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Abstract

In this paper we consider multi-dimensional partial differential equations of parabolic type in-
volving divergence form operators that possess a discontinuous coefficient matrix along some smooth
interface. The solution of the equation is assumed to present a compatibility transmission condition
of its conormal derivatives at this interface (multi-dimensional diffraction problem). We prove an ex-
istence and uniqueness result for the solution and construct a low complexity numerical Monte Carlo
stochastic Euler scheme to approximate the solution of the parabolic partial differential equation
in divergence form. In particular, we give new estimates for the partial derivatives of the solution.
Using these estimates, we prove a convergence rate for our stochastic numerical method when the
initial condition belongs to an iterated domain of the divergence form operator. Our method presents
the same convergence rate as the stochastic numerical schemes elaborated for the same problem in
the one-dimensional context. Finally, we compare our results to classical deterministic numerical
approximations and illustrate the accuracy of our method.

Introduction

Statement of the problem

Given a finite time horizon T', a real valued function = — f(x), and an elliptic symmetric matrix
r > a(x) € R x R? which is smooth outside except at the interface surfaces I' between subdomains of
RY, we consider the parabolic transmission problem (or diffraction) problem : find u from [0, T] x R? to
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R satisfying
Owu(t,z) — V. (a(x)Veu(t,z)) =0, VY(t,z) € (0,T] x (R4\T)

u(0,7) = f(z), Vo € R? (0.1)

Compatibility transmission conditions along the interfaces surfaces.

The objective of this paper is to provide an efficient stochastic numerical resolution method for the
solution of (0.1).

Parabolic PDEs in divergence form and their probabilistic representations

Parabolic equations involving £ = V. (a(z)V,) have been a major preoccupation for mathematicians in
the fifties and the sixties. We may cite the pioneering works of J.Nash [34, 33], E. De Giorgi [5], and J.
Moser [30, 31, 32] that prove the continuity of the solution of the Cauchy problem attached to £ and
also the celebrated paper by D.G. Aronson [1], which gives upper and lower Gaussian estimate bounds
for the fundamental solution of the operator L.

In the particular case where the matrix a is assumed to be discontinuous along the regular boundaries
of some nice disjoint connected open sets in R?, a refined analysis of the parabolic equation may be
found in the monograph [16], where the parabolic equation is interpreted as a diffraction problem with
transmission conditions along the discontinuity boundaries (for a more modern perspective of parabolic
transmission problems see also [25]).

Up to our knowledge, the first construction of a Markovian semi-group associated to £ = V.(aV) (in
the general case where a is only supposed to be measurable) may be found in the seminal paper of D.
Stroock [37]. To understand our difficulty, the conclusion of [37] is :

It should be obvious that the results obtained in this section can be used to construct a diffusion process
on ) corresponding to anyone of the semigroups discussed herein. In addition, the convergence results
for the semigroups give rise to weak convergence of the corresponding measures on €.

It remains an open and challenging problem to provide a better probabilistic interpretation of these
essentially analytic facts.

Since then, there have been many works that try to provide this 'better probabilistic interpretation’
in a multidimensional framework.

The construction of the associated Dirichlet process X

In the general case where the symmetric matrix a is only supposed to be elliptic and measurable, the
theory of Dirichlet forms as exposed in the monograph by Fukushima [10, 11] gives surely the best
possible answer to this question under this general hypothesis. The symmetric operator £ is naturally
attached to its corresponding symmetric Dirichlet form, giving rise to a stochastic Dirichlet process X
that is described as the addition of a continuous martingale and a continuous additive functional of
zero energy. The theory ensures the validity of a Feynman-Kac type formula linking the solution of the
Cauchy problem and X.

Going further in the analysis, A. Roskosz [35, 36] proves that X satisfies a Lyons-Zheng decomposition,
namely X may be written as the solution of a complex stochastic equation that is the addition of
three processes : a martingale, an increment of a reversed time martingale (whose quadratic variations
depend on the unknown process X ), and an additive functional involving the logarithm derivative of the
fundamental solution of the parabolic operator evaluated at X.

This description permits to retrieve some kind of Itd formula for ¢(Xr) where ¢ belongs to some
‘good’ Sobolev space.

From a numerical perspective, it seems clear that the Lyons-Zheng decomposition provides a descrip-
tion of X that is so strongly nonlinear (time reversion and logarithm derivative of the density of the
unknown process), that is seems quite impossible to propose a stochastic numerical scheme for X at this
stage.

However one may hope to describe in more detail the behavior of the trajectories of X when the
coefficient matrix a — instead of being assumed to be only elliptic measurable — is now assumed to be
very smooth outside discontinuities that take place along nice and smooth surfaces I'.



In this perspective, many papers go deeper and manage to apply the stochastic calculus tools de-
veloped by the theory of Dirichlet forms to give a more precise answer to the description of X (see for
example [38], [18], [39] and also the results included in the exercises of the monograph [11]). It is possible
to write the process X as the solution of some stochastic differential equation that is the addition of the
expected martingale term driven by some Brownian motion and the expected additive drift term (both
terms involving the unknown process X ), and an additive functional A" that captures the behavior of
the process at the discontinuity boundaries I'. The additive functional is rigorously constructed through
its Revuz correspondence with some transformation of the natural surface measure of I' involving the
discontinuity jumps of a along T'.

Numerical Monte-Carlo methods in the one-dimensional case

When the underlying space is one dimensional and the discontinuity is at zero (I then reduces to the
a(0+)—a(0-)

WL?(X ) and gives rise to the following

single point 0), the theory allows to identify A" with
stochastic differential equation for the process X

/ — —
dX; = o(X,)dB; + %(Xt)dt + Z(Oﬂ a(0-)

mdL?(X). (0.2)

Here (By)¢>0 stands for some standard one dimensional Brownian motion constructed on the probability
space (€2, F,P?) and we have 0 = 2a. The process (L?(X))¢>0 denotes the symmetric local time of the
unknown process.

Under somewhat weaker conditions than those stated above, one can show that (0.2) has a unique
strong solution (X;)¢>o, satisfying Xo = xo P*° — a.s., which is moreover a strong Markov process : see
Le Gall [17].

In this one dimensional context, the link between solutions of (0.2) and the solutions of parabolic
PDEs with transmission conditions involving the operator £ has been thoroughly studied. One may
refer to the overview [19], and the series of works [26, 27, 28], [20], and [6, 7] where stochastic numerical
schemes are presented. Note that in most of these works the line-space is discretized and the scheme is
in fact some rescaled random walk evolving on a space-time grid. The exception s the method proposed
in [27], which is an Euler type scheme that does not require any discretization of the underlying one
dimensional state space.

Though somewhat different, all these one dimensional numerical schemes are constructed using this
explicit representation of AT as a local time. In particular, all the tools related to the theory of one
dimensional local times for semi martingales (It6 -Tanaka formula, occupation time formula) are used
in force to construct these numerical schemes and prove that there is indeed convergence in some sense
towards the solution of (0.2).

Contribution of this paper

However, when turning to the objective of constructing a stochastic numerical scheme for X in a multi-
dimensional context (when d > 2), the description of AT via its Revuz correspondence measure does not
provide a direct natural way for the discretization of X (see however the Phd Thesis of L. Lenotre [21]
and the walk on spheres algorithm in [2] in the special case of a diagonal coefficient matrix a constant
outside the discontinuity boundary I'). We also mention the work of [24], which attempts to interpret
stochastically the deterministic Galerkin method using jump Markov Chains.

In this article, we propose to tackle the problem of the construction of a quite simple numerical
scheme of Euler type for X from another perspective. Our starting point is the solution of the parabolic
equation involving £. Inspired by the proof of the convergence of the Euler scheme constructed in the
one dimensional case in [28], we build a multidimensional Euler scheme that is purposely designed to
capture the multidimensional transmission conditions of the parabolic PDE associated to L.

The novelty of this approach is that we construct our scheme without being concerned at first sight
by the description of the limiting process X. All our concern is to guarantee that the error between the
expectation of our process — visualized through some very smooth arbitrary test function (belonging to
the iterated domains of the operator £) — and the corresponding solution of the parabolic equation (with
the test function as initial condition) converges to zero.



The resulting numerical scheme may be viewed as an extension of the symmetrized Euler scheme
of [3] for reflected diffusion with smooth coefficients to partially reflected diffusions with discontinuous
coefficients, when no Skorokhod representation of the local time at the boundary I" is available.

When turning to the proof of the convergence, we face the difficulty of getting global precise estimation
bounds for the solution of the parabolic equation and its partial derivatives (up to order four in the space
variable) outside the discontinuity boundary I' for all strictly positive times (not just times after some
e > 0) and all the way up to the boundary (not only interior estimates). Unfortunately, the analysis
performed in [16], which is somewhat difficult to read and to understand in full detail, does not provide
the refined estimations we need for our purpose (see also the recent work for the estimation of the gradient
in [8] extending [22] to the parabolic case, but still for times after some € > 0 and estimates depending
on ¢).

Instead of trying to adapt and extend the results in [16], we preferred to look at the results stated in
McLean [29], which are obtained for the solutions of elliptic divergence transmission problems involving L.
In this paper, we extend the results of [29] to the parabolic case by performing the classical Hille-Yosida
theorem and we perform the analysis in order to get global estimates. The price to pay is to strengthen
strongly our assumptions on the regularity of a outside its discontinuity boundary and to assume that
the initial condition function (the test function) belongs to some order of the iterated domain of the
operator L. As expected, the orders of smoothness and iteration that we require increase strongly with
the dimension d.

Then, using the classical Sobolev injections, we obtain all the estimates on the solution we need to
prove the convergence of our stochastic numerical scheme.

Note that the analysis of the weak error, visualized through restricted test functions belonging to
some large enough iteration of the domain of the underlying operator, seems quite natural. This is
what is done for example in [3] for the symmetrized Euler scheme corresponding to reflected diffusions,
where the spatial derivatives of the test functions are assumed to verify some compatibility conditions
at the reflection boundary ; (whereas in [3] the compatibility conditions are fixed once and for all, the
compatibility conditions we require depend crucially on the dimension d).

Finally, we prove that the weak error of our scheme is of order the square root of the time discretization
step (improving slightly the results of [28] in the one dimensional case).

Organization of the paper

The paper is organized as follows.

After a first section where we present the notations of the paper and our main assumptions, we devote
the longest section of this paper to the study of the parabolic transmission problem. Using classical stools
of deterministic partial differential equation, we prove bounds on the solution and its partial derivatives
when the initial condition is very smooth (i.e. belongs to iterated domains of the operator; see the result
of Corollary 2.21). Up to our knowledge such results cannot be found in the existing literature on the
subject. Since this section is quite long, the proofs of some technical lemmas needed to derive our results
are transfered to an appendix section at the end of the paper. These proofs are technical and we believe
they may be omitted at the first reading of the paper.

In the subsequent section, we introduce our transformed Euler type stochastic numerical scheme,
which captures the transmission condition at the boundary interface I' (see the explanation figure 2).
Using in force the results obtained in the former section, we manage to prove a weak convergence result
towards the solution of the parabolic transmission problem. We show that the convergence is of order
the square root of the time discretization step. The precise result is stated in Theorem 4.1.

Finally, we conclude by presenting in a dedicated section some numerical studies where we compare
results given by our procedure to numerical deterministic schemes.

1 General notations and assumptions

For two points z,y € R? we denote by (x,y) their scalar product (z,y) = 2*y = 2?21 TiY;.

For a point = € R? we denote by |z| its euclidean norm i.e. |z|?> = Zle z? = (x,z).

We denote by (eq, ..., eq) the usual orthonormal basis of R,



For two metric spaces E, F' we will denote by C(FE; F') the set of continuous functions from E to F
and, for 1 < p < oo, by CP(E; F) the set of functions in C(FE; F') that are p times differentiable with
continuous derivatives.

We will denote by C?(FE; F') the set of functions in C?(E; F') that have a compact support.

We will denote by C} (E; F') the set of functions in C?(E; F)) that are continuous with bounded p first
derivatives (Cy(E; F') denotes the set of functions in C'(E; F') that are bounded).

If FF =R, we will sometimes simply write for instance C'(F) for C(E;R), for the sake of conciseness.

For any multi-index o = (i1,...,iq) € N and o = (21,...,74) € R% we note 2 the product
2. a2 and |af =iy + -+ +1ig. So that for u € Cl*/(RY) we will denote 62,;‘&“, or in short 0%u, the

partial derivative 9"}, ... 0" u.
Ty Tq

Let U C R? an open subset. We will denote by L?(U) the set of square integrable functions from U
to R equipped with the usual norm and scalar product || - |[z2(y and (-, ) L2(1y.
We denote H'(U) the usual Sobolev space W12(U), equipped with the norm

d 1/2
v (IRl3awy + 1Dl By = llellar o (1)
=1

where D;v denotes the derivative in the distribution sense with respect to z; of v € L?(U). Note that
for the sake of conciseness we will sometimes note Vo = (Djv, ..., Dqv)* and thus

d
IV0l[32y = D IIDivllZaw)
i=1

for a function v € H(U).

We recall that the space H}(U) C H*(U) can be defined as H}(U) = C*(U;R) = CL(U;R).

We denote H~1(U) the usual dual topological space of Hg(U).

For m > 2, we denote H™(U) the usual Sobolev space W™2(U) C L?(U) of functions having m
successive weak derivatives in L?(U) (and for a multi-index o with |a| < m and u € H™(U) we denote
D%u such a weak derivative).

We will have to consider fractional Sobolev spaces - in fact H*(T'), s € {—3, 3}, where I in some
boundary of dimension d — 1 between domains included in R?. We recall here the definition of H*(R™),
s € R, based on Fourier transform. We denote S(R™) the Schwartz space of rapidly decreasing C*°(R"™)
functions, and S’(R™) the space of temperate distributions (see [29] p72 for details). For u € S(R™) we
define @(¢) = [y, e~ 2™ Pu(z)dz, £ € R™. Then for u € S'(R"), @ is defined by extension, using

(U, )s1,5 = (u,P)s'.s, Yo e SR™). (1.2)

We thus have
H R ={ueS®RY) : (1+[¢2)72a(e) e R }.

This space is equipped with the norm

v [ IR = ol oy

In the case s = 1 the thus defined Sobolev space corresponds in fact exactly to our previous definition
of HY(R™).

The notion of a Lipschitz domain U C R? (resp. of class C*) with bounded boundary I' = 9U is
defined with the help of a system of local Lipschitz change of coordinates (resp. of class C¥; see [29]
Chap.3 pp89-90).

This allows to define the space H*(T") from H*(R9~1), 0 < s < 1, in the case U is Lipschitz with
bounded boundary T' (see again [29] Chap. 3, pp98-99).

In the case where U is Lipschitz with bounded boundary, we denote H~'/2(I') and H~(U) the dual
spaces of respectively H'/?(I') and H'(U) (in coherence with respectively p98-99 and Theorem 3.30 p92
in [29]).



Consider RY = D, UD_ with D and D_ two open connected subdomains separated by a transmission
boundary I" that is to say - -
'=D.nD_.

By an assumption of type "I" is bounded and Lipschitz (or of class C*¥)” we will mean that both D
and D_ are Lipschitz (or C¥) domains, and that T' is bounded. Note that in that case we shall consider
D, (resp. D_) as the interior (resp. exterior) domain. Note that D_ is then unbounded (although its
boundary is bounded).

‘We shall encounter however the situation where D4 and I' are unbounded but we will restrict ourselves
to the case where Dy = RY = {z = (2/,24) € R xR, 24 > 0}, D_ = R = {z = (2/,2q) €
RI-I xR, 74 < 0} and T' = R4~1 x {0}. This will be convenient to lead some of our proofs. In fact when
we assert a result mentioning the curve I' without further precision this will mean that either Dy = R4,
either T" is bounded and Lipschitz (for example in the Green identities of Subsubsection 2.1.2; see also
Remark 2.11).

We introduce the following assumption.

Assumption 1.1. (D) : The transmission boundary I' is bounded and of class C®.

We denote v : H'(D+) — H'Y?(T") the usual trace operator on T' (T is supposed to be bounded and
Lipschitz).

We denote
D=D,UD_=R*\T cR%

For u € C(R%;R) we denote for a point y € I’

+) = li .
u(y=+) m u(z)
For u € C(R4;R) N C'(D;R) we denote V,u = (6‘9—;‘1, e ;—;‘d)* and, for a point y € I'
Veur(y) = lim  Vyu(z), (1.3)
z—y,z€D4

if this limit exists.
For a vector field G € C(R?%; R?)NCY(D;RY) we denote by V-G its divergence i.e. V-G = Z?Zl aai
For G € C?*(D;R) and = € D we denote H[G](x) the Hessian matrix of G at point .

Let a(x) be a symmetric matrix valued and time homogeneous diffusion coefficient. In the whole paper
the coefficients a;; are always assumed to be measurable, and bounded by some constant 0 < A < oco.

If a;; € CY(D;R) for all 1 < 4,5 < d and u € C(R%R) N C?(D;R) we denote
Lu(x) =V - (a(zx)Vzu(x)), Va e D. (1.4)

In the following we will often make the below defined ellipticity assumption.
Assumption 1.2. (E) : There exists A > 0 such that
VreRY, Ve eRY,  NEP < fa(x)E. (1.5)

Remark 1.3. Under the ellipticity assumption (E) each diagonal term a;; of the matriz-valued coefficient
a: R — R4 has a uniformly bounded inverse (see Lemma 4.17 in [29]).

In the sequel we will frequently note a4+ the restrictions of a to D.

Note that under (E) we can assert that for any » € R? we have
ax(x) = Pi(2)Ds(2)Ps(a) (L6)

with Py (z) some orthogonal matrices and D4 (z) some diagonal matrices with strictly positive eigenval-
ues.



For a point z € T' we denote by v(z) € R? the unit normal to I' at point , pointing to D,. We define
then the co-normal vector fields « — vy (2) := aq (z)v(z) and  — v_(x) := —a_(x)v(z), for z € T, and
introduce the following assumption.

Assumption 1.4. (T') : The co-normal vector fields v, (x) and y_(z) are of class C*.

Note that under (E) it is clear that we have
Veel, (yr(z),v(z)) >A>0 and (y_(x),v(r)) <-A<0. (1.7)

Note that the notation « for the trace operator follows the usual one ([29] for instance) and the
notation v for the co-normal vectors follows the one of the paper [3]. But it will be dealt with the trace
operator only in Section 2 and in the Appendix, and with co-normal vectors only in Sections 3 and 4.
So that these notations will cause no confusion.

To finish with we define the unbounded operator A : D(A) C L*(R%) — L%(R?) by

d
D(A) = {u € H'(R?) with > Di(ai;;D;u) € L*(R)}
i,5=1
and
d
Yu € D(A), Au = Z Dz(a”D]u)
i,5=1

Then we introduce the iterated domains defined recursively by

D(AY) = {v e D(A* ). Ave DAY, k>2.

2 The parabolic transmission problem

Let 0 < T < oo a finite time horizon. Let us consider the transmission parabolic problem

ou(t,x) — Lu(t,z) = 0 Y(t,z) € (0,T] x D
(a4 Vyus(t,y) —a_Vyu_(t,y),v(y)) = 0 V(t,y) € (0,T] x T (%)
(Pr)
u(t,y+) = wu(t,y—) ¥Y(t,y)€[0,T]xT
u(0,2) = wo(x) Vr € RY.

We will say that (t,z) — wu(t, ) is classical solution to (Pr) if it satisfies
ue C([0,T);C*(Dy) N C*(D-)) nC*([0,T]; C(D4) N C(D-)) N C([0,T]; C(RY)

and satisfies the following requisites. First, u satisfies the first line of (Pr), where the derivatives are
understood in the classical sense. Second, for all 0 < t < T the function  — wu(t,z) is such that the
limits lim,—, .ep, Vyu(t, z) exist for all y € I' and satisfy the transmission condition (%). Third, u is
continuous accross I' (third line). Fourth, it satisfies the initial condition at the fourth line of (Pr).
The aim of this section is to prove the following result.

Theorem 2.1. Let a = (a;j)1<i j<a satisfy (E).

e Denote 4
L1 +2 ifdis even;
ko = 4 ’ 2.1
0 {L3+Ld—g2u+2 if d is odd. @1)
Assume that the coefficients a;; satisfy (a+)i; € Cgk"_?’(Di) and T is bounded and of class C**0=2,
Then for ug € D(A*0) the parabolic transmission problem (Pr) admits a classical solution.



e Furthermore, if ug € D(AF) for k > ko, the coefficients a;j satisfy (ay)ij € Cgk_l(Di) and T is
bounded of class C?*, this classical solution w is such that

we ¢ ([0,7]5 ¢"O(Dy) e (D)), [d/A] < j <k

with n(j) = [2j — £].

The idea is to use the Hille-Yosida theorem. This requires to study in a first time the associated
resolvent equation, of (elliptic) type

wz) — Lu(z) = 0 Yz €D

) (a4+Vauy(y) —a-Vu_(y),v(y)) = 0 Vyel

. u(y+) = u(y—) Vyel
iMoo () = 0.

More precisely, we will study (£4) in a weak sense in L2(R?). In particular for a source term f € L?(R?)
we will seek for a solution u in D(A) of
u—Au=f (2.2)

(see Proposition 2.12 below). Then, by applying the Hille-Yosida theorem in L?(R%), we will get the
existence of a solution to (Pr) in a semi-weak sense (for which the time derivatives are understood in
a classical sense and the space derivatives in a weak sense). Finally, using some Sobolev embedding
arguments, we will get Theorem 2.1.

Remark 2.2. The result of Theorem 2.1 has to be compared with the classical results on parabolic PDE
for smooth coefficients (and with no transmission condition) In this more classical situation, a unique
classical solution to the parabolic PDE exists as soon as the a;;’s are bounded and Holder continuous and
satisfy (E), and ug is continuous and satisfies some growth condition (see for example [9] Chap. 1 or
[23], Theorem 5.14). Here we can notice that we have asked additional smoothness on the (a+);;’s inside
the D1 ’s. This is because our technique of proof is very different: the use of the Hille-Yosida theorem
and Sobolev embeddings requires this smoothness, unlike the use of the parametriz method in the classical
case. But by doing so, we fully treat the transmission condition aspects in a modern way.

2.1 Study of the associated elliptic problem

In this subsection we establish the existence of a solution to (2.2) belonging to D(A) and study its
smoothness properties, together with the ones of functions belonging to the iterated domains D(A*),
for k > 1.

To that aim we will partly rely on the results in [29] Chap. 4, pp. 141-145. In this subsection we
have rewritten the proofs of some of these results for the sake of clarity and completeness (however some
proofs will be postponed to the Appendix).

We recall that the coeflicients a;; are assumed to be bounded by A so that we may define the following
continuous bilinear and symmetric form, which will be used extensively in the sequel

d
E(U, ’U) = Z (aiiju, DiU>L2(]Rd); Yu,v € Hl(Rd). (23)

ij=1

Let u € D(A). Using the definition of Au as a distribution acting on C2°(R%;R), and the density of
CX(R%R) in HY(RY) = H(RY), one can establish the following relation, linking A and the form (2.3):

E(u,v) = (—Au,v) 2(ray, YU € H'(RY). (2.4)



2.1.1 Some preliminary results

In the sequel, for u € L?(R?), we frequently denote u (resp. u_) the restriction of u to D, (resp. D_).
It may happen that we use this notation for restricted distributions also.
We introduce the following notation for the jump across I' of v € L?(R¢), with u, € H'(D,) and
u_ € HY(D_):
[ulp =y (uy) = y(u—).
If [u]r = 0 we shall simply write y(u) = v(uy) = y(u_).
We start with two lemmas whose proof is postponed to the Appendix.

Lemma 2.3. Let v € L2(RY). Then, for any 1 < i < d, the distribution (D;v)+ is equal to D;(vy). As
a consequence, if v € HY(R?), then vy € H' (D).

Lemma 2.4 ([29], Exercise 4.5). Suppose u € L*(R?) with ux € H* (D). Then u € H*(R?) if and only
if [ulr =0 a.e. onT.

Remark 2.5. The result of Lemma 2.4 has to be compared with the fact that if d = 1, we know that any
function in HY(R?) as a continuous version ([4] Theorem VIIL2).

2.1.2 Green identities

We shall consider restricted operators and bilinear forms in the following sense. We define A, :
H'(Dy) — H-\(D+) by
d

Yo € Hl(D+), A+’U = Z Di((a+)iijU).

i,j=1
We define A_ : HY(D_) — H~'(D_) in the same manner (note that we do not specify here any
domain D(A4)). Further, we define

d
Ei(u,v) = Z /D (ax)ijDjuDv, Yu,v € H' (D).
+

4,j=1

In the same fashion as for Equation (2.4), we have, for ux € H'(D4) with Aruy € L?(D4),
Ex(uyg,v) :/ (—Atus)v, Yov e Hy(Dy). (2.5)
D+

Imagine now that in (2.5) we wish to take the test function in H!(D4) instead of H} (D) (note that
for instance H'(D4) # H}(D4)). There will still be a link between Ay and £y, but through Green type
identities, involving conormal derivatives and boundary integrals.

We introduce a specific notation for the one-sided conormal derivatives on I' of u € L?(R?) with
uy € H?(Dy). Provided the (a);; are in C} (Dy; R) and T is bounded and Lipschitz we set

d d
Bfu: v(axVuy) ZZ 17 (ax)i; D; ui) on TI. (2.6)

For g € H2(T') and f € H2z(T') we denote by (g,f)F the action of g on f. If both f, g are in H2 (T
the quantity (g, f )F coincides with the surface integral fr gf do. We have for example the next result.

Proposition 2.6 (First Green identity, first version; [29], Lemma 4.1). Let u € L*(R%) with uy €
H?*(Dy) and u_ € H*(D_). Assume that the coefficients (ay);; are in C{(Dy; R). Then
Ex(ug,v) :/ (—Atuy)v — (BJUW(U))F , Ve Hl(DJr)
Dy

and

5,(u,,v):/ (—A,u,)an(lS’;u,'y(v))F , Yve HYD.).



Remark 2.7. Note that the change of sign in front of the integral on I is due to the fact that —v is the
outward normal to Dy, and v is the outward normal to D_.

In fact, for our coming purpose (proof of Theorem 2.14), we need a version of the first Green identity
that is valid for u € L?(R?) with u, € H'(D,) and u_ € H'(D_) (and possibly non smooth coeffi-
cients (a+);;). We thus need to extend the definition of Bu to such functions, for which the trace in
(2.6) is no more defined in H'/2(T") (the boundary T is assumed to be bounded and Lipschitz).

But thanks to Lemma 4.3 in [29], for any fi+ € H~'(D4) s.t.

—Aiui - fi on Di, (27)

there exists g4 € H™2 (T"), uniquely defined by ug and fi, and satisfying
Exur0) = (f+:0) s,y () — (94:70)) Vo€ HY(D,),

E-(u_yv) = (= 0) gaoyn oy + (9-70)) 5 Yo e HY(D-).
and
HgiHHflﬂ(F) < C(HuiHHl(Di) + HfiHHfl(Di))
Remark 2.8. Note that the meaning of equality (2.7) is that for any ¢ € C(Dy;R),

(—Azus, ©)u-1(p,),mi (D) = f+: 0 i-1(p ), 1Y (Do)

In the sequel the equality "on D1 ” (for elements of f{_l(Di)) will often have this kind of sense, as for
example in Lemma 2.10 below, or in the proof of Lemma 6.5 in the Appendiz. We will also use the same
idea on some subsets of Dy (proof of Proposition 2.17).

In particular if Azus € L?(D+) one makes the natural choice

o *A+’U4+ on D+ o 0 on D+
F+ = { 0 on D_ and - f- = —A_u_ on D_

and defines Bfu := g+. The notation Bfu comes from the fact that this new definition is consistent
with the original one involved in Proposition 2.6 (see [29] p.117 for details). To sum up, we have, using
the new sense of B u, the following result.

Proposition 2.9 (First Green identity, extended version; [29] Theorem 4.4, point i)). Let u € L?(R%)
with uy € HY(D4) and u— € HY(D_). Assume Ajuy € L?>(D+), A_u_ € L>(D—). Then

£ (uy,v) = /D (~Avur)o — (Bfua@) Vo HA(D,)

and

57(U77v):/1),(7A7U7)U+ (IS’;u,'y(v))F , Yve HYD.).

Finally we introduce a notation for the jumps across I' of the conormal derivative of a function u
with ux € HY(D4):
[Byu}r =Biu—Byue HY*I).

Using Lemma 2.3 and Proposition 2.9 it is possible to prove the following two-sided Green identity,
that we state directly for a function u € H'(RY) (not only with uy € H*(D4)), as this is what we will
use in the sequel.

Lemma 2.10 (Two-sided Green identity, [29] Lemma 4.19, Equation (4.33)). Let u € H'(RY). Let
f+ € L*(D4) and f— € L*(D_) and assume

Uy — Ayusr = f+  on D4. (2.8)
Set f = fy+ f—, then

(u,v) p2ray + E(u,v) = (f,v) L2(ray — ([Buu}r , 7(1}))F . Yve HY(RY. (2.9)
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Proof. Pick v in H'(R?). Notice that ux € H'(D4) and v+ € H'(D.), thanks to Lemma 2.3. Thanks
to (2.8) we get Arus € L?(D4), so that one can use Proposition 2.9 and get

/ uyvy + &4 (ug,vy) = / (u — Apuy)vy — (B;ruv 7(U+)) (2.10)
D, D, r

and

/ u_v_ + & (u_,v_) = /D, (ue —A_u_)v_ + (B;u, q(v_))r. (2.11)

But, as v € H'(R?), we have [v]r = 0 and thus v(v.) = y(v_) = v(v). Thus, using again (2.8), and the
definition of f and [B,u] ., we get, summing (2.10) and (2.11),

<uvv>L2(Rd) + & (ug,vq) + E-(u_,v-) = (f, U>L2(Rd) - ([BUU}F ) 7(”))

To complete the proof it suffices to notice that, thanks to Lemma 2.3, we have

F.

d

Eturvn) + (o) = Y0 { [ @)y @Dl + [ (@ )s(Du)- (D)} = o).

i1 -/ D+ D_
O

Remark 2.11. Note that in [29] Green identities are stated in the case of T’ bounded and Lipschitz. But
we claim that these results are true for D+ = R4, as in the proofs one usually starts with Dy = R4 (or
some hypograph type domain) and then turn to I' bounded with the help of local change of coordinates.

2.1.3 Existence of a weak solution to the resolvent equation and immediate properties
We have the next result.
Proposition 2.12. Assume (E). Let f € L?>(R%). Then (2.2) has a unique solution in D(A).
Proof. Let us note that the symmetric bilinear form on H*(R4)
(u,v) — <U,’U>L2(Rd) + E(u,v)

is continuous and, thanks to Assumption (E), coercive. Thus the Lax-Milgram theorem ([4] Corollary
V.8) immediately asserts the existence of a unique u € H*(RY) such that

Yo € Hl(Rd), <’U,,’U>L2(Rd) +5(u,’0) = <f, U>L2(]Rd)-
In other words we have for any ¢ € C°(R% R),

d
E(u,p) = —( Z Di(aijDju), p) r2may = ((f — 1), @) 12 (Ra)-

i,j=1

Hence the distribution Y% | Dy(a;; Dju) belongs to L2(R%), and thus u € D(A). Finally, from the

4,j=1
above relations we deduce

Yo e H'RY), (u— Au,v)p2ray = (f, 0) p2(ra),
which implies (2.2). O
The proposition below gives properties of functions belonging to D(A), and thus indicates that the

solution u € D(A) of (2.2) encountered in Proposition 2.12 satisfies the second and third lines of (£4) in
a weak sense (note that u satisfies the fourth line as it belongs to H'(RY) = H{ (R4)).

Proposition 2.13. Let u € D(A). Then [ulr = [Byu], =0 a.e. onT.

Proof. Let u € D(A). As u € H'(RY) one gets by Lemma 2.4 that [ulr = 0 a.e. on I'. Set now
f=u— Au € L*(R?%). According to Equation (2.4) we have

Vo e H'(RY), (u,0)2(rae) + E(u,0) = (f,0) 2(ra)- (2.12)

Using repeatedly Lemma 2.3 one can see that us — Arusr = fi on Di. Note that by construction
f = f++ f-. Using now Lemma 2.10, and comparing (2.9) and (2.12), one gets ([B,ju}r,’y(gp))r =0 for
any ¢ € O (R% R), which completes the proof. O
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2.1.4 Regularity of the weak solution of the elliptic problem and consequence on the
iterated domains D(A*)

Here we will establish and use the following main result.

Theorem 2.14. Assume the ellipticity assumption (E).

Let r € N. Assume that the coefficients (a.)i; belong to Cy T (Dy;R). Assume T' is bounded and of
class C™+2.

Let fy € H" (D). Let u € H'(R?) satisfying

ur — Arus = fr  on Dy
and [BVU]F € Hzt"(T). Then uy € H>t7(Dy).
In order to prove Theorem 2.14 we need a set of technical results.
For 1 <1 < d we introduce the [-th partial difference quotient

u(z + hey) — u(x)
3 ;

Appu(z) = heR.

We gather in the following lemma the results we will need about difference quotients.

Lemma 2.15. Let u,v € L>(RY) and 1 <1< d.

i) If Dyu € L*(R?) then ||Apul|p2gay < ||Diwl|2way for all h € R.

i) If there is a constant M such that |[A;pul[r2mey < M for all h sufficiently small, then Dyu is
m L2(Rd), with ||Dlu||L2(Rd) < M.

iii) For all h € R we have Ay jp(uv) = Appuv(-+ hep) + uw A po.

iv) For all h € R we have fRd Ul pv = — f]Rd vA; _pu.

Proof. Point iii) follows from elementary computations and Point iv) from a change of variable in the
integral [o, ul pv.
For Points i) and ii) see the proof of Lemma 4.13 in [29]. O

Then Theorem 2.14 will follow from the two following propositions. The first one asserts a classical
result on the global regularity of the solution away from the interface. The second one provides a local
analysis of the regularity across the interface I', and is to be found in Theorem 4.20 in [29]. As it is less
classical we have found interesting to detail its proof here.

Proposition 2.16 ([12], Theorem 8.10). Assume the ellipticity assumption (E).
Let r € N. Assume that the coefficients (ay)i; belong to Cp 1 (Dy;R). Assume T' is bounded.
Let fo € H"(Dy). Let u € HY(RY) satisfying

Uy — Ayrus = f+ on Dy.

Let D', C Dy open subsets with D', C Dy and denote d', = dist(D',,T).
We have that uy € H™72(D".), with

lusll 20y < O (lJutlla gy + 1 fllar0s))s
where the constant C+ depends on d, A, d). and max<; j<d MaX|q|<y4+15UP,ep, [0%(ax)ij(w)].

Proof. In [12] this result is asserted with the assumption that D—;[ C D4, with D_g[ compact. So that
for the interior (bounded) domain D, the result is immediate. On the unbounded domain D_ we claim
that the same result holds for non compact D', as in fact only the distance d’ = dist(D’_,T') plays a
role in the proof. We provide the proof in Appendix for the sake of completeness, inspired by the proof
Theorem 4.16 in [29], that we have found more coherent with our notations and setting. O
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Proposition 2.17 ([29], Theorem 4.20). Let G1 and Gy be bounded open connected subset of R, such
that G1 C G2 and G intersects I, and put

D, =G;NnDy and T;=TNG; for j=1,2.

Assume that Go is constructed in such a way that there is a C™2-diffeomorphism between T'y and a
bounded portion of the hyperplan x4 = 0.
Assume the ellipticity assumption (E).

Let r € N. Assume that the coefficients (a+)i; belong to CT+1(D_§[; R).
Let fy € L*(D4) with f+ € H"(D%). Let u € L*(R%) with u € H'(Gy) satisfying

Uy — Ayrus = f1+ on Di
and [Byu]. € H2*7(T3). Then uy € H*"(DL).

Proof. We only treat the case D+ = R%. Indeed if this is not the case one may use change of coordinates
of class C™"? to change the equation in a new one, on new domains Di,, with new coefficients of class
C™Y(D¥;R), and I'), = D2 N D? a portion of the lr/lyperplan Tq = 0 (see Exercise 4.2 in [29]). And in
that case the value of the functions outside G4 = D% UT'U D% is of no importance, as in the sequel we
will multiply everything by a cutoff function with compact support in G5. Thus indeed things can be
considered on Dy = R%.

The proof proceeds by induction on r € N.

STEP1. We establish the result for » = 0. Note that by convention H°(D%,) = L2(D%), j = 1,2.

We fix a cutoff function x € C°(G2;R), 0 < x < 1, with x = 1 on G; (the derivatives of x are
bounded by some constant depending on dist(G1, dsupp(x)))-

SUBSTEP a) We first prove that D;D;(xu) € L?(R?) forany 1 <1 < d—1,1<i < d. As
u € HY(Gy) and x € C°(G2;R) and we have already D;(xu) € L*(R?) for any 1 <4 < d. Thus, using
Lemma 2.15-ii), we are done if we find M s.t. [[A;p(D; xu)|[r2mey < M for all h sufficiently small, and
all1<i<d—-1,1<i<d.

As uy — Ajuy = fy on D3 we have for any ¢ in C°(D3;R)

(uy — Apug, X+ 0)m-1(p2),m3(02) = (f+: X+0)12(D2)-
Thus, for any ¢ in C2°(D%;R) we have
((xu)+ = Ay (Xu) 1,9 r-1(p2), 12 (D2) = (f+, P)r2(p2),

with
d

fr=0h)s + Z (a4)ijDix+ Djuy + Di((ay)i(Djx+)uy) € L*(DY)
ij=1
(here we have used successively (2.5), with Di replacing D, and the facts that for any 1 < 1,5 < d,
Di(x+9) = @Dix+ + x+Dipy x4-Djus = Dj(xu)s = (Djx+)us and [pz (a1)i(Djx+)us Dip =
- fDi D;[(a4)ij(Djx+)ut] ¢; note that (aq)s;(Djx+)us is in HY(D3) as uy € H(D4), x4 is smooth
and (a4 ) is of class C'(DZ;R)). B
One may proceed in the same manner on D?. But as (yu)+ and fi have support in D3 we have in
fact that B
(xu)x — Ax(xu)x = f+ on Dy. (2.13)

We set f = fy + f_. According to Lemma 2.10 we have

(xu, v) 2 ray + E(xU, V) = (f,v) L2(ra) — ([Bl,(xu)]r, 7(1}))F , Yve HY(RY). (2.14)

13



Let 1 <I<d—1and heR. Wetake v = —2A; _p(A;n(xu)) in (2.14). Using successively Points iv)
and iii) in Lemma 2.15, together with linearity arguments, we get

(1B (xw)]r Y(Ar—n(Arn(xw))) p = Jra FAL-R(ALn(xW))
= Jra 1AL W)+ 07 1 fa Avnlai; Dy (xu) A (D;(xu))

(2.15)
= Jpa 1AL (W2 + Y00 1 Jea @iz D (Arn(xu)) Di(Arn(xu))

+ ch'l,jzl Jra(Avnai)Di(xuw) (- + her) Ay (Ds(xu))
But thanks to (E) we have

d
180 () gy + 35 DA G0 B
i=1
/ |ALR(xu))* + Z/ aij Dj(Arn(xu)) Di(Arn(xu)),
7,j=1

which combined with (2.15) leads to

cllAnn (x| gy < / - A =n (A (xw))| + Z |Arnais] - [Dj(xu) (- + her)| - |Apn(Di(xu))|

7,7=1

Ar_n(A ‘
+| (1B, Ccale. A L-n(An )
We first focus on the third RHS term. We have
’([BV(XU’)]F7V(Al,fh(Al,h(Xu ’ < H XU HHI/Q(F2) H7 Al (Al,h(xu)))HH—l/z(F2)'
Indeed remember that by assumption [Byu]r € Hz (T'2), which implies
|18, (xw)] ||H1/2(F ) = K < o0
(see Lemma 6.4 in the Appendix). Besides, one can see that

(A (BenOaN) | g-1/20y) = AL-nY AR OOD ] 12y < PR O | gr-172r)

< K| [y(Apn(xu) ||H1/2(r) < k[[Ann(xu ||H1(Di) < K[| Apn(xu HHl(]Rd)

(here we have used for the first inequality, a version of Exercise 4.4 in [29], adapted to R% and tangential
derivatives; for the second inequality we have used Lemma 6.1 in the Appendix). In the sequel we
set K = kK.
Note now that as a;; € Cl(leJF;R) N Cl(ﬁQ,;R), for all 1 <14,j < d we have that |A; pa,;| < C for
some constant C' not depending on h. Using now Young’s inequality and Point i) of Lemma 2.15 we get
2
OBy < ol g + SV O gy + a1V (Aan )

C 2
55 VO gy + K25 + —IIAz Ol ey

for any €,6,n > 0, and thus
1, = € Cd?
AR Oy < G2 IFIZe@ay + 51RO [h ey + S5 IV O[22 ga)

Cd25

n
IV (A0 )l gay + K25 + —IIAz n Ol ey
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Adjusting now €, 6 and n we get constants ¢/, C’ > 0, not depending on h s.t.
AL ()37 ray < C' (117 2ray + IV (W72 (pay + K7)
and thus, considering M = C’(||f||L2(Rd + ||V(xu)||L2(Rd + K?)/c’ we have
VI<i<d (DBl e = 10 (D ()| agay < M.

As M does not depend on h we have indeed proved that D;D;(xu) € L?*(R?) for any 1 <1 < d — 1,
1 <i < d. Remembering that x = 1 on G this proves D;D;u € L*(G) forany 1 <1 <d—1,1<i<d.

SUBSTEP b) We consider the restriction (xu); of (xu) to Dy. We already have Dg(xu); €
L*(D.), as (xu) € H'(R?) (and using again Lemma 2.3). We will show that D3,(xu)+ € L?*(D%). One
may prove in the same manner that D3,(xu)_ € L?(D?).

Using (xu); — Ay (xu)y = fy and (2.5) we have for any p € C(Dy;R)

| @owbatcaiDag = [ (7= Gade- Y [ (@sDstv)s Die,
b b (i) A(d.d) "~ PF

From now on we drop the subscript + on functions, in order to lighten the notations. Reinterpreting
immediately the preceding equation we have for any ¢ € C°(D7;R)

~(Dufasa Do) Aot amony = [ (F- et 3 / Dilay D)) 9. (2.16)
+ i,5)#(d,d

Note that in the above expression we have used the fact that for any (4, j) # (d, d), the weak derivative
D;(a;jDj(xu)) is in L*(D?%). Indeed remember that D;D;(xu) € L2(D ) thanks to SUBSTEP a) and
that Q5 is in Cl (ﬁ_i_;R).

We now use the fact that for any distribution v’ € H~!(D?%) and any w € C*(D2;R) the distribution
wv' is simply defined by (wv',¢) = (v, wy) for any ¢ € CF(DL;R) (and if o' € L*(D3) and w €
C(D?4;R) the distribution wv’ is simply defined by (wv',¢) = fD+ wv'y for any ¢ € C°(D;R)).
Thus if w € C*(D24;R) and v’ € L2(D2) we have Dg(wv') = (Dgw)v’ +w Dgv’ and using this in (2.16)
we get

- <adch21d(XU), 50>H*1(Di),H§(Di)

/Di(f_(XU))SﬁJr/Di(Ddadd)Dd(Xu)gawL Z Di(aiij(X’LL))(p,

(4,3)#(d,d)
that is to say we have finally for any ¢ € C;’O(Di; R)

—(Dia(xu), ) n ~1(D2),H3(D? )—/ L{(f— (xu)) + (Dgaga)Da(xu) + Z Di(aiij(Xu))}QD-
D} Gdd (1.7)A(ds)
- (2.17)
Using now Remark 1.3 and the fact that aqzq € C'(D?4;R), one may conclude that indeed Dgq(xu)
is in L?(D%) (note that we have already stressed that for any (i,j) # (d,d), the weak derivative
D;(a;jDj(xu)) is in L*(D?%)). This implies Dgquq € L?(DL) (we use the subscript again). Taking
in account SUBSTEP a) we have indeed proved that uy € H?(D1).

STEP2. Take » € N*. Assuming the result is true at » — 1 we prove its validity at rank r.

Let fi € L?(D<+) with fi in H"(D?%) and assume that [B,ul. € H2+t7(Dy) and the the coefficients
(a+)i; belong to C™(D3;R). Thus, in particular, fi are in H"~1(D?%) and [Bl,u}F € H™=%(I';). Thus,

by induction hypothesis, we have uy € H"+! (Dli/), writing Dflc/ = G1/ND4 for any open connected subset
Gy with G; € G € Gy C Gs.
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SUBSTEP a) Let 1 <4y < d— 1. To lighten notation we denote D := D,;,. We wish to show that
Duy € H7(DY). Note that Duy = (Du)+ and that we already know by STEP1-a) that D;Du is in
L?(Gy/) for any 1 < i < d, so that Du is in H'(G1/). So the idea is now to use the induction hypothesis
on Du.

Remember that uy — Ayuy = fi on D%, Let ¢ € C2(DY;R), note that Dy € C°(DY;R), and
use Dy as a test function in (2.5). This writes (again we drop the subscript + on functions)

d
/Di/uDgo—i- Z

ij=1

/,az’ijUDi(Dw)Z/ Do,
DY DY

which we immediately rewrite in

d
_ ,Df(p = —/ , D’U/QD—F Z / ,aiijuD(Dl«p)
DY DY ij=1" DY
d
= - ey Duy — Z (D(ai; Dju), Di(p>H*1(D1+’),Hé(D1+’)
+ ij=1

d d
_ DUSQ* Z /Dl/ aijD(DjU)DiQD* Z /D1/ D(GZJ)D]UD1QD
+ +

1/
Dy ij=1 ij=1

d d
_ v DUS& - Z /Dl/ aiij(Du)DiSQ + Z o DZ(D(az])Dju)cp
+ + T

ij=1 ,5=1

Here we have first used the facts that u, f € Hl(D}r/) and ¢ € C;’O(D}r/ ;R). Second we have used DD,u €
L*(DY) and a;; € C*(D%4;R), 1 < i,j < d, so that one can easily check that the distribution D(a;; D;u)
is equal to a;;D;(Du) + D(a;;)Dju € LQ(D}!). Third we have used the fact that D;(D(a;;)Dju) €
L? (D}r/), thanks to the smoothness of (a4);; and u..

As ¢ was arbitrarily chosen in CSO(D};;R) we have in fact proved that

(Df + i Di(D(aij)Dju)) ®.

1/
T i,j=1

Vo € C2(DY;R), /Dw+5+(Du,s0):/
DY D

This means that (we use the subscript + again)
(Du)y — Ay(Du)y = fi on D}
with

d
f+ =Dfr+ Y Di(D((a+)i;)Dyuy).

4,J=1

Notice now that thanks to f, € H"(D3), uy € HT‘H(D}r/) and the smoothness of a we can claim
that fi € HT_l(D}r/). Proceeding in the same way on the domain D_ we prove that

(Du)_ — A_(Du)_ = f— on DV
with f_ € H"='(D_). In order to use the induction hypothesis it remains now to check that

[B,(Du)]. € H'™%(I'y/) (2.18)
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Figure 1: The sets used in the proof of Theorem 2.14 (here N = 11).

(here we have denoted T'y; = I' N1 Gy/). Using the technical Lemma 6.5 in the Appendix (note that
uy € H?(DY), as uy € H™Y(DL) with r > 0) we get,

[B,(Du)]. = Bf(Du)—B;(Du)e H-'/(I'y)
= DB (u) = Y5, v[D((a4)as) Dyus] = DBy (u) + 27, v[D((a-)a;) Dyu-]

= DByl — Y7 v[D((a4)a)) Djus — D((a)gj) Dju_].

Remember now that by assumption [Byu}r € H%‘”(Fg), and, again, that uy € HTH(Dli/), so that
Djuy € HT(Dli/) for any 1 < j < d. Using in addition the smoothness of a4 it is clear that we
have (2.18).
Using now the induction hypothesis we conclude that (Du)+ are in H™ (D1 ). Thus we have proved
that
Vi<i<d-1, Djuy € H''(D}) and Dmu_ e H""(DL).

SUBSTEP b) To conclude that uy are in H**" (DY) it remains to prove that Dguy are in H**"(D1).
Let us consider Dgus. As we have already, thanks to SUBSTEP a), that D;Djuy = DgD;uy is in
H"(DY) for any 1 <14 < d—1, it remains to show that D?,u, is in H"(D}). But Equation (2.17) shows
that

1

D3jus =~ {(F+ = i) + (Dalas)a)Dauy + > Dil(ay)iDjus)} on D}
(a+)ad iy
(4,9)#(d,d)
But, using fi,uq € H*" (DY) and SUBSTEP a), the RHS term is easily seen to be in H"(D!). One
can proceed in the same way on D!, and thus the proof by induction is completed. O

Proof of Theorem 2.14. As I' is bounded we will cover it by a finite number of balls and use the local
regularity result of Theorem 2.17 inside each ball. We will combine this with the interior regularity result
of Proposition 2.16, to finally get a result on the global regularity of the function v on Dy and D_.

As T is bounded and of class C"2 one may cover it by a finite number of open balls Ga ) C R,
1<k<N(@e TC Uivzngyk), that are chosen in such a way that there is a C"t2 diffeomorphism
between each I's . = I' N Ga and a bounded open portion of R4~ x {0} ([29] pp 89-90). Then one
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chooses D', C Dy open subsets with D), C Dy and D/, UD" UN_, Goyr = R% Note that D" is
a closed but unbounded part of R%. It is convenient to choose D', so that we have the overlapping
D' NGy NG ps1 # () forany1 <k < N-—1and D\ . NGynNGaq # (). Then one may choose arbitrary
open connected sets G  with G, C G2 i, and respecting D, uD" UQ’:lGLk =R4, D\ .NG1 NGy k11 #
) forany 1 <k <N —1and D', NGy ny NG11 # 0. As in Proposition 2.17 we note Dik =G, rN Dy,
1<k <N, forj=1,2 (on all these sets see Figure 1).

For any k It is clear that the (a+);; belong to CTY(DI:R). Besides fi € H"(D%*) (by adapting
the result of Lemma 2.3), and uy — Ayus = f1 on Dik. To finish with, we have [Byu}r € H%+T(F27k).
For each k one may then use Proposition 2.17 to conclude that uw € H"+2(D}*). On another hand

by Proposition 2.16 one gets that uy € H"™"?(D)). So that for example uy € H™t?(D ) N (ﬂff:l

H”‘Q(D}r’k)). We claim that this implies that uy € H""?(D,) - note that of course D/, U ((Up_;
DY*) = D..

Let us start with D/, U Di’l =D\ U D}r/’l, where we have denoted Di’l = Di’l \ D',. Adapting
again Lemma 2.3 we have that ui|p, € H™2(D'.) and u+|D1+r,1 € HT+2(Di’1). One may prove by

induction that uy € H*" (D', U Di’l) in the following way. First, notice that uy € H'(D/, U Di’l),
as u € H'(RY) anyway (Lemma 2.3 again). Assume now uy € H™ (D', U Di’l) for m < 2+ r. Then
for any multi-index |a| < m, we have D*u € L*(D/, U Di’l). From the fact that uy|p, € H"™?(D})
r 1 o a 1,1
and u+|D1+/,1 € H™*(D. ") we have that (D%uy)|p;, € H'(D') and (D u+)|D1+/,1 € HY(D, ") (we
adapt again Lemma 2.3 for the restriction aspect). Adapting now the result of Lemma 2.4 we have
that D*uy € H(D/, U D_l‘_’ll), which is the desired result, if [U+]1"/1/,+ =0ae onI7, =0D\ N Di’l.
But I'Y , C Dil and uy € H’”*Q(Dil). Adapting this time the necessary part of Lemma 2.4 we get
that indeed [ui]ry, = 0 ae. on I'f ;. Thus indeed D%uy € HY(D! U D_l‘_,’l) and more precisely
D;iD%uy = Dy(D*uy)|py, + Di(D¥uy)| pirn € LD, UDL ) for any 1 < i < d. The proof by induction
+

that uy € H2*"(D/ U Di’l) = H*'"(D/, U Di_’l) is completed.

Repeating this procedure one proves by induction that v € H"*?(D/ U (Ufcvlei’k)) = H" (D)

(using in particular the fact that the Di_’k’s are in finite number). One proceeds in the same way

on D_. O

Now that we have proved Theorem 2.14 we can get as a corollary the following result concerning the
iterated domains D(A*), k € N*.

Corollary 2.18. Let k € N* and u € D(A¥). Assume that the coefficients (ax)ij € CZF1(D4) and that
T is bounded and of class C?*. Then ux € H** (D).

Proof. The proof proceeds by induction on k.

Let u € D(A) (case k = 1). We have [B,u],. = 0, according to Proposition 2.13. Thus in particular
[Buu]r € H%(F). As in the proof of Proposition 2.13 we set f = u — Au and notice that we have
Uy — Ayruq = f4 on Do, with fi € LQ(D:t).

Using Theorem 2.14 - remember that u is in H'(RY), (ay);; € C(D+;R) and I' is bounded of
class C? - we get that ux € H?(Dy).

Suppose now that the result is true at rank k—1 we prove its validity at rank k (k > 2). Let u € D(A¥).
As u € D(A) we have [B,u|. =0 € H?*=3(I). As Au € D(A*"1) the quantity u — Au =: f satisfies
fr € H2k_2(Di), using the induction hypothesis. But as we have uy — Ayuy = f1 on DL, one may use
again the smoothness of (a4 );; and I' and Theorem 2.14 in order to conclude that u € H?*(Dy). O
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2.2 The solution of the parabolic problem (Pr)
2.2.1 Application of the Hille-Yosida theorem

We now use the Hille-Yosida theorem ([4] Theorems VII.4 and VIL.5) in order to prove the following
proposition. Note that in Equation (2.19) below, the time derivative is understood in the strong sense,
while the space derivatives are understood in the weak sense. Besides, by convention D(A°) = L?(R?).

Proposition 2.19. Let ug € D(A). Then there exists a unique function
ue C'([0,T]; L*(RY)) nC([0,T]; D(A))

satisfying
du _ Au u(0) =u (2.19)
e o '
Furthermore, let ug € D(AF), k > 2. Then,
ue CFI([0,T]; D(A7)), 0<j<k.

Proof. According to [4] it suffices to show that the operator (—A, D(A)) is maximal monotone. But
thanks to Assumption (E) we immediately see that (—Av,v) 2 gey = E(v,v) > 0, for any v € D(A), and
thanks to Proposition 2.12 we have that for any f € L%(R%) there exists u € D(A) solving (2.2). O

Using now Propositions 2.13, Corollary 2.18 and Proposition 2.19 together with some Sobolev em-
bedding theorems, we show Theorem 2.1.

2.2.2 Proof of Theorem 2.1

Proof. Assume d is even. Apply the result of Proposition 2.19 with k = ko = L%J + 2 and consider u
solution of (2.19). We have that
ue C'([0,T);D (A1)

with kg — 1 = L%J + 1. Using the result of Corollary 2.18 and combining Corollary 1X.13 p. 168 with
Theorem IX.7 p. 157 in [4], we see that for any ¢ € [0, T

us(t,.) € HP2L5 (D) ¢ H2Y5(Dy) — C*(Dy). (2.20)

Assume now that d is odd. Apply the result of Proposition 2.19 with k = ky = \_% + %J + 2 and
consider u solution of (2.19). We have that

ueC' ([0,T);D (Ak"_l))

with ko — 1= |3 4+ 1221} 1 1. Using the result of Corollary 2.18 and combining Corollary IX.13 p. 168
with Theorem IX.7 p. 157 in [4], we see that for any ¢ € [0, T

wi(t,.) € H¥23+ (D) < 02(Dy) (2.21)
L2+2Lg+w—22JJ fgj > L2+2<%+%> fgj > L3+L§Jfgj > 2.

Let us now show that u solution of (2.19) (for the corresponding ko) is a classical solution of (Pr).
First, it is clear that Lu coincides with Au on any bounded part of Dy (the derivatives in the
distributional sense coincide with the classical derivatives thanks to the established smoothness of ).
This shows the first line of (Pr).
Second, as for any ¢ € [0, 7] the function u(t,.) belongs to D(A), we have using the result of Propo-
sition 2.13 that
[u(t,)]p =0 ae onl; [Bou(t,.)]p=0 a.e. onT. (2.22)
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Note that u(t,.) € D(A) implies that uy (,.) are in H?(D4). So that the second part of (2.22) reads

v (v (a4 Vuy(t,.)) —v(@a—Vu_(t,.))) =0 a.e.

But as (a4 Vuy) € CY(Dy;RY), we get

(a4 Vaur (t, ) (y) — (a-Vou_ (t,))(y), v(y)) =0

for almost every y € I', and consequently for every y € I' by continuity. The same argument applies to
the first part of (2.22) and the second and third lines of (Pr) are satisfied. Note that the constructed
solution satisfies u(t,.) € C (R?) for any time ¢ € [0,7].
Now let k > ko. For [4] < j < k, we have 2j — £ > 0. Thus, for v € D(A’) we have from
Corollary 2.18,
ve € HY(Dy) — €™V (Dy)

with n(j) = |25 — %IJ Using again the result of Proposition 2.19, we get the announced result. O

2.3 Conclusion and consequences: boundedness of the partial derivatives

Going a bit further in the analysis, and using additional Sobolev embedding arguments, we can state the
following result.

Proposition 2.20. Let p,q € N with p + |q/2] > 2. Let m = [ + %], m' =m+1and k =m' +p.

Assume that the coefficients a;; satisfy (ax)i; € Cgm/_l(Di), that T is bounded and of class C*™', and
that ug € D(A*).
Then the classical solution u(t,x) of (Pr) constructed in Theorem 2.1 satisfies

we CP([0.7]; G (D) N CH(D-)).

Proof. First, notice that it is easy to check that k is greater than the kg defined in Theorem 2.1, so that
it makes sense speaking of the classical solution of (Pr), for ug € D(A¥).

This solution is constructed in the same way as in Theorem 2.1, in particular by the mean of Propo-
sition 2.19. So that one can assert that

we CP([0,T); D(A™)).

It remains to check that if v € D(A™), then vy € CJ(Dy). First, note that m > [4], and that one may

easily check

d
om— 2>
[2m 2J_q

(using in particular [2a] < 2[a]). So that if v € D(A™) € D(A™), we have, as for the second part of
Theorem 2.1,
V4 € H2m(Di) — C’L2m7%J (Di) - Cq(Di).

We claim that for any multi-index «, |a| < ¢, the partial derivatives 0%vy are bounded. Indeed, using
again Corollary 2.18, we get )
vy € H*™ (Dy),

so that for a, |a| < ¢,

0%y € HI3+51-042(D )y € HE42(Dy) — L®(Dy).

Here we have used the fact % — % — % < 0, so that one can use the third embedding result of Corollary
IX.13 in [4] (and again Theorem IX.7 for the projection argument). The result is proved. O

From the above proposition we get the following control on the partial derivatives of the solution
to (PT)
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Corollary 2.21. In the context of Proposition 2.20 we have

sup  sup |9)0%u(t,x)| < co
te[0,T) zeD4

for any j < p and any multi-index o, with |a| < q.
Proof. By Proposition 2.20 any of the considered partial derivatives of u, belongs to the space
C([O, T] 3 Cb(Di))

Let for example v € C([0,7]; Cy(D+)). We prove the continuity of the map t + SUp,ep, [v(t 2)l,
t €10,T]. Let to € [0,T]. Using the reverse triangle inequality we get for any ¢ # ¢,

‘ sup |v(t,x)| — sup |v(to, z)] | < sup |U(t,x)—v(t0,x)|,
zeD xeD xeD

and we get the continuity at tg, as v is continuous from [0, 7] to Cy(D4) (equipped with the supreme
norm). Thus the desired continuity is proved, and from this we can assert that

sup sup [v(t,z)] = sup [v(t", )|
t€[0,T]m€D+ ZED+

for some t* € [0,T]. As v(t*,-) € Cp(D4) we have that

sup sup |v(t,z)| < oo.
t€[0,T]x€D+

The result is proved. O

In the analysis of the convergence of our Euler scheme, we will use the above corollary with p up to
2 and ¢ up to 4.

3 Euler scheme

3.1 Recalls on the projection and the distance to the transmission boundary
and further notations and premiminaries

In this subsection we adopt the notations from [3]. We have the following set of fundamental results.

Proposition 3.1 ([3], Proposition 1; see also [13]). Assume (D) and (T'). There is constant R > 0 such
that:

1. (a) for any x € Vi (R), there are unique s = m\" (x) € T' and F7+(z) < 0 such that :
v = T (@) F* @)y (i (2) (3.1)
(b) for any x € ViF (R), there are unique s = 7 (z) € I' and F7-(z) < 0 such that :

r=mnl (z)+ F' (z)y-(mp (2)) ; (3.2)

2. (a) the function x — w)" (z) is called the projection of x on T parallel to 4 : this is a C* function
on Vi (R) ;

(b) the function x — w. (x) is called the projection of x on T parallel to y— : this is a C* function
on Vi (R) ;

3. Let us set F7=(z) = F7* (x)|yx (7" () | the normalized version of F7* corresponding to the unit

v ()
[v+(2)]

vector field y+ : x +—
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(a) the functions x — F=(z) are called the algebraic distance of x to I' parallel to v+ (to
Y+ ) : these are C* functions on V7 (R). One has F'+,F7+ <0 on V{7 (R) and F/=,F7- <0
on Vi (R).
(b) It is possible to extend F7+, F+ and F"’*,F"’* to Cf(Rd,R) functions, with the conditions
F7: F7% >0 on Dy and F7*, F7+= <0 on D+.
4. The above extensions for F7* and F¥ can be performed in a way such that the functions F7* and
F" are equivalent in the sense that

1 1 -
“d(z,T) = — |F"(z)| < ‘F% (x)‘ < |FY(z)| = cd(@,T)  for all & € RY (3.3)
C1 C1

for some constant ¢; > 1.

5. Forx el
l/*

<Va '?i>

VF(z) = (z). (3.4)

We sometimes use the notation v/(x) or v4(z) even if z ¢ I'. For z € V;iE(R), we set v(z) = v(m* (z))
and 4 (z) = v4(7p* (2)) and for = ¢ ViE(R), arbitrary values are given.

Note that if u is a classical solution to the transmission parabolic problem (Pr) defined in Section 2,
the transmission condition (x) can be expressed as

v+ (), Vaus(t,y)) = —(v-(y) , Vau-(t,y)), V(t,y) € (0,T] x T (3.5)
This in fact will be the crux of our approach (see Subsubsection 4.5.2).
In the sequel, we will need the following result.

Proposition 3.2. Assume (E), (D) and (T"). Let & € V7 (R) and T € V{T (R) be linked by the following
relation :
T =mp (&) — F(2) 5 (" (2))- (3.6)

Then, there exists co > 1 such that
1
—d(z,T) <d(#,T) < cod(z,T). (3.7)
C2

Proof. Without loss of generality, assume for example that T € Vi (R) and & € V7 (R) are related by
(3.6). Then we have
T -l (@) = —F (@) (n (2)). (3.8)

and by uniqueness of the projection 7 '~ (), we see that 7" (&) = 7~ (T) (note that F~7-(T) =
Fr+(2)).
We deduce that

éd(fa D) <|F7-@)| = |F7- @) x y-(ap " @) = g~ 72" (@) = [T~ 7p "~ (@)] < c1d(3,T)

due to the same kind of relation as (3.3), but written for —v_ instead of v_. Returning back to (3.8),
we see that

1. N N P (A
L@ 1) < |F7 (8)] - (@) = 17 0)
So that in view of (3.3) written for & and 4,
1 N N
L@y 1y < gz, 1) < @@y
et [y (mr (2))] | |
But using (1.5) and (1.6), it easy to see that for any z € T,

2 )P _ A2
RS p(p)P = R

from which we deduce the result of the proposition. [l
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Figure 2: Correction of our scheme when the path crosses the boundary T'.

3.2 Our transformed Euler scheme

From now on At = h,, = % denotes the time step of our Euler scheme.

The time grid is given by (t7)7_, with t7 = Z% for 0 < k < n.
We denote by (AWg41)7_, the i.i.d. sequence of brownian increments defined by

AWipr =Wy =Wy, YO<Ek <n.
Finally let ¢ : R? — R%¥¢ a matrix valued coefficient satisfying,
oc*(x) = 2a(x), Vx € D.

Note that this coefficient exists because a(x) is non-negative definite for all x € D.
Set (Oa(x)); = div(z — (a1;(x), ..., an;(x))).

. n
Our stochastic numerical scheme (X ?k) is defined as follows (we omit the superscript n)

YO = X0
and

For t € (tg,txr1] we set
Xy =Xy, +0(Xy )Wy — Wi, ) + 0a(Xy,)(t —tr)  (standard Euler incrementation)

7tk+1 = th+1 if {Y_tk S D+ and )E:tlﬁ»l S D+}
or {X;, € D_and Xy, , € D_}; (3.9)

7tk+1 = 7r1’ZJr (th-+1) — B (th+1)7* (W;+ (th+1)) if Ytk € D+ and th+1 €ED_ ;

7tk+1 = WI’Zi (th-+1) — - (th-+1 )7+(7T;7 (th+1)) if Ytk‘ € D_ and th-+1 € D+ ;
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4 Convergence rate of our Euler scheme

The purpose of this section is to prove the following result.

Theorem 4.1. Let 0 < T < oco. Assume (E), (D) and (). Letm/ = [2+ 4]+ 1 and k = m' + 2.

Assume that the coefficients a;; satisfy (a+):; € C’gm/_l(Di) and that T is of class C?™ . Let f : RY — R
be in the space D(AF). Let u be the classical solution of (Pr).
We have that for all n large enough, and all zo in R?,

U(Ta ‘TO) - Emof(yg)

< Kv/hy, (4.1)

where the constant K depends on d, A\, A, f and T.

Remark 4.2. In this theorem the assumptions on a(x) and I' involving the integers m’ and k are here
in order to use Corollary 2.21, which ensures that we will have supyc(o 71 SUPe ., |07 0%uy (t, )| < oo
for any j <2 and any |a| < 4. This control on the derivatives on u is what we need in order to lead our
convergence proof. In fact if there is a way to get this control under weaker assumptions on a(x) and T,
this will lead to a convergence theorem stated under these weaker assumptions.

4.1 Preliminary results

Lemma 4.3. (see [3]) Consider an Ité process with uniformly bounded coefficients dUy = bydt + o dW.
There exist some constants ¢ > 0 and K (depending onp > 1, T and the bounds on o, b) such that, for
any stopping times S and S" (with 0 < S < S" <6 <T) and any n > 0,

2
P| sup |U;—Us|>n| < Kexp <cn—> ; (42)
te[s,s’] 0

El sup |Up — Us|P| < KoP/2. (4.3)

te[s,s]

We have when X, € D

Ytkﬂ = th+1 + {F'H (th+l):| ('Y-i—(ﬁlnz+ (th+1)) +7- (7"'11+ (th+1)))

and when X;, € D_

Ko = K + [P~ (Ku)] (3 8 R)) +7- (77 (Ri))

This shows that (Yt)ogth behaves like a continuous semimartingale on each of the intervals [try tit1)-
Using Tanaka’s formula, we have — for example for X;, € D — that for any t € [t;, tg41),

0X, = AR+ 3 (s +7-) (R)ALY(E™ (X))
[P 0] (V6 +00) (K04 + 5T [l +9-100)alX o) )
T e [V (s +70) (K0)a(Rey) (VE™ (X)) dt 4 (s +7) (Xo) VF™ (X)X
T (<0 (0 +710) (X0) 5 T [HIF M ()a(X, )] i (14)

Lemma 4.4. Under Assumptions (E), (D) and (T'), for all ¢ > 0, there exists a constant K(T) such
that

h,, E®° "z_: lexp <_C@Z,F)>‘| < K(T)v/hn. (4.5)

=0
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Proof. The idea is to use the occupation times formula. Using successively (3.3) and the inequality (3.7)
of Proposition 3.2, we have d (z,T") > éd(i,F) > L |7+ (2)| so that

ci1C2
X, T
Aipr = E™ leXp <_C%>]

2

~ . 2
. Fre(Xp ) .
S ]E exp *CW HYZ+1€D* +E exXp —C

Fr-(XP)

|0102|2hn Y:LHlED*

= 'Az—'trl + A (4.6)

We concentrate on term .A;-trl as both terms are treated in a similar manner.
Set ¢/ = ¢/2c3¢3 > 0 and g(x) = exp(—2¢/?/h); it is easy to check that |g(2)|+v/h|g ()| +hlg" (z)| <
K(T)exp(—c'x?/h). Hence, for t € [t;,t;+1], Itd’s formula yields that

. 2
Bz,
E®o —2¢l— L
exp c ™
N L2 -2
P (%) Pt B (X1
< K(T) |E* exp —CIT + h_n/t dsE* exp | —c »
We integrate this inequality with respect to ¢ over [t;,t;11] to get
-2
tit1 F+ (Xll)
hn Af, < K(T) /t dsE™ exp —C/T (4.7)
(for possibly some new constant K (7).
Observe that from (3.4),
d(F+ (X™), F7+ (X™), = VE' (XM)a(XT) [vﬁw (Xg)} ds > Mds. (4.8)
Indeed, using the Cauchy-Schwarz inequality and |v(Z)| = 1, we have that
L ~ 1 v (@)a(@)v(R)
VF*(2)a(Z) |VF*(2)| = ———5—
@a@ [VI @] = TH5 G
_ (w(@),a(@)r(2))
o 5y _a(@)r() \o
(@), a@ean
(), a(@(2) |\ .\ ) A
> S la@v(@)|7 = (v(d), a(@)v(z)) = A
v (2)?|a(z)v(2)]?
which justifies (4.8).
It readily follows from the occupation times formula that
R 2
Y T n -1 I -
ho AfL, < K(T)[Rdyexp <—c’h—n> o [Lf{m (FW (X' )) — LY (FW(X. ))} . (4.9)

Now,
[y, (B (X)) - ot (B (X))
= 2E*0 [(Fw (thﬂ) - y)Jr — (ﬁ‘w (th) - y)+ - /tti+1 Ty (f(;l)Zyd (1:—‘” (X?))]

<o (P2, —) = (P - ) |+ K@,
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Therefore, 2?2—01 [Ezo [LZH (ﬁ'w (Xn)) ~ LY (ﬁ'w (X"))} < K(T) uniformly in |y| < R since the

sum is telescoping. We can thus conclude that h, Z?;Ol Al < K(T)vhy,. The sum h,, Z?;Ol Ay is
treated similarly. The proof of the Lemma is complete. [l

4.2 Error decomposition

In all the sequel zq is arbitrarily fixed.
For all 0 < k < n set
=T —1y.

The proof of Theorem 4.1 proceeds as follows (we omit the superscript n). Since u(0,x) = f(=) for
all z € R? and u(T, z0) = E*°u(T, Xy), the discretization error at time T can be decomposed as follows:

€ = |u(T, o) —E* f (X71)|
n—1
- ‘ STERU(T — tr, X)) — EPu(T — trar, X )|, (4.10)
k=0
and thus

n—1
6%0 < ’ ZEwo {U(ekaytk) - U(9k+1,7tk)
k=0

+u(9k+1’7tk) - u(9k+177tk~+1)} ’

(4.11)
The rest of this section is devoted to the analysis of
n—1
> ET(Tx — Sk)|
k=0
where the time increment T} is defined as
Ty = u(@k,ytk) - U(9k+157t;€) (412)
and the space increment is defined as
Sk = u(9k+1,ytk+l) *u(9k+1,ytk). (413)
4.3 Estimate for the time increment 7},
Remember the definition (4.12) of T} and that 0, = T — t;,. We have
{U(@k, Ytk) - u(okJrlaytk)} I[Ytk €Dy
= hnatu(9k+1,?tk )]Iyt €Dy + h%/ 6ftu(9k+1 + alaghn,ytk)al dopdos ]1715 €D,
k [011]2 k
=: T,:r + R;.
Similarly,
{u(oka Ytk) - u(9k+1vytk)} ]IY% eD_
= hnﬁtu(9k+1,7tk )]nyk eD_ + hi / aftu(t?kﬂ + 041042}1”,7%)0[1 dOéldOAQ ]Iytk eD_
’ [0,1]2 ’
=T, +R,.
In view of Corollary 2.21 and Remark 4.2 we have
E™|R} + R | < Chy.
From the preceding we deduce
E™ Ty, = B 0u(Oky1, X1, )hn + O(h2). (4.14)
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4.4 Expansion of the space increment S

Let Sk be defined as in (4.13). Set
A1c+1Y = Ytkﬂ - Yt
AkJrlX = th+1 - X

k
.
and recall that A (W =Wy, ., — Wy,

Proposition 4.5.
E™|(Af4,X)%] < Cla)hly/2,

(4.15)

Proof. This is a consequence of the result of Lemma 4.3 combined with the fact that |(z)®| < |z|'®! for

any x € R%.

O

We emphasize that, due to the definition of our stochastic numerical scheme, A,’i +17 does not coincide

with X, ,, — X, when X, ,, and X,, do not belong to the same region, which explains the two notations

A and Af.
We need to introduce the four following events:
Q" =[X;, € Dy and Xy, € D],
Q. = [X;, € D_ and thﬂ €D_],
Q;C"_ = [X;, € Dy and th“ €D_],
Q;"" =[X;, € D_ and thﬂ € D).

In view of the definition of our stochastic numerical scheme we have

On Ot A X = AL, X

Therefore

SkHQIjJr = <Ak+1Y, Vmu(9k+1,7tk)> HQ++ + = (AkJrlX) H[U](9k+17Ytk)Ak+1Y ]IQ:+

03u —
+|Z o (Dp X)” Hpa k1, X) Tors
a|=3

+/01d£Z u

|a|=4
= ST 4§24 58 4 gF e

4 o 84
TS gL

(97€+1a th + €Ak+1X) HQ;*

Similarly,

— — 1 % — —
Sk]Ilef = <Ak+1X,VIu(9k+1,th)> an—f + = (AkJrlX) H[U](9k+1,th)Ak+lX ]19;7

63
+|Z o (Dk1X) 8—(9k+1’th) Io—-
al=3

+/Odgz

loe|=4

=S, SRS TS

Oty — _
AchrlX) Ao Oke1, Xty + €011 X) Ty

Oz

(4.16)

We now use that QT UQ,; ~ = Q — (Q/~ UQ, ). Notice that Q™ UQ, T belongs to the o-field
generated by (W;) up to time t511. In view of the first line of (3.9) and the fact that EFt« AW} 1 = 0,

we get
i P, _ _
EIU(SI-:—H S 1) 2 —E™ [(aa(th)avzu(ek-‘rlath))]

|:<A’;+1Xa vmu(okJrlv Ytk )> ]IQ;T*UQ;JF}
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Proceeding similarly and conditioning (A,ﬁC +17)2 w.r.t. the past of (W;) up to time ¢, we obtain

gy 1 . —
B0 (72 + 8, 7%) = SE™ [TrloH[ulo™](Ox11, Xe, )]

1 T * X X
2B (0 ) H 0 T)AL T Ly o+

and, since E*°(Ap41W)* = 0 whenever |a| = 3,

1 . _aa?’u —
—!E 0 [(AzﬁcHX) —a(9k+1ath)}

E® (S 4+ 5,78 = > o

lor]=3

1. —. U —
- Y SE [(Ai+1X) Hpa Okt X)) ]Irz,junk+] :

We have, combining the results of Corollary 2.21 and Proposition 4.5,

z|: %]E [(ALJ)&%(GW,Y%)} < C R, (4.17)
al=3
In addition, and for the same reasons, we have
E® S 45,74 < OR2.
To summarize the calculations of this subsection, we have obtained
E*0 Sy, =
E20 Lu(Opsr, Xo, Y + B2 {(Sk — (AL, X, ku(ekﬂjtm) HQTUQH

w1 — — — 1 —a B —
—E | S (AL X) Hu) (O, Xe) A5 1 X Tgr-uort + D — (B0 X) 52 0r1, Xu) Igs-yop+
la|=3

+O(h/?)
= E™ Lu(041, Xy )hn + EORY) — EORE) + O(h3/?).
(4.18)

We now estimate the remaining terms IEIOR,(;) and EI“R,(CQ).

4.5 Control of the term E:”ORS). Expansion around a well chosen point in I"

On the event €2~ we have that X, ,, and X, are close to I'. On this event, we also have that
Xipy, € D_ and Xy, € Dy Remember our definition of (F7+(x), 70" (z)) for « € D_.
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4.5.1 Decomposition of EI“RS)

As the function u is continuous across the surface I' at point 7le+ (x), we get

B ((Sk = (DL X, VaulBrin, Xur) ) Top- |
= [E¥° [((U(Gkﬂayz&kﬂ) - u(9k+1a77'1’z+()2tk+1))) + (U(91c+1a7fg+ (Xtpin)) — U(9k+1a7tk))) HQ;*}
B2 (84, X, Vous (B, 7 (X)) T |
E (A1, VaulOirr, Xn) = Vores Orss, m (K1,,,)) Iop- |
R =72 (K, Vot O, 7 (Ko ) |
~ B (Ko = 7 (Ri), Vot O, 71 (K)) Ty |

B2 (A X, Vot G, 77 Ko Loy |

k

>

! (175)2 ) % +( Y @
+ /0 d€ Z TE [(th+1 *WI'Z (Xtrs1))

Ja|=2

(90‘ N
a o —(Okt1, 7rF (th+1> + f(thH - 7rI’ZJr (th+1))) ]I!Z,j]
- [ae > e (R (S
|a]=2
0%u . _ .
x a—a(ek-i-la Trl?r (th+1) + f(th - 7TI’ZJr (th+1))) ]I.O*:| }
r k N

Tk

- {Emo {(AiJrlX, vzu-i-(ek-i-laytk) - vzu-i-(ek-‘rla 7-‘-;‘+ (th+1))> H.Q):rf} }__L+73

7k

=L L LR

4.5.2 Canceling the term L;:_l using the transmission condition

Observe that due to the fact that
(th e (Xml)) + (thﬂ - th) = Xipor — 1 (Xiey)-
we have that
Lt =B (R = 7 (R )s Vot O, 72 (K,)))
~(Xiyy = T (K ), Vot O, 70 (R )))) T |
=B [P (Ri) (=7 (0 (Ri), Ve (B, 13 (K1)

_<7+(7le+ (th+1))’ vﬂﬂu-i' (9k+1’ ﬂ-ng (th+1))>) ]I_O+71|

k

=0,

where we have used the vector problem solved by (F+,7.") and Equation (3.5) (i.e. the transmission
condition (*) and the definition of vy (x)).

4.5.3 The term LZ'_Q

We now turn to the term Lg_Q.
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The term Lg_Q is the sum of two terms. These two terms are treated similarly, so we concentrate
only on the first. Let o such that |a| = 2. We have that

B [|(Ro = 72" (Ko ))?| Tgp- | < B [ Koy = (Rip) 2 Tg- | < B [|AL XP L

The same kind of treatment can be performed for the second term of L; 2. Conditionning w.r.t Fy,
and applying the Cauchy-Schwarz inequality in the conditionnal expectation, we find using the result of
Lemma 4.3,

1/2

22 < cmm |87 [lag,x)'] " P (@) < o mern (@)

4.5.4 The term Lg_g

For the term L;fg, we may perform a Taylor’s expansion to the term

Vot (Ors1, Xe,) — Votg (Opsr, 70 (Xe, 1))

Using Corollary 2.21 and the Cauchy-Schwarz inequality, we find that
T X Y T 2
L% < OB [| A X [Kay = 7 (K] Tgp-] < CE [|AL X[ Tge- . (4.19)

Finally, as for the term Lg_Q, we find that

L8] < ChyERoRTa ()2,

Using the same method for the other side Q, *, we find that

E:EORél) < Chn]E:Eo (P]:tk (9:7)1/2 +]P)}-tk (QI;+)1/2) .

4.6 Summing up

The term IE””OR;f) can be estimated using the same techniques used in the previous section and we omit
the details.
Using now the fact that 0yu — Lu = 0, we finally find that

n—1

&5 < Chy B S (PP (9 7) 2 + P70 (21)?) + O/ (4.20)
k=0

Observe — using the result of Lemma 4.3 — that

_ . 1/2
PPt (QZ,)1/2 — PF (th c D+’th+1 € D_)

. _ _ 1/2
< PP (|| Xy, = Xl > d (K ) )

< K(T)exp <%‘F(§7tr)>

and the same kind of inequality holds true for P7 (Q,;Jr)l/z.

Finally,

X
e < K(T)hy EC”UZeXp< htk’ )>+C\/ -

and we conclude the proof of Theorem 4.1 using the result of Lemma 4.4 (note that if we sum up all the
dependancies of our constants, we indeed have that K in (4.1) depends on d, A, A, f and T)).
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5 Numerical experiments
Example 1. In this example d = 2 and the domain D is the open unit disc, i.e.,
D = {(z1,12) €R: 27 + 23 < 1}.

Note that the boundary of D is the unit circle 9D = {(x1,22) € R: 2 + 23 = 1}.
The subdomains D, and D_ are defined by

Dy ={(z1,22) € D withxa >0} and D_ = {(z1,22) € D with zo < 0},

so that the interface is I' = {(z1,0) € R? : —1 <y < 1},
The diffusion matrix is defined by

a(x) = a+(x)]II€D+ +a-— (z)HzED,v

with
at(z) = PiDy(z)Py

where Py are rotation (therefore orthogonal) matrices

= (o) o))

sin(fy)  cos(f+)

(for 64 € [0,27)), and D4 (x) are diagonal matrix-valued functions

_ AL + €1 0
Di(m) - ( 0 )\3( + €E4T2

where NL,A% > 0 and ex < M, for i = 1,2. Note that this ensures that a(z) satisfies the uniform

ellipticity assumption (E).
We take 0, = 7,0 =%, )\}r =1, )\i =9, A =2, )2 =3,¢, =05 and e_ = 1.9. This gives

1 ( 54052 4 1 B p19e, 0¥
“+(x)§< 4 5+0.5x2) and “(z)§< V3 9 419z, )

We have the Cholesky decompositions 2a4(z) = oo’ (z), with

( /5+05z, 0
oy (z) = < 4/\5+ 0522 +/5+0.5z2 — 16/(5 + 0.512) >

VB4 1.9z, 0
B/ 1980 (/941925 — 3/(44 4+ 30.42,)

so that 2a(x) = oo™ (x) with o(x) = o4 (2)lzep, +0_(2)l,cp . Besides we have

0 0
Da(x) = ( 0.25 )Hmem + ( 0.95 )LED'

Having this quantities in hand we can perform our scheme X. . R
Note that when the scheme crosses the interface I', we compute the quantities 7" (X4, ,, ), F7=(Xy, )

in the following way (we will detail the procedure for 7+ (X;, +.) and F7+ (X3, +1)). Recall that we have

o_(z) =

th+1 - 7r1’ZJr (th+1) =F" (th+1 )7+ (7r1’ZJr (th+1))'

But here v = (0,1)* so that for any z € T

_ 1 4
@ =5{ 54 0.515
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and (" (th+1))2 = 0 so that ()A(tk_+1 -t (th+l))2 = ()A(tHl)Q. This yields

and then A A
% _ FY
WI'ZJF (th+1) — ( (th-+1)1 F +(th+1) x 2 ) .

We wish here to treat the elliptic transmission problem

Lu(z) = 0 Yz e D
@) (a4 Vauy(y) —a-Vu_(y),v(y) = 0 Vyel
u(y+) = uly—) vyel
u(z) = f(z) Vze€aD

Consider then on one side our study of the convergence in the parabolic case, and on the other
side the Feynman-Kac representation for elliptic PDEs available in the smooth case (see for instance
Theorem 5.7.2 in [15]). One can hope that

E*[f(X7)] —— u(x),
hyn,—0
where X denotes our scheme and 7 = inf{t > 0: X; ¢ D}.

We thus compute a Monte Carlo approximation of E*[f(X+)] on one side (with N = 10° paths). Note
that in this Monte Carlo procedure we have used a boundary shifting method, on order to reduce the
bias introduced by the approximation of the exit time 7 = inf{t > 0: X; ¢ D} by 7 (see [14] Subsection
5.4.3, and the references therein). On the other side we use the software FREEFEM to compute an
approximation of u(x) by a finite element method, using around 1.5 x 10 triangles and 7 x 10° vertices
(finite elements basis consists of polynomial functions of order 1).

We take the function f to be

f(z) = sin(3z1) + cos(4xz).

Table 1 shows the results (we have also performed an Euler scheme without any correction at the
interface I'; this is to highlight the fact that, even with a small time step, it is impossible to approach
the right value with such a scheme).
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Point = Finite Element Not Transformed Euler Scheme Transformed Euler Scheme

(7.105 vertices) (hy = 10", n = 5,6) (hp = 107", n =2,4,5,6)
z=(0,0.5)" ~0.1207 - ~0.136356
- -0.121001
-0.105539 -0.121299
-0.100914 -0.120821
z = (0.9,0.05)" 0.92527 - 0.824901
. 0.924759
0.815699 0.925370
0.816116 0.925389
z=(—03,—-05) ~0.745461 - ~0.737754
. -0.746226
-0.766957 -0.745676
-0.767783 -0.745829

Table 1: Approximated values of the solution u(z) of (£€2) at points z = (0,0.1)*, (0.9,0.2)*, (—0.3, —0.5)*
computed with a finite element method (7.10° vertices), a not-transformed Euler scheme and our tran-
formed Euler scheme (with N = 10° Monte Carlo sample, and different values of h,).

6 Appendix
Lemma 6.1. Let I' = R~ x {0} (d > 1). We have
Yoe HI(I), Y1<j<d-1, DjveH %) with||Dj|lg2ry < Cllvllgzo),

where C' is a universal constant.

Proof. STEP1. We prove that for any v € H*(R"), s € R, n € N*, we have D;jv € H*~1(R"), for any
1 <j <n, with |[D;v]| g1 @®n) < C[[v]| s mn).-

We denote F : v — 0, v € S(R").

Let ¢ € S(R™), 1 < j < n, we have F{(—i2mz;)p(x)}(&) = D;p(€) (see [29] p72). From this and
(1.2) it is an exercise to check that we get

Yo € S'(R"), Djo(€) = F{Dju}(€) = (i2m&;)o(€).

Then we get, for any v € H*(R"),

[ a1y s D@fde <an? [+l eRiaRde <an? [ 1+ Pyl < .

Rn» Rn

Step 1 is proved.

STEP2. It suffices to notice that |[v||g1/2my = |[vcll i/2ma-r), with ve(a’) = v(2’,0), 2’ € R,
that (Dj’l))c = Dj’l)C, and to use Step 1 with s = % and ||Djv||H*1/2(F) = ||(Dj'U)C||H—1/2(]Rd—1) (Cf [29]
p9g). (|

Proof of Lemma 2.3. To show the result for instance on D, it suffices to notice that for any ¢ €

C®°(D4;R) we have

(Div)4+, ) (poyai (D) = (Div, ©) g1 ey, mp (re) = —/dvDiga = */ vy Dip
R D,

= (Divy, Q) r-1(Dy) (D)
One may of course proceed in the same fashion on D_. [l

In order to prove Lemma 2.4 we first need a lemma.
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Lemma 6.2. Let u € L*(RY) with uy € H*(RL) and ¢ € C(R%4R). We have

—/Rd u+Djp = /]Rd (Djus)p, V1I<j<d-1, (6.1)
4

+

and

- / weDup =% / (us)y(0) do + / (Daus)p (6.2)

d
i1
(we recall that here T' = R~1 x {0} ).

Proof. We establish the formulae on D = Ri, as the case RZ can be treated in a similar manner. Let
(un) a sequence in C°(R%:R), s.t. ||uy — Un|D+||H1(1Ri) — 0, n — oo, where || - ||H1(Rd+) denotes the

usual Sobolev norm. Let ¢ € C2°(R%R). Let 1 < j < d — 1. Using integration by parts with respect to
the j-th variable for smooth functions vanishing at infinity in the e;-direction, we have

—/ usDjp = lim (f/ unchp) = lim (/

which proves (6.1). Further, we have

(Due) = [ Dy

d
+

_fRi urDap = limpeo (_ fRd71XR+ UnDdSD)

lim,, o0 ( - f]Rd—l (Hmmd—wo(un(p)('a rq)
—limg, 0.2,50(unp) (-, xd))dxl co.drg_q + fRi (Ddun)cp)

= hmn—>oo (fp ’Y('Uzn)'y((P) do + f]R'iJr (Ddu”)(p)

= o)) do + fou (Dauy ).

where we have used the continuity of the trace operator at the last line. Equation (6.2) is proved. O

Proof of Lemma 2.4. We first treat the case Dy = RL. Let u € L%(R?) with uy € HY(RL). We will
prove that for any ¢ € C°(R%; R) and any 1 < j < d, we have

(Dju, ) g1 (ma),mp ey = (Djtig, 0) p2(raey + (Dju—, ) 2(ra ) +5jd/F[U]F7(<P) do (6.3)

0;q stands for the Kronecker symbol). This is sufficient to provide the result.
J
Let then ¢ € C°(R%R). Let 1 < j < d— 1. We have

<Djua(P>H*1(]Rd),H(}(]Rd) = —/ uDjp = —/ U+Dj<P—/ u_Djep.
R4 R RE

+

Using then uy € H'(R%) and the fact that ¢ vanishes at infinity in the e;-direction, we get, using an
integration by parts formula (see Lemma 6.2),

(Dju, ©) -1 (ra), H (Re) = /
RY

(Djus)p + / (Dju—)e.
RZ
Further, we have in the same manner

<DdU7<P>H*1(]Rd),Hé(]Rd) = /Rd uDqp = */

U+Dd<P*/ u—Dap,
RY R
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but here integration by parts will provide different results, as ¢+ vanish at R¥~! x {£oc0} but not at
R~ x {0}. Indeed we have from Lemma 6.2,

_/]Rle]R+ utDap = /Fv(u+)7(<p) do + /Ri (Dgu+)e (6.4)

In the same manner we have

—/]Rd u_Dgp = —/FW(U—)W(@) do + /Rd (Dau-)ep- (65)

Summing (6.4) and (6.5) we get (6.3). If T" is bounded and smooth one may cover it by a finite number
of balls, use change of coordinates, cutoff functions and several times the result for Dy = R‘i. We will
then get the desired result. O

Proof of Proposition 2.16. We prove the result for r = 0. Again we fix a cutoff function x € C*°(D_;R),
0<x<1,with x=1o0n D" and supp(x) C D_. Note that again the derivatives of y are bounded by
some constant depending on dist(D’_, dsupp(x)), thus on d’_.

Proceeding as at the beginning of STEP 1 - SUBSTEP a) of the proof of Proposition 2.17 one may
show that yu_ — A_(xu_) = f_ on D_ with

fo= (- +Z )isDixDju_ + D;((a—)i;(Djx)u—) € L*(D-).

7,j=1
Thus using (2.5) one gets
(xu—,v)r2p_y+E-(xu—,v) = (f-,v)r2(p_y, Vv € Hj(D-).

In the computations below we drop for a moment the subscript — on the functions. For any 1 <[ < d,
one may now take v = —A; _;(A;p(xu)) in the above equation, with h sufficiently small, namely
|h| < dist(supp(x),T'). Thus in the same manner than for (2.15) one gets

— [ T (An ) = [ ARG+ 380 [ aiDi(An(xu) Di(Ar,(xw))

+ 3001 [ (Dunai) Di(xu) (- + her) Ayp(Di(xu))

(note that this time there is no boundary term). So that combining again (E), Young’s inequality and
the fact that |A; pa;;] < C (for some constant C' depending on maxi<; j<q MaXi<k<d SUPycp |0z, ai; ()]
but not on h) we get

cllAn (x|l py < ||f||L2(D ) T35 1AL )
C 2 Cd2
||V(XU ||L2(D yt—— IV (Arn(xu) ||L2(D )

for any £,0 > 0 (the constant ¢ depends on ). Adjusting now £ and § we get constants ¢/,C" > 0,
depending d, A, C', but not on on h s.t.

A xu)lzn .y <C' (11720 + IVOIZ2py)
and thus, considering M = C’(||f||i2(D7) + ||V(XU)||%2(D7))/CI we have
Vi<i<d, [Di(Aa(xu)llizp ) = 1AunDiu)lliz ) < M.

Obviously || f- ||L2 D) = C”(||U—||%11(D7) + ||f_||%2(D7)) with C” depending on d’ .
Thus (Lemma 2.15-ii) again) we have proved that D;D;(yu) € L?*(D_) forany 1 <1<d, 1<i<d
with
1D:Di(xu-)lIZ2(p_y < C- (-3 oy +11f12p_)),
with a constant C_ depending on the announced quantities. Remembering that Yy = 1 on D’ this
shows the result for u_ and r = 0. An induction argument in the spirit of STEP 2 of the proof of
Proposition 2.17 takes care of r > 0. O
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Before proving Lemma 6.4 we need the following lemma, which allows to weaken the assumptions on
the coefficients in Proposition 2.6, under the condition that the function under investigation is smooth.

Lemma 6.3. Let Gy an open bounded subset of R with Go N T # 0. Let x € C°(Go;R). Let some
coefficients alf; satisfy (a'f)i; € H'(DZ) (where DI = G2 N D+ note that x+ € H*(D3)). Then, using
Einstein’s convention for summation over repeated indezes,

[ @upisbo = - [ 0it@)Dic) v (mrl@uDinsla®) o voe HID.)
Dy Dy

and

| @D == [ 0l Dx) v+ (walla D)o)W e H(D-)

Proof. We prove the result on Di., w.l.g. For each 1 <14, j < d one may construct a sequence ((a*");;)n
in C2°(R% R) such that ||(a“’")ij“32+ _(a/u)ileiHHl(Di) — 0asn — oo. Then the (a’™);;’s are obviously

Lipschitz in D% and from Proposition 2.6 we have
[ @muppabw =~ [ (Di@"uDp) v (mllai™uDicl o), e HDL)

We will now pass to the limit in the above equality when n — oo. We drop the subscript + on
functions in order to lighten notations. To start with, as the D;x are bounded, it is obvious that
the (a“™);;D;x converge to (a“);;D;x in H'(D2). So that it is immediate that fD+ (ay™)ijDjx+Div
converges to fD+ (a%)i;Djx+D;v. Further, using the continuity of the trace operator v : H'(Dy) —
HY2(T) it is clear that y[(a“™);;D;x] converges to v[(a*);;D;x] in H'/?(T'). Therefore by Cauchy-
Schwarz, (viy[(a'y™)ijDjx+],7(v)) converges to (viy[(a't)ijDjx+],7(v))p. To treat the third and last
term it suffices to develop (D;((a"™™)i; D;jx) into

Di((a"™")ij)Djx + (a"")i; DiDjx.

Using again the boundedness of the D;x’s and D;D;x’s, this is easily seen to be converging in L? (Di)
to Dz((a“)”)D]X + (a“)ijDiDjx = Dz((a“)”D])() (note that the (a“)iijX are in Hl(Di)) The pI‘OOf
is completed. O

Lemma 6.4. With the notations within the proof of Proposition 2.17, STEPI-a), the assumption
[Buul,. € H?(Dy) implies that [B,(xu)]r € H? ().
Proof. We aim at proving that

d
B, (xw)le = x[Buu]p + D {7[(Djx)+(a)aur] =7 [(Dix)-(a-)gu-]} in HVAT).  (6.6)
j=1
As 0 < x < 1 with bounded derivatives, the (at);;’s are of class C! (D%;R), and we have [Buul,. €
Hz(Dy) and ug € H' (D<), we will get the desired result. In fact (6.6) will follow simply from

d
Biu=xByu+ Y y[(Djx)(ax)gus] in H/*(T) (6.7)
j=1
(note that in (6.7) for example xB;u is the element of H~'/2(T) defined by (xB}u, ) m-1/2(r), H1/2(T) =

(B u, 7(X)¢>H*1/2(F),H1/2(F) for any ¢ € Hl/Q(F))-

Thus we aim at proving (6.7) on Dy = R% (D_ is treated in the same manner). Let v € C2°(R%; R)
and consider its restriction vy on D4. From now on we drop the subscript 4+ on functions and conormal
derivatives. Using Proposition 2.9 we have

(8.0 10) = &) = [ Ao
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(note that we know that Ay (xyu) € L?(D,) thanks to (2.13), f € L?(D;) and u € H'(R?)). But,
using Einstein’s convention for summation over repeated indexes, D;(xu) = (D;x)u+xD;u and xD;v =
Di(x0) — (Dix)v, we get

(BV(XU),’y(v))F =—&;(u,xv) — /D aijuDjxDiv + /D ai; DjuD;xv — / Ay (xu)v.
+

+ Dy

Using again Proposition 2.9 one gets
(By(xu),v(v)) =
(Bou, y(x)v(v)) . + / (Apu)xv — /

Dy Dy

aijuDjxDiU + /

Dy

aiijuDixv—/ Ay (xu)v.

Dy

Then using surjection and density arguments we will get (6.7) if we prove that

/[)+(A+U)XU_/D+ @ijUDjXDiU-i—/D+ aiijuDiXU—/D+ Ay (xu)v = (7[(Djx)ade}ﬁ(v))F- (6.8)

But using now v = (0,...,0,1)*, x € C°(G2;R), a;ju € H'(D?), and Lemma 6.3 one gets

r

/D+ a;juD;xD;v — /D+ (A x)v = ('y[(Djx)adju],'y(v))

where we have denoted A% x = D;(a;;uD;x) € L*(D,). We now claim that, as an element of HY(Dy),
the form H(Dy) 3> o — Jp, (A%X) ¢ coincides on Dy with

H'(Dy) 3¢ — | (Avuxe + / A (eu) o — / a; DyuDix o,
Dy Dy Dy

which will provide (6.8). Let then ¢ € C°(D4;R) (see Remark 2.8). We have
fD+ (AYx) e = *fD+ ai;uD;xDip
- fD+ ai; Dj(xu)Dip + fD+ a;jxDjuD;p
= - fD+ aij Dj(xu)Dip + fD+ a;jDjuD;(xp) — fD+ ai;Dju(D;x)e

= Jp, A+Cw) e — [, (Avu)xe — [, ayDju(Dix)e,

where we have used successively uD;x = D;(xu) — xD;(u) and xD;p = D;(x¢) — (Dix)p. The proof is
completed. O

Lemma 6.5. In the context of the proof of Proposition 2.17, STEP2-a), let u € L*(RY) with uy €
H?(DY). Let 1 <io<d—1. Then

d
B (Diyu) = DB (u) = > y[Diy((ax)aj) Djus] in H-/*(T)).
j=1
Proof. Let 1 <ip < d—1. We denote D = D,;, and prove the result on D, = Ri. Let v € C°(G1/;R)

and consider its restriction v4 on D_lkl. From now on we drop the subscript + on functions and conormal
derivatives and use Einstein’s convention for summation over repeated indexes, when possible.
Note that since u € H*(DY) and the a;;’s are in C?(D?1;R), we have, using Proposition 2.6,

(Bou, y(Dv))p = —E4(u, Dv) — / Ayu Do.

Dy
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Now observe that v € H*(D.) so that y(Dv) = Dv(v). And that (DB, (u),v(v))r = — (B, (u), Dy(v))r,
since y(v) € C°(I'; R). So that

—(DBu,y(v))p = =&+ (u, Dv) — /D Aqu Du. (6.9)

Let us consider the term &, (u, Dv) in (6). Let us define Aie = a;j¢0k4, where 0y;, is the Kronecker
symbol. We have,

&4 (u, Dv) :/ a;i Diu Dj (Div) :/
Dy

a;iDiu Dy, (Djv) :/ Al,DyuDy, (Djv).
Dy

Dy

Applying the first Green identity of Proposition of 2.6 with the j dependent matrix (Aié)lgkyggd instead
of (aij)1<i,j<d, we see that for any fixed j € {1,...,d}

d
/ AinguDk(Djv):—< Y D (Aingu),DjU> —<27(AgeDgu),7(Djv)> .
" L2(D4) r

1<k,6<d 1<k,<d =1

But, we see that from the definition of Aie, the surface integral (Zzlzl y (A‘ZMDgu) ,W(Djv))F is null.

Further,
— < Dk (A?CZD[LL) ,Dj’U>
1<k,0<d L2(Dy)

_ / Dy (A},) DuDjo — 3 / Al,Dy (Dyu) Dyv (6.10)
1<k, e<d”’ P+ Dy

1<k<d
And from the definition of Ail,

d
< S Dy (Ailpzu) ,Djv> :—Z/
12(Dy) b

D (aje) DguvaZ/ a;jeDy (Du) Djv.
1<k, 0<d 0=1""+

Finally, summing over 1 < j < d, we get

& (u, Dv) = =4 (Du,v) — D(aje)DyuDjv.
Dy

Using this and Proposition 2.9 (note that Du is in Hl(D_l‘_,)) in (6) we get

(B, (Du),v(v))p = (DB, (u),v(v))p — /D AyDuv — /D AjuDv+ D(aje)DyuDjv.

+ Dy

So that, similarly to the proof of Lemma 6.4, we will be done if we prove that
f/ Ay Duv — / AyuDv+ D(aj¢)DeuDjv = —(y[D(aa;)Dju] , ¥(v)) - (6.11)

But, using v = (0,...,0,1)* and again Proposition 2.6 (this time with the matrix D(a;;j)1<i j<a instead
of (aij)1<ij<d), we see that

i D(aje)Deu Djv + i D;j(D(aje) Deu) v = — (v (D(ag) Dju) ,7(v))p

(note that D;(D(ajr)Deu) € LQ(D}#), thanks to the smoothness of the aj;¢’s and of u). So that we will
get (6.11) if we see that, as an element of H~1(DY'), the form H'(DY) > ¢ = [, Dj(D(aj)Deu)¢p
T
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coincides on DY with H'(DY) 3 ¢+ — ng Ay (Du)p — fDi AiuDep. Let then ¢ € C°(DY;R). We

have

—/ A+uD<p:/
D D

1/
+

ajeDyuD; Do = / ajeDyuDDjp = —/ D(ajeDeu)Djp
}F/ D}F/ D}F/

= —/ D(aje)DeuDjp —/ ajeD(Deu)Djp
D}F/ Dl/

+

= —/ D(ajg)Dgunga—/ a;jeDe(Du)Djp
DY DY

+ +

= Dj(D(aje)DeU)<P+/ Ay (Du) o,
D1+/ D}g

where we have used the fact that D(aj;eDeu) = D(aje)Dou + ajyD(Dyu) in LQ(D}‘_,). The proof is

completed. [l
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