamiltonian.

Lemma 3.5. Assume (3.2) and for some Cy > 0,
|H (x,p)] < Cq, forall (x,p) €T xR. (3.4)

There exists a classical solution v of (3.1). Moreover, if Hy, is locally Lipschitz in [0,£,] X R
for all a € A then the solution v belongs to C** (T').

Proof of Lemma 3.5. For any u € V, from Lemma 2.6, the following boundary value prob-
lem:

—1100%v + Xv = —H (z,0u), ifxeT,\V,a€ A,

’U|Fa (Vi) = ’Ulrﬁ (l/i), a,Be A, i€l (35)
> Yiakadav (vi) =0, iel,
aEA;
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has a unique weak solution v € V. This allows us to define the map T : V. — V by
T'(u) := v. Moreover, from Lemma 2.6, there exists a constant C' such that

[vlly < CIH (2,0u)] 2y < CCx T2, (3.6)
where |I'| = ¥pealo. Therefore, from the differential equation in (3.5),

1|0 <Ml pary + 1H (@,00)|| 2y < Avlly + Ca [0V < (AC +1) Cpr [T]2
(3.7)

where p := minges po. From (3.6) and (3.7), T'(V) is a bounded subset of H?(T'), see

Definition 1.3. From the compact embedding of H? (T') into V, we deduce that T (V) is a
compact subset of V.
Next, we claim that 7" is continuous from V to V. Assuming that

UHLz(r)

Uy, —> U, inV,
vp, =T (uy), forallmn, (3.8)
v="T(u),

we need to prove that v, — v in V. Since {v,} is uniformly bounded in H? (T"), then, up to
the extraction of a subsequence, v, — ¥ in C17 (T') for some o € (0,1/2). From (3.8), we
have that Qu, — du in L? (T',) for all o € A. This yields that, up to another extraction of a
subsequence, du,, — du almost everywhere in I'y. Thus H (x,du,) — H (z,0u) in L? (T'y)
by Lebesgue dominated convergence theorem. Hence, v is a weak solution of (3.5). Since
the latter is unique, ¥ = v and we can conclude that the whole sequence v,, converges to v.
The claim is proved.

From Schauder fixed point theorem, see [19, Corollary 11.2], T admits a fixed point which
is a weak solution of (3.1). Moreover, recalling that v € H?(I"), we obtain that v is a classical
solution of (3.1) from Remark 3.3.

Assume now that H is locally Lipschitz. Since v, € H?(0,4,) for all a € A, we may use
Remark 3.4 and obtain that v € C%1 (). O

Lemma 3.6. If v,u € C?(T') satisfy

— 1160 0%v + H (z,00) + v > —pa0?u+ H (z,0u) + Mu, ifx € To\V,a € A,

D Viaktadat () = D ViakaOot (v), ifvi eV, (3.9)
a€A; acA;
then v > u.

Proof of Lemma 3.6. The proof is reminiscent of an argument in [9]. Suppose by contradic-
tion that § := maxr {u — v} > 0. Let 29 € T',, be a maximum point of u — v. It suffices to
consider the case when x¢ € V, since if zy € T'\V, then u (zg) > v (x0), u(x0) = v (x0),
0%u (z9) < 8%v (79), and we obtain a contradiction with the first line of (3.9).

Now consider the case when zy = v; € V; from Remark 1.1, we can assume without re-
striction that m, (0) = ;. Since u — v achieves its maximum over I" at v;, we obtain that
Opu (v;) > 0gv (1), for all B € A;. From Kirchhoff conditions in (3.9), this implies that
Opu (v;) = 0gv (1), for all B € A;. Tt follows that dv,(0) = Jue(0). Using the first line of
(3.9), we get that

—pta [0%06(0) — 8%uq(0)] > Hq (0,0ua(0)) — Ho (0,004(0)) + A (ua(0) — v4(0)) > 0.

=0

Therefore, u, — vq is locally strictly convex in [0,/,] near 0 and its first order derivative
vanishes at 0. This contradicts the fact that v; is the maximum point of u — v. O

We now turn to Proposition 3.2.
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Proof of Proposition 3.2. We adapt the classical proof of Boccardo, Murat and Puel in [6].
First of all, we truncate the Hamiltonian as follows:

H (z,p), if |p| <n,
Hn I = .
(z.p) H (m, %n) ., if p| > n.
p

By Lemma 3.5, for all n € N, since H, (z,p) is continuous and bounded by Co (1 + n2),
there exists a classical solution v,, € C? (T) for the following boundary value problem

— 100?04+ Hy, (2,00) + Ao =0, x €T, \V,ac A,

vlr, (vi) = v|r,; (vs), forall a, 8 € A;, i € I, (3.10)
Z Viaﬂozao/v (Vz) =0, iel.
acA;

We wish to pass to the limit as n tend to 400; we first need to estimate v, uniformly in n,
successively in L (T'), H! (I') and H? (T).
FEstimate in L*° (T). Since |H, (z,p)| < ¢ (1 + |p|2) for all x,p, then p = —c/\ and

P = ¢/ are respectively a sub- and super-solution of (3.10). Therefore, from Lemma 3.6,
we obtain |\v,| < c.

Estimate in V. For a positive constant K to be chosen later, we introduce w, :=
eK”ivnz/J € W, where ¢ is given in Definition 1.9. Using w,, as a test function in (3.10) leads
to

Z/ (b0 OV OWy, + AV wy,) dx = — /H x, Qvy,) wydz.
acA

Since |Hy, (z,p)| < ¢ (1 + p?), we have

Z / K :uaw (avn) + (1a2K7) 'U721 (avn)2 + (1a0¥) v, 0V, + )\’L/JU,% dx

acA

§/ eV |Hp, (2, 0vy)| |onth| da
r

< [ee ol dat [ e o, v (00,)° do
I

2

Kv2 a 2 c 2 2
</F ()\z/w +1p4/\) dx + Z / [—1/1 (Ovn)” + QM—aw (Ovy,) vn} dx,

where we have used Young inequalities. Since A > 0 and 1 > 0, we deduce that

2

Z / { ) (Ovn)? + 20 (uaK — 4;—&) 02 (Bvp)® + (uaaw)vnavn] dx

c oK
< viabda.
_M/F e

Next, choosing K > (1 + ¢*/4p)/p yields that

(3.11)

Z / ¥ (0vn)? + 2002 (0v,)* + (10 O) vnavn} de < C

acA

for a positive constant C independent of n, because v,, is bounded by ¢/A. Since ¢ is bounded
from below by a p0s1t1ve number and 97 is piecewise constant on I', we infer that

Swealr € (8Un) < C, where C is a positive constant independent on n. Using this
information and (3.11) again, we obtain that fr avn) is bounded uniformly in n. There
exists a constant C' such that ||v,|,, < C for all n.
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Estimate in H? (T'). From the differential equation in (3.10) and (3.3), we have
E‘[)Qvn| < cHc|ova|” + M|, forall a € A.

Thus §?v,, is uniformly bounded in L' (I'). This and the previous estimate on [|Ovy | r2(r)
yield that Qv,, is uniformly bounded in L> (T'), from the continuous embedding of W1 (0, £,,)
into C ([0,44]). Therefore, from (3.10), we get that 0%v,, is uniformly bounded in L (T).
This implies in particular that v,, is uniformly bounded in W2 (T).

Hence, for any o € (0,1), up to the extraction of a subsequence, there exists v € V
such that v, — v in C*7 (T'). This yields that H, (z,dv,) — H (z,0v) for all x € T'. By
Lebesgue’s Dominated Convergence Theorem, we obtain that v is a weak solution of (3.1),
and since v € C17(T"), by Remark 3.3, v is a classical solution of (3.1).

Assume now that H is locally Lipschitz. We may use Remark 3.4 and obtain that
v € C>1(T'). The proof is complete. O

3.2 The ergodic problem
For f € PC (T'), we wish to prove the existence of (v,p) € C? (') x R such that

—pa0?v+ H (z,00) + p= f(x), inT,\V,a€ A,

vlr, (vi) = vlr, (), afeA,iel (3.12)
Z 'Yia,uaaav (Vz) = Oa S I5
acA;

with the normalization condition

/dez =0. (3.13)

Theorem 3.7. Assume (1.25)-(1.27). There exists a unique couple (v,p) € C*(T) x R
satisfying (3.12)-(3.13), with |p| < maxger |H (x,0) — f (z)|. There exists a constant C
which only depends upon || f|| o r) , tta and the constants in (1.27) such that

[l gzry < C. (3.14)

Moreover, for some o € (0,1), if fo € C%7([0,£4]) for all a € A, then (v,p) € C*° (T') x R;
there exists a constant C which only depends upon || fallco.s((o.4.1) > Ha and the constants in
(1.27) such that

”U”(ﬂ-a(r) <C. (3.15)

Proof of existence in Theorem 3.7. By Proposition 3.2, for any A > 0, the following bound-
ary value problem

—pa0%v + H (2,00) + v = f, inT,\V,a € A,

vlr, (Vi) = |, (v), a,BeA;, i€, (3.16)
Z 'Yiaﬂozao/v (Vi) =0, 1 €1,
acA;

has a unique solution vy € C?(I'). Set C' := maxr |f (-) — H (-,0)|. The constant functions
= —C/X and p = C/\ are respectively sub- and super-solution of (3.16). By Lemma 3.6,

—C<Auy(z)<C, forallzeTl. (3.17)
Next, set uy := vy — minp vy. We see that u) is the unique classical solution of

—pa0%ux + H (z,0uy) + Auy + Aminp vy = f, in Ty\V,a € A,

ulr, (vi) = U|FB(V1')7 a,Be A iel, (3.18)
Z ’Yiaﬂozaozuk (Vl) =0, el
acA;
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Before passing to the limit as A tends 0, we need to estimate uy in C? (T') uniformly with
respect to A\. We do this in two steps:

Step 1: Estimate of ||Oux| Le(ry. Using ¢ as a test-function in (3.18), see Definition 1.9,
and recalling that A\uy + A minp vy = Avy, we see that

Z /F LaOuxOde + /F (H (z,0uy) + Avy) tdx = /F fdz.

acA

From (1.27) and (3.17),

q
Z/Fauaau,\awdx—f—z:/ra Colows|* e < [ (+C+Cy) v,

acA acA

On the other hand, since ¢ > 1, ¥ > ¢ > 0 and 9v is bounded, there exists a large enough
positive constant C” such that

Z/ uaauAawd:chl
Ta 2

acA

Z / Co |0ux|"Ydx +C" >0, for all A > 0.
acATa

C
Subtracting, we get TOEIF |oux|*dx < [ (f + C + C1) tbdx + C'. Hence, for all X > 0,
Hauz\HLq(p) <C, (3.19)

where C := [(2 [.. (|f| + C + C1) wbdz +2C") /(Cop))] e
Step 2: Estimate of ||ux||c2(r). Since uy = vy —minr vy, there exists o € A and z € I'y
such that uy (z)) = 0. For all A > 0 and z € T, we have

Jux ()] = Jux () — ux (22)] < / |Oux| do < [|Ouall oy 017970
T

From (3.19) and the latter inequality, we deduce that [[ux|r, || =) < O T/ @D Let v,
be a transition vertex which belongs to OI'y. For all 5 € A;, y € I'a,

ux ()] < lux (y) — us ()] + [ux ()| < 2C 0707V

Since the network is connected and the number of edges is finite, repeating the argument as
many times as necessary, we obtain that there exists M € N such that

el ey < MC P
This bound is uniform with respect to A € (0,1]. Next, from (3.18) and (1.29), we get
1|0 ux| < [H (2, 8un)| + [Aoa| + [ ] < Cq (14 [dun|") + C + || fll oo ) -

Hence, from (3.19), 9%u, is bounded in L! (T') uniformly with respect to A € (0,1]. From
the continuous embedding of Wb (0,4,) in C([0,£,]), we infer that duy|r, is bounded in
C(T',) uniformly with respect to A € (0, 1]. From the equation (3.18) and (3.17), this implies
that uy is bounded in C? (T") uniformly with respect to A € (0, 1].

After the extraction of a subsequence, we may assume that when A — 07, the sequence
uy converges to some function v € C*! (T') and that Amin v, converges to some constant p.
Notice that v still satisfies the Kirchhoff conditions since dux|r, (v;) = dv|r, (v;) as A — 07.
Passing to the limit in (3.18), we get that the couple (v, p) satisfies (3.12) in the weak sense,
then in the classical sense by using an argument similar to Remark 3.3. Adding a constant
to v, we also get (3.13).

Furthermore, if for some o € (0,1), f|r, € C%° (T',) for all @ € A, a bootstrap argument
using the Lipschitz continuity of H on the bounded subsets of I' x R shows that w) is bounded
in C?7 (T') uniformly with respect to A € (0,1]. After a further extraction of a subsequence
if necessary, we obtain (3.15). O
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Proof of uniqueness in Theorem 3.7. Assume that there exist two solutions (v, p) and (2, p)
of (3.12)-(3.13). First of all, we claim that p = p. By symmetry, it suffices to prove that
p > p. Let zg be a maximum point of e := ¥ — v. Using similar arguments as in the proof of
Lemma 3.6, with Av and A\u respectively replaced by p and p, we get p > p and the claim is
proved.

We now prove the uniqueness of v. Since H,, belongs to C! (I'y, x R) for all o € A, then

e is a solution of pa0%eq — Uol OpHe (y,00v, + (1 — 6) 00,) d@} deq = 0, in (0,44), with
the same transmission and boundary condition as in (3.12). By Lemma 2.8, e is a constant

function on I'. Moreover, from (3.13) , we know that fF edr = 0. This yields that e = 0 on
I'. Hence, (3.12)-(3.13) has a unique solution. O

Remark 3.8. Since there exists a unique solution of (3.12)-(3.13), we conclude that the whole
sequence (uy, Avy) in the proof of Theorem 3.7 converges to (v, p) as A — 0.

4 Proof of the main result

We first prove Theorem 1.13 when F' is bounded.

Theorem 4.1. Assume (1.25)-(1.28), (1.30) and that F' is bounded. There exists a solution
(v,m,p) € C?(T) x W x R to the mean field games system (1.24). If F is locally Lipschitz
continuous, then v € C*Y(T). If furthermore F is strictly increasing, then the solution is
unique.

Proof of existence in Theorem 4.1. We adapt the proof of Camilli and Marchi in [8, Theorem
1]. For o € (0,1/2) let us introduce the space

mlr, () _ mlr, (%)

M, = {m :mg € C%7 ([0,44]) and foralli el and o, € Ai}

Yia YiB
which, endowed with the norm ||m||,, = ||mHLw(F) + max sup Ima (y) — TZa (2)|,
’ a€A y 2e(0,a]y#2 ly — 2|

is a Banach space. Now consider the set
K:{mGMU:mZOand /mdle}
r

and observe that X is a closed and convex subset of M,. We define a map T : K — K as
follows: given m € K, set f = F (m). By Theorem 3.7, (3.12)-(3.13) has a unique solution
(v,p) € C?(T') x R. Next, for v given, we solve (2.12)-(2.13) with b(-) = 9,H (-,0v (-)) €
PC(T). By Theorem 2.11, there exists a unique solution m € K NW of (2.12)-(2.13). We
set T (m) = T; we claim that T is continuous and has a precompact image. We proceed in
several steps:

T is continuous. Let mp,m € K be such that ||m, —ml,, — 0asn — +oo; set
my, = T (my),m = T (m). We need to prove that m, — M in M,. Let (vn,pn), (v,p)
be the solutions of (3.12)-(3.13) corresponding respectively to f = F (m,,) and f = F (m).
Using estimate (3.14), we see that up to the extraction of a subsequence, we may assume that
(Uny pn) — (U,p) in C* (T') x R. Since F (my,)|r, — F(m)|r, in C(Ts), Ha (y, (0vn)a) —
H, (y,070,) in C([0,44]), and since it is possible to pass to the limit in the transmission
and boundary conditions thanks to the C1-convergence, we obtain that (v, ) is a weak (and
strong by Remark 3.3) solution of (3.12)-(3.13). By uniqueness, (v,5) = (v, p) and the whole
sequence (v, p,) converges.

Next, M, = T (my,),m = T (m) are respectively the solutions of (2.12)-(2.13) correspond-
ing to b = 0, H (z,0v,) and b = O, H (z,0v). From the estimate (2.16), since 0, H (z, 0vy,)
is uniformly bounded in L*° (T'), we see that m,, is uniformly bounded in W. Therefore,
up to the extraction of subsequence, m,, — m in W and m, — m in M,, because W is
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compactly embedded in M, for o € (0,1/2). It is easy to pass to the limit and find that
m is a solution of (2.12)-(2.13) with b = 9,H (x,0v). From Theorem 2.11, we obtain that
m = m, and hence the whole sequence m,, converges to m.

The image of T is precompact. Since F' € C°(RT;R) is a uniformly bounded function,
we see that F' (m) is bounded in L* (I") uniformly with respect to m € K. From Theorem
3.7, there exists a constant C such that for all m € K, the unique solution v of (3.12)-(3.13)
with f = F(m) satisfies [[v]cz(r) < C. From Theorem 2.11, we obtain that m = T (m) is
bounded in W by a constant independent of m. Since W is compactly embedded in M., for
o € (0,1/2) we deduce that T has a precompact image.

End of the proof. We can apply Schauder fixed point theorem (see [19, Corollary 11.2]) to
conclude that the map T admits a fixed point m. By Theorem 2.11, we get m € W. Hence,
there exists a solution (v,m, p) € C?(I') x W x R to the mean field games system (1.24). If
F is locally Lipschitz continuous, then v € C%!(T) from the final part of Theorem 3.7. O

Proof of uniqueness in Theorem 4.1. We assume that F is strictly increasing and that there
exist two solutions (vy,m1, p1) and (v, ma, p2) of (1.24). We set T = v1 — v2, T = my1 — M2
and p = p; — p2 and write the equations for v, m and p

—1160%0 + H (z,0v1) — H (2,003) +p — (F (m1) — F (m2)) = 0, in To\V,

—1160%m — 0 (m10, H (z,0v1)) + 0 (madpH (x, 0vs)) = 0, in T, \V,

olr, (vi) = U|FB (vi) mr. () = m|r5 (Vi), a,BeA;iel,
Yiew YiB

Z VialaOal (V;) = 0, iel,

acA;

Z Nia [Malr, (i) OpH (vi, Ovilr, (vi)) — ma|r, (Vi) OpH (vi, Qva|r,, (vi))]

a€A;

+Z :uaaozm(yi):o; ie[a
acA;

vdx = 0, /mdz = 0.
r

' (4.1)

Multiplying the equation for ¥ by 7 and integrating over I',,, we get

/1‘ e 000mM + [H (x,0v1) — H (x,0v9) +p — (F (m1) — F (mg))] mdx — [uamaa@]ﬁ“ =0.

(4.2)
Multiplying the equation for 7 by v and integrating over I',, we get

/ e 0T + [m10pH (x,0v1) — m20pH (z, 0vs)] Ovdx (4.3)
Lo

Lo

- {mra (a0mlr, +milr,0pH (z,0v1|r,) — m2|r,0pH (z,0v2|r,,)) , =0

Subtracting (4.2) to (4.3), summing over « € A, assembling the terms corresponding to a
same vertex v; and taking into account the transmission and the normalization condition for
v and m, we obtain

0 QEZA/F (m1 —mg) [F (m1) — F (my)] dz

+ Z / mi [H (z,0vs) — H (z,0v1) + 0pH (x,0v1) 07] dx
acA’Ta

+ Z /F mo [H (z,0v1) — H (x, 0ve) — OpH (x, 0vg) O7] dx.
aEAY T«
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Since F' is strictly monotone then the first sum is non-negative. Moreover, by the convexity
of H and the positivity of mi, ms, the last two sums are non-negative. Therefore, we have
that my = mo. From Theorem 3.7, we finally obtain v; = vo and p; = pa. O

Proof of Theorem 1.13 for a general coupling F. We only need to modify the proof of exis-
tence.
We now truncate the coupling function as follows:

F(r), i ll<n,

En(r) = F (Ln) , if |r| > n.
7|

Then F,, is continuous, bounded below by —M as in (1.31) and bounded above by some
constant C,,. By Theorem 4.1, for all n € N, there exists a unique solution (v, M, prn) €
C? (') x W x R of the mean field game system (1.24) where F is replaced by F,,. We wish
to pass to the limit as n — +o00. We proceed in several steps:

Step 1: pp is bounded from below. Multiplying the HJB equation in (1.24) by m,, and
the Fokker-Planck equation in (1.24) by v, using integration by parts and the transmission
conditions, we obtain that

Z/ uaavnﬁmndz+/H x, Ovy) mypdx + p, 7/Fn (mp) mpde, (4.4)

acA r

and

Z/ ,uaavnamndx—l—/a H (z, 0vy,) mpdvpdz = 0. (4.5)
acA
Subtracting the two equations, we obtain

Pn = / F,, (my) mydz + / [OpH (z,0vy,) vy, — H (x, 0vy,)] mpde. (4.6)
r r

In what follows, the constant C' may vary from line to line but remains independent of n.
From (1.26), we see that 0,H (x, dv,,) vy, — H (x,0vy,) > —H(x,0) > —C'. Therefore

Pn > / F, (my) mydx — C/ mpdxr = / F, (my,) mydz — C. (4.7)
r r r

Hence, since F,,+M > 0 and fr mypdx = 1, we get that p, is bounded from below by —M —C'
independently of n.

Step 2: pp and fr (my) dz are uniformly bounded. By Theorem 2.11, there exists a
positive solution w € W of (2.12)-(2.13) with b= 0. Tt yields

Z / o Owoudr = 0, for all u € V, and / wdx = 1.
acA r

Multiplying the HIB equation of (1.24) by w, using integration by parts and the Kirchhoff
condition, we get

Z/ ,uaavnawdac—i—/H T avn)wdx—i—pn/ wdac—/F (my,) wdz.
N

acA

=1
=0

This implies, using (1.27), (2.16) and F,, + M > 0,
Pn :/Fn (mn)wdx—/H(ac,avn)wdx
r r
< wllmey [ (a4 Mo = 31 = [ (Colownl? = 1) i
r r

< C/ n (my) de + C — / Co |0y | wdz. (4.8)
r r
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Thus, by (4.7), we have
—M—CS/Fn(mn)mndx—Cgpng(l'/Fn(mn)dac—i—C. (4.9)
r r
Let K > 0 be a constant to be chosen later. We have

1
/ F, (my)de < — / [F, (my) + M]m,dz + sup F(r)/ dx
T K >K 0<r<K mn, <K

1 M
< 17 /F F, (my) mpdz + N + Ck, (4.10)

where Ck is independent of n. Choosing K = 2C where C is the constant in (4.9), w
get by combining (4.10) with (4.9) that [, F,(myn)m, < C. Using (4 10) again, we obtaln
Jr Frn(my)dz < C. Hence, from (4.9), we conclude that |pn| + | [ Fn(my)dz| < C.

Step 3: Prove that F, (mn) is uniformly integrable and v,, and m,, are uniformly bounded
respectively in C* (T') and W. Let E be a measurable with |E| = 1. By (4.10) with T is
replaced by E, we have

1 M
/ E,(mp)mpde < — F, (my)mpdx+ — + sup F(r)/ dx
E K En{m, <K}

En{mn>K} 0<r<K
< C+M
- K

+ Ckn,

since [, Fiy(mp)myde < C and supg<,< g Fu(r) < supgc,.< g F(r) := Ck. Therefore, for all
£ > 0, we may choose K such that (C + M)/K < ¢/2 and then 7 such that Cgn < 5/2 and
get

/ F, (my)dx <e, for all E which satisfies |E| <7,
E

which proves the uniform integrability of {F},(m,)},,.

Next, since p, and [, F}, (m,,) dz are uniformly bounded, we infer from (4.8) that duv,, is
uniformly bounded in L? (T ) Since by the condition fr vpdx = 0, there exists T, such that
Un(Ty) = 0, we infer from the latter bound that v, is uniformly bounded in L*°(T"). Using
the HJB equation in (1.24) and Remark 1.7, we get

,ua|62vn| < [H(z,0vn)| + [Fn(mn)| + |pn| < Cq(|avn|q + 1) + [Fn(mn)| + |pnl.

We obtain that 9%v,, is uniformly bounded in L!(T'), which implies that v,, is uniformly
bounded in C*(T"). Therefore the sequence of functions Cy(|0v, |7 + 1) + |Fy, (my)] + |pn| is
uniformly integrable, and so is 9?v,,. This implies that dv,, is equicontinuous. Hence, {v,}
is relatively compact in C! (T') by Arzela-Ascoli’s theorem. Finally, from the Fokker-Planck
equation and Theorem 2.11, since 0, H (x, Ovy,) is uniformly bounded in L ('), we obtain
that m,, is uniformly bounded in W.

Step 4: Passage to the limit

From Step 1 and 2, since {p,, } is uniformly bounded, there exists p € R such that p,, — p
up to the extraction of subsequence. From Step 3, there exists m € W such that m,, = m
in W and m,, — m almost everywhere, up to the extraction of subsequence. Also from Step
3, since F), (m,,) is uniformly integrable, from Vitali theorem, lim, fr (my) wde =
fr F (m)wdxz, forallw € W. From Step 3, up to the extraction of subsequence7 there
exists v € C'! (') such that v, — v in C* (T'). Hence, (v, p, m) satisfies the weak form of the
MFG system:

Z / Ha0vOWdx —|—/ (H (x,00) + p) wdx = / F (m)wdz, forallwe W,
acA r

and

Z / 1o OmOvdx + / OpH (x,00) mdvdx =0, forallveV.
acA
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Finally, we prove the regularity for the solution of (1.24) . Since m € W, m|p, € C%7 for
some constant o € (0,1/2) and all a € A. By Theorem 3.7, v € C?(T") (v € C?°(T) if F is
locally Lipschitz continuous). Then, by Theorem 2.11, we see that m € W. If F is locally
Lipschitz continuous, this implies that v € C%(I"). We also obtain that v and m satisfy the
Kirchhoff and transmission conditions in (1.24). The proof is done. O
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