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A TRANSFORMED STOCHASTIC EULER SCHEME FOR
MULTIDIMENSIONAL TRANSMISSION PDE

By PIERRE ETORE!, MIGUEL MARTINEZ!

Laboratoire Jean-Kuntzmann' and Université Paris-Est, Marne-la- Valléet

In this paper we consider multi-dimensional Partial Differential
Equations (PDE) of parabolic type in divergence form. The coeffi-
cient matrix of the divergence operator is assumed to be discontinu-
ous along some smooth interface. At this interface, the solution of the
PDE presents a compatibility transmission condition of its conormal
derivatives (multi-dimensional diffraction problem). We prove an ex-
istence and uniqueness result for the solution and study its properties.
In particular, we provide new estimates for the partial derivatives of
the solution in the classical sense. We then construct a low complex-
ity numerical Monte Carlo stochastic Euler scheme to approximate
the solution of the PDE of interest. Using the afore mentioned es-
timates, we prove a convergence rate for our stochastic numerical
method when the initial condition belongs to some iterated domain
of the divergence form operator. Finally, we compare our results to
classical deterministic numerical approximations and illustrate the
accuracy of our method.

Introduction.

Statement of the problem. Given a finite time horizon T', a real valued function z — ug(x),
and an elliptic symmetric matrix = +— a(x) € R?? which is smooth except at the interface sur-
faces I between subdomains of R, we consider the parabolic transmission problem (or diffraction)
problem : find u from [0, 7] x R? to R satisfying

ou(t,r) — V. (a(x)Veu(t,z)) =0, Y(t,z) € (0,T] x (RT\T)
(0.1) u(0,2) = ug(z), Vo € R?
Compeatibility transmission conditions along the interfaces surfaces.

The objective of this paper is to provide an efficient stochastic numerical resolution method for
the solution of (0.1).

Parabolic PDEs in divergence form and their probabilistic representations. Parabolic equations
involving £ = V - (aV,) have been a major preoccupation for mathematicians in the fifties and
the sixties. We may cite the pioneering works of J.Nash [38, 39], E. De Giorgi [7], and J. Moser
[36, 35, 34] that prove the continuity of the solution of the Cauchy problem attached to £ and also
the celebrated paper by D.G. Aronson [1], which gives upper and lower Gaussian estimate bounds
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for the fundamental solution of the operator £ (for a more modern perspective on evolution PDEs
involving divergence form operators of type L see also [28]).

In the particular case where the matrix a is assumed to be discontinuous along the regular
boundaries of some nice disjoint connected open sets in R?, a refined analysis of the parabolic
equation may be found in the monograph [17], where the parabolic equation is interpreted as a
diffraction problem with transmission conditions along the discontinuity boundaries.

Up to our knowledge, the first construction of a Markovian semi-group associated to £ = V.(aV)
(in the general case where a is only supposed to be measurable) may be found in the seminal paper
of D. Stroock [45] (see also [2], Chapter 7). To understand our difficulty, the conclusion of [45] is :

It should be obvious that the results obtained in this section can be used to construct a diffusion process on 2
corresponding to anyone of the semigroups discussed herein. In addition, the convergence results for the semigroups
give rise to weak convergence of the corresponding measures on Q.

It remains an open and challenging problem to provide a better probabilistic interpretation of these essentially
analytic facts.

Since then, there have been many works that try to provide this ’better probabilistic interpreta-
tion’ in a multidimensional framework.

The construction of the associated Dirichlet process X. In the general case where the symmetric
matrix a is only supposed to be elliptic and measurable, the theory of Dirichlet forms as exposed in
the monograph by Fukushima [13, 12] gives surely the best possible answer to this question under
very general hypothesis. The symmetric operator £ is naturally attached to its corresponding
symmetric Dirichlet form, giving rise to a stochastic Dirichlet process X that is described as the
addition of a continuous martingale and a continuous additive functional of zero energy. The theory
ensures the validity of a Feynman-Kac type formula linking the solution of the Cauchy problem
and the Dirichlet process X.

Going further in the analysis, A. Roskosz [43, 44] proves that X satisfies a Lyons-Zheng de-
composition, namely X may be written as the solution of a complex stochastic equation that is
the addition of three processes : a martingale, an increment of a reversed time martingale (whose
quadratic variations depend on the unknown process X ), and an additive functional involving the
logarithm derivative of the fundamental solution of the parabolic operator evaluated at X.

This description permits to retrieve some kind of 1t6 formula for ¢(X7) where ¢ belongs to some
"good’ Sobolev space.

From a numerical perspective, it seems clear that the Lyons-Zheng decomposition provides a
description of X that is so strongly nonlinear (time reversion and logarithm derivative of the
density of the unknown process), that is seems quite impossible to propose a stochastic numerical
scheme for the process X at this stage.

However one may hope to describe in more detail the behavior of the trajectories of X when the
coefficient matrix a — instead of being assumed to be only elliptic measurable — is now assumed to
be very smooth outside discontinuities that take place along nice and smooth surfaces I'.

In this perspective, many papers go deeper and manage to apply the stochastic calculus tools
developed by the theory of Dirichlet forms to give a more precise answer to the description of
processes related to X (see for example [48], [22], [49] and also the results included in the exercises
of the monograph [12]). Applying the results of the theory of Dirichlet forms, we prove here that X is
the solution of some stochastic differential equation that is the addition of the expected martingale
term driven by some Brownian motion and the expected additive drift term (both terms involving
the unknown process X), and an additive functional AU that captures the behavior of the process
at the discontinuity boundaries I". The additive functional is rigorously constructed through its
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Revuz correspondence with some transformation of the natural surface measure of I' involving the
discontinuity jumps of a along I'" and the conormal derivatives.

Numerical Monte-Carlo methods in the one-dimensional case. When the underlying space is
one dimensional and the discontinuity is at zero (I" then reduces to the single point 0), the theory
allows to identify A" with %Lg (X)) and gives rise to the following stochastic differential
equation for the process X

a(0+) —a(0-—)

(0.2) dX; = 0(X)dB; 4 00’ (Xy)dt + m

Here (B¢)¢>0 stands for some standard one dimensional Brownian motion constructed on some
probability space (€2, F,P™) and we have 02 = 2a. The process (L?(X));>o denotes the symmetric
local time of the unknown process.

Under somewhat weaker conditions than those stated above, one can show that (0.2) has a unique
strong solution (X¢)i>0, satisfying Xo = xo P*® — a.s., which is moreover a strong Markov process:
see Le Gall [19].

In this one dimensional context, the link between solutions of (0.2) and the solutions of parabolic
PDEs with transmission conditions involving the operator £ has been thoroughly studied. One
may refer to the overview [21], and the series of works [29, 30, 32|, [23], and [8, 9] where stochastic
numerical schemes are presented. Note that in most of these works the line-space is discretized
and the scheme is in fact some rescaled random walk evolving on a space-time grid. The method
proposed in [30] is an exception : it is an Euler type scheme that does not require any discretization
of the underlying one dimensional state space.

Though somewhat different, all these one dimensional numerical schemes are constructed using
this explicit representation of A as a local time. In particular, all the tools related to the theory of
one dimensional local times for semi martingales (It6 -Tanaka formula, occupation time formula)
are used in force to construct these numerical schemes and prove that there is indeed convergence
in some sense towards the solution of (0.2).

Contribution of this paper. However, when turning to the objective of constructing a stochastic
numerical scheme for X in a multidimensional context (when d > 2), the description of A" wia its
Revuz correspondence measure does not provide a direct natural way for the discretization of X
(see however the Phd Thesis of L. Lenotre [24] and the walk on spheres algorithm in [5] in the
special case of a diagonal coefficient matrix a constant outside the discontinuity boundary I"). We
also mention the work of [26], which attempts to interpret stochastically the deterministic Galerkin
method using jump Markov Chains.

In this article, we propose to tackle the problem of the construction of a quite simple numerical
scheme of Fuler type for X from another perspective. Our starting point is the solution of the
parabolic equation involving L. Inspired by the proof of the convergence of the Euler scheme
constructed in the one dimensional case in [32], we build a multidimensional Euler scheme that is
purposely designed to capture the multidimensional transmission conditions of the parabolic PDE
associated to L.

The novelty of this approach is that we construct our scheme without being concerned at first
sight by the description of the limiting process X. All our concern is to guarantee that the error
between the expectation of our process — visualized through some very smooth arbitrary test func-
tion (belonging to the iterated domains of the operator £) — and the corresponding solution of the
parabolic equation (with the test function as initial condition) converges to zero.
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The resulting numerical scheme may be viewed as an extension of the symmetrized Euler scheme
of [4] for reflected diffusion with smooth coefficients to partially reflected diffusions with discon-
tinuous coefficients, when no Skorokhod representation of the local time at the boundary I' is
available.

When turning to the proof of the convergence, we face the difficulty of getting global precise
estimation bounds for the solution of the parabolic equation and its partial derivatives (up to order
four in the space variable) outside the discontinuity boundary I" for all strictly positive times (and
not just for times ¢ satisfying ¢ > ¢ for some € > 0) and all the way up to the boundary (not
only interior estimates). Unfortunately, the analysis performed in [17] (which is somewhat difficult
to read and to understand in full detail) does not provide the refined estimations we need for our
purpose (see also the recent work for the estimation of the gradient in [37] extending [27] to the
parabolic case, but still for times after some € > 0 and estimates depending on ¢).

Instead of trying to adapt and extend the results in [17], we preferred to look at the results
obtained for the solutions of elliptic divergence transmission problems involving £ (see [33] and
also the rich monograph [3]). In this paper we extend the results of [33] to the parabolic case
by performing the classical Hille-Yosida theorem and we perform the analysis in order to get
global estimates. The price to pay is to strengthen strongly our assumptions on the regularity of
a outside its discontinuity boundary I" and to assume that the initial condition function (the test
function) belongs to some order of the iterated domain of the operator £. As expected, the orders
of smoothness and iteration that we require increase strongly with the dimension d.

Then, using the classical Sobolev injections, we obtain all the estimates on the solution we need
to prove the convergence of our stochastic numerical scheme.

Note that the analysis of the weak error, visualized through restricted test functions belonging
to some large enough iteration of the domain of the underlying operator, seems quite natural. This
is what is done for example in [4] for the symmetrized Euler scheme corresponding to reflected dif-
fusions, where the spatial derivatives of the test functions are assumed to verify some compatibility
conditions at the reflection boundary ; (whereas in [4] the compatibility conditions are fixed once
and for all, the compatibility conditions we require depend crucially on the dimension d).

Finally, we prove that the weak error of our scheme is of order the square root of the time
discretization step (improving slightly the results of [32] in the one dimensional case).

Organization of the paper. The paper is organized as follows.

In Section 1 we present the notations of the paper and our main assumptions. In Section 2 we
study the parabolic transmission problem. Using classical tools of deterministic partial differential
equation, we prove bounds on the solution and its partial derivatives when the initial condition is
very smooth (i.e. belongs to iterated domains of the operator; see the result of Corollary 2.20). Up
to our knowledge such results cannot be found in the existing literature on the subject. The proofs
of many technical lemmas and propositions of this section are in fact transfered to an appendix
section at the end of the paper. These proofs are technical and we believe they may be omitted at
the first reading of the paper.

Using the theory of Dirichlet forms in Section 3 we proceed to construct the stochastic process X
that is attached to the parabolic transmission problem. The main result of this section is the proof
of a Skorokhod decomposition of the Hunt process associated to our transmission operator in
divergence form.

In Section 4 we introduce our transformed Euler type stochastic numerical scheme, which cap-
tures the transmission condition at the boundary interface I' (see the explanation figure 1). Using
in force the results obtained in the former sections, we manage to prove a weak convergence result
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towards the solution of the parabolic transmission problem in Section 5. We show that the con-
vergence is of order the square root of the time discretization step. The precise result is stated in
Theorem 5.1.

Finally, we conclude by presenting some numerical studies in Section 6. We compare results given
by our procedure to stochastic numerical schemes that use a regularization of the coefficient a in
the vicinity of the boundary, and to classical numerical deterministic scheme (using finite element
methods for the discretization in space).

1. General notations and assumptions. For two points z,y € R? we denote by (x,y) their
scalar product (x,y) = z*y = Zle T3

For a point 2 € R? we denote by |z| its euclidean norm i.e. |z|? = Zgzl z? = (z,7).

We denote by (e, ..., eq) the usual orthonormal basis of R

For two metric spaces F, F' we will denote by C(E; F') the set of continuous functions from E to
F and, for 1 < p < o0, by CP(E; F) the set of functions in C'(E; F') that are p times differentiable
with continuous derivatives.

We will denote by C¥(E; F) the set of functions in CP(E; F) that have a compact support.

We will denote by C}(E; F') the set of functions in CP(E; F) that are continuous with bounded
p first derivatives (Cy(E; F') denotes the set of functions in C(E; F') that are bounded).

If FF =R, we will sometimes simply write for instance C(F) for C'(E;R), for the sake of concise-
ness.

For any multi-index a = (iy,...,iq) € N® and = (21,...,74) € R? we note 2% the product
' ...xé‘i and |a| =iy + - - -+ iq. So that for u € Cl*/(R?) we will denote glely

oz
partial derivative 9%} ...9" w.
I'l Id

, or in short 0%u, the

Let U € R? an open subset. We will denote by L?(U) the set of square integrable functions from
U to R equipped with the usual norm and scalar product || - || 2y and (-, ) L2 (17
We denote H'(U) the usual Sobolev space W2?(U), equipped with the norm

d 1/2
(L1) v (0B + DIl = ol
=1

where D;v denotes the derivative in the distribution sense with respect to z; of v € L%(U). Note
that for the sake of conciseness we will sometimes note Vo = (Djv, ..., Dgv)* and thus

d
IVollZ2) = Z |1 Div| (72 0y
=1

for a function v € H'(U).

We recall that the space H}(U) € HY(U) can be defined as H}(U) = C®(U;R) = CL(U;R).

We denote H~1(U) the usual dual topological space of H}(U).

For m > 2, we denote H™(U) the usual Sobolev space W™2(U) C L?(U) of functions having m
successive weak derivatives in L?(U) (and for a multi-index o with |a] < m and v € H™(U) we
denote D%u such a weak derivative).

We will have to consider fractional Sobolev spaces - in fact H*(I'), s € {—%, %}, where I' is
some boundary of dimension d — 1 between domains included in R?. We recall here the definition
of H*(R"), s € R, based on Fourier transform. We denote S(R") the Schwartz space of rapidly
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decreasing C*°(R") functions, and S’(R™) the space of temperate distributions (see [33] p72 for
details). For u € S(R") we define 4(§) = [p, e ™ u(z)dz, £ € R™. Then for u € S'(R"), 4 is
defined by extension, using

(1.2) (U, 0)s's = (u, P)sr.s, Yo € S(R™).

We thus have
HRY) = {ue SR : (1+[6P) () € 2R }.

This space is equipped with the norm

w/ (14 €2)°10(6) [2de = [[o] 1 (zn).

In the case s = 1 the thus defined Sobolev space corresponds in fact exactly to our previous
definition of H!(R™).

The notion of a Lipschitz domain U C R (resp. of class C*) with bounded boundary I' = U
is defined with the help of a system of local Lipschitz change of coordinates (resp. of class CF; see
[33] Chap.3 pp89-90).

This allows to define the space H*(T) from H*(R?1), 0 < s < 1, in the case U is Lipschitz with
bounded boundary I" (see again [33] Chap. 3, pp98-99).

In the case where U is Lipschitz with bounded boundary I, we denote H~Y/2(I") and H~*(U) the
dual spaces of respectively H'/2(I") and H'(U) (in coherence with respectively p98-99 and Theorem
3.30 p92 in [33)).

The surface measure ¢(dy) on the boundary I" of U can be defined as follows. Consider a coor-
dinate neighborhood
UNG = {x xq) | xg < F(x }ﬂG

with a Lipschitz function F. Denote by ¢(d2’) the Lebesgue measure on R~!. Since F is differen-
tiable a.e. with bounded VF' |, we may let for any Borel BC I'NG

o«(B) = / (1+ V) P e’y | B, = {' | (o, F(z')) € BY.
Then, it is known that ¢(dy) a.e. point x € I' admits a unit inward normal vector v(z).

Consider R? = D, U D_ with D, and D_ two open connected subdomains separated by a
transmission boundary I' that is to say

'=D,ND_.

By an assumption of type "T" is bounded and Lipschitz (or of class C*)” we will mean that both
D, and D_ are Lipschitz (or C¥) domains, and that I" is bounded. Note that in that case we shall
consider D (resp. D_) as the interior (resp. exterior) domain. Note that D_ is then unbounded
(although its boundary is bounded).

We shall encounter however the situation where D4 and I' are unbounded but we will restrict
ourselves to the case where D = RY = {z = (2/,24) € RT"! xR, 24 > 0}, D_ =R? = {z =
(2',24) € RITL X R, 24 < 0} and I' = R4~! x {0}. This will be convenient to lead some of our
proofs. In fact when we assert a result mentioning the curve I' without further precision this will
mean that either Dy = Rdi, either I" is bounded and Lipschitz (for example in the Green identities
of Subsubsection 2.1.2; see also Remark 2.11).
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We will denote v : H'(Dy) — H'Y?() the usual trace operator on I' (T is supposed to be
bounded and Lipschitz).

On the surface I' we introduce the following assumption.

AssumpTION 1.1. (D) : The transmission boundary T is bounded and of class C°.

We denote
D=D,uUD_=RI\TcR

For u € C(R%R) we denote for a point y € T

+) = li .
u(y®) = lim  u(2)
For u € C(R%R) N CY(D;R) we denote V, u = (8‘97“1, ce (%”d)* and, for a point y € T’
(1.3) Veur(y) = lim  Vyu(z),
z—y,2€D+

if this limit exists.
For a vector field G € C(R%RY) N CY(D;R?) we denote by V - G its divergence i.e. V-G =

d 090G,
For G € C?(D;R) and = € D we denote H[G](x) the Hessian matrix of G at point .

Let a(x) = (aij(7))ije{1,.,ap be a symmetric matrix valued and time homogeneous diffusion
coefficient.

If a;j € CY(D;R) for all 1 < 4,5 < d and u € C(R%R) N C%(D;R) we denote
(1.4) Lu(x) =V - (a(x)Vgu(z)), VreD.

In the whole paper the coefficients of the function matrix a are always assumed to be measurable
and bounded. We assume

AssumPTION 1.2. (B) : There exists Ay € (0,00) such that
(1.5) Ve € RY, Vi, je{l,...,d}, |aij(z)| < A

Let us denote A := dA, and A* = A% = d?> A2
Then, we have for any = € R% and ¢ € R?

(1.6) Ca@é= Y a(@)&& <A Y fifj_ Z (&7 + 1&51%) = Avdlg]* = AJ¢P,
1<i,j<d 1<i,j<d ij<d
and
(1.7) @EP= D1 > ay@g> <AZd® D (g7 = ATg”
1<i<d 1<5<d 1<5<d

We will also often make the following ellipticity assumption
7



AssumpTION 1.3. (E) : There exists A € (0,00) such that
(1.8) Ve e RY VEeRY,  NEP2 < fala)e.

REMARK 1.4. Under the ellipticity assumption (E) each diagonal term a;; of the matriz-valued
coefficient a : R — R has a uniformly bounded inverse (see Lemma 4.17 in [33]).

In the sequel we will frequently note a+ the restrictions of a to D4. More precisely, by an
assumption of type "the coefficients a;; satisfy (a+)i; € Ct(D+)” we will mean that the restriction
of each a;; to D4 (resp. D_) coincides on D, (resp. D_) with a function EL;; of class C¥(R?) (resp.

d;j). So that for any x € I' we can give a sense for example to ay(z): it is lim._,, .ep, a(z) = a™ ()
(denoting a™(z) = (d;(m))1§i7j§d).

Note that under (E) we can assert that for any € D we have
(1.9) ax(r) = Pi(z)Di(z)Pe(x)

with Py(x) some orthogonal matrices and D4 (z) some diagonal matrices with strictly positive
eigenvalues.

For a point 2 € I' we denote by v(x) € R? the unit normal to I at point x, pointing to D . Assume
the a;;’s satisfy (a+)i; € C(D4). We define then the co-normal vector fields v (x) := ay(x)v(z)
and y_(x) := —a_(z)v(x), for x € ', and introduce the following assumption.

AssumpTION 1.5. (T) : The co-normal vector fields v, and vy_ are of class C*.
Note that under (E) it is clear that we have
(1.10) Veel, (yi(x),v(x))>A>0 and (v—(x),v(z)) <-A<0.

Note that the notation 7 for the trace operator follows the usual one ([33] for instance) and the
notation 4 for the co-normal vectors follows the one of the paper [4]. But it will be dealt with the
trace operator only in Section 2 and in the Appendix, and with co-normal vectors only in Sections
4 and 5. So that these notations will cause no confusion.

To finish with we define the unbounded operator A : D(A) ¢ L*(RY) — L?(R%) by

d
D(A) = {u e H'(R) with Y Di(a;;Dju) € L*(R%)}
2,7=1

and

d
Yu € D(A), Au = Z DZ(GUD]U)
Q=1

Then we introduce the iterated domains defined recursively by

D(A*) = {v e D(A* ). Av e D(AP Y)Y, k>2.



2. The parabolic transmission problem. Let 0 < T < oo a finite time horizon. Let us
consider the transmission parabolic problem

( Owu(t,z) — Lu(t,z) = 0 V(t,z) € (0,T] x D
<a+vxu+(tv y) —a_Vzu_ (t7 y)a V(y)> =0 V(t, y) € (07 T] x T (*)
(Pr)
u(t,y+) = wu(t,y—) V(t,y) €[0,T] xT
L u(0,z) = wuo(x) Vo € Re.

We will say that (¢, x) — u(t,x) is classical solution to (Pr) if it satisfies
@21)  weO(0.T;CX(Dy) N CAD_)) N CH([0.T): C(Dy) N O(D-)) N ([0, T]: O(RY)

and satisfies the following requisites. First, u satisfies the first line of (Pr), where the derivatives
are understood in the classical sense. Second, for all 0 < ¢t < T the limits lim,_,, .ep, Vau(t, 2)
satisfy the transmission condition () for all y € I'. Note that these limits exist thanks to (2.1).
Third, u is continuous accross I' (third line). Fourth, it satisfies the initial condition at the fourth
line of (Pr).

The aim of this section is to prove the following result.

THEOREM 2.1. Let a = (a;;)1<i j<d satisfy (B), (E).

e Denote

L%J +2 ifd is even;
2.2 ko =
22) ’ { 134+ W21 £ 2 ifdis odd.

Assume that the coefficients a;; satisfy (a+)i; € ka"_?’(Di) and I' is bounded and of class
C%0=2_ Then for ug € D(AF) the parabolic transmission problem (Pr) admits a classical
solution.

o Furthermore, if ug € D(A) for k > ko, the coefficients a;j satisfy (a+)i; € C'ka*l(Di) and T
is bounded of class C%, this classical solution u is such that

ue 0¥ ([0.7); "Dy NC"D(DL)), [d/4] <j<k
with n(j) = |2 — %’J

The idea is to use the Hille-Yosida theorem. This requires to study in a first time the associated
elliptic resolvent equation, in a weak sense. More precisely, for a source term f € L?(R%) we will
seek for a solution u in D(A) of

(2.3) u—Au=f

(see Proposition 2.12 below). Then, by applying the Hille-Yosida theorem in L?(R%), we will get the
existence of a solution to (Pr) in a semi-weak sense (for which the time derivatives are understood in
a classical sense and the space derivatives in a weak sense). Finally, using some Sobolev embedding
arguments, we will get Theorem 2.1.
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REMARK 2.2. The result of Theorem 2.1 has to be compared with the classical results on
parabolic PDE for smooth coefficients (and with no transmission condition) In this more classical
situation, a unique classical solution to the parabolic PDE exists as soon as the a;;’s are bounded
and Hélder continuous and satisfy (E), and ugy is continuous and satisfies some growth condition
(see for example [11] Chap. 1 or [25], Theorem 5.14). Here we ask additional smoothness on the
coefficients (a+)i; ’s inside the domains D+. This is because our technique of proof is very different:
unlike the parametriz method in the classical case, this additional smoothness is required for the use
of the Hille-Yosida theorem and the Sobolev embeddings. With this approach, we manage to study
the global regularity of the classical solution of Pr in the whole domains [0,T] x D+ (for all times
and all the way up to the transmission boundary T").

2.1. Study of the associated elliptic problem. In this subsection we establish the existence of a
solution to (2.3) belonging to D(A) and study its smoothness properties, together with the ones of
functions belonging to the iterated domains D(A*), for k > 1.

To that aim we will partly rely on the results in [33] Chap. 4, pp. 141-145. For the sake of clarity
and completeness we have rewritten the proofs of some of these results (see also the Appendix).

We recall that the coefficients a;; are assumed to be bounded by A, so that we may define the
following continuous bilinear and symmetric form, which will be used extensively in the sequel

d
(2.4) E(u,v) = Z (aijDju, Div) 12 (may, Vu,v € HY(RY).
ij=1

Let u € D(A). Using the definition of Au as a distribution acting on C°(R%; R), and the density
of C®(R%R) in H(R?) = H}(RY), one can establish the following relation, linking A and the form
(2.4):

(2.5) E(u,v) = (—Au,v) o (gay, YV E HY(RY).

2.1.1. Some preliminary results. In the sequel, for u € LQ(Rd), we frequently denote uy (resp.
u_) the restriction of u to Dy (resp. D_). It may happen that we use this notation for restricted
distributions also.

We introduce the following notation for the jump across T' of u € L?(RY), with u, € H'(Dy)
and u— € HY(D_):

[ulp = y(uy) = y(u—).
If [u]r = 0 we shall simply write v(u) = v(uy) = y(u_).
We start with two lemmas. The proofs are postponed to the Appendix.

LEMMA 2.3. Let v € L*(R%). Then, for any 1 < i < d, the distribution (D;v)+ is equal to
D;(vs). As a consequence, if v € H'(R?), then vy € H'(Dx).

LEMMA 2.4 ([33], Exercise 4.5).  Suppose u € L*(R?) with uyx € H' (D). Then u € H*(R?) if
and only if [ulr =0 a.e. on T.

REMARK 2.5.  The result of Lemma 2.4 has to be compared with the fact that if d = 1, we know
that any function in H'(R?) has a continuous version ([6] Theorem VIII.2).
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2.1.2. Green identities. We shall consider restricted operators and bilinear forms in the following
sense. We define A, : H'(D,) — H~'(D,) by

d
Yv € HI(D+), A+U = Z Di((a+)iijv).
ig=1

We define A_ : H'(D_) — H~'(D_) in the same manner (note that we do not specify here any
domain D(A4)). Further, we define

(u,v) Z/ (a+)ijDju Dsv, Vu,vGHl(Di).
ij=1"D*

In the same fashion as for Equation (2.5), we have, for ux € H*(D4) with Arus € L*(D4),
(2.6) Ex(uy,v) :/ (—Azus)v, Vv € HY(Dg).
Dy

Imagine now that in (2.6) we wish to take the test function in H'(D4) instead of Hg(D4).
There will still be a link between A4 and £, but through Green type identities, involving conormal
derivatives and boundary integrals.

We introduce a specific notation for the one-sided conormal derivatives on T' of u € L?(R?) with
uy € H?(Dy). Provided the (ay);; are in C,}(Di; R) and T is bounded and Lipschitz we set

d d
(2.7) Biu =v*"y(axVuy) = ZZ Z’y (a+)ijDj ui) on TI.

For g € H_%(F) and f € H%(I‘) we denote by (g, f)r the action of g on f. If both f,g are in

H %(F) the quantity (g, f)F coincides with the surface integral [ gf ds.
We have for example the next result.

PROPOSITION 2.6 (First Green identity, first version; [33], Lemma 4.1). Let u € L*(R%) with
uy € H(Dy) and u— € H*(D_). Assume that the coefficients (a+);; are in Cf(D+;R). Then

£ (us,v) = /D (~Avus)o— (BiwA®) . voe H'(D,)

and

E_(u_,v):/ (—A_u_)v+(6;u,7(v))r, Vo € HY(D.).

REMARK 2.7. Note that the change of sign in front of the integral on I is due to the fact that
—v is the outward normal to D4, and v is the outward normal to D_.

In fact, for our coming purpose (proof of Theorem 2.14), we need a version of the first Green
identity that is valid for v € L?(R?) with uy € HY(Dy) and u— € H'(D_) (and possibly non
smooth coefficients (a);;). We thus need to extend the definition of Bu to such functions, for
which the trace in (2.7) is no more defined in H/2(T') (the boundary T is assumed to be bounded
and Lipschitz).
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But thanks to Lemma 4.3 in [33], for any fi € H~Y(D4) s.t
(2.8) —Aiui = fi on Di,

there exists g+ € H _%(F), uniquely defined by vy and fi, and satisfying
Ep(uy,v) = (f+,v >H YDL),HY (D) — (9+»'7(U))F , Ywe HI(D+)a

E-(u0) = (f= ) gy oy + (9-7(0)) Vo€ HY(D-).
and
HgiHHflﬂ(F) = C(H“iHHl(Di) + HfiHHfl(Di)>

REMARK 2.8. Note that the meaning of equality (2.8) is that for any ¢ € C°(Dy;R),
(—Asus, Q) g—1(pymL (D) = S+ 9) f-1(Do) 1 (D)

In the sequel the equality "on D+” (for elements of H— (D)) will have a similar meaning (as for
example in Lemma 2.10 below). We will also use the same idea on some subsets of Dy (see for e.g.
the proof of Proposition 2.15).

In particular if Aruy € L?(D+) one makes the natural choice

| —Ajuy on Dy |0 on D,
J+ = { 0 on D_ and - f- = —A u_ onD_

and defines B u := g+. The notation Bfu comes from the fact that this new definition is consistent
with the original one involved in Proposition 2.6 (see [33] p.117 for details). To sum up, we have,
using the new sense of Bru, the following result.

ProposITION 2.9 (First Green identity, extended version; [33] Theorem 4.4, point i)). Let
u € L2(RY) with uy € HY(Dy) and u_ € HY(D_). Assume A u, € L>(D+), A_u_ € L*(D—).
Then

Ertunn) = [ (—Avuiyo= (Biuaw), . vee HY(D)

and

E_(u_,v) :/_(—A_u_)v—l— (B;u,v(v))r , Ywe HY(D.).

Finally we introduce a notation for the jumps across I' of the conormal derivative of a function
u with uy € H'(D):
[Byu]r = Bfu—B;ue H Y2T).

Using Lemma 2.3 and Proposition 2.9 it is possible to prove the following two-sided Green
identity, that we state directly for a function v € H'(R?) (not only with uy € H'(D+)).This
two-sided Green identity we will be thoroughly used in the sequel.
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LEMMA 2.10 (Two-sided Green identity, [33] Lemma 4.19, Equation (4.33)). Let u € H'(R%).
Let fi € L*(Dy) and f— € L*(D_) and assume

(2.9) uy — Ayuy = f+  on D4.
Set f = fr+ f—, then
(2.10) (1, v) g2 gy + E(1,v) = (f,0) 2 (ga) — ([Byu]r : fy(v))r . Yo e HY(RY).

PRrOOF. Pick v in H'(R?). Notice that us € H'(D+) and vy € H' (D<), thanks to Lemma 2.3.
Thanks to (2.9) we get Axus € L?(D4), so that one can use Proposition 2.9 and get

(2.11) /D uyvy + Ep(ug,vy) = /D (uy — Ayuy oy — (B;r% 7(U+))F
and
(2.12) / u_v_ + & (u_,v_) = / (u — A_u_)v_ + (By_u, ’y(v,))r.

But, as v € H'(R?), we have [v]r = 0 and thus y(vy) = y(v_) = v(v). Thus, using again (2.9), and
the definition of f and [Byu]r, we get, summing (2.11) and (2.12),

(u, v) po(ray + Ex(ug, v4) + E_(u—,v-) = (f,v) p2(ra) — ([BVu]Fv ’Y(U))F-

To complete the proof it suffices to notice that, thanks to Lemma 2.3, we have

iy, v,) +E( Z /D a1 )i (D) (Dw)++/D (a)ij(Dju)—(Diw)-} = E(u,v).

1,j=1

O]

REMARK 2.11. Note that in [33] Green identities are stated in the case of T' bounded and
Lipschitz. But we claim that these results are true for Dy = Ri, as in the proofs one usually starts
with D4+ = R4 (or some hypograph type domain) and then turns to T' bounded with the help of local
change of coordinates.

2.1.3. Ezistence of a weak solution to the resolvent equation and immediate properties. We have
the next result.

PROPOSITION 2.12. Assume (B), (E). Let f € L?>(R%). Then (2.3) has a unique solution in
D(A).

PROOF. Let us note that the symmetric bilinear form on H'(R9)
(u,v) = (U, v) p2ray + E(u,v)

is continuous and, thanks to Assumption (E), coercive. Thus the Lax-Milgram theorem ([6] Corol-
lary V.8) immediately asserts the existence of a unique u € H'(R?) such that

Vv € Hl(Rd)a (u, U>L2(Rd) + &E(u,v) = (f,v >L2(Rd
13



In other words we have for any ¢ € C®°(R% R),

d
E(u, ) = —( > Di(aiDju), ) r2ray = ((f — 1), ) 12(ra)-
ij—1

Hence the distribution Z?,j:l D;(a;jDju) belongs to L?(R?), and thus u € D(A). Finally, from the
above relations we deduce

Vo e H' (Rd), (u— Au, U>L2(Rd) = (f, ’U>L2(Rd),
which implies (2.3). O

The proposition below gives properties of functions belonging to D(A). It indicates that the
solution u € D(A) of (2.3) encountered in Proposition 2.12 satisfies a continuity property and a
transmission condition in a weak sense at the interface.

PROPOSITION 2.13.  Let u € D(A). Then [u]r = [Byu], =0 a.e. onT.

r

PRrOOF. Let u € D(A). As u € H'(RY) one gets by Lemma 2.4 that [u]r = 0 a.e. on I'. Set now
f=u— Au € L*(R%). According to Equation (2.5) we have

(2.13) VYo e HY(RY), (u, V) 2(ray + E(U,v) = (f,0) [2(Ra)-

Using repeatedly Lemma 2.3 one can see that u+ — ALuq = f1 on D. Note that by construction
f = f++f-. Using now Lemma 2.10, and comparing (2.10) and (2.13), one gets ([Byu]r,v(cp))r =0
for any ¢ € C2°(R% R), which completes the proof. O

2.1.4. Regularity of the weak solution of the elliptic problem and consequence on the iterated
domains D(A*). Here we will establish and use the following main result.

THEOREM 2.14. Assume (B), (E).

Let v € N. Assume that the coefficients (ay);; belong to C; ™ (Dy;R). Assume T is bounded and
of class C™2.

Let fy € H"(D+). Let u € HY(R?) satisfying

ur — Atutr = fr  on Dy
and [Byu|p € H2 " (T). Then uy € H*"(Dy).
Theorem 2.14 will follow from the two following propositions. The first one provides a local
analysis of the regularity across the interface I', and its result is to be found in Theorem 4.20

in [33]. The second one asserts a classical result on the global regularity of the solution away from
the interface.

PROPOSITION 2.15 ([33], Theorem 4.20). Let G1 and Ga be bounded open connected subset of
R?, such that G C Gy and G intersects I', and put

Di:GjﬂDi and T';=TNG; for j=1,2.
14



Assume that Go is constructed in such a way that there is a C"t2-diffeomorphism between Ty and
a bounded portion of the hyperplan x4 = 0.

Assume (B), (E).

Let r € N. Assume that the coefficients (ay);; belong to C"1(D%;R).

Let f+ € L*(D+) with fy € H"(D2). Let u € L?>(RY) with u € H'(G2) satisfying

u+ — Atusr = f+ on Di
and [Byu|p € H%‘”(Fg). Then ux € H**"(DL).

PROOF. As this result is not so classical we have found interesting to provide a detailed proof
in the Appendix. O

PROPOSITION 2.16 ([47], Theorem 8.10). Assume (B), (E).
Let r € N. Assume that the coefficients (a+);; belong to CgH(Di;R). Assume T' is bounded.
Let f+ € H"(D+). Let u € HY(RY) satisfying

U+ — Aiui = f:t on Di.

Let D', C Dy open subsets with D', C Dy and denote d', = dist(D'y,T).
We have that uy. € H™2(D'}), with

w2 (D) < Cﬂ:(Huﬂ:”Hl(Di) + 1 f o (ps))»

where the constant Cx depends on d, \,d!y and max;<; j<qMaX|q|<,41SUPzep, [0%(a+)ij(w)].
PROOF. In [47] this result is asserted with the assumption that D/, C Dy, with D/, compact.
So that for the interior (bounded) domain D the result is immediate. On the unbounded domain
D_ we claim that the same result holds for non compact D", as in fact only the distance d’ =
dist(D’_,T') plays a role in the proof. We provide the proof in Appendix for the sake of completeness,
inspired by the proof of Theorem 4.16 in [33], that we have found more coherent with our notations
and setting. O

PROOF OF THEOREM 2.14. As I' is closed and bounded we will cover it by a finite number of
balls and use the local regularity result of Proposition 2.15 inside each ball. We will combine this
with the interior regularity result of Proposition 2.16, to finally get a result on the global regularity
of the function v on D4 and D_.

As T is bounded and of class C"2 one may cover it by a finite number of open balls Gajx C R,
1<k<N(@ielC U{CVZIGQ’]C), that are chosen in such a way that there are a C"*? diffeomorphisms
between each I'y ; = I'N Gg 1, and a bounded open portion of R~ x {0} ([33] pp 89-90). Then one
chooses D', C Dy open subsets with D', C Dy and D', UD’ UN_| Goj = R% Note that D’ is a
closed but unbounded part of R?. It is convenient to choose D', so that we have the overlapping
Dy NGy NGapy1 # 0 forany 1 <k < N —1and D) NGy n NGy # 0. Then one may choose
arbitrary open connected sets G with m C Gy i, and respecting DQr U D" U{C\le Gy = IR{d,
DiNGpNGipyr #0forany 1 <k <N —1and D)y NGy NGi1 # 0. As in Proposition 2.15
we note Dik =GjrNDy, 1<k <N, forj=1,2.

It is clear that the (a4 );; belong to C"H(Di’k; R) for any k € {1,..., N}. Besides f1 € Hr(Di’k)
(by adapting the result of Lemma 2.3), and uy — Ayuyr = fi on Dik. To finish with, we have
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[Byu]F € H%”(Fg’k). Then, for each k£ one may then use Proposition 2.15 to conclude that u4 €
H™2(DY%). On another hand by Proposition 2.16 one gets that us € H™2(D!). So that for
example uy € H™2(D')N (ﬂ{cvzl HT“(D}F”C)). We claim that this implies that uy € H™2(Dy) -
note that of course D/, U (UY_, D}F’k) = D,.

Let us start with D/, U Di’l =D U Di’l, where we have denoted Di’l = D}r’l \ D',. Adapting
again Lemma 2.3 we have that ui|p, € H™2(D',) and u+|D1+/,1 € H7"+2(D£’1). One may prove by

induction that uy € H*" (D', UDi’l) in the following way. First, notice that uy € H'(D/, UD}F,’I),
as u € H'(RY) anyway (Lemma 2.3 again). Assume now u, € {{m(DQr U D}r”l) form < 2 4.
Then for any multi-index || < m, we have D%y € L*(D’ U Di’l). From the fact that U+’D; €

H™2(D") and uy| v, € HHQ(Di’l) we have that (D%u4)|p, € HY(D') and (D*uy)| . €

pY pY
+ +
Hl(D_li_’l) (we adapt again Lemma 2.3 for the restriction aspect). Adapting now the result of

Lemma 2.4 we have that D%, € H'(D/, UD};ll), which is the desired result, if [U+]F/1’+ =0a.e. on

If,=0D.n Di’l. But I'{ , C D}r’l and uy € HT+2(D};1). Adapting this time the necessary part

of Lemma 2.4 we get that indeed [u+]p/1/’+ =0 a.e. on I'{ . Thus indeed D%uy € HY(D' U D1+’1)

and more precisely D;D%u = Di(DO‘u+)|D/+ +Di(D%uy)| jra € L*(D, UDi’l) forany 1 <7 <d.
+

The proof by induction that uy € H**" (D, U D}r/’l) = H*"(D/. U Di’l) is completed.
Repeating this procedure one proves by induction that uy € H™?(D/, U, (Dik)) = H"*2(Dy)

(using in particular the fact that the D}F’k’s are in finite number). One proceeds in the same way
on D_. O

Now that we have proved Theorem 2.14 we can get as a corollary the following result concerning
the iterated domains D(A*), k € N*,

COROLLARY 2.17. Let k € N* and u € D(A¥). Assume that the coefficients (ax.);; € C2*~1(Dy.)
and that T is bounded and of class C?*. Then uyx € H** (D).

PROOF. The proof proceeds by induction on k.

Let w € D(A) (case k = 1). We have [B,,u]r = 0, according to Proposition 2.13. Thus in
particular [Byu] r€H 3 (I"). As in the proof of Proposition 2.13 we set f = u — Au and notice that
we have uy+ — Asuy = fi on Dy, with fu € L?(Dy).

Using Theorem 2.14 - remember that u is in H(R?), (ay);; € C}(D4;R) and T is bounded of
class C? - we get that ux € H*(D4).

Suppose now that the result is true at rank k — 1 we prove its validity at rank & (k > 2). Let u €
D(A*). As u € D(A) we have [Bu],=0¢€ H%_%(I‘). As Au € D(A*1) the quantity u — Au =: f
satisfies fo € H?~2(D.), using the induction hypothesis. But as we have us — Ayusr = fi on

D, one may use again the smoothness of (a+);; and I' and Theorem 2.14 in order to conclude that
us € H*(D1). O

2.2. The solution of the parabolic problem (Pr).

2.2.1. Application of the Hille-Yosida theorem. We now use the Hille-Yosida theorem ([6] The-
orems VIIL.4 and VIL5) in order to prove the following proposition. Note that in Equation (2.14)
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below, the time derivative is understood in the strong sense, while the space derivatives are under-
stood in the weak sense. Besides, by convention D(A%) = L?(R%).

PROPOSITION 2.18.  Let ug € D(A). Then there exists a unique function
we CH([0,T]: L2(RY) N C(0,T]: D(A))
satisfying

du

(2.14) O

= Au, u(0) = wp.

Furthermore, let ug € D(AF), k > 2. Then,
ue C*I(0,T); D(A7)), 0<j<k.

PROOF. According to [6] it suffices to show that the operator (—A, D(A)) is maximal monotone.
But thanks to Assumption (E) we immediately see that (—Av,v)p2gey = E(v,v) > 0, for any
v € D(A), and thanks to Proposition 2.12 we have that for any f € L2(R?) there exists u € D(A)
solving (2.3). O

Using now Propositions 2.13, Corollary 2.17 and Proposition 2.18 together with some Sobolev
embedding theorems, we show Theorem 2.1.

2.2.2. Proof of Theorem 2.1.

PROOF. Assume d is even. Apply the result of Proposition 2.18 with k = ky = L%J + 2 and
consider u solution of (2.14). We have that

we ([O,T];D (A’fo—l))

with kg — 1 = L%J + 1. Using the result of Corollary 2.17 and combining Corollary IX.13 p. 168
with Theorem IX.7 p. 157 in [6], we see that for any ¢ € [0, 7]

(2.15) wi(t,.) € HY2L3(Dy) ¢ H*T2(Dy) — C2(Dy).

Assume now that d is odd. Apply the result of Proposition 2.18 with k = kg = L% + %J +2
and consider u solution of (2.14). We have that

ueCt ([O,T];D (Ako*l))

with kg — 1 = L% + %J + 1. Using the result of Corollary 2.17 and combining Corollary IX.13 p.
168 with Theorem IX.7 p. 157 in [6], we see that for any t € [0, 7]

(2.16) us(t,) € B2 (D) < C3(Dy)

since

Ld/2 | d

2+2)3+- 2] -7

s L2+2< WzJ)—ZJ > (342~ 9)>2
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Let us now show that u solution of (2.14) (for the corresponding ko) is a classical solution of
(Pr).

First, it is clear that Lu coincides with Au on any bounded part of Dy (the derivatives in the
distributional sense coincide with the classical derivatives thanks to the established smoothness of
u). This shows the first line of (Pr).

Second, as for any ¢ € [0,7] the function u(t,.) belongs to D(A), we have using the result of
Proposition 2.13 that

(2.17) [u(t,)]lp =0 ae onI; [Byu(t,.)]p=0 ae. onT.

Note that u(t,.) € D(A) implies that uy(t,.) are in H?(D+). So that the second part of (2.17)
reads

v* (v (a4 Vug(t,.)) —v(@a-Vu_(t,.))) =0 ae.
But as (a+Vus) € CY(Dy;R?), we get

(a4 Vauyr(t,))(y) — (a-Vau(t,))(y),v(y)) =0

for almost every y € I', and consequently for every y € I' by continuity. The same argument
applies to the first part of (2.17) and the second and third lines of (Pr) are satisfied. Note that the
constructed solution satisfies u(t,.) € C (R?) for any time ¢ € [0, T].
Now let k > ko. For [¢] < j < k, we have 2j — ¢ > 0. Thus, for v € D(A’) we have from
Corollary 2.17,
v+ € HQj(D:t) — Cn(j)(Di)

with n(j) =25 — %J Using again the result of Proposition 2.18, we get the announced result. [

2.3. Conclusion and consequences: boundedness of the partial derivatives. Going a bit further in
the analysis, and using additional Sobolev embedding arguments, we can state the following result.

PROPOSITION 2.19. Let p,q € N with p + [q/2] > 2. Let m = [ + g}, m' = m+1 and
k =m'+p. Assume that the coefficients a;; satisfy (a+);j € C’mel_l(Di), that I is bounded and of

class C*™ | and that ug € D(AF).
Then the classical solution u(t,z) of (Pr) constructed in Theorem 2.1 satisfies

u e CP([0,T); CHDy)NCLD_)).

PRrROOF. First, notice that it is easy to check that k is greater than the kg defined in Theorem
2.1, so that it makes sense speaking of the classical solution of (Pr), for ug € D(AF).

This solution is constructed in the same way as in Theorem 2.1, in particular by the mean of
Proposition 2.18. So that one can assert that

u e CP([0,T]; D(A™)).

It remains to check that if v € D(A™), then vy € C{(Dy). First, note that m > (%], and that one

may easily check

d
om — 2| >
[2m 2J_q

(using in particular [2a] < 2[a]). So that if v € D(A™') C D(A™), we have, as for the second part
of Theorem 2.1,
vy € H*™(Dy) — C2m=3)(Dy) c C1(Dy).
18



We claim that for any multi-index «, |a| < ¢, the partial derivatives 0%v4 are bounded. Indeed,
using again Corollary 2.17, we get
vy € H 2m (Di),

so that for a, |a| < ¢,

0%y € H2I8T41-972(D ) ¢ HET2(Dy) < L°(Dy).

Here we have used the fact %— % —% < 0, so that one can use the third embedding result of Corollary
IX.13 in [6] (and again Theorem IX.7 for the projection argument). The result is proved. O

From the above proposition we get the following control on the partial derivatives of the solution
to ('PT)

COROLLARY 2.20. In the context of Proposition 2.19 we have

sup sup |8 0%us(t, z)| < oo
tel0,T) zeD+

for any j < p and any multi-index o, with |a| < q.
PROOF. By Proposition 2.19 any of the considered partial derivatives of uy belongs to the space
C([0,T]; Cy(Dx)).

Let for example v € C([0,T]; Cy(D)). We prove the continuity of the map t SUPgep, lv(t, x)|,
t € [0, T]. Let ty € [0,T]. Using the reverse triangle inequality we get for any ¢ # to,

} sup |v(t, )| — sup |v(t07x)|‘ < sup ‘v(tja:)—v(to,a:),
xe€D zeD4 xe€D

and we get the continuity at ¢, as v is continuous from [0, 7] to Cy(D ) (equipped with the supreme
norm). Thus the desired continuity is proved, and from this we can assert that

sup sup [u(t,2)| = sup [o(t", )]
tG[O,T} $€D+ x€D+

for some t* € [0,T]. As v(t*,-) € Cyp(D4) we have that

sup sup |v(t,z)| < oo.
t€[07T] Z‘ED+

The result is proved. O

In the analysis of the convergence of our Euler scheme, we will use the above corollary with p
up to 2 and ¢ up to 4.
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3. Stochastic processes associated to multidimensional parabolic transmission prob-
lems in divergence form. The aim of this section is to define and study the stochastic process
X naturally in link with the already encountered operator (A, D(A)), via the theory of Dirichlet
forms as exposed in [12].

The starting point of the construction is some closed symmetric Dirichlet form (£, D[€]), which
is in link with (4, D(A)) and its corresponding semigroup (7;) on L?(R?). In Subsection 3.1 we
define these objects and study the regularity in t of £(T;f,g), f € L?*(R%),g € D[£], using the
spectral resolution of the identity associated to (A, D(A)) (Subsubsection 3.1.1). This study allows
to establish the relation with the results of D.W. Stroock in [45] (Subsubsection 3.1.2) which are
exposed in the Cy(RY) setting (Feller semigroup).

Then in Subsection 3.2 the Hunt process X associated to (£, D[€]) is defined and studied. In par-
ticular we aim at writing down its Skorokhod representation as precisely as possible (Subsubsection
3.2.2).

3.1. Dirichlet form and Markovian semigroup associated to general elliptic divergence form op-
erators.

3.1.1. Construction. Leta : R? — R¥*? a symmetric coefficient matrix satisfying the ellipticity
condition (E) and the uniform boundedness condition (B).

To the coefficient matrix a, we may associate a closed symmetric Dirichlet form (£, D[€]) defined
on L?(R%) by

DlE] = H'(RY),

d
E(u,v) = Z/RdaiijuDiv, u,v € D[E]

i.j=1

(see [12], p111). This will be the starting point of our construction. Note that of course £ is nothing
else than the symmetric bilinear form already defined in (2.4).

On the underlying Hilbert space L?(R%), we denote within this subsection by (A, D(A)) the
(unique) self-adjoint operator associated to (€, D [£]) and characterized by

{ D(A) c De],
E(u,v) = —(Au,v) p2rey, u € D(A), v € D[E]

([12], Theorem 1.3.1 and Corollary 1.3.1 p.21). We aim at identifying this operator - as expected
it will turn out that (A, D(A)) is nothing else than the operator defined at the end of Section 1,
therefore the common notation.

By the very definition of (4, D(A)), we have for any f € D(A) and any g € C°(RY)

d d
—(Af,9)r2may = E(f,9) = Y /Rd aij Djf Dig = —< > Di(aiijf)ag>

H-1(R4),H!(R4
et et (Rt H1 ()

where Z?,j:l D;(a;;D; f) is understood in the distributional sense as an element of H~(R?). But as
Af € L2(R?%) by the definition of D(A) the above equality shows that Z;{Fl Di(a;;D;jf) € L3(R%)
(for any f € D(A)).
Thus, it is proved that D(A) C {f € H'(R?) with Zd j—1 Di(aijDjf) € L*(R%)}.
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In turn (by the density of C°(R?) in L?(R?)) the equality permits to identify for any f € D(A),

d
ij=1
Let us now prove the reverse inclusion {f € H'(R?) with 2” 1 Di(aijD;f) € LA R%Y)} C D(A).

Let f € {f € H'(R?) with Z” 1 Di(a;jD;jf) € L*(R%)}. By the symmetry of the coefficient
matrix a and integration by parts, it is not hard to prove that for any v € D(A),

<Av, f>L2(Rd) — Z / a]ZD fD]v = <ZD aﬂD f >L2(Rd)

J,i=1

and in particular f € D(A*) d—Ef{ € LA(RY) | 3h, € L2(RY) s.t. (Av,g) = (v, hy), Vv € D(A)} (see

[40]). So that we get the reverse inclusion

d
{f € H'(R?) with > Dj(a;;D;f) € L*(R?)} C D(A*) = D(A)
i,5=1

where the equality comes from the fact that (A, D(A)) is self-adjoint. Finally, we have proved

d
(3.1) D(A) = {f € H'(R?) with > Dj(a;;D;f) € L*(R%)}
i,j=1

and (A, D(A)) is fully identified as being the same operator as at the end of Section 1.
Note that since a is only assumed to be measurable, C>°(R%) - which is a core for the Dirichlet
form (£,D(E)) - is not even a subset of D(A).

We now turn to the study of the spectral resolution and the semigroup associated to (&€, D[E])
and (A, D(A)). For the sake of conciseness we denote (-,) = (-,*)p2(ray and || - || = || - || p2gay till
the end of the section.

Since (—A,D(A)) is a self-adjoint operator on the Hilbert space L?(RY) that is non-negative
definite, it admits a spectral resolution of the identity {E, : ~ € [0,00)}. For any v > 0 the
operator E., : L*(R?) — L?(R?) is a self-adjoint projection operator with (E,f, f) > 0, f € L*(R9),
and the E,’s form a spectral family with in particular E,E, = E,x,, (see [12] p18 for a list of
properties). The link with (—A, D(A)) is through

(—Af,g) = /[0 )vd(wa, g) VfeD(A), g L*RY

and D(A) = {f € L2(R%) f[OOO (Eyf, f) < oo} (see [12] paragraph 1.3.4 p.18).

Consequently, the family of operators {1} defgtd o ¢ > 0} is a strongly continuous semigroup of

self-adjoint contractions acting on L?(R%) ([12] Lemma 1.3.2 p.19) and
Tifg)= [ B L) V€ LA®Y, g€ PR,
[0,00)
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Note that for any v > 0, t > 0, and any functions f € L?*(R?) and g € L%(R?), we have the
commutation property

(LE,f,g9) = (BEyf,Tig)
= /[0 )efétds(wavEsg)Z /[O }efgtds(Eszﬂg)Jr / e tde(EcEy f,g)
7“> 7’y

[v,00)

— / oS (Eef, g)
[0,7]

= /[0 : eiétdg (ng, E,yg)
- (T;ffa E’yg) = (E’yﬂfvg)

Note also that for any f € L2(RY) and any ¢ > 0,

/ ’YQd(E’YT%fa th) = / 72dV (/ e_ftdf(EVEf.ﬂ th))
[0,00) [0,00) [0,00)

= / v*d, (/ e g (/ e dy(E, Ee f, ng)))
[0,00) [0,00) [0,00)

- /[0 (B )

4 _ 4 4 _
< e’ My (Eyf, ) = e 2(Tuf, f) < e 2| fII° < +oo,
t [0,00) t t

where we have used the spectral family property, the associativity of the Stieltjes integral and the
inequality y2e=7* < 4e72/t2. The above inequality ensures that T} f € D(A) for any ¢ > 0.

From the fact that |$e™7*| < « is integrable w.r.t. d(E,h, g) whenever h € D(A), we deduce
from the commutation property that for any f,g € L?>(R?) and for any s > 0

d _
L@ Tg) = [ e B £ Tg) o [ Ad(ETf.g) = (~AT.f.g)
t 0,00) N0+ Jl0,00)

where the limit exists and is well defined (since we have shown that T f € D(A)).
If moreover g € D [£] then

d d d
—%(Tsfa g) = _a(Ts—&-tf:gNt:O—i- = —@(th, T59)|t=0+
And since —d%(Tsf, g) = —d%(ng,f) by the symmetry property of Ts, we deduce E(Tsf,g) =

E(f, Tsg) for any f,g € DIE].
Consequently, for any f € D [€] and using the ellipticity of the coefficient matrix a,

MIVTf|]? < E(Tof, Tof) = E(Tasf, f) = (AT f, f)

= / 76—278d(E7f, < e/ e Vd(Bf, f) = L(Tsf, f) < ||/ ’
[0,00) [0,00) S

S
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from which we deduce the fundamental estimate

1711

(3-3) IV fI] < ,  Vs>0.

5

In turn this estimate implies that for any f € L?(R%), g € D[], the function
s— E(Tsf,g) is integrable on (0, ],

and from (3.2) and the right continuity of s — Tsf at time s = 0+ (one may extend Tyf = f
as long as no differentiation of s +— T,f is implied at s = 0+ when f ¢ D(A)), we deduce the
integrated version of (3.2) namely

Vf e L?(RY), Vg € D[&],

(B4  (Tifg) - (frg / S (0 Dy 1. Dig)d / E(T,f, g)ds, t€ (0,00).

3,j=1

3.1.2. Link with the results of D.W. Stroock [45]. In his celebrated article Diffusion semigroups
corresponding to uniformly elliptic divergence form operators D.W. Stroock constructs via a regu-
larization procedure a Feller continuous semigroup {P; : t > 0} associated to a with the properties
that (with our notations)

1. the map t € [0,00) > P, € H'(R?) is a weakly continuous map for each ¢ € C2°(R9).
2. V¢,9 € C(RY),

35 (P - (00) = [ (@VPo.Vu)d / E(Pp,0)ds, € (0,00).

(Nota : please note that there is a sign error in the original version of [45]).

In fact, {P; : t > 0} determines a unique strongly continuous semigroup {P; : ¢t > 0} of self-
adjoint contractions on L?(R%). The semigroup {P; : t > 0} is strongly continuous on H!(R?).
Moreover, for each ¢t > 0, P, maps L?(R%) into H'(R?) and for each f € H'(R?) = D[&], we
have the fundamental estimate

[I£1]

(3.6) IVEAIl < s ( -

> AMIVEIL Vs> 0.

(See [45] Theorem I1.3.1. p.341).
This estimate implies that for for each f,g € D[£] and any t,s > 0,

| Pivs—tnsf — £l
A(tAs) st

\E(P.f,9) — E(Psf, 9)] < Al|Vy|| 0,

which ensures the continuity of s — &(Ps¢,v) for any ¢, € C2(RY). Since (P;)i~o and (Pi)i>o
coincide on C°(R?), we may differentiate in (3.5) (as long as t > 0) to find that

3.7) (P, ) = ~E(Pus, ), 1€ (0,0).

This has to be compared to (3.2).
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Let us now justify rigorously that for any ¢ > 0, s € (0,t) and ¢, 1) € C°(R?),

d _
-5 (Tsfbv Pt—uw) ‘u:s-

d
(38) ( s¢7Pt 51/}) ( u(bapt sw)‘u N du

We have for sufficiently small 0 < h < t — s and using the strong continuity of (Py)s>o

’ (Ts+h¢ - Ts(ba Ptfs+hw - pt—s"/}) ‘ < Hptferhw - pt—st HTs+h¢ - TS¢H

1/2
<ey(h) (/[0 )e_zws(e_”h —1)%d(E,¢, ¢>)>

1/2
< ey(h) / &2 (3h)2d(Ey 6, )
[0,00)
1/2
< h€¢(h) (/[0 )6775 (’726778) d(Ev¢7 ¢)>

2¢1
< hfw(h)THqﬁll,

where as usual £,(-) denotes some positive continuous function vanishing at zero. We deduce that

1 _ _
E| (TS-‘rhd) - TS¢7 Pt—s-i—hw — Pt,sw) | E} 0’

implying (3.8).
Hence, from (3.8) and applying (3.2) and (3.7), we have that

(3.9) 1o, P =0, se0.1)

Integrating the identity (3.9) on (0,¢) and using the time continuity of both semigroups (7;) and
(P;) up to time s = 0+ gives

(3.10) (Tig, ) = (¢, Prp) = (Pro, %)

which holds for any ¢, € C°(R%). Since C°(R?) is dense in L2(R?), using the strong continuity
of both semigroups (T}) and (P;), we finally deduce from (3.10) the identification

(3.11) (P, : t>0}={T; : t>0} on L*R%).

Consequently, all results in [45] that are valid for {P, : t > 0} are true for {T; : t > 0}. For
example, identifying abusively {7} : t > 0} with its Feller restriction {P; : t > 0} on C°(R%),
we deduce that there is a p € C ((0, 00) x RY x Rd) such that

(3.12) [T (x / o(y)p(t,z,y)dy,  L(dz) —ae., ¢ec CP(RY).

Moreover, the fundamental function p satisfies the well-known Aronson’s estimates for the funda-
mental solutions of elliptic divergence form operators, namely there exists a constant M(\, A, d) €
[1,00) such that

M
exp (=Mlw — y|*/t) < p(t,z,y) < 5 exp (~|o — y* /M)
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Finally, we have the convergence result of [45] (Theorem I1.3.1. p.341) that we state roughly without
introducing the necessary notations (see [45] for details) : if {a,}3° C A(\ A) and a,, — a almost
everywhere, then p™(t,z,y) — p(t, z,y) uniformly on compacts (in (0, 00) x R? x R?) and for each
t €[0,00) and ¢ € CX(RY), TP¢p — Ty in H'(R?).

3.2. Stochastic representation of transmission operators in divergence form.

3.2.1. Representation of the Hunt process associated to elliptic divergence form operators using
the Revuz correspondence for additive functionals. Since (€,D [£]) is a regular Dirichlet form (with
the space D [€] N C.(R%) or C°(R?) as a special standard core, see e.g. Exercice 1.4.1 in [12]), we
are in position to apply Theorem 7.2.1 p. 380 of [12].

We may associate to (€, D [£]) and its corresponding semigroup (73) a Hunt process, symmetric
w.r.t the Lebesgue measure £(dz) on R%. We shall denote by Ml = (Q, (F1)t>0, F, (Xt)i>0, (P¥) cra)
this Hunt process, with X = (X1,..., X,). The correspondence with (€, D [£]) and (T}) is through

(3.14) E*[f(X0)] =T f(z), VfeL*R?), Vt>0,vz € R

(see the discussion pl60 in [12], at the beginning of Section 4.2).

Let us also denote by {R, : a > 0} the Markovian resolvent kernel of the Markovian transition
function {p(t,x dy) = p(t,z,y)dy : t > 0}. Then, for any o > 0, f € By(R?) and z € R,
Rof(2) = [gara(z,y)f(y)dy with ro(z,y) = [;° e ¥p(t, , y)dt.

Denote by S the set of positive Radon measures on (R B(R9)). For u € S define Ryu(x) =
Jgar1(z,y)pu(dy) (z € R?) and introduce the subset of finite energy measures

Sp = {u €8 :3C>0, YoeDIENCA(RY), /Rd lv(z)|u(dz) < C (E(v,v) + (v,v))l/Q}

=pues : sup / [v()] pu(dr) < oo p, where we follow the notations of [12].
veDEINC.(RY) JRE  [[V]les

Finally, introduce
Soo = {p € Sy : u(RY) < oo, ||Rip()llec < o0},

Let us denote respectively by Al and AJF1 the families of all Positive Continuous Additive
Functionals (PCAF in short) (resp. the family of all PCAF in the strict sense) associated to M (for
the distinction between AT and Ail, see [12] the introduction of Section 5.1).

The Revuz correspondence asserts that there is a one-to-one correspondence (up to equivalence of
processes) between AT and S. This correspondence permits to construct for any pu € Spo a unique
PCAF in the strict sense A € A+1 such that

(3.15) vz € RY, Ew/ e 'dA; = Rip(x).
0

(see for e.g. Theorem 5.1.4 in [12]).

In order to get a bijective map, introduce a new subset S; of .S defined by u € Sy if there exists a
sequence (E,)p>0 of Borel finely open sets increasing to R? satisfying that Ig, .; € Soo for each n.
Then, there is a one-to-one correspondence between S7 and A;fl (up to equivalence) which is given
by relation (3.15) whenever p € Spo. The set of measures S; is called the set of smooth measures
(in the strict sense).
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Let us introduce D [£], ). the space of essentially bounded functions belonging locally to D[£]
(u € D€y if for any compact set G, there exists a bounded function w such that v = w,
{(dx)-a.e. on G).

For u € D [£],, we may associate a unique positive Radon measure Py € S, satisfying

(3.16) | S @n(de) = 26(uf,u) — £, f), VS € DIEIN C(RY).

If D [€]} 100, We may construct p,y € S with the help of a sequence (Gy,)n>0 of relatively compact
open sets such that G,, C G, 41 and Un>0 Gn = R?. Let (un)n>0 & sequence of functions in D [£],
satisfying u, = u on G,. There is no ambiguity in defining ) = Hu,) on Gp because the
construction is consistent (since Flup) = Hiupy) O G,). For an account on the above assertions,
please refer to [12] Section 3.2.

Note that obviously (€, D [€]) is strong local, so we may apply Theorem 5.5.5 in [12].

Suppose that a function u satisfies the following conditions :

1. uw € D[]y, » u is finely continuous on RY,
2. Ig.peuy € Soo for any relatively compact open set G.

3. 3o = oW — p@ with Ig.0M,I5.02) € Sy for any relatively compact open set G and
E(u,v) = (0,v), Vv e CE(RY).

(Note that even though w is not formally in D [£], the quantity £ (u,v) is well-defined because
v has compact support and u € D [E],},.)-

Let AM A® and B be PCAF’s in the strict sense with Revuz measures oM, 0, and )
respectively. Then, Theorem 5.5.5 in [12] asserts that

(3.17) w(Xy) — u(Xo) = MM + N, P —as, Vo e R
Here,
(3.18) N = A0 L AQ) p* _ 5 Vo e RY

and M is a local Additive Functional in the strict sense such that for any relatively compact set
G,
EeM =0, vzea

TG
and
E” | (M)

tATG

)2] = E"Bypr,., Vz€G,

where 7¢ = inf(s > 0 : X, ¢ G) stands for the first leaving time from G (with the convention
inf ) = oo) and B denotes the PCAF in the strict sense with Revuz measure fi(,).

3.2.2. Skorokhod representation of the Hunt process associated to a transmission operator in
divergence form. Consider R = D, U D_ with D, and D_ two open connected subdomains
separated by a transmission boundary I'" that is to say

F:D+HD_.

We denote
D=D,uUD_=RI\TcR
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We apply the results of Theorem 5.5.5 in [12] in this context for the coordinate functions

pre(z1,...,xq) =z (ke {l,...,d})

THEOREM 3.1.  Assume that Assumptions (B) (E) are fulfilled and that (ax)ij € C{(Dy;R)
for all 1 < 4,7 < d with a;; possessing a possible discontinuity on I'. Then, the Hunt process M

associated to (£, DI[E]) is a diffusion which possesses the following Skorokhod decomposition : for
any k € {1,...,d},

¢ d ¢ d
Xf=ap+ | D V20u(Xe)dW] +/ > 0ja1i(Xo)lx,cpds
0 0
]:1 ]:1
1 [t 1 [t
(3.19) — 2/ Vi k(X)) dKs + 2/ Yo k(Xs)dKs, t>0, P*—a.s., Vo= (21,...,24) € R
0 0

In the above equality o : R* — R¥*4 denotes the positive square-root of coefficient 2a i.e. the positive
matriz real valued coefficient satisfying

oo*(x) = 2a(z), Vx € D.

(Note that this coefficient exists because a(x) is non-negative definite for all x € D). The process
W =W, ..., W9 is a d-dimensional standard Brownian motion starting from zero and (K¢)i>o
denotes the unique PCAF associated to the surface measure ¢(d§) € S on I' through the Revuz
correspondence. The process (K) increases only at times where X lies on T,

t
/ Ly,crdK, = Ky, >0,
0

Proor. We follow the ideas of [48] Theorem 5.2. Of course p; € DI[E]y,,, and py is finely
continuous on R?. Let G a relatively compact open set containing I' and a function f € D[] b
such that py = fi, on G. Let (MU+]) the square bracket of M+, Then, an easy computation from
(3.16) shows that the energy measure of MUt (the Revuz measure of (M) is

1) (dy) = popgtny (dy) = (a(y)V (), V fr(y))L(dy)

and we know that p,) = pep,) on G. It is easy to show that Ig.up,) is a finite Radon measure
belonging to Spo and that ji,, ) is a smooth measure. Then, an easy computation from (3.15) shows
that

(MUY, = /0t<a(XS)ka(XS),ka(Xs)>d3, kEed{l,...,d}

and by the well-known results on stochastic representation of martingales, there exists a d dimen-
sional Brownian motion W = (W1, ..., W%) such that

t
Mt[fk} - /0 [U(Xs)vfk(Xs>]*dWsa P —as. Vre Rda ke{l,...,d}

(see for e.g. [42] Chapter V Theorem 3.9 and the remark following its proof).
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Moreover, for any v € C°(R?), using the First Green Identities of Proposition 2.6 and taking
into account that v is of compact support, we have :

E(fr,v) = Ex(frr,v) + E-(fr,—»v)
-/ +<—A+fk,+>v ~ (B s @)+ [ A b0+ (B ),
-/ S Dy a1y 0) Dy fu9) o) Ty f(dl) — [ ¥ 0@V i) = @A ds

,Jl

-/ Za s o ent(dy) — [ (@) - ((o-v)e)]vds

-/ Za a5 e ent(dy) - [ @)~ @i ods

:(Qk7 )_(9k7 )

with 4
o (dy) =" [Bja; (v)]* Lyepl(dy) + [(v-)k — (v )kl ™ W)yers(dy).

7=1

(here, the notation [a]™ (resp. [a] ) stands for the positive (resp. negative) part of some real number

a).
Let us now proceed to show that the measures ]I(;.QkjE belong to Soyo.
Note that ||0jarjlpnc|lc < o0 and from the definition of Spy and the Revuz correpondence

(3.15), it is not difficult to prove that the measures [0;ar |, (y)lyepf(dy) are smooth with their
corresponding additive functional writing as ( fg [0jar;] . (Xs)lx,e Dds) .
2>

We now turn to the surface measures ;- (dy) == [(7-)x — (v )k F W)yers(dy). Tt is well-known
(see e.g. [10] p.134 3. (x**), (x**x)) that there exists a universal constant Cy > 0, depending only
on the Lipschitz domain D, such that for all h € C*(D.),

/ [h(y)ls(dy) < Co/ (IVh(2)| + |h(x)])e(dz).
r Dy
Thus, for all h € D[€] N C.(R?), we have

[t < ¢ [ (9h@)1+ ) eca)
r Dy
1/2
< Cob(Dy )12 ( [ (wni+ rh<x>|>2adx>)

1/2
< QAD) ([ (9H@E + o) )o))
Rd
20(D
< o[22 (e n, 4 (2
so that the surface measure ¢(dy) belongs to Sy. Since

VyeT, [[(v-)k — (v)k|®)]F < 20as(y)v(y)] < 2A%,
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the surface measures C,;t(dy) = [(y_ )k — ()] (y)Iyer<(dy) belong also to Sp.
Note that from Aronson’s estimates (3.13) we retrieve the following estimations

ri(z,y) < Cle—y|~92 ifd>2; ri(x,y) < Cn(1/|z—y|) V1) ifd = 2.

Then, using the same arguments as in [12] (Example 5.2.2 p.255), we can assert that the mea-
sures C,;t(dy) belong to Spp. Moreover, let (K;):>o denote the PCAF associated to ¢(dy) ; in re-
gard of the results stated in the original article of D. Revuz (cf. [41] p.507) we may assert that

t Yk — (V4 )k + X)lx crdKy is the PCAF associated to Ci dy) via the Revuz corre-
0 s >0 k

spondence.

By application of Theorem 5.5.5 in [12] and since all the necessary hypothesis are fulfilled, we
get the decomposition (3.19) on the set {t > 0 : t < 7¢,} where G4 := {z € R? : |z| < ¢}. The
identification of the process for all times follows by letting ¢ tend to infinity. O

The following corollary enhances the link between the solution of (3.19) and the PDE results of
Section 2.

COROLLARY 3.2. Let 0 < T < oco. Under the conditions of Theorem 3.1, for any ug € D(A),
we have

(3.20) E%[ug(X;)] = u(t,x), Vtel0,T], Yz € RY,

where X is the diffusion considered in Theorem 3.1 and w is the solution of (2.14) considered in
Proposition 2.18.

PROOF. On the one hand we have E*[ug(X¢)] = Tiuo(x) thanks to (3.14). On the other hand
we have 4Tyuy = ATyug (see [40] Thm 2.4-c)), i.e. Tyug solves (2.14) whose solution is unique
(Prop. 2.18). Thus Tug and u are equal in the space C'([0,T]; L*(R%)) N C([0,T]; D(A)), and
finally Tyuo(z) = wu(t,z) for any ¢,z (where we have used the fact that D(A) ¢ H'(R?) and
elements of H'(R?) are identified with their continuous versions). O

In the light of (3.20) and in order to compute an approximated value of u(¢, z), one could think
of producing a Monte Carlo method that uses (possibly approximated) paths of X. Unfortunately,
it is not clear how to simulate X from (3.19), even in an approximated way. We believe the question
is challenging and could be the subject of future research. In the following section we propose to
circumvent this difficulty by proposing our modified Euler scheme. We do not try to discretize
directly the paths of X from (3.19), but we provide a Monte Carlo method that approaches the
value of u(t,z) (as long as the initial condition is sufficiently regular) by taking crucially into
account the transmission condition (%) of (Pr).

4. Euler scheme.

4.1. Recalls on the projection and the distance to the transmission boundary and further notations
and premiminaries. In this subsection we adopt the notations from [4]. We have the following set
of geometric results.

ProOPOSITION 4.1 ([4], Proposition 1; see also [15]). Assume (D) and (I'). There is constant
R > 0 such that:
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1. (a) for any x € Vi (R), there are unique s = m).* (z) € T' and F7+(x) <0 such that :
(4.1) z=m (2) + F (2)y4 (mp" (@) ;
(b) for any x € VI (R), there are unique s = m) (z) € ' and F7'~(x) < 0 such that :
(42) © = 7 (@) + P~ () (7 (2)
2. (a) the function z — wl* () is called the projection of x on T parallel to 4 : this is a C*

function on Vi (R) ;

(b) the function x — w.~ () is called the projection of x on T parallel to y— : this is a C*
function on Vi (R) ;
3. Let us set F'*(x) = F* (x)|v+ (7" (z)) | the normalized version of F7* corresponding to the

v+ ()
v+ ()]

unit vector field 4 : x —

(a) the functions x — EFV:(x) are called the algebraic distance of x to I' parallel to vi
(to 3x) : these are C* functions on ViF(R). One has F'*,F"+ < 0 on Vi (R) and
F7=,F7= <0 on Vi (R).

(b) It is possible to extend F7+, Fr+ and~F7*,F7* to C’gl(Rd,R) functions, with the condi-
tions F7*, F7* >0 on Dy and F7*, F7* <0 on D=.

4. The above extensions for F7* and F* can be performed in a way such that the functions F7=
and F¥ are equivalent in the sense that

1 1 .

(4.3) —d(z,T) = — |F"(z)| < ’F”’i (w)‘ < ¢ |FY(z)| = e1d(x,T)  for all x € RY
c1 c1

for some constant ¢; > 1.

5. Forx el
~ V*
4.4 VF*(z) = ——(x).
(44) (1) = 23 (@)

We sometimes use the notation v(x) or v4(z) even if z ¢ T. For z € VF(R), we set v(z) =
v(rfE (z)) and v4(x) = y4(mpt (x)) and for = ¢ VEE(R), arbitrary values are given.

Note that if u is a classical solution to the transmission parabolic problem (Pr) defined in Section
2, the transmission condition (x) can be expressed as

(45) <’7+(y)7 vmu+(tay)> = _<7*(y) 7vxu* (t7y)>7 V(t, y) € (O,T] x I

This in fact will be the crux of our approach (see Subsubsection 5.5.2).

In the sequel, we will need the following result.

PROPOSITION 4.2.  Assume (B), (E), (D) and (T'). Let & € ViT(R) and T € V{T(R) be linked
by the following relation :

(4.6) T = m (@) — F (@) (n] ()
Then, there exists co > 1 such that

1
(4.7) — d(@,T) < d(#T) < c2d(7,T).
c2
30



ProoFr. Without loss of generality, assume for example that T € V[ (R) and & € V[ (R) are
related by (4.6). Then we have

(4.8) T —mlt (&) = —F (&)y- (mh (2)).
and by uniqueness of the projection 7"~ (%), we see that 77" (2) = 7p '~ (%) (note that F~7-(7) =
Fe(1)).

We deduce that

1

—d(z,T) < |F7=@)| = |F7= @) x y-(rp "~ @)| = [z = m* (@)| = [& — 7"~ (@)] < c1d(@,T)

due to the same kind of relation as (4.3), but written for —y_ instead of _. Returning back to
(4.8), we see that

L. Y+ (4 (2 — ~’YJri- h/_(ﬂ'ir‘(
Sd(E.T) < [ @) x (@) = 17+ @) =0

2| =
Nl N
IN
9}
[l
QU
—~
0
N

So that in view of (4.3) written for & and 7,

8

C

[ (@)l & 2l (@)
-GG ) = D S AT e D

»—\w‘ =

But using (1.7), (1.8) and (1.9), it easy to see that for any z € I,

2 2 *
X _ P _ A
A7 - (z)P T A2

from which we deduce the result of the proposition. O

4.2. Our transformed Fuler scheme. We are now in position to introduce our transformed Euler
scheme.

Let us denote from now on At = h,, = % the time step (where n € N*) and fix a starting point
xo € R,

The time grid is given by (t2)}_, with ¢} = %’"’ for 0 <k <n.

We denote by (AWjy1)}_, the i.i.d. sequence of brownian increments constructed on (€2, F,P*)
and defined by

AWk+1:Wtk+1_Wtk7 \V/OSICSTL
Recall that o : R? — R%*? stands for a matrix valued coefficient satisfying
oo*(z) = 2a(x), Vx € D.

Set (Oa(x)); = div(z — (aij(x),...,anj(z))).

Our stochastic numerical scheme (YZC)Z_O is defined as follows (we omit the superscript n)

X():.TO
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||+ length |F" (&)

Previous point of the scheme X ¢ "

?

X, 41 new point of the scheme

|
ST = th& iteration point

Fic 1. Correction of our scheme when the path crosses the boundary T.

and for t € (tg, txy1], we set
(4.9)
Xt =Xy, +0(Xe,)(Wy — Wy, ) + 0a(Xy, )(t —tx)  (standard Euler incrementation)

ytkurl = th+1 if <Ytk € b.;,_ and th-+1 S D+>
or (Ytk € D_ and th“ S D_> ;

Ytk-!—l = 7T12Jr (th+1) — (th-u)’y— (7"'12+ (th+1)) if Ytk € E—i— and th+1 €D_;

Ythrl = 7T37 (thJrl) — = (th+1)’7+(7F37 (th+1)) if Ytk S D_ and thJrl € D+ .

REMARK 4.3.  When the dimension d is reduced to 1 (one dimensional problem), the discontinu-
ity surface reduces to a single point (say0). In this case and when the coefficient a = aylyso+a_ly<o
is constant on both sides of the discontinuity, it is remarkable that our Euler Scheme is exactly the
same as the one described in [32].

Indeed, in this one-dimensional context, let p(y) = (a—ly>o + a4ly<o) y. Note that ¢ is a bijective
map from R to R. The Euler Scheme constructed in [32] is then defined by Xo = x¢ and for all
ke{0,...,n},

Xy, = ot (?tk)
where Yo = p(xg) and for all k € {0,...,n — 1}

Vi =Y + (G—UJV%N + a+o-*]17tk<o> (Wi = W)

(see [32] for details - please take care that [32] is written for the right-hand sided local time; the
above computation is valid for the symmetric local time). For example if p(X4,) < 0 and ?tk“ >0,
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1

we get (because p~1(0) = 0 and ¢! is continuous at 0 and also because X and Y share the same

sign,),

o4 (4 (o 05 5, ) 1)
0 ‘P(Ytk)+(a70-+]1?tk>o +a+g-_]1?tk <0)AWI§+1
— —_—
= th + / . (¢—1)/ (Z)dz +/ =0 (90_1)/ (Z)dz
e(Xty,) 0

_ — 1 — 1
= th - SO(th)a + (<‘0(th) + a+U—AW1§+1> a_

a4 — a
= XX, + ia,AW,f“,
a a_

which turns out to be the corresponding case in (4.9) in this one-dimensional context. This corre-
spondence s valid in all cases and our transformed Euler Scheme may be viewed as some kind of
generalization of the Euler Scheme presented in [32].

5. Convergence rate of our Euler scheme. The purpose of this section is to prove the
following result.

THEOREM 5.1. Let 0 < T < oco. Assume (B), (E), (D) and (). Let m' = [2+ 4]+ 1 and
k= m' + 2. Assume that the coefficients a;j satisfy (a+)i; € Cgm,_l(Di) and that I' is of class
C?™ . Let f: RY = R be in the space D(A¥). Let u be the classical solution of (Pr).

We have that for all n large enough, and all xo in R?,

(5.1) w(T,z0) — B™ f(X7)| < K\/hy,

where the constant K depends on d, A\, A, f and T.

REMARK 5.2.  In this theorem the assumptions on a(z) and T involving the integers m' and k are
here in order to use Corollary 2.20, which ensures that we will have Sup;c(o 1), ze .. |8 0%u (t, )| <
oo for any j < 2 and any |a| < 4. This control on the derivatives on u is what we need in order to
lead our convergence proof. In fact if there is a way to get this control under weaker assumptions
on a(z) and T, this will lead to a convergence theorem stated under these weaker assumptions.

Assume we are under the assumptions of Theorem 5.1. Remember that the classical solution u
of (Pr) is in fact constructed starting from the semi-weak solution of (Pr), it is the unique solution
of (2.14) (Proposition 2.18). So that in the light of Corollary 3.2 and Theorem 5.1 we get the
following Corollary.

COROLLARY 5.3.  Under the assumptions of Theorem 5.1 - recall in particular that f € D(AF)
- consider the scheme X and the solution X of (3.19). We have for any xo € R?

< K\/hy,

E™ f(Xr) — E™ f(X7)

where the constant K depends on d, \, Ay, f and T.
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REMARK 5.4.  Note that f has to be taken in some D(A¥) and the above corollary does not even
state the convergence in law of Y; to Xr.

However and loosely speaking, let us emphasize that having to take very reqular initial conditions
1s very often the case for Monte Carlo methods dealing with problems involving a boundary. For
e.g. in [4] that treats the case of reflected diffusions, the authors have to choose an initial condition
satisfying some kind of compatibility condition involving directional partial derivatives of the initial
condition up to order three on the reflection boundary in order to ensure the convergence of their
symmetrized Euler scheme. Again we think that these questions could be addressed in future research.

5.1. Preliminary results.

LEMMA 5.5.  (see [}]) Consider an Ité process with uniformly bounded coefficients dU; = bydt +
o dW; on (Q, F,P%). There exist some constants ¢ > 0 and K (depending on p > 1, T and the
bounds on o, b) such that, for any stopping times S and S’ (with 0 < S < 8" < § <T) and any
n=0,

2
(5.2) P* | sup |Uy—Us| >n| < Kexp <—c77) ;
t€[S,9] 0
(5.3) E™ | sup |U;— Us|P| < K&P/2.
t€[5,9]

We have when X, € D

K = Koeor + [P K] (3400 (R ) + - (7 (Kip))

and when X;, € D_

K = Koor + I (R (e () - (K1)

This shows that (Yt)ogth behaves like a continuous semimartingale on each of the intervals
[tk, tk+1). Using Tanaka’s formula, we have — for example for X, € Dy — that for any ¢ € [tg, tiy1),

AX, = X, + 5 (7 + ) (XdLY(F™ (X))
# [Pr] (Ve 400 (K04 5T [+ - (Ra(X) at
e (510 |V (04 £ 7-) (X)a(Xy) (T (X)) dt + (4 +7-) (R)VF™ (£)aX,
(B4~ Tpggyeo O +70) ()3 Tr [HIFY|(Ra(X,,)]

LEMMA 5.6. Under Assumptions (B), (E), (D) and (I'), for all ¢ > 0, there exists a constant
K(T) such that

n—1 ~ "N
(5.5) ho 7Y [exp (—cdz()}it“r)ﬂ < K(T)\/hn.

i=0
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PROOF. The idea is to use the occupation times formula. Using successively (4.3) and the in-
equality (4.7) of Proposition 4.2, we have d (Z,T") > éd (#,T) > -2 |F7*=(&)| so that

= cico
32X} T
Ai+1 .— o exp (_c(t“ﬂ)>]
hn
L 2 L 2
e ‘Fw (X7,) : . ‘ F=(X7,,) :
N R lc1c2|?h, Xtisa €D- * R lc1ea|?hy, Xtip, €D+
(5.6) = Ajﬂ + A

We concentrate on term A;Zrl as both terms are treated in a similar manner.
Set ¢ = ¢/2¢3¢3 > 0 and g(z) = exp(—2cx?/h); it is easy to check that |g(z)| + Vh|g'(z)] +
hlg"(z)| < K(T)exp(—cx?/h). Hence, for t € [t;,t;11], Itd’s formula yields that

A 2
Fr+ (XZZ )
E®0 exp | —2¢/ 1 "L
b,
~ ~ 2 ~ N 2
Fr+(Xp) 1 [l Fr(X9)
<K(T) |E®exp | - ———" | + / dsE™exp | - —————
b, hn J4 b,
We integrate this inequality with respect to ¢ over [t;,t;1+1] to get
~ 2
P (X2
(5.7) ha Ay < K(T)/ ds E* exp _Clhi
t; n
(for possibly some new constant K(7')).
Observe that from (4.4),
(5.8) (7 (X™), P (X)), = V' (XM)a(X]) [vﬁw (Xg)} ds > \ds.

Indeed, using the Cauchy-Schwarz inequality and |v(z)| = 1, we have that

VI (@)a(e) [V (@) = DA

which justifies (5.8).
It readily follows from the occupation times formula that

(5.9) hn Al < K(T) /R dy exp <_C,}yL2> F®o [LZ_H (ﬁw()@)) .y (ﬁw (j(ﬁ))} .
—R n
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Now,
B [, (B () - 1t (B ()]

_ 9R®o [(FM(XZH) 7 y)+ _ (FW(XQ) — y)+ _

tir1

Hﬁ%r(f(g)zyd (F% (X:)ﬂ

< 9E" {(FW(XQH) —y>+ - (FW(X;;) —y>+] + K(T)hy.

t;

Therefore, Z?:_ol E*o [LZH (]:"%L (X”)) - L (F7+ (X"))] < K(T') uniformly in |y| < R since

the sum is telescoping. We can thus conclude that h, E?:_Ol Al < K(T)Vho.

The sum h,, Z?:_()l A;,; is treated similarly. The proof of the Lemma is complete. O

5.2. Error decomposition. In all the sequel xg is arbitrarily fixed.
For all 0 < k < n set
0y =T —1t}.

The proof of Theorem 5.1 proceeds as follows (we omit the superscript n). Since u(0,z) = f(z)
for all x € R? and u(T, xg) = E*u(T, Xo), the discretization error at time 7' can be decomposed
as follows:

€70 = |u(T,z0) — E™ f (X7)|

(5.10) = _. - N _
— ’ STEOU(T — t, X,) — EPu(T — tii, X )|,
k=0
and thus
n—1 o o
€ < ] STE® {u(6), X1,) — (B, X1,
(5.11) k=0

+u(Ops1, Xt,) — u(9k+lvytk+1)} ’

The rest of this section is devoted to the analysis of

n—1

> E*(Ty — Sk)

k=0

)

where the time increment T}, is defined as
(5.12) Tk = u(Hk,Ytk) — u(@kﬂ,ftk)
and the space increment is defined as

(5.13) Si = u(Ors1, Xty ) — w011, X1,)-
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5.3. Estimate for the time increment T. Remember the definition (5.12) of T} and that 6 =
T — t;.. We have

{u(@k,ytk) - u(0k+1aytk)} ]IythDJr

= hnﬁtu(ﬁkﬂ,?tk)ﬂytke&r + h%/

atztu(ek+1 + al(Xth’Ytk)Oél daldOéQ I[Yt €Dy
0,12 '

=: T,j + Rz.
Similarly,
{U(Qk,ytk) - u(ek-i-l’ytk)} ]IytkeD_

= hnatu(9k+1,ytk)]lytk eD_ + hi/

0 aftu(GkH + alaghn,ytk)al dOéldOég ]IythDf

=T, +R,.
In view of Corollary 2.20 and Remark 5.2 we have
E™|R} + R;| < Ch2.
From the preceding we deduce
(5.14) E® T}, = E™0u(Oky1, X1, )hn + O(h2).
5.4. Ezpansion of the space increment Si. Let Sy be defined as in (5.13). Set
N X =Xy, — X,

A?f—l—ly = th+1 - Yt

and recall that A (W =Wy, — Wy, .

ket

PROPOSITION 5.7.

(5.15) E®|(AF X)%| < Ca)hlol/2.
PROOF. This is a consequence of the result of Lemma 5.5 combined with the fact that |(z)?| <
|z|lel for any z € RY. O

We emphasize that, due to the definition of our stochastic numerical scheme, Aﬁ HY does not
coincide with X, — Xy, when X, and X;, do not belong to the same region, which explains
the two notations A and Af,

We need to introduce the four following events:

Q;CH' € Dy and th“

= [Ytk € D+],

(5.16) Ql;_ = [{tk € D_ and )fthrl € 27]7
Qf” =[Xy €Djand Xy, , € D_],

le—i_ = [Ytk € D_ and th-H S D+]
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In view of the definition of our stochastic numerical scheme we have
On QfF, A X =45, X.

Therefore
Sklpt+ = (D1 X, Vau(Opi1, X1,)) Lore +5 (Ak+1X) Hu](0g41, X1,) Dp1 X T+

83
+||ZB 'AkJrlX ppn (9k+17th)HQ,j+

64
/ d¢ Z Alc+1X) 50 o Ory1, Xy, + EO, 11 X) Lo+
|a|=4

= S 54 S,j“’ + 5,

Similarly,
_ _ 1 . _ _
SkH_Qk** = <Ak+1X7vmu(9k+1,th)> ]I_Qkf* + 5 (Ak+1X) H[u](0k+1,th)Ak+1X ]ngff

83u —
+ Z (D1 X)* 9 7o O, X)) L
la|= 3 :

otu — —
/ dg Z A/7<:+1X) Oz 7o Ort1, Xty + 011 X) ]ng——
|a|=4

=S, ' +S. 2+ S,;—f” + 57

We now use that Q" UQ, ~ = Q— (Qf~UQ, ™). Notice that Q2 ~ UQ, T belongs to the o-field
generated by (W;) up to time t; ;. In view of the first line of (4.9) and the fact that E7t AW},; = 0,
we get,

hn

E70 (S 4 571 = 2B [(0a(Xy,), VaeulOri1, X1,))]

—_ %o [<A?€+1X7 Vmu(glﬂ-lyytk» ]IQ;L*UQ,?L}

Proceeding similarly and conditioning (Aﬁk_i_li) w.r.t. the past of (W;) up to time ¢, we obtain

E® (S +.5,72) = Effo [Tr[oH[u]o*](Ok+1, X1,)] ha
_ iEzo [(ALlX)*H[u](ekH,Ek)Akﬂx Lor-uast|

and, since E*0(Ay1W)* = 0 whenever |a| = 3,

N o 1. R —
E™(SFT3 4+ 8, 7%) = Z JE ¢ [(Aﬁk—i-l )* O:UQ(GHI’X““)]
laj=3

ou
—Z ' [ k+1X) Oz (9k+17th)HQk+qu+]'
|or|= 5 @
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We have, combining the results of Corollary 2.20 and Proposition 5.7,

O3u
(5.17) Z Ewo[ k+1X) D (9k+17th) <Chy”
s

In addition, and for the same reasons, we have
E*|S T + 5,74 < O nl.
To summarize the calculations of this subsection, we have obtained

(5.18)
E™ S, =

Exoﬁu(9k+1,ytk)hn + [E*o [(Sk — (Ak+1X qu(ekﬂ,ytk))) ]IQI-;—UQIC—-!—}

zo B X - a63u —
—E (Ak+1X) Hlu ](9k+1=th)Ak+1X+ Z ! k+1X) %(HHDX%) Hﬂ,jfufl,f
jaf=3

+O(h?)
_. EIOEU(%H,Ytk)hn + ExOR](gl) . ExoRl(f) + O(h%h)

We now estimate the remaining terms ]ExOR,(cl) and EmORg).

5.5. Control of the term E“JORIE}). Ezpansion around a well chosen point in I'. On the event

g;_ we have that thﬂ and Ytk are close to I'. On this event, we also have that th+1 € D_ and
X1, € D;. Remember our definition of (F*+(z), 7" (z)) for z € D_.

5.5.1. Decomposition of E‘”ORS). As the function u is continuous across the surface I' at point
it (), we get

E® ((Sk: <Ak+1X vf“(ek“’yt’“») ]IQ;—}
= E%o [((U(Qlwl,ytwl) — w(Opp1, T (th+1))> + (U(9k+1a Tt (th+1)) - u(6k+1’ytk))) H-Q;ji]
— E®0 [ A X, Vg (O, 7t (X)) HQT}

— B (AL, X VaulOrsn, Xu) — Van O, 1 (X)) T |
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{Emo [(th+1 - 7rF th+1) V U— (9k+177rg+ (th+1))>]1();r*}
— B (X — 7 (Kap ) Vs O 1, 705 (X)) HQH

—E® [<A2+1X> vmu+(0k+1a Wg_‘— (th+1 ))> ]I_Q;r*:| }-—L+71
=Ly

l_l

+ / dg Z EIO |:<th+1 - 7TI’ZJr (th+1))a

|af=2

LOu -
3 o —(Or41, WF (th+1) + g(th+1 - W;+ (th+1))) H(Z,j}
- [Fae 3 B [ - A (G
|a|=2

0% . _ .
X@(ekﬁ-la Wg+ (th+1) + g(th - Wg-‘— (th+1))) ]I_Qljj| }

2
=L}

- {Eﬂﬁo [(Aﬁk+1X7 vaJr (Hk‘-i-lv th) - V:qu+(9k:+1> 77';-‘— (th+1))> ]I_Qz'—i| }'—L+73
Tk
=L L LR

5.5.2. Canceling the term L:_l using the transmission condition. Observe that due to the fact
that

<th — (th+1)) + (th - th) = Xipor — o (X))
we have that
£ =B [(Rups — 72 (Rape) Vi B 8 (K1)
~( Xty — T (Xt 1)s Vit (Opp1, Tt (th+1))>) Hn,j—}
=B [P (K., (1 (0 (i), Vo B, 72 (K, )

e (1 (R ), Vot B, 7l (X1, ) ) T |

k

=0,

where we have used the vector problem solved by (F7+,7.") and Equation (4.5) (i.e. the transmis-
sion condition (x) and the definition of v (x)).

5.5.3. The term Lg72. We now turn to the term Lk+72.
The term Lg_g is the sum of two terms. These two terms are treated similarly, so we concentrate
only on the first. Let a such that |a| = 2. We have that

B [|(X, = w2 (X )?| | < B (K, = 72 (R T | < B (164, X1 T,

The same kind of treatment can be performed for the second term of LZ'_2. Conditionning w.r.t
Fi,, and applying the Cauchy-Schwarz inequality in the conditionnal expectation, we find using the
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result of Lemma 5.5,

L} 2| < CE™ {Em a8, x| B () "2| < O by BB ()2,

5.5.4. The term Lg—:s' For the term L,j*g, we may perform a Taylor’s expansion to the term

Votg (01, Xt,) — Vg (Op, 70 (Xipiy)-
Using Corollary 2.20 and the Cauchy-Schwarz inequality, we find that
(5.19) L8| < CE®™ UALIYHY% — T (X)) HQH < CE™ “ALIXF ]Iglj,} .
Finally, as for the term L;_Q, we find that
L8] < C b ERPTn ()2

Using the same method for the other side Q,;Jr, we find that

EPRY < ChER (BF ()12 4+ 7 (2)1%).

5.6. Summing up. The term EIORf) can be estimated using the same techniques used in the
previous section and we omit the details.
Using now the fact that d;u — Lu = 0, we finally find that

n—1
(5.20) e < Cha B Y (P70 (0 )2+ P70 (07)%) + Vi,
k=0

Observe — using the result of Lemma 5.5 — that
_ . 1/2
P (7)Y = PP (X, € Dy, X, € D)

N _ _ 1/2
< Pftk (||th+1 - th” > d(th,F))

1d<XF>>

< K(T)exp (—2 .

and the same kind of inequality holds true for Pt (Q;‘*‘)l/ %,

Finally,

n—1 2 (v
d” (X,,,T
e’ < K(T) h, E* E exp <—;( htw )) + Cv/hy,
k=0 "

and we conclude the proof of Theorem 5.1 using the result of Lemma 5.6 (note that if we sum up all
the dependancies of our constants, we indeed have that K in (5.1) depends on d, A\, A, f and T)).
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6. Numerical experiments. In these examples d = 2 and the domain D is the open unit
disc, i.e.,
D = {(x1,72) €R: 2} + 22 < 1}.

Note that the boundary of D is the unit circle D = {(x1,z2) € R: 2% + 22 = 1}.
The subdomains Dy and D_ are defined by

Dy = {(z1,22) € D withxg >0} and D_ = {(z1,22) € D with 29 < 0},

so that the interface is I' = {(21,0) € R?: —1 <23 < 1}.
The diffusion matrix is defined by

a(r) = at(2)lzep, +a—(7)lcp ,

with
at(z) = PiDy(x)Py

where Py are rotation (therefore orthogonal) matrices

= (00 o))

sin(fy)  cos(6+)

(for 64 € [0,27)), and D4 (z) are diagonal matrix-valued functions

- )\}E + e+x9 0
D (x) = < 0 A+ erao

where AL, A% > 0 and ex < MY, for i = 1,2. Note that this ensures that a(z) satisfies the uniform
ellipticity assumption (E).
We take 0, =5, 60_ =2, A1 =1,03 =9, AL =2, X2 =3, ¢, =0.5 and e_ = 1.9. This gives

% + 1.929 @
% % + 1.929
Performing our Transformed Euler Scheme.
We have the Cholesky decompositions 2a4(z) = oyl (x), with

_( V5H05m; 0
oy(z) = < 4/y/5 + 0.5z \/5+O.5x2— 16/(5 4+ 0.5x2) )

N

1/ 5+055 4 B
“+(x)_2< 4 5—|—0.5a:2> and - a(z) =

and

/A3 + 192, 0
o_(z) =

- %/\/14*1 + 1.9z \/% + 1.929 — 3/(44 + 30.4z2)

so that 2a(x) = oo*(x) with o(x) = 04 (v)lzep, + 0—(z)L,cp_. Besides we have

0 0
9a(w) = ( 0.25 >HI€D+ " ( 0.95 )HCCED'
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Note that when the scheme crosses the interface I', we compute the quantities m)* (th +.) and

F+ (thﬂ) in the following way (we will detail the procedure for 7" (thﬂ) and F7+ (thﬂ)).
Recall that we have

th+1 - Wg‘+ (th+1) = Ft (th+1)7+(7ﬁz+ (th+1)>'

But here v = (0,1)* so that for any x € T

and (m) (th+1))2 =0 so that (X, — 7" (th+1))2 = (th+1)2' This yields

. X,
F“/+(th+1) = ( 219451)2’

and then

N

Then we have everything in hand to perform our Tranformed Euler Scheme X.

Comparing with an Euler scheme applied on regularised coefficients. A natural method
with which to compare our tranformed scheme is to regularise first the coefficients and then to
perform a standard (i.e. not transformed) Euler scheme. More precisely consider the operator

C*(RER) 3 f = Lf =V - (aVof) = Tr [H[f]a®] + (0a°)* Vo f

where a® is some smoothed version of a (¢ is the regularisation step, see the following discussion
about its choice). Then £¢ is the generator of the solution of the SDE

(6.1) dXE = 0% (XF) dW, + [0af](XE) dt,

where 0°(0%)* = 2a°®. The process X° may be approached by a standard (i.e. not transformed)
Euler scheme Ya, with time step h,,.

Let h, be fixed. In fact ¢ will be chosen in function of h,. We are first inspired by the random
walk approach proposed in [46]. In this later paper Equation (3.11) indicated that ¢ has to be
proportional to the square root of the space discretisation step. Then, using a scaling argument we
choose ¢ = h,l/ 1

Then we set

as(m_) = a(w)l\xzbs + A5<x)1\x2\§5
where
A () = % ( B_07e+ao(2+12) L4242 ) ‘

VB2 -8 207+ am(L 4 1.2)

Note that the thus defined coefficient a® is continuous and piecewise differentiable. Then we have
0a® = 0a(x)13,)5e + 0A%(2)1),|<. Where

aAff(:c):< 6 )
7o + 0.6
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and 2a°(z) = 0¢[0°]*(x) with 0°(7) = 0(2)1 4,5 + X°(7)1}4,<. and

\/%1—0.75%—952(%4—1.2) 0
€ —
Fla) = Biara 2 f) (LBs2a(2— 15’

29 _ 1 _ c
\/%1*0.75+x2(8%+1.2) \/ 8 0-7et x2(8€ +12) T 0.Tetaa (g2 +1.2)
With these coefficients it is easy to perform a standard Euler Scheme on the SDE (6.1).

We will compare both methods on the two following examples. Benchmarks will be provided by
a deterministic approximation of the solutions of the PDE of interest.

Example 1. We wish here to treat the elliptic transmission problem
Lu(x) = 0 Vz € D

(a+Vaur(y) —a-Vu_(y),v(y)) = 0 vy el

(5'(1)‘,bounded D)
u(y+) = uly—) Vyel

u(z) = f(z) VredD.

We take the function f to be
f(x) = sin(3x1) + cos(4xs).

Consider then on one side our study of the convergence in the parabolic case, and on the other side
the Feynman-Kac representation for elliptic PDEs available in the smooth case (see for instance
Theorem 5.7.2 in [16]). One can hope that

E*[f(X7)] —— u(z),
hn—0
where X denotes our scheme and 7 = inf{t > 0: X; ¢ D}.

We thus compute a Monte Carlo approximation of E*[f(X=)] on one side (with N = 10° paths).
Note that in this Monte Carlo procedure we have used a boundary shifting method, on order to
reduce the bias introduced by the approximation of the exit time 7 = inf{t > 0: X; ¢ D} by 7
(see [14] Subsection 5.4.3, and the references therein).

On the other side E*[f(X=:)], with 7° = inf{t > 0: X, ¢ D}, provides another approximation
of u(x) (note that we use again a boundary shifting method).

Benchmarks are provided by the software FREEFEM with which we compute an approximation
of u(z) by a finite element method, using around 1.5 x 10° triangles and 7 x 10° vertices (finite
elements basis consists of polynomial functions of order 1).

Table 1 shows the results. It seems that our Transformed Euler scheme converges quicker to the
benchmark than the standard Euler scheme applied on regularized coefficients.

Example 2. We now turn to some parabolic example (but we keep the same matrix-valued coef-
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Point = Finite Element  Euler Scheme on regularized coefficients Transformed Euler Scheme

(7.10° vertices) (hn =107", n=4,5,6) (hn =107", n=2,4,5,6)
z = (0,0.5)* -0.1207 - -0.136356
-0.115913 -0.121001
-0.117946 -0.121299
-0.118792 -0.120821
z = (0.9,0.05)" 0.92527 - 0.824901
0.915937 0.924759
0.922813 0.925370
0.923853 0.925389
z = (-0.3,-0.5)" -0.745461 - -0.737754
-0.738184 -0.746226
-0.739099 -0.745676
-0.742611 -0.745829
TABLE 1

Approzimated values of the solution u(z) of (EL. poundea p) @t points x = (0,0.5)*, (0.9,0.05)*, (0.3, —0.5)"
computed with a finite element method (7.105 vertices), a standard Euler scheme applied on a regularisation of of a,
and our tranformed Fuler scheme (with N = 10° Monte Carlo sample, and different values of h ).

ficient a):
Ou(t,x) — Lu(t,z) = 0 V(t,x) € (0,T] x D
(a4 Voui(t,y) — a-Vyu-(t,y),v(y)) = 0 V(t,y) € (0, T] xT' (%)
(Pr,bounded D) u(t,y+) = u(t,y—) Y(t,y) €[0,T] xT
u(t,z) = 0 Y(t,z) € (0,T] x dD
w0,2) = wu(z) VaeRe

Here we will take T = 0.1 and
uo(z) = 10 % (1 — |z]?).

Note that the parabolic problem (Pt bounded p) is posed in a bounded domain, unlike in our theo-
retical study. But we have found that convenient for numerical purposes.

Note also that ug belongs to HE(D) and is therefore compatible with the uniform Dirichlet
boundary condition in (Pt pounded p)- But it does not belong to the domain D(A), as it does not
satisfy the transmission condition (x).

Nevertheless one can hope that

(here we use for example 4.4.5 in [14] and use again the notation 7 of Example 1).

Again we compute a Monte Carlo approximation of the expectations E*[ug(X;) 1¢<7] on one
side and of E*[ug(X};) 1y<7< | on the other side (with N = 10% paths and using again the boundary
shifting method).

We use FREEFEM to compute an approximation of wu(t,x) by a finite element method (dis-
cretization in space) and a Crank-Nicholson scheme (discretization in time), using around 9 x 10°
triangles and 4.5 x 10° vertices, and 300 time steps.
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Point « Finite Element /  Euler Scheme on regularised coefficients Transformed Euler Scheme
Crank-Nicholson (hn =10"",n=5,6,7) (hn =10"",n=4,5,6,7)
(4.5 x 10° vertices,
300 time steps)

z = (0,0.5)" 2.26288 - -
2.26766 2.28299
2.26332 2.27562
2.26233 2.26621

xz = (0.9,0.05)" 0.2564 - -
0.269654 0.263835
0.263029 0.258807

z = (-0.3,-0.5)" 4.24525 - -
4.23472 4.23862
4.23981 4.24483

z = (0,0.05)" 4.02857 - -

4.03452 4.0381
4.02488 4.03255
4.02483 4.02936
TABLE 2

Approzimated values of the solution u(T = 0.1, ) of (Pr,bounded D) at points

z = (0,0.5)",(0.9,0.05)", (0.3, —0.5)", (0,0.05)" computed with a finite element / Crank-Nicholson scheme method
(4.5 x 10° vertices, 300 times steps), a standard Euler scheme applied on a reqularisation o of a, and our
tranformed Euler scheme (with N = 10° Monte Carlo sample, and different values of hy).

Table 2 shows the results, for ¢ = T. Again it seems that our tranformed Euler scheme converges
quicker to the benchmark, even if for some reason it is less obvious at point = (0,0.5)*.

Remark on the not corrected scheme applied to discontinuous coefficients. Note that
if we suppress the correction at the interface step in our scheme we get wrong results (see Tables
3 and 4; it seems that this procedure converges to a wrong value).

This is because by doing so we simulate paths of

dXt = O'(Xt) th + [(‘3(1] (Xt) dt,
whose generator is

d d

d
Tr [H[f]a] + (30,)* va:f = Z Qij agzm] + Z (Z 8:01-011']') 8:r:j
i=1

3,j=1 J=1

and not V- (aV) (note that these two operators are the same in the case of a smooth coefficient a
- at least C; but for a discontinuous coefficient a this is not the case). In fact not correcting the
scheme does not allow to capture the divergence structure of the operator.
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Point = Finite Element  Not Transformed Euler Scheme Transformed Euler Scheme

(7.10° vertices) (hn, =107", n =5,6) (hn, =107", n = 2,4,5,6)
z =(0.9,0.05)" 0.92527 - 0.824901
_ 0.924759
0.815699 0.925370
0.816116 0.925389
TABLE 3

Approzimated values of the solution u(x) of (5%,b0unded p) at point x = (0.9,0.2)" computed with a finite element
method (7.10° vertices), a not-transformed Euler scheme directly applied on the discontinuous coefficients and our
tranformed Euler scheme (with N = 10° Monte Carlo sample, and different values of hy).

Point x Finite Element /  Not Transformed Euler Scheme Transformed Euler Scheme
Crank-Nicholson (hn =107", n=5,6,7) (hn =107", n=4,5,6,7)
(4.5 x 10° vertices,
300 time steps)

x = (0,0.5)" 2.26288 - -
2.10057 2.28299
2.08179 2.27562
2.08290 2.26621
TABLE 4

Approzimated values of the solution w(T = 0.1,z) of (Pr,bounded 0) at point x = (0,0.5)" computed with a finite
element / Crank-Nicholson scheme method (4.5 x 10° wvertices, 300 times steps), a not-transformed Euler scheme
directly applied on the discontinuous coefficients and our tranformed Euler scheme (with N = 108 Monte Carlo
sample, and different values of hr ).

APPENDIX A: APPENDIX
LEMMA A.l. LetT =R x {0} (d>1). We have

Yoe H:(T), Y1<j<d—1, DjveH 3(T) with ||Dllg-1q < Cllvllgem,
where C 1s a universal constant.

Proor. STEP1. We prove that for any v € H¥(R"), s € R, n € N*, we have Djv € H*"}(R"),
for any 1 < j <n, with [|Djv[|gs-1rny < C|0|| s (wn)-

We denote F : v +— v, v € S(R™).

Let ¢ € S(R™), 1 < j < n, we have F{(—i2mz;)p(x)}(§) = D;jp(§) (see [33] p72). From this and
(1.2) it is an exercise to check that we get

Yo € S'(R"), Dju(€) = F{Dju}(€) = (i2&;)0(€).

Then we get, for any v € H*(R"),

L1 1et)F Due) e < am [ (1 gy ePlo©Pde < an? [ (14 1P 00 P < oc.
R™ R™ R™

Step 1 is proved.

STEP2. It suffices to notice that |[v|[ /2y = |[v¢]| g1/2a-1y, With ve(2) = v(2',0), 2" € R,
that (Djv)¢ = Djvc, and to use Step 1 with s = £ and IDjvll 12y = (Djv)cllg-1/2(ma-1) (cf
[33] p98). 0
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Proor oF LEMMA 2.3. To show the result for instance on D, it suffices to notice that for any
v € C°(D4;R) we have

<(Div)+a§D>H*1(D+),H§(D+) = <DW790>H*1(R‘1),H3(R‘1) = —/Rd

vD;p = —/ vy Dip
Dy
= <Div+a‘P>H*1(D+),H5(D+)'
One may of course proceed in the same fashion on D_. O

In order to prove Lemma 2.4 we first need a lemma.

LEMMA A.2. Let u € L*(R?) with ux € HY(RY) and ¢ € CX(R%R). We have

(A1) - / usDjip = / (Dyus)p, V1<j<d-1,
R e

and

(A2) - / weDyp =+ / (s )y () do + / (Datis)
RY r RY

(we recall that here T = R~ x {0}).

PRrROOF. We establish the formulae on Dy = ]R‘j_, as the case R? can be treated in a similar
manner. Let (u,) a sequence in C2°(R%; R), s.t. ||u _“n|D+HH1(Ri) — 0, n — oo, where || HHl(Ri)

denotes the usual Sobolev norm. Let ¢ € Cgo(Rd; R). Let 1 < j < d— 1. Using integration by parts
with respect to the j-th variable for smooth functions vanishing at infinity in the e;-direction, we

have
- fyveie = Jim (= [, waDie) = i ( [

which proves (A.1). Further, we have

(Djue) = [, (D),

d
+

- fRi urDgp = limp 0 (* fRd—l xRy UnDdSO)
= hmn—>oo (_ fRdfl (limxd%m(ungo)(de)
—limg,50,0,50(Un) (-, 2q) ) d ... dwg_y + fRi (Ddun)@>

= lim, 00 (fr ¥(un)v(p) ds + fRi(Ddun%O)

= Jrwi)r(e) ds + Jpa (Daus e,

where we have used the continuity of the trace operator at the last line. Equation (A.2) is proved. [J
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PROOF OF LEMMA 2.4. We first treat the case D+ = R%. Let u € L?(R?) with ux € H'(RL).
We will prove that for any ¢ € C°(R% R) and any 1 < j < d, we have

(A.3) (Dju, ©) g1 (ray, i wa) = (Djtirs 9) 2wy + (Dju—s @) p2(ra ) + 5jd/F[u]F’Y(‘P) de

(0jq stands for the Kronecker symbol). This is sufficient to provide the result.
Let then ¢ € Cgo(Rd;R). Let 1 < j <d—1. We have

(Dju, 0) -1 (ray, Hi (RY) = —/ uDjp = —/ U+Dj<P—/ u_Djp.
R R¢ R

Using then ux € H'(R%) and the fact that ¢ vanishes at infinity in the ej-direction, we get, using
an integration by parts formula (see Lemma A.2),

(Dju, 0) -1 (Ra), q (RY) = / (Djut)p +/ (Dju—)ep.
RY R
Further, we have in the same manner
(Dat, 9) -1 (ray, 3 (ret) = —/ uDqp = —/ U+Dd90—/ u—Daep,
Rd RE R

but here integration by parts will provide different results, as ¢4 vanish at R x {£00} but not
at R4™1 x {0}. Indeed we have from Lemma A.2,

(A.4) —/Rd_lxR utDayp = /F’V(m)’y(@ d<+/Rd (Dau+)e

+

In the same manner we have
(A.5) - [ uDap = [+ [ (Do
R% r R%

Summing (A.4) and (A.5) we get (A.3). If T is bounded and smooth one may cover it by a finite
number of balls, use change of coordinates, cutoff functions and several times the result for D =
R4. We will then get the desired result. O

In order to prove Propositions 2.15 and 2.16 we need a set of technical results.
For 1 <1 < d we introduce the [-th partial difference quotient

u(z + hey) — u(x)
3 ;

We gather in the following lemma the results we will need about difference quotients.

Al’hu (3:) = h eR.

LEMMA A.3. Letu,v € L2(RY) and 1 <1 <d.
i) If Diu € L*(RY) then AL pul|p2ray < ||Dyul|p2ray for all h € R.
i) If there is a constant M such that |[Apul[p2may < M for all b sufficiently small, then Dyu
is in L*(R?), with || Dyu|| 2 (gay < M.
iii) For all h € R we have Ay p(uv) = Appuv(- + hep) + u A po.
iv) For all h € R we have fRd Ul pv = — f]Rd VA _pu.
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PRrOOF. Point iii) follows from elementary computations and Point iv) from a change of variable
in the integral fRd ulAg po.
For Points i) and ii) see the proof of Lemma 4.13 in [33]. O

The following lemma allows to weaken the assumptions on the coefficients in Proposition 2.6, un-
der the condition that the function under investigation is smooth. It allows to prove the forthcoming
Lemma A.5.

LEMMA A.4. Let Gy an open bounded subset of R with Go NT # 0. Let x € C°(Go;R). Let
some coefficients aj; satisfy (a4 )i; € HY(D3%) (where D3 = G5 N D<; note that x+ € H*(D31)).
Then, using Finstein’s convention for summation over repeated indezes,

[ @b == [ (D@D e = (val@)aDplaw) o o€ H'(D:)

and

[ @upi-bo == [ (D )Dix-yo+ (walla)sDpclaw), o e HYD-),

PROOF. We prove the result on D_2|r.7 w.l.g. For each 1 <4,j < d one may construct a sequence
((@%™)ij)n in CZ(R%R) such that H(a“’”)iju)gr — (au)ileiHHl(Di) — 0 as n — o0o. Then the

(a’™);;’s are obviously Lipschitz in D% and from Proposition 2.6 we have
| @piabw == [ (Dia)uDx) v = (mal@ D), L Ve HYD,)
+ +

We will now pass to the limit in the above equality when n — oo. We drop the subscript 4+ on
functions in order to lighten notations. To start with, as the D;x are bounded, it is obvious that the
(a®™);;Djx converge to (a“);;D;x in H'(D?%). So that it is immediate that Jp, (@y")iiDjx+Div
converges to fD+ (a%)ijDjx+Djv. Further, using the continuity of the trace operator v : H*(Dy) —
HY2(T) it is clear that y[(a®™);;D;x] converges to v[(a%);;D;x] in H'/?(T'). Therefore by Cauchy-
Schwarz, (viy[(a}y™)ijDjx+],7(v))p converges to (viy[(a't)ijDjx+],7(v))p. To treat the third and
last term it suffices to develop (D;((a"");;D;x) into

Di((a"")i;)Djx + (@“")izDi Djx.
Using again the boundedness of the D;x’s and D;D;x’s, this is easily seen to be converging in

Lz(D%_) to Di((au)ij)DijL(au)ijDiDjX = Di((au)iijx) (note that the (a“)iijX are in Hl (D_Qi_))
The proof is completed. ]

LEMMA A.5. Assume we are under the assumptions of Proposition 2.15. Let a cutoff function
X € CX(Gy;R), 0 < x <1, with x =1 on Gy (the derivatives of x are bounded by some constant
depending on dist(G1, dsupp(x))).

Then the assumption [Byu, € H%(Fz) implies that [B,(xu)|r € H%(Fg).

PROOF. We aim at proving that

d

(A6)  [Bo(xw)lr = x[Bou] . + Y {v[(Dix)+ (ap)giur] —v[(Dix)-(a)gu-]} in H*(T).
j=1
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As 0 < x <1 with bounded derivatives, the (a4 );;’s are of class CY(D2%;R), and we have [Byu]
H %(FQ) and ux € H'(D4), we will get the desired result. In fact (A.6) will follow simply from

r €

d
(A7) Bfu=xBfu+> ~v[(Djx)+(a+)gus] in H *(T)
j=1

(note that in (A.7) for example xB;} u is the element of H~'/2(I") defined by
(xBJu, ¢>H—1/2(r),H1/2(r) = (BJu, ’Y(X)¢>H—1/2(r),H1/2(r)

for any ¢ € HY/2(I)).

Thus we aim at proving (A.7) on Dy = RY (D_ is treated in the same manner). Let v €
C>°(R?; R) and consider its restriction v4 on D . From now on we drop the subscript + on functions
and conormal derivatives. Using Proposition 2.9 we have

(B ()7 () = =& (xwv) = [ As(xw)v
+
(note that we know that Ay (xu) € L?(Dy) thanks to (A.9), f € L?*(D,) and u € H'(R?)). But,
using Einstein’s convention for summation over repeated indexes, D;(xu) = (Djx)u + xDju and
xDiv = D;(xv) — (D;x)v, we get

(Bl,(xu),v(v))r = —&4(u, xv) —/ ajuD;xDiv —I—/ a;jDjuD;xv — Ay (xu)wv.
Dy Dy Dy
Using again Proposition 2.9 one gets
(Bu(xu),v(v)) =
(Bou,v(x)7y(v)) +/ (Ayu)xv — / a;juD;xD;v +/ aijDjuDix v — Ay (xu)v.
Dy Dy Dy Dy

Then using surjection and density arguments we will get (A.7) if we prove that
(A.8)

/ (A+u)Xv—/ aijuDjxDiv—i-/ a;;DjuDix v —
Dy

Dy D Dy

Ay (xu)v = (7[(Djx)ade] : v(v))r-

But using now v = (0,...,0,1)*, x € C=°(G2;R), a;ju € H'(D?), and Lemma A.4 one gets

—/ aijuDjxDiv—/D (Alx)v = (’Y[(DjX)ade]v’Y(U)>

D, r

where we have denoted A%y = Dj;(a;juD;x) € L*(Dy). We now claim that, as an element of
H=Y(Dy), the form HY(Dy) 3> ¢+ fD+ (A% x) ¢ coincides on Dy with

H' (Dy)3 ¢~ /D (A+U)X90+/D A+(XU)<P/D ai;DjuDix ¢,
+ +

+
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which will provide (A.8). Let then ¢ € C°(D4;R) (see Remark 2.8). We have
Ip,(Atx) ¢ = —[p, aijuD;ixDip
= — fD+ a;;Dj(xu)D;p + fD+ aijxDjuDjp
= = Jp, @ijDi(xu)Di¢ + [, aiDjuDi(xp) — [p, aijDju(Dix)e

= Jp, A+(xu) e — [p, (Aru)xe — [, aijDju(Dix)e,

where we have used successively uD;x = Dj(xu) — xDj(u) and xD;p = Di(x¢) — (Dix)p. The
proof is completed. O

PROOF OF PROPOSITION 2.15. We only treat the case D+ = R%. Indeed if this is not the case
one may use change of coordinates of class C"*2 to change the equation in a new one, on new
domains D:ZE,, with new coefficients of class C"*1(D¥;R), and '), = Di’ N D? a portion of the
hyperplan z4 = 0 (see Exercise 4.2 in [33]). And in that case the value of the functions outside

= D_{ UT U D? is of no importance, as in the sequel we will multiply everything by a cutoff
function with compact support in G%. For this proof, we will only consider Dy = RY.

The proof proceeds by induction on r € N.

STEP1. We establish the result for 7 = 0. Note that by convention H(D}) = L%(D%), j = 1,2.

We fix a cutoff function x € C°(Ga;R), 0 < x <1, with x = 1 on G (the derivatives of x are
bounded by some constant depending on dist(G1, dsupp(x))).

SUBSTEP a) We first prove that D;D;(xu) € L*(R?) for any 1 <1 <d—1,1<i < d. As
u € H'(Gs) and x € C®(G;R) and we have already D;(yxu) € L?(R?) for any 1 < i < d. Thus,
using Lemma A.3-ii), we are done if we find M s.t. [|A; (D; xu)||p2rey < M for all h sufficiently
small, and all 1 <1 <d—1,1<1:<d.

As up — Ayuy = fy on D2 we have for any ¢ in C°(D?;R)

(uy = Avug, X49) g-1(p2), 5 (p2) = (Frs X4 9) 12(D2)-
Thus, for any ¢ in C2°(D2;R) we have

((xw)y = Ap(xw) s 0 r-1(p2), 13 (02) = (fr )12 (D2)>

with
d

Fr =P+ + D (ap)iDixs Djuy + Di((at)ij(Djx+ )uy) € L (DY)
ij=1
(here we have used successively (2.6), with Di replacing D, and the facts that for any 1 <i,j < d,
Di(x+¢) = pDix+ + x+Dip, x+Djut = Dj(xu)+ — (Djx+)us and

/ (a1)ij(Djx+)ut Dip = —/ Di[(a4)ij(Djx+)u+t] ¢ ;
D? D3
note that (a4 )ij(Djx+)us is in HY(D?) as uy € H'(Dy), x4 is smooth and (ay); is of class
O\ (D% ).
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One may proceed in the same manner on D?. But as (xu)+ and fy have support in D we have
in fact that

(A.9) (xu)+ — As(xu)+ = f+ on Dx.
We set f = fy + f_. According to Lemma 2.10 we have
(A.10) (xw, v) p2ray + E(xu,v) = <f,U>L2(Rd) — ([By(xu)]r, ’y(v))r . Yve HYRY).

Let 1 <1 <d—1and h € R. We take v = —A; _,(A;x(xu)) in (A.10). Using successively Points
iv) and iii) in Lemma A.3, together with linearity arguments, we get

(1B (xw)r Y( A —n(Arn (xu))) p — Jga AL (Arn(xw))

= Jra |B0n ()2 4+ 32851 S Dun(ai Dj(xu)) Aup(Di(xu)
(A.11)
= Jaa AR O+ 25 o @i Di(ALa(xw) Di(Apn(xw))
+ Z?,j:l Jra(Arnaij) Di(xw) (- + hep) Ay (Di(xuw))

But thanks to (E) we have
1AL ()| gy + )\Z 1 D5 (Asp ()72 gay

/ |ALR(xu) W+ Z / aij D (A n(xu)) Di(Ayn(xu)),

3,j=1

which combined with (A.11) leads to

Ay < [ 171 1B
By 1|Alhaw| D00+ hep)] - [Asu(Dilxu))
+| (1B, e, 1 (A -n(Aiatx)) )

We first focus on the third RHS term. We have

F"

| (1B (xw)]r, Y(Ar—n (An(xw)) | < || By (xw)lr|| 1 (T') Y (AL —n(Arn(xu))] | - 1/2(1y)"
Indeed remember that by assumption [Byu]r cH %(Fg), which implies

H[BV(X“)]FHHW(FQ) = K < o0
thanks to Lemma A.5. Besides, one can see that

(AL (BLaO| | g-1/20) = AL =a YA OD] | r-1/2 0y < PV BiaOu))|| gr-1/2 0y

= kH’V(Al’h(X“))HHW < k|[Aun(xu HHl(Di < k|| A (x| (Rd)
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(here we have used for the first inequality, a version of Exercise 4.4 in [33], adapted to R% and
tangential derivatives; for the second inequality we have used Lemma A.1 in the Appendix). In the
sequel we set K = kK.

Note now that as a;; € C'(D2,;R) N CY(D2_;R), for all 1 <i,j < d we have that |A ya;;] < C
for some constant C' not depending on h. Using now Young’s inequality and Point i) of Lemma A.3
we get

1 - € Cd3§
AN gy < ol Bagaey + ST B + g IV A e
C’ d? n

HV(XU)HLZ‘ R%) +K22

1
%HAl,h(XU)H%p(Rd)
for any €,d,7 > 0, and thus
1, 209 € 9 Cd?
CHAI h(XU’)HHl(Rd < Q*EHJCHB(Rd) + iHAl,h(XU)HHl(Rd) 2% HV(XU)HH (R4)

C’d26

19 (0 Ol ey + K5 + 3118000 s ey
Adjusting now €, and n we get constants ¢/, C’ > 0, not depending on h s.t.
A gy < C Ty + 1V 00 o gy + )
and thus, considering M = C’(||f|]3, 2(ray T IV (xu)l]3. ®a) T K?)/c we have
V1 <i<d, [IDi(Aun(xw)llZaay = 1AL (Di(xu)) |72 gy < M.

As M does not depend on h we have indeed proved that D;D;(yu) € L*(R?) for any 1 <1 <d—1,
1 < i < d. Remembering that y = 1 on G this proves D;Dju € L?(Gy) for any 1 <1 < d — 1,
1< <d.

SUBSTEP b) We consider the restriction (yu)+ of (xu) to D4. We already have Dy(xu)+ €
L2(D.), as (xu) € HY(RY) (and using again Lemma 2.3). We will show that D3,(xu); € L*(D2).
One may prove in the same manner that D2,(xu)_ € L*(D2).

Using (xu)s+ — A4 (xu)y = f+ and (2.6) we have for any p € C°(D4;R)

/| @uDil0) D = /| (Fetane= [ @ubstons e

(i) #(dd) ” P+

From now on we drop the subscript + on functions, in order to lighten the notations. Reinterpreting
immediately the preceding equation we have for any ¢ € C2° (Di; R)

(A12) ~(DaloaaDalc0). QDo myony = [ F=Gae+ 3 [ DilayDytae.

Note that in the above expression we have used the fact that for any (i,j) # (d d), the weak
derivative D;(a;;Dj(xu)) is in L*(D%). Indeed remember that D;D;(xu) € L?*(D?) thanks to
SUBSTEP a) and that a;; is in C*(D21;R).
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We now use the fact that for any distribution v € H~'(D2) and any w € C'(D%;;R) the
distribution wv’ is simply defined by (wv',¢) = (v/,wy) for any ¢ € CX(D%;R) (and if o' €
L*(D?%) and w € C(D?4;R) the distribution wv’ is simply defined by (wv', ) = fD+ wv'p for any
¢ € CX(D%;R)). Thus if w € C(D2;R) and v’ € L2(D2) we have Dy(wv') = (Dgw)v’ +w Do’
and using this in (A.12) we get

— (aaaDiq(xu), P)E-1(D2), 14 (D2)

= /2 (f = (xw)e + / , (Daada)Da(xu) ¢ + > Di(ai;Dj(xu)) ¢,
Dy Dy (1) #(dsd)
that is to say we have finally for any ¢ € C°(D?;R)
(A.13)
2 1 r
~(D30w), @) 12 ymyo2) = [ ——{ (T~ () +(Dagaa) Dalxw)+ Y DilayD;(xu)) }o.
T /Dy dad (5,12 (dd)

Using now Remark 1.4 and the fact that agq € C'(D2,;R), one may conclude that indeed Dgq(xu)
is in L?(D3) (note that we have already stressed that for any (i,j) # (d,d), the weak derivative
D;(a;;Dj(xu)) is in L?(D?2)). This implies Dgqus € L*(D%) (we use the subscript again). Taking
in account SUBSTEP a) we have indeed proved that uy € H?(D1).

STEP2. Take r € N*. Assuming the result is true at » — 1 we prove its validity at rank 7.

Let fy € L?(D+) with fy in H"(D2) and assume that [Byu]r € H%+T(F2) and the the co-
efficients (a+)i; belong to C"*1(D2;R). Thus, in particular, fi are in H"~!1(D}) and [Byu, €
HT_%(FQ). Thus, by induction hypothesis, we have uy € H’”“(Di), writing Dl = Gy N Dy for
any open connected subset G1» with G; € G € Gy C Go.

SUBSTEP a) Let 1 < iy < d— 1. To lighten notation we denote D := D;,. We wish to show
that Duy € H'*"(DL). Note that Dux = (Du)+ and that we already know by STEP1-a) that
D;Du is in L*(Gy/) for any 1 < i < d, so that Du is in H*(Gy/). So the idea is now to use the
induction hypothesis on Du.

Remember that uy — Ayuy = f on Di. Let ¢ € CSO(D};; R), note that Dy € CSO(D}FI; R), and
use Dy as a test function in (2.6). This writes (again we drop the subscript + on functions)

/Dl/ uDy + Z/ a;jDjuD;(Dy) = / Dy,

2,7=1
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which we immediately rewrite in

- Dfe = /Dl/Duc;H—Z/ a;jDjuD(D;p)

1/
D+ 4,j=1

= /Dl,DW Z (i Dju) ; D) y—s(pyy ma(py)

5,5=1
= — 1lDucp Z/ a;jD(Dju)D;p — Z/ D(ai;)DjuD;p
Dy 7,0=1 i,7=1

= /UDugo Z/ a;jD;(Du) ngJrZ D(aij)Dju)e.
D

3,j=1 3,j=1

Here we have first used the facts that u, f € Hl(D}FI) and ¢ € CSO(D}F;]R). Second we have used
DDju € L*(DY) and a;; € CY(D%;R), 1 < i,j < d, so that one can easily check that the
distribution D(a;;Dju) is equal to a;;Dj(Du) + D(a;;)Dju € L*(DY). Third we have used the fact
that D;(D(a;j)Dju) € L*(DY), thanks to the smoothness of (a);; and u..

As ¢ was arbitrarily chosen in CZ° (D_lkl; R) we have in fact proved that

Vo € CEO(D}FI;R), /Dl’ Duyp + & (Du,p) = /D1 (Df + Z D;( azj)Dju)> ®.
+

4,j=1

This means that (we use the subscript + again)
(Du)y — Ay(Du)y = fy on DY
with

fr =Dfr+ Y Di(D((at)i)Djuy).
ij=1
Notice now that thanks to fy € H"(D2), uy € H™ (DY) and the smoothness of a we can claim
that fi e HT_l(D}r/). Proceeding in the same way on the domain D_ we prove that

(Du)- — A_(Du)_ = f- on DY
with f_ € H™~'(D_). In order to use the induction hypothesis it remains now to check that
(A.14) [B,(Du)]. € H™~(T'y)

(here we have denoted I';y = I' N Gy/). Using the technical Lemma A.6 (it is stated just after this
proof; note that u+ € H2(DY), as ux+ € H' (DY) with r > 0) we get,

[B,(Du)]. = Bj(Du) =B, (Du) € H™/2(T'y/)
= DBj(u) - Y0, 7[D((ay)g) Djus] — DBy (u) + 35—, v[D((a-)g) Dju-]

= D[Byu]. - >, V[D((M)céjgl)jw — D((a-)aj) Dju_].



Remember now that by assumption [Byu]r € H%+T(F2), and, again, that ux € H"1(DY), so that
Djus € H T(D}E’ ) for any 1 < j < d. Using in addition the smoothness of a4 it is clear that we
have (A.14).

Using now the induction hypothesis we conclude that (Du)s are in H™*(D1). Thus we have

proved that
Vi<i<d-1, Dmu; € H' (DY) and Dju- € H'*"(DL).

SUBSTEP b) To conclude that uy are in H?*7(DL) it remains to prove that Djuy are in
H'"(DL). Let us consider Dgu,. As we have already, thanks to SUBSTEP a), that D;Dgu; =
DyDjuy is in H™(D}) for any 1 < i < d — 1, it remains to show that D3,uy is in H"(D.). But
Equation (A.13) shows that

1

Dijjuy = ———
datts (at)dd

{(f+ —uy) + (Da(ay)aq)Dauy + Di((a-l—)iiju-i-)} on Dj.
(4,5)#(d,d)

But, using f4,us € H7 (DY) and SUBSTEP a), the RHS term is easily seen to be in H"(D!).
One can proceed in the same way on D!, and thus the proof by induction is completed. ]

LEMMA A.6. In the context of the proof of Proposition 2.15, STEP2-a), let u € L*(R?) with
uy € H*(DY). Let 1 <ig < d—1. Then

d
Bl:/t(Dlou) = ‘DZOBZ:/E(U) - ZV[Dio((ai)dj)Djui] in Hil/Z(F/I)'
j=1

PrROOF. Let 1 < 49 < d — 1. We denote D = D;, and prove the result on D, = Ri. Let
v € C°(Gy;R) and consider its restriction vy on DY. From now on we drop the subscript +
on functions and conormal derivatives and use Einstein’s convention for summation over repeated
indexes, when possible.

Note that since u € H2(D}r/) and the a;;’s are in C?(D?;R), we have, using Proposition 2.6,

(Byu,y(Dv))p = —E4+(u, Dv) — / Ayu Dv.
Dy

Now observe that v € H?(D,) so that v(Dv) = Dv(v). Note also that
(DB, (u),y(v))p = = (By(u), Dy(v))p,

since y(v) € CX(T"};R). So that

(A.15) — (DByu,y(v))p = =&+ (u, Dv) — /D Ayu Do,

Let us consider the term &, (u, Dv) in (A). Let us define Aiz = aj¢dk i, Where dy;, is the Kronecker
symbol. We have,

£, (u, Dv) = /

CLjZ‘DZ"LL Dj (Diov) = / ajiDiu Dio (Djv) = / AigDEUDk (Djv) .
Dy

D, Dy
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Applying the first Green identity of Proposition of 2.6 with the j dependent matrix (Az;e)lgk’ggd
instead of (ai;)1<i j<d, we see that for any fixed j € {1,...,d}

d
3 / Al,DyuDy, (Djv) = < Y D <AieDgu>,Djv> —(Z’Y(AZMDgu>,’y(DjU)> .
1<k,0<d 1<k, 0<d 12(Dy) M=l r

But, we see that from the definition of Aié, the surface integral (Z?:l y (Aéngu) ,'y(Djv))F is

null.

Further,
— < Z Dk <AiZDgu> ,Dj’l}>
(A.16) tshtsd L2(Dy)
- > / Dk M DyuDjv — / AJ,Dy (Dyu) Djv
1<k 4<d 1<k, £<d

And from the definition of Aié,

d
—< Y Dy (A;ZDW) ,Djv> - —Z/ D (aj¢) Dou D; U—Z/ ajeD¢ (Du) Djv
1<k,0<d L2(Dy) =17 D+
Finally, summing over 1 < j < d, we get
&y (u, Dv) = =& (Du,v) — D(aj¢)DeuDjv.

Dy

Using this and Proposition 2.9 (note that Du is in H? (Di)) in (A) we get

(By(Du),y(v))p = (DBy(u),y(v))pr — i AyDuv — i A+uDv+/D D(aj)DyuDjv.

So that, similarly to the proof of Lemma A.5, we will be done if we prove that

(A.17) - AyDuv — AiuDv+ D(aj¢) DyuDjv = —(v[D(ag) Dju] , v(v))p-

Dy Dy Dy
But, using v = (0,...,0,1)" and again Proposition 2.6 (this time with the matrix D(a;;)1<; j<d
instead of (ai;)1<i j<d), We see that

. D(ajg)Dgu Dj?) + . Dj(D(QjZ)DEU) V== ('7 (D(adj)Dju) 7’7(”)){‘

(note that D;(D(aje)Deu) € L?(DY), thanks to the smoothness of the aj,’s and of u). So that we will
get (A.17) if we see that, as an element of ﬁ_l(Di/), the form Hl(D}r/) > ¢ = [pv Dj(D(aj¢)Deu) ¢
+

coincides on DY with H'(DY) 3 ¢+ — Jpv Ay (Du) ¢ — [y AyuDe. Let then ¢ € C®(DY;R).
¥ +
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We have

— , A.,.u D(p = / , angguDngo = / , angguDngo = —/ , D(anggu)ngo
D_1~_ D! D! Di_

+ +

:—/ D(ajg)Dgungo—/ ajrD(Dyu)Djp
DY DY

+ +
J,

D(aj)DoyuDjp — / y ajeDe(Du)Djp
D

¥ ¥
= , Dj (D(ajg)Dgu) ©+ / , A+(D'LL) ©,
DY DY

where we have used the fact that D(ajeDyu) = D(ajs)Deu + ajeD(Dyu) in L2(DY). The proof is
complete. n

PROOF OF PROPOSITION 2.16. We prove the result for » = 0. Again we fix a cutoff function
X € C®(D_;R),0< x <1, with xy=1o0n D" and supp(x) C D_. Note that again the derivatives
of x are bounded by some constant depending on dist(D’_, dsupp(x)), thus on d’.

Proceeding as at the beginning of STEP 1 - SUBSTEP a) of the proof of Proposition 2.15 one
may show that yu_ — A_(yu_) = f_ on D_ with

d
fo=(xf)-+ D (a)iDixDju_ + Di((a-)i(Djx)u-) € L*(D-).

ij=1
Thus using (2.6) one gets
<XU77U>L2(D,) +E-(xu—,v) = <JF—,U>L2(D,), Vo € Hol(Df)'

In the computations below we drop for a moment the subscript — on the functions. For any
1 <1 < d, one may now take v = —A; _;(A;n(xu)) in the above equation, with & sufficiently small,
namely |h| < dist(supp(x),I"). Thus in the same manner than for (A.11) one gets

— [ FALn(Aa(xw) = [p 1A+ 3820 [ aigDi(An(xu) Di(Ay(xw))

+ 320 [ (Dupaig) Di(xu) (- + her) An(Di(xuw)).

(Note that this time there is no boundary term). So that combining again (E), Young’s inequality
and the fact that [A; pa;;| < C (for some constant C' depending on maxi<; j xk<d SUPgep_ |0, aij ()]
but not on h) we get

1, - €
el At By < IR + 518G .

Cd*s
2

o2 )
+75‘|V(Xu)||L2(D_) +

IV (Arn ()2

for any £, > 0 (the constant ¢ depends on \). Adjusting now e and ¢ we get constants ¢/, C’ > 0,
depending d, A, C, but not on on h s.t.

A oy < C(1F1Ba i + 190 Ba )
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and thus, considering M = C’(|]f\|%2(D_) + HV(XU)H%Q(D_))/C’ we have

vi<i<d, [[DiAnOxa)lFzp ) = 1Aun(Dilxu)lfzp ) < M.

Obviously |]f,||%2(D7) < C”(Hu,||ip([)7) + ||f,\|%2(D7)) with C” depending on d’_.
Thus (Lemma A.3-ii) again) we have proved that D;D;(xu) € L*(D_) for any 1 < | < d,
1 <¢ < d with

HDlDz‘(XU—)HQLZ(D_) < C—(H“—H%{l([)_) + Hf”%m:)_)),

with a constant C_ depending on the announced quantities. Remembering that x = 1 on D’ this
shows the result for u_ and r = 0. An induction argument in the spirit of STEP 2 of the proof of
Proposition 2.15 takes care of r > 0. O
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