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Abstract

As an extension of a central limit theorem established by Svante Janson, we
prove a Berry-Esseen inequality for a sum of independent and identically
distributed random variables conditioned by a sum of independent and
identically distributed integer-valued random variables.
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1. Introduction

As pointed out by Svante Janson in his seminal work [8], in many random combinatorial problems, the interesting
statistic is the sum of independent and identically distributed (i.i.d.) random variables conditioned on some
exogenous integer-valued random variable. In general, the exogenous random variable is itself a sum of integer-
valued random variables. Here, we are interested in the law of NV _1(Y1 + -+ 4 Yy) conditioned on a specific value

of X7 +--- 4 Xy that is to say in the conditional distribution
Ly =L(N'(Yi+--+YN) | X1+ + Xy =m),

where m and N are integers and the (X;,Y;) for 1 < ¢ < N are i.i.d. copies of a vector (X,Y") of random variables
with X integer-valued.

In [8], Janson proves a general central limit theorem (with convergence of all moments) for this kind of conditional
distribution under some reasonable assumptions and gives several applications in classical combinatorial problems:
occupancy in urns, hashing with linear probing, random forests, branching processes, etc. Following this work,
one natural question arises: is it possible to obtain a general Berry-Esseen inequality for these models?

The first Berry-Esseen inequality for a conditional model is given by Malcolm P. Quine and John Robinson in

[17]. They study the particular case of the occupancy problem, i.e., the case when the random variable X is
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Poisson distributed and Y = 1;x—_oy. Up to our knowledge, it is the only result in that direction for this kind of
conditional distribution.
Our paper is organized as follows. In Section 2, we present the model and we state our main results (Theorems 1

and 2). In Section 3, we describe classical examples. The last section is dedicated to the proofs.

2. Conditional Berry-Esseen inequality

For all n > 1, we consider a vector of random variables (X,,,Y},) such that X,, is integer-valued and Y;, real-valued.
Let N,, be a natural number such that NN,, — oo as n goes to infinity. Let (X, Yy i)1<i<n, be an ii.d. sample

distributed as (X,,,Y,) and define

k k
Sn,k = E Xnﬂ' and Tn,k = E Ynﬂ',
i=1 =1

for k € [1,N,]. To lighten notation, define S,, := S, n, and T;, := T}, n,,. Let m,, € Z be such that P(S,, =

my) > 0. The purpose of the paper is to prove a Berry-Esseen inequality for the conditional distributions
L(U,) = L(Ty|Sn = mp).

Assumption 1. Suppose that there exist positive constants c1, o, Ca2, c3, C4, C4, C5, Cg, C7, and 19, such that:
(A2) v =210 x, Na/*P(S, = mn) > c1;
(A3) éa < ox, = Var (Xn)l/2 < eo;
(A4) px, = E[| X, —E[X,]|] < cso%,;
(A5) ¢4 <oy, = Var(Yn)l/2 < cq;
(A6) py, :=E[|Y, - E[V,]|’] <50, ;
(A7) the correlations r,, := Cov (X,,,Yy) J;(ia;nl satisfy |rn| < cg < 1;
(A8) forY, =Y, —E[Y,] — Cov(Xn,Yn)a)_(i (Xn — E[X,]), for all s € [—m, x|, and for all t € [—no, n0],

‘E[ei(sx"ﬂy’”")} ’ <l—e¢r (03(7182 + 0%];152).
Obviously, Assumption 1 is very close to the set of assumptions of the central limit theorem established in [8,
Theorem 2.3]. In particular, (A2) is a consequence of m,, = N,E[X,] + O(UXnNéﬂ), (A4), and (A8) (see the
proof of Theorem 2.3 in [8]). By [8, Lemma 4.1.], 0%, < 4E[X — E[X]]’] , so & can be chosen as 1/(4cs). (A7)
is not very restricting and holds in the examples provided in Section 3. Following [8], we introduce Y, in (A8) in

order to work with a centered variable uncorrelated with X,,. If (X,Y”) is a vector of centered and uncorrelated

random variables, then
. , 1
’E[el(sx+ty )]‘ =1—- 5(0%{52+U}2//t2) +0(52 +t2),

so (A8) is reasonable if the vectors (X,,,Y,)) are identically distributed.
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Proposition 1. Assume that

m, = N,E[X,] + O(ox, N}/?),
that (X,,Y,) converges in distribution to (X,Y) as n — oo, and that, for every fized r > 0,

limsupE [|X,|"] < oo and limsupE[|Y,|"] < co.

n—roo n—roo

Suppose further that the distribution of X has span 1 and that'Y is not almost surely equal to an affine function
c+dX of X. Then, Assumption 1 is satisfied.

The proof is omitted since the proposition relies on Corollary 2.1 and Theorem 2.3 in [8].

Theorem 1. Under Assumption 1, 77 := 03 (1—72) > 0 and we have

o
< (1)

sup

. (Un — NE[Y,] = raoy, okt (my — N,E[X])
rER

<z | —P(x)
N}L/zrn )

where ® denotes the standard normal cumulative distribution function and C is a positive constant that only

depends on 62) C2, C3, 547 C4, C5, Cg, C7, MO, and C1-

Remark that the standardization of the variables U,, involved in (1) is not the natural one. The following theorem

fixes this default of standardization.

Proposition 2. Under (A2), (A4), (A5), (AG), and (A8), there exist two positive constants di and da depending

only on c3, ¢4, cs5, c7, and c¢1 such that, for N, > 3,
|E [Un] = NaE[Ya] = rnoy, 05! (mn — NaE[X,])| < d (2)

and

|Var (U,) — N, 72| < daNJY/2, (3)

Theorem 2. Under Assumption 1, we have

U, —E[U,]
(G <) o

C
N2

sup <

z€R

where C' is a constant that only depends on és, ca, c3, €4, C4, C5, Cg, C7, Mo, and Cq.

Furthermore, as in [8], the results of Theorems 1 and 2 simplify considerably in the special case when the vector
(X,,Y,) does not depend on n, that is to say when we consider an i.i.d. sequence instead of a triangular array.

This is a consequence of Proposition 1.

3. Classical examples

In this section, we describe the examples mentioned in [8] and [6]. Each of them satisfies the assumptions of

Proposition 1, as shown in [§8], leading to a Berry-Esseen inequality.
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3.1. Occupancy problem

In the classical occupancy problem, m balls are thrown uniformly at random into N urns. The resulting numbers
of balls (Z1,...,ZN) have a multinomial distribution. It is well known that (Z1,...,Zy) is also distributed as
(X1, -+, Xn) conditioned on {Zf\; X,; = m}, where the random variables X; are i.i.d., with X; ~ P(}), for any
arbitrary A > 0. The classical occupancy problem studies the number of empty urns U = Ef\il 1{z,—0y, which
is distributed as Zivzl I¢x,—0y conditioned on {Zf\; X; = m}. Now, if m = m,, - oo and N = N,, — oo with
My /Ny — X €]0,00[, we can take X, ~ P(X\,) with A\, := m,/N,, Y, = 1{x, —o}, and apply Proposition 1 to
obtain a Berry-Esseen inequality for U,, = vaz”l 1{z,—0}-

Remark 1. In [17], the authors prove a Berry-Esseen inequality for the occupancy problem in a more general
setting: the probability of landing in each urn may be different. The tools they developed will be used in the

sequel to prove our results.

Remark 2. Here, we need a result for triangular arrays, and not only for i.i.d. sequences. Indeed, if we took

X, =X with X ~ P()), we would only have
My = Np(A+0(1)) = NLE[X,] + o(Ny,).

But Proposition 1 requires

my, = N,E[X] + O(NL/?),
which is stronger. This remark goes for the following examples too.

3.2. Bose-Einstein statistics

This example is borrowed from [6] (see also [3]). Consider N urns and put m indistinguishable balls in the urns in
such a way that each distinguishable outcome has the same probability 1/ (m+7;v _1). Let Z; be the number of balls
in the kth urn. It is well known that (Z1,..., Zy) is distributed as (X7, ..., Xn) conditioned on {Zfil X; =m},
where the random variables X; are i.i.d., with X; ~ G(p), for any arbitrary p € |0,1[. f m =n, N = N,, — o0
with N,,/n — p, take X,, ~ G(p,) with p, = N, /n to obtain a Berry-Esseen inequality for any sequence of
variables of the type U,, = Zfi"l f(Zy).

3.3. Branching processes

Consider a Galton-Watson process, beginning with one individual, where the number of children of an individual is
given by a random variable X having finite moments. Assume further that E[X] = 1. We number the individuals
as they appear. Let X; be the number of children of the ith individual and Si := Zle X;. Tt is well known (see

[8, Example 3.4] and the references therein) that the total progeny Sy + 1 is N > 1 if and only if
Vke{0,...,N—1} Sy>k and Sy=N—1. (5)

This type of conditioning is different from the one studied in the present paper, but by [18, Corollary 2] and [8,
Example 3.4], if we ignore the cyclical order of X7, ..., Xy, it is proven that X1, ..., X have the same distribution
conditioned on (5) as conditioned on {Sy = N — 1}. Applying Proposition 1 with N = n and m = n — 1, we

obtain a Berry-Esseen inequality for any sequence of variables U,, distributed as T}, = Y., f(X;) conditioned on
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{Sn = n —1}. For instance, if f(z) = 1{z=3}, Uy, is the number of individuals with three children given that the

total progeny is n.

3.4. Random forests

Consider a uniformly distributed random labeled rooted forest with m vertices and N roots with N < m. Without
loss of generality, we may assume that the vertices are 1,...,m and, by symmetry, that the roots are the first N
vertices. Following [8], this model can be realized as follows. The sizes of the IV trees in the forest are distributed
as (X1,...,Xy) conditioned on {Zfil X; = m}, where the random variables X; are i.i.d. and Borel distributed

for any arbitrary parameter p € |0, 1], i.e.

(see, e.g., [5] or [7] for more details). Then, the ith tree is drawn uniformly among the trees of size X;. Proposition
1 provides a Berry-Esseen inequality for any sequence of variables of the type U, = Zf;"l f(Z;) where N,, — oo
and Zi, ..., Zy, are the sizes of the trees in the forest. For instance, if f(x) = 1{,—k}, Uy, is the number of trees

of size K in the forest (see, e.g., [12, 15, 16]).

3.5. Hashing with linear probing

Hashing with linear probing is a classical model in theoretical computer science that appeared in the 60’s. It
has been studied from a mathematical point of view firstly in [10]. For more details on the model, we refer to
[5, 7, 14, 1, 2, 9]. The model describes the following experiment. One throws n balls sequentially into m urns at
random with m > n; the urns are arranged in a circle and numbered clockwise. A ball that lands in an occupied
urn is moved to the next empty urn, always moving clockwise. The length of the move is called the displacement
of the ball and we are interested in the sum of all displacements which is a random variable denoted d,, ,,. After
throwing all balls, there are N := m — n empty urns. These divide the occupied urns into blocks of consecutive
urns. We consider that the empty urn following a block belongs to this block. Following [11, 5], Janson [7] proves
that the lengths of the blocks and the sums of displacements inside each block are distributed as (Xi,Y7), ...,
(Xn,Yn) conditioned on {Zf\;l X; = m}, where the random vectors (X;,Y;) are i.i.d. copies of a vector (X,Y)
of random variables: X being Borel distributed with any arbitrary parameter p € ]0,1[ and Y given {X = [}
being distributed as d;;—1. In particular, d,, , is distributed as Zivzl Y; conditioned on {Zfil X; = m}. If
m=m, — oo and N = N,, = m,, —n — oo with n/m,, — p € ]0,1[, we take X,, following Borel distribution

with parameter p, :=n/m, to get a Berry-Esseen inequality for d,,,, », by Proposition 1.

4. Proofs

Remind that U, is distributed as T;, conditioned on {S, = m,}. Following the procedure of [8], we consider the
projection

Yy =Y, —E[Y,] — Cov(X,,Y,)ox” (X, — E[X,]).
Then E[Y,]] = 0 and Cov(X,,,Y,) =E[X,Y,] = 0. Besides, (A8) and (A7) are verified by Y,,. By (A7),

7y = ot (1 - r2) € [0 - ). )
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o (A5) is satisfied by Y,,. Finally, by Minkowski inequality, (A4) and (A6), and the fact that |r,| <1

¥l < 1Yn = EYalls + lralox,0v, 057 | X0 — E[Xa]l5

1 1/3
/ + oy, UX?XQ

1/3 1/3

< oyn(cg/ /%)

oy (1 — cg)’l/Q(Cé/3 + c§/3).

n

+Cr

N

Hence, Y, satisfies (A6). Consequently, all conditions hold for the vector (X,,Y,)) too. Finally,
L= Y, =T, — NuE[Y,] — Cov(X,, Yn)oy” (Sn — NaE[X,)).

So, conditioned on {S,, = m, }, we have T} = T;, — N, E[Y,]| —rnoy, a;{i (my, — N,E[X,]). Hence the conclusions in
Theorems 1 and 2 for (X,,,Y,,) and (X,,,Y]) are the same. Thus, it suffices to prove the theorems for (X,,,Y;). In
other words, we will henceforth assume that E[Y,] = E[X,,Y,] =0, 7, = 0 and 72 = 0f. . Moreover, the constants
cﬁl, &, ck, i, and ¢, for (X, Y") are linked to that of (X,Y) by the following relations: ¢} = ¢4, & = &(1 — c2)'/?,

=(1-c3)%?%Cc é/g + 02/3)3, ¢z =0, and ¢, = ¢7. In the proofs, we omit the primes.

The proofs of Theorems 1 and 2 intensively rely on the use of Fourier transforms through the functions ,, and

1, defined by
on(s,t) :=Elexp {is (X, — E[X,]) +itY,}] and o, (¢t) :=27P(S,, = m,)E [exp {itU,}] . (6)

The controls of these functions (respectively the controls of their derivatives) needed in the proofs are postponed
to Subection 4.4 in Lemmas 1 and 2 (resp. in Lemma 3). In particular, (16), (17), (18), and (19) will be used

several times in the sequel.

4.1. Proof of Theorem 1

We follow the classical proof of Berry-Esseen theorem (see e.g. [4]) combined with the procedure in [17]. As shown

n [13] (page 285) or [4], the left hand side of (1) is dominated by

/ PR
Q/TIUYanLZ U (uole 1/2) 22 CLU_'_ 24JY1N e
T Jo 27P(S, = my,) U nmV/2m
where 77 > 0 is arbitrary. We choose to define
(2 1
7 := min §(C4C5) ,Mo | > 0. (7)

From (16) of Lemma 1 and a Taylor’s expansion,

[ nuoy NG
27P(S,, = my,)

g [etz/2¢n(tayan1/2)‘|
=6

o122, (uoy Ny )
27P(S,, = my,)

2 .2
_eu/2:u1 u®/2 1

—u?/2

<e sup

0<0<u

R TK'O'XTLN}l/2
< ,Y;lefu /2 sup /
0<0<u | J oy, NM2

ot 27P(S,, = my,)

a t2/2 N, S t
o | € P )
ot [ " UXnN%/Q UY,IN%/Q -

ds}.
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y (A2), v, = ¢1. Now we split the integration domain of s into
Ay = {s D sl < EUX”N}L/Q} and Ap = {s :eox, NM?2 < s| < 7T0'X”Ni/2},

where
2
€ := min <9(6263)1,71'> (8)

and decompose
([ o lwot N )

MY, T ) —u?)2
27P(S,, = my,)

< sup [[1(n,u,0) + Iy(n,u,0)],
0<6<u

where
Li(n,u,0) 2771/ ef(u2+s2)/2 9 e(t2+82)/2@N” 5 7 4 ds, )
" A ot " 0Xx, N71L/2 oy, N711/2 =0
2 0 s t
afn,u,6) =3t 02 |2t , ds. (10)
A, | O " \ox, N oy, NA? ) L,

Lemmas 5 and 6 state that there exists positive constants C; and Cy, only depending on é, co, ¢3, ¢s5, ¢7, and cq,

such that, for N,, > max(123c3,123¢2,2),

novn No/? Cy
sup Ii(n,u,0)du < ——, 11
/0 0co2u 1l ) N2 )
and
nov. N1/2 02
sup Iz(n,u,0)du < . 12
L e mw o< oo (12)
So,
U, C
sup |P %éx - o) < —753
z€R Nn/ oy, Nn/
with

-1
2
C' := max (Cl +Co+ —— (mln( c4Cs, n0)> , 123/203, 123/2057 \/5) .
C47T'\/
4.2. Proof of Proposition 2

Proof of (2) We adapt the proof given in [8]. Using the definition (6) of ¥,,, and differentiating under the

integral sign of (16) of Lemma 1, we naturally have

—ithy, (0)
E[U,]| = |——n
[E U]l 27P(S,, = my)
O X N,l/2 a
-1 N ) s N,—1 S
N, ———,0 )| | ———,0]|ds.
n —TOX, N1/2 at (UXHN}L/z > 4 (O’XHN}/Q ) g
Using (19) of Lemma 3 with ¢ = 0, (A3), (A4), and (A6), we deduce
1/3 2/3 :
Opn, S 0 ‘i y/ pX/n < cg/scwé/g 9
o \ox, NL/2 ) 0%, Nn = 2N,
Then using (17) of Lemma 2 (with [ = 1 and ¢ = 0) and for N,, > 3,
nox, NL/? 2/3  1/3 .4
/ ) 2 8770 |enm — ;0 ]ds < S / N s2e72e15% /3 g
—ToX,, Nl/2 at O’XHZ\/}IL/2 O'XHNTIL/Q 2N, —o0

So, (2) holds with
) +00
dy = 2_105/304cé/3c;1 / s2e=2e78% /3,

— 00
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Proof of (3) Since 72 = O'%/n and E [U,] is bounded, it suffices to show that the quantity |E [Uﬁ] - Nnof,n is

2 —
bounded by some d’zN,}/ ? to prove (3). Proceeding as done previously,

-~ 27P(S,, = my,)
Tox, N

1/2 P 2
T - 1/270 N2 - 1/270 ds
—TOX, N,ll/2 8t 0Xx, Nn 0Xx,1Vn

E [U?

n

— N ) [

1/2
Tro-X’Vl NIL

. 0% S S
—1 —1isv n N,—1
-, Np e "n 0™ —,0] ds
—mox, Na'? ot <<TX7L“71L/2 ) 0x, N7ll/2

where

Uy 1= (my, — NoE[X,])/(0x, NM/?).

First, by (19) of Lemma 3 with ¢ = 0 and by (17) of Lemma 2 (with [ = 2 and ¢ = 0), one has, for N,, > 3,

2
ds

7T0'an111/2 % ; 0 SONTL72 ; 0
—rox N2 | Ot \ gy NY? " ox. N2
4/3 o 2/3
Cg/ 6205/ /+OO sho—crs’/3
S TAN?

— 00

Finally, by (A2), the term (13) is bounded by

4/3 2 2/3  too

. C3 C4Cp 4,-c1s’/3,

§ == s'e s.
461

—00

Second, we study the term (14). We want to show that

TOX N1/2 82
— e —i Pn S N,—1 s 2
A, =7 1/ e 5Un ,0 ] ™ ———,0 | ds+ oy
n n — N71L/2 ot2 ox, erl/Q n ox NylL/2 n

n

is bounded by some d’Q”/N,llm. By (16) with ¢t =0,

TOX,, N71L/2 s
/ eiZSU"SDr]y’" ( 1/2 9 O> dS == 2’ITIP)(STL - mn)JXnN,r]i/2 - ’Vm

77roan,1L/2 0Xx, Nn
SO
TOX N1/2 2
Ap=ngt [ i (280 * 0] ok o | —g.0) N s
n Tn 1/2 atg 1/2° Y. $n 1/2° Pn 1/27
—mox, Ny, UXnNn O'XnNn U'XnNn
71'(7)(TLN711/2 s
—1 — 18U 2 N,—1
=Tn / 12 € E |:Y7l f(S):| “Pn 1/2° 0|ds
77raann/ O'X,,,Nn
where

f(s)=— (eisa}i N7Y2( Xy —E[X,]) E[eisa;(:LN;”Q(an]E[Xn])}) .
Applying Taylor’s theorem yields

601 < bl X)X =B s e
w UX"Nn UX”Nn
|5| Xn — E[Xn]
gx ’

SN2

X, —E[X
[P
0Xx

n

|
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)]

Thus, using Hélder’s inequality,

270 < [ (| Ko

2 1/3
_ ot sl (o N )
<25 (= +
N 0-1/" UXn
El

i 2/3 173
< Nl/é <c5/ cg/ + 1)
where the last inequality is obtained using (A3), (A4), (A5), and (A6). Now, by (A2) and the upper bound in
(17) (with I = 1 and ¢t = 0), we get, for N,, > 3,

EHXn — E[X,)]

2/3 1/3 e —s%¢7(N,—1)/N, d/2//
A, < 75 | G5 +1 |s| e " rds < — 75,

an/ - N’ﬂ/2
with

4" = 2 2/3 1/3 oo —2s2¢7/3

0= cler (e ey’ 1) |s| e ds.
—00

Finally,

|Var(U,,) — Npoy. | < (df +df +dy )N/? =: doN)/2.

Then the proof of (3) is complete.

4.3. Proof of Theorem 2

Write
P LE[%gx —o(x)| < |P 1U+ < anx + by D(anz + by)
Var (U,) / Ny oy,
+ |@(anz + bp) — (2

where

_ Var(U )1/2 d b R E[Un]

o = NlT an n=
n 0Y, Np' "oy

n

The previous estimates of E[U,,] and Var(U,,) yield,
lan — 1] < a2 — 1] < doé;°N,Y? and  |by| < di&; "N, Y2

Then for Né/z > 26Z2d2, an > 1/2 and applying Taylor’s theorem to ®, one gets
e—t2/2
V2T

max(daéy 2, dié;b)(|z) + 1)eel/2=dre ) /2

|®(anx 4+ b,) — @(2)| < |(an — 1)x + by|sup
t

N2

V2T

the supremum being over ¢ between x and a,x + b,. The last function in x being bounded, we can define

1 —
C' := —— max(dyé, %, d1E; ") sup [(|fc\ +1)e~Izl/2=drey RIEAIE
z€R

V2T
Finally, we apply (1) and (4) holds with C' := C + max(C", 2¢; 2dy).
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4.4. Technical results
Recall that v, = (m,, — N,E [Xn])/(JX”N»i/Z) and vy, = 27P(S, = mn)UXnN}/Z. Moreover,

on(s,t) =Elexp{is (X, —E[X,]) +itY,}] and o,(t) = 27P(S, = m,)E [exp {itU,}].

Lemma 1. One has

1 ﬂaan:/z ) s
o) = ——7 [ et (2t ds (16)
" UXnN71L/2 —ﬂoanim " (')'Xn]Vé/2

Proof. Indeed, since

/ ei8(Sn=mn) 1o _ 2115, =m, s

we have
Y (t) = 27P(S,, = my,)E [exp {itUp, }]
= 27E [exp {itT,} (s, =m.})
_ / " B fexp {is (S — my) + itT, ] ds
:/7r e i50m=NGELXu) N (6 ),
which leads to (16) after the change of variable s’ = sox, N2, O

Now we give controls on the function ¢, and its partial derivatives (see Lemmas 2 and 3).

Lemma 2. Under (A8), for any integer 1 > 0, |s| < ﬂ'UXnN,}/Q, and |t| < noay”Nfll/Z, one gets

Nn—l s t > —(s2+4t%)-c7-(Nn—1)/N,
©n" : <e TR (17)
<JXHN7—1L/2 UYanrlL/2 |

Proof. The proof is a mere consequence of the inequality 1 4+ x < e® that holds for any = € R. O
Lemma 3. For any s and t, one has

Opn, S t
Ot \ oy, N2/* oy, Ny/?

n

g
< —%
Np,

(Isl + [¢]); (18)

and

Opn s t
8t Jx. N1~1L/27 gy, N71L/2

Py,
Np
1/3 2/3 2
PX,, PY, = [ py,
st <0_3 ) (03 ) +f (0_3 )] (19)
Xn Y, Y,

Proof. We apply Taylor’s theorem to the function defined by

(s,t)Hf(s,t)aw"< i t )

Ot \ox, Na'* oy, Ni/?

We conclude to (18) using

|f(8at)_f(0a0)| < |8| sup
0,0"€[0,1]

or (93,0’1&)‘ + |t| sup
S 0,0’€(0,1]

f )
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and to (19) using

(s, 8) — £0.0) < 1511 2L (0,0 +|t\ 9f 00) o 2f(9 )
’ ’ = 8 2 0,0’e 85 5
52f ‘ t2 2f
+st| su 0s,0't)| + — su — (0s,0't)|.
||9w %u otds ( ) &We%u 5%( )

The partial derivatives of f are estimated by mixed moments of X, and Y,, and then bounded above by Holder’s

inequality. |
The following lemma is a result due to Quine and Robinson ([17, Lemma 2]).

Lemma 4. Define

1/2 /2

o =3 AT — L —3A7—
lin = anchnNn and loy = PY, 0y N,

Ifli , < 1273/2 and loy < 1273/2 then, for all

sy e Ro={(s0): 1ol < ikl < 3isk ).

we have

11
Cu(|s| + [t] + 1) (lanrlzn)exp{%(sertQ)},

9 | etyz i, s t
ot " \ox, N oy, Na/?

with Cy = 161.

Remark 3. We make explicit the constant Cy appearing at the end of the proof of Lemma 2 in [17]. For all v

and s in Ry as defined in [17], one has

(Jv] +2]s])
(|'U| + |S| + 1)3(61,11 + gQ,n)

e~ WHs/24 <108 /G- e /2 < 161,
By (A3) and (A4),

ll,n C3N 1/2 02630' 1N 1/2
which implies that ox,, N%/Z < CQCgli,}l. Similarly,

—1/2 —1ar—1/2
lg’n < C5Nn / < C4C5UYn Nn / s

and oy, Np 1/2 C4C5Z . Now we are able to establish (11).

Lemma 5. There ezists a positive constant Cy, only depending on c3, cs, ¢1 such that, for N, > 123 max(c3, c2),
noy, NL/? C

/ sup I (n,u,0)du < %
0 0<0<u Ny

Proof. The definitions of n in (7) and ¢ in (8) imply that, for s € A; and v and 6 as in the integral in the

statement above, one has

2 2 _
|s| <eox,Np? < 2l and 0] < |ul < noy, Np/* < 21y,

95" 9
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which ensures that (s,0) € R as specified in Lemma 4. Moreover, for N,, > 123 max(c3, c2), l;, < 127%/2 and

la., < 1273/2. Now using Lemma 4 in (9) and by (A2), we get

noy, Ny/?
/ sup Ii(n,u,0)du
0

0<0<u

nUY"N}lm 2 2
<0yl +12,n)/ / (Is| + |u| + 1)3e= "+ 24 ggdy,

0 A1
< NV2e71Cy(es + 05)/ (Is| + |u| + 1)3e="Hu) /24 ggqy,

R2
and the result follows with

Cy = Cules + 65)/ (Is| + |u| + 1)3e= "Hu) /24 gg gy,

]R2

0

Remark 4. Actually, Lemma 5 is valid as soon as N,, > max(c3,c2): the constants in the proof of Lemma 2 in

[17] can be improved.
Now we are able to prove (12).

Lemma 6. There exists a positive constant Cy, only depending on c1, ¢a, co, c3, and ¢z such that, for N, > 2,

noy, NM/? s
/ sup Iz2(n,u,0)du < R
0 0<O<u Ny,

Proof. We use the controls (17) with ¢ = and [ = 1, (18), and |¢,| < 1 to get

(9 t2/2 N, S t
a #n" 1/2° 1/2
ox,Nn'~ oy,Nn ip

No—1 s 0 s 0
P ) : G(Pn

+ 1/2 0pn s 0
oy, Ot O-X7LN71L/2 YN1/2

2
— 02

< (|8| + 2 ‘el)602/2_(82—"_92)'C7(N"_1)/N”7

for s € A and w and 6 as in the integral in the statement of the Lemma. Finally, using (10), we get that, for

N, =2

3y

oy, Ny/?
/ sup Iz(n,u,0)du
0<O<u

Foo 62 N, —1
su s+ 20) ex <<1—2c i >)]
/ /saan 1/2 0<95u {( ) exp 2 "N,

. €7u2/2752-07(Nn71)/Nndsdu

—+o0
QCfl / / (s 4+ 2u)e” min(1,er)u’/2=s*cr/2 g4y,
EOX ), ]\/1/2

- —1
< o~ Nucre?o%, /2 <C1 cy Yor 4c; 1 )

b min(1,c;)  min(1,c7) C7€UXTLN»,1/2

Cl —CN
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where

V2T 4

Chi=cyler? o) +
TS €7) min(1, ¢7) min (3(0203)—1,71')62

2
and CY := & /2c; min (3(02@,)_1, 7T> . The result follows, writing

" ! " 71/2 / 1" 71/2
Che-cinn = BED 2 oy yiize-cune ¢ CUCD I e, Co
since z'/2¢~* is maximum in 1/2. 0

References

[1] P. Chassaing and G. Louchard. Phase transition for parking blocks, Brownian excursion and coalescence.

Random Structures Algorithms, 21(1):76-119, 2002.
[2] Philippe Chassaing and Philippe Flajolet. Hachage, arbres, chemins & graphes. Gaz. Math., (95):29-49, 2003.

[3] W. Feller. An introduction to probability theory and its applications. Vol. I. Third edition. John Wiley &
Sons Inc., New York, 1968.

[4] W. Feller. An introduction to probability theory and its applications. Vol. II. Second edition. John Wiley &
Sons Inc., New York, 1971.

[5] P. Flajolet, P. Poblete, and A. Viola. On the analysis of linear probing hashing. Algorithmica, 22(4):490-515,

1998. Average-case analysis of algorithms.
[6] L. Holst. Two conditional limit theorems with applications. Ann. Statist., 7(3):551-557, 1979.

[7] S. Janson. Asymptotic distribution for the cost of linear probing hashing. Random Structures Algorithms,

19(3-4):438-471, 2001. Analysis of algorithms (Krynica Morska, 2000).
[8] S. Janson. Moment convergence in conditional limit theorems. J. Appl. Probab., 38(2):421-437, 2001.

[9] S. Janson. Individual displacements for linear probing hashing with different insertion policies. ACM Trans.

Algorithms, 1(2):177-213, 2005.
[10] D. E. Knuth. Computer science and its relation to mathematics. Amer. Math. Monthly, 81:323-343, 1974.

[11] D. E. Knuth. Linear probing and graphs. Algorithmica, 22(4):561-568, 1998. Average-case analysis of

algorithms.

[12] V.F. Kolchin. Random mappings. Translation Series in Mathematics and Engineering. Optimization Software,
Inc., Publications Division, New York, 1986. Translated from the Russian, With a foreword by S. R. S.
Varadhan.

[13] M. Loeve. Probability theory. Foundations. Random sequences. D. Van Nostrand Company, Inc., Toronto-New

York-London, 1955.



14 Thierry Klein, Agnés Lagnoux, Pierre Petit

[14] J.-F. Marckert. Parking with density. Random Structures Algorithms, 18(4):364-380, 2001.

[15] Y. L. Pavlov. Limit theorems for the number of trees of a given size in a random forest. Mat. Sb. (N.S.),

103(145)(3):392-403, 464, 1977.

[16] Y. L. Pavlov. Random forests. In Probabilistic methods in discrete mathematics (Petrozavodsk, 1996), pages
11-18. VSP, Utrecht, 1997.

[17] M. P. Quine and J. Robinson. A Berry-Esseen bound for an occupancy problem. Ann. Probab., 10(3):663-671,
1982.

[18] J. G. Wendel. Left-continuous random walk and the Lagrange expansion. Amer. Math. Monthly, 82:494-499,
1975.



	Introduction
	Conditional Berry-Esseen inequality
	Classical examples
	Occupancy problem
	Bose-Einstein statistics
	Branching processes
	Random forests
	Hashing with linear probing

	Proofs
	Proof of Theorem 1
	Proof of Proposition 2
	Proof of Theorem 2
	Technical results


