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Abstract

We consider stochastic gradient descent (SGD) for least-squares regression with
potentially several passes over the data. While several passes have been widely
reported to perform practically better in terms of predictive performance on unseen
data, the existing theoretical analysis of SGD suggests that a single pass is statisti-
cally optimal. While this is true for low-dimensional easy problems, we show that
for hard problems, multiple passes lead to statistically optimal predictions while
single pass does not; we also show that in these hard models, the optimal number
of passes over the data increases with sample size. In order to define the notion
of hardness and show that our predictive performances are optimal, we consider
potentially infinite-dimensional models and notions typically associated to kernel
methods, namely, the decay of eigenvalues of the covariance matrix of the features
and the complexity of the optimal predictor as measured through the covariance
matrix. We illustrate our results on synthetic experiments with non-linear kernel
methods and on a classical benchmark with a linear model.

1 Introduction

Stochastic gradient descent (SGD) and its multiple variants—averaged (1), accelerated (2), variance-
reduced (3; 4; 5)—are the workhorses of large-scale machine learning, because (a) these methods
looks at only a few observations before updating the corresponding model, and (b) they are known in
theory and in practice to generalize well to unseen data (6).

Beyond the choice of step-size (often referred to as the learning rate), the number of passes to make
on the data remains an important practical and theoretical issue. In the context of finite-dimensional
models (least-squares regression or logistic regression), the theoretical answer has been known for
many years: a single passes suffices for the optimal statistical performance (1; 7). Worse, most of the
theoretical work only apply to single pass algorithms, with some exceptions leading to analyses of
multiple passes when the step-size is taken smaller than the best known setting (8; 9).

However, in practice, multiple passes are always performed as they empirically lead to better
generalization (e.g., loss on unseen test data) (6). But no analysis so far has been able to show that,
given the appropriate step-size, multiple pass SGD was theoretically better than single pass SGD.

32nd Conference on Neural Information Processing Systems (NIPS 2018), Montréal, Canada.



The main contribution of this paper is to show that for least-squares regression, while single pass
averaged SGD is optimal for a certain class of “easy” problems, multiple passes are needed to reach
optimal prediction performance on another class of “hard” problems.

In order to define and characterize these classes of problems, we need to use tools from infinite-
dimensional models which are common in the analysis of kernel methods. De facto, our analysis
will be done in infinite-dimensional feature spaces, and for finite-dimensional problems where the
dimension far exceeds the number of samples, using these tools are the only way to obtain non-vacuous
dimension-independent bounds. Thus, overall, our analysis applies both to finite-dimensional models
with explicit features (parametric estimation), and to kernel methods (non-parametric estimation).

The two important quantities in the analysis are:

(a) The decay of eigenvalues of the covariance matrix X of the input features, so that the ordered
eigenvalues \,,, decay as O(m™—); the parameter « > 1 characterizes the size of the feature
space, a = 1 corresponding to the largest feature spaces and o = +o¢ to finite-dimensional

spaces. The decay will be measured through tr¥!/® = >om )\717{ “, which is small when the
decay of eigenvalues is faster than O(m~%).

(b) The complexity of the optimal predictor 6, as measured through the covariance matrix ¥,
that is with coefficients (e, .) in the eigenbasis (e, ), of the covariance matrix that
decay so that (0., 21*2’"99 is small. The parameter » > 0 characterizes the difficulty
of the learning problem: r = 1/2 corresponds to characterizing the complexity of the
predictor through the squared norm |[|6.]|?, and thus 7 close to zero corresponds to the
hardest problems while r larger, and in particular r > 1/2, corresponds to simpler problems.

Dealing with non-parametric estimation provides a simple way to evaluate the optimality of learning
procedures. Indeed, given problems with parameters r and «, the best prediction performance

(averaged square loss on unseen data) is well known (10) and decay as O(n% ), with @ = 400
leading to the usual parametric rate O(nil). For easy problems, that is for which r > az—;l then it
is known that most iterative algorithms achieve this optimal rate of convergence (but with various
running-time complexities), such as exact regularized risk minimization (1 1), gradient descent on the
empirical risk (12), or averaged stochastic gradient descent (13).

We show that for hard problems, that is for which r < 0‘2—;1 (see Example 1 for a typical hard problem),
then multiple passes are superior to a single pass. More precisely, under additional assumptions
detailed in Section 2 that will lead to a subset of the hard problems, with @(n(a’kzm)/ (1””0‘))

passes, we achieve the optimal statistical performance O(n Zratl ), while for all other hard problems,
a single pass only achieves O(n~2"). This is illustrated in Figure 1.

We thus get a number of passes that grows with the number of observations n and depends precisely
on the quantities r and «. In synthetic experiments with kernel methods where o and r are known,
these scalings are precisely observed. In experiments on parametric models with large dimensions,
we also exhibit an increasing number of required passes when the number of observations increases.
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Figure 1 — (Left) easy and hard problems in the («,r)-plane. (Right) different regions for which
multiple passes improved known previous bounds (green region) or reaches optimality (red region).



2 Least-squares regression in finite dimension

We consider a joint distribution p on pairs of input/output (x,y) € X x R, where X is any input space,
and we consider a feature map ® from the input space X to a feature space H, which we assume
Euclidean in this section, so that all quantities are well-defined. In Section 4, we will extend all the
notions to Hilbert spaces.

2.1 Main assumptions

We are considering predicting y as a linear function fy(x) = (0, ®(x))4¢ of ®(z), that is estimating
0 € H such that F(0) = 1E(y — (6, ®(x))s¢)? is as small as possible. Estimators will depend on n
observations, with standard sampling assumptions:

(A1) The n observations (x;,y;) € X X R, i = 1,...,n, are independent and identically
distributed from the distribution p.

Since H is finite-dimensional, F' always has a (potentially non-unique) minimizer in H{ which we
denote .. We make the following standard boundedness assumptions:

(A2) ||®(2z)|| < R almost surely,
almost surely bounded by M.

y — (0x, ©(x))5¢| is almost surely bounded by o and |y| is

In order to obtain improved rates with multiple passes, and motivated by the equivalent previously
used condition in reproducing kernel Hilbert spaces presented in Section 4, we make the following
extra assumption (we denote by ¥ = E[®(z) ®4¢ ®(z)] the (non-centered) covariance matrix).

(A3)  Forp € [0,1], there exists r,, > 0 such that, almost surely, ®(z) @3¢ ®(z) <S¢ K2, R# X1,
Note that it can also be written as | SH/2 7128 (x) ||g¢ < K, RM

Assumption (A3) is always satisfied with any p € [0, 1], and has particular values for u = 1, with
k1 = 1, and p = 0, where k¢ has to be larger than the dimension of the space J{.

We will also introduce a parameter « that characterizes the decay of eigenvalues of 3 through the
quantity tr:'/<, as well as the difficulty of the learning problem through ||%1/2=76, ||4¢, for € [0, 1].
In the finite-dimensional case, these quantities can always be defined and most often finite, but may
be very large compared to sample size. In the following assumptions the quantities are assumed to be
finite and small compared to n.

(A4)  There exists o > 1 such that tr £V < .

Assumption (A4) is often called the “capacity condition”. First note that this assumption implies
that the decreasing sequence of the eigenvalues of 3, (A, )m>1, satisfies A,,, = o (1/m®). Note that
tr3* < k2 R%* and thus often we have i > 1/a, and in the most favorable cases in Section 4, this
bound will be achieved. We also assume:

(A5)  There exists v > 0, such that | 2Y/2770, ||3¢ < occ.

Assumption (A5) is often called the “source condition”. Note also that for » = 1/2, this simply says
that the optimal predictor has a small norm.

In the subsequent sections, we essentially assume that o, iz and r are chosen (by the theoretical
analysis, not by the algorithm) so that all quantities R,,, ||~!/2776, |5 and tr$'/ are finite and
small. As recalled in the introduction, these parameters are often used in the non-parametric literature
to quantify the hardness of the learning problem (Figure 1).

We will use result with O(-) and ©(-) notations, which will all be independent of n and ¢ (number of
observations and number of iterations) but can depend on other finite constants. Explicit dependence
on all parameters of the problem is given in proofs. More precisely, we will use the usual O(+) and
O(-) notations for sequences b,; and a,,; that can depend on n and ¢, as a,; = O(b,,;) if and only if,
there exists M > 0 such that for all n, ¢, a,; < Mbyy, and a,; = ©(by,) if and only if, there exist
M, M’ > 0 such that for all n,t, M'b,; < any < Mby;.



2.2 Related work

Given our assumptions above, several algorithms have been developed for obtaining low values of
the expected excess risk E[F(6)] — F(6,).

Regularized empirical risk minimization. Forming the empirical risk F'(6), it minimizes F'(0) +
A|0]|., for appropriate values of A. It is known that for easy problems where r > O“T;l, it achieves
the optimal rate of convergence O(nﬁ) (11). However, algorithmically, this requires to solve a
linear system of size n times the dimension of J{. One could also use fast variance-reduced stochastic
gradient algorithms such as SAG (3), SVRG (4) or SAGA (5), with a complexity proportional to the
dimension of H times n + R%/\.

Early-stopped gradient descent on the empirical risk. Instead of solving the linear system directly,
one can use gradient descent with early stopping (12; 14). Similarly to the regularized empirical

risk minimization case, a rate of O(n_%) is achieved for the easy problems, where r > az—;l
Different iterative regularization techniques beyond batch gradient descent with early stopping have
been considered, with computational complexities ranging from O (n'*27+1) to O(n' T 772 ) times
the dimension of I (or n in the kernel case in Section 4) for optimal predictions (12; 15; 16; 17; 14).

Stochastic gradient. The usual stochastic gradient recursion is iterating from i = 1 to n,
0 =01 +v(yi — (Bi1, ®(23))a¢) ®(23),

with the averaged iterate 0,, = % Z?zl 6;. Starting from 6y = 0, (18) shows that the expected excess

performance E[F(6,,)] — F(6.) decomposes into a variance term that depends on the noise o2 in
the prediction problem, and a bias term, that depends on the deviation 6, — 6y = 6, between the
o?dim(30) | 16«15
+ .
n n

initialization and the optimal predictor. Their bound is, up to universal constants,
Further, (13) considered the quantities o and r above to get the bound, up to constant factors:

Uztrzl/a(’yn)l/a ”21/27”9*”2
n + 727'n27" !

We recover the finite-dimensional bound for & = 400 and r = 1/2. The bounds above are valid for
all @ > 1and all » € [0, 1], and the step-size ~ is such that yR? < 1/4, and thus we see a natural
trade-off appearing for the step-size y, between bias and variance.

. . . . —2amin{r,1} -1+«
When r > O“T;l, then the optimal step-size minimizing the bound above is vy oc n~ 2emin{r1}+1

a—

and the obtained rate is optimal. Thus a single pass is optimal. However, when r < Tal’ the best
step-size does not depend on 7, and one can only achieve O(n=2").

Finally, in the same multiple pass set-up as ours, (9) has shown that for easy problems where r > 0‘2—;1

(and single-pass averaged SGD is already optimal) that multiple-pass non-averaged SGD is becoming
optimal after a correct number of passes (while single-pass is not). Our proof principle of comparing
to batch gradient is taken from (9), but we apply it to harder problems where r < 0‘2—;1 Moreover we
consider the multi-pass averaged-SGD algorithm, instead of non-averaged SGD, and take explicitly
into account the effect of Assumption (A3).

3 Averaged SGD with multiple passes

We consider the following algorithm, which is stochastic gradient descent with sampling with
replacement with multiple passes over the data (we experiment in Section E of the Appendix with
cycling over the data, with or without reshuffling between each pass).
o Initialization: 6, = , = 0, t = maximal number of iterations, v = 1/(4R?) = step-size
e Tteration: for u = 1 to ¢, sample i(«) uniformly from {1, ...,n} and make the step

O = Ou—1 + 7 (Wi — (Or—1, (xi(u)))30) ®(xi(u)) and Oy = (1 — £)0u_1 + L0,

In this paper, following (18; 13), but as opposed to (19), we consider unregularized recursions. This
removes a unnecessary regularization parameter (at the expense of harder proofs).



3.1 Convergence rate and optimal number of passes

Our main result is the following (see full proof in Appendix):

Theorem 1. Let n € N* and t > n, under Assumptions (Al), (A2), (A3), (A4), (AS), (A6), with
v =1/(4R2).

o For pa < 2ra+1 < q, ifwe take t = G(na/(2T“+l)), we obtain the following rate:

EF(0;) — F(0,) = O(n=2r/@re+l)y,

o For pa > 2ra + 1, if we take t = ©(n'/* (log n)%), we obtain the following rate:

EF(6,) — F(6,) < O(n=2"/m).

Sketch of proof. The main difficulty in extending proofs from the single pass case (18; 13) is that
as soon as an observation is processed twice, then statistical dependences are introduced and the
proof does not go through. In a similar context, some authors have considered stability results (8),
but the large step-sizes that we consider do not allow this technique. Rather, we follow (16; 9) and
compare our multi-pass stochastic recursion 6, to the batch gradient descent iterate 7; defined as
m = m_1+ %Z?:l (yl — (Mp—1, q)(xl)ﬁ()@(xl) with its averaged iterate 77;. We thus need to
study the predictive performance of 7, and the deviation §; — 7j,. It turns out that, given the data, the
deviation #; — n; satisfies an SGD recursion (with the respect to the randomness of the sampling with
replacement). For a more detailed summary of the proof technique see Section B.

The novelty compared to (16; 9) is (a) to use refined results on averaged SGD for least-squares, in
particular convergence in various norms for the deviation 6; — 77; (see Section A), that can use our
new Assumption (A3). Moreover, (b) we need to extend the convergence results for the batch gradient
descent recursion from (14), also to take into account the new assumption (see Section D). These two
results are interesting on their own.

Improved rates with multiple passes. We can draw the following conclusions:

o If 2ar + 1 > q, that is, easy problems, it has been shown by (13) that a single pass with a
smaller step-size than the one we propose here is optimal, and our result does not apply.

o If pav < 2ra + 1 < a, then our proposed number of iterations is t = ©(n®/(2ar+1)),

which is now greater than n; the convergence rate is then O (n27o+1), and, as we will see in
Section 4.2, the predictive performance is then optimal when p < 27.

e If ya > 2ra + 1, then with a number of iterations is t = ©(n'/#), which is greater than n
(thus several passes), with a convergence rate equal to O(n~2"/#), which improves upon
the best known rates of O(n=2"). As we will see in Section 4.2, this is not optimal.

Note that these rates are theoretically only bounds on the optimal number of passes over the data,
and one should be cautious when drawing conclusions; however our simulations on synthetic data,
see Figure 2 in Section 5, confirm that our proposed scalings for the number of passes is observed in
practice.

4 Application to kernel methods

In the section above, we have assumed that J{ was finite-dimensional, so that the optimal predic-
tor 8, € J{ was always defined. Note however, that our bounds that depends on «, r and p are
independent of the dimension, and hence, intuitively, following (19), should apply immediately to
infinite-dimensional spaces.

We now first show in Section 4.1 how this intuition can be formalized and how using kernel methods
provides a particularly interesting example. Moreover, this interpretation allows to characterize the
statistical optimality of our results in Section 4.2.



4.1 Extension to Hilbert spaces, kernel methods and non-parametric estimation

Our main result in Theorem 1 extends directly to the case where J{ is an infinite-dimensional Hilbert
space. In particular, given a feature map ® : X — X, any vector § € H is naturally associated to
a function defined as fy(z) = (0, ®(x))9¢. Algorithms can then be run with infinite-dimensional
objects if the kernel K (', x) = (®(z'), ®(x))s¢ can be computed efficiently. This identification of
elements 6 of JH with functions fy endows the various quantities we have introduced in the previous
sections, with natural interpretations in terms of functions. The stochastic gradient descent described
in Section 3 adapts instantly to this new framework as the iterates (6,, ), are linear combinations of
feature vectors ®(x;), ¢ = 1,...,n, and the algorithms can classically be “kernelized” (20; 13), with
an overall running time complexity of O(nt).

First note that Assumption (A3) is equivalent to, for all z € X and 6 € K, |fo(x)|*> <
K2R (fg, 5171 fo)ac, that is, [|gl|3 < k2R SY/27#/2g||2 for any g € H and also im-
plies' ||gllz., < nuR“||g||”g{||g||Z”, which are common assumptions in the context of kernel
methods (22), essentially controlling in a more refined way the regularity of the whole space of
functions associated to J{, with respect to the L°°-norm, compared to the too crude inequality
gl = sup, | (D(2), 9)9¢ | < sup, [|2(2)l|scllgllzc < Rligllsc-

The natural relation with functions allows to analyze effects that are crucial in the context of learning,
but difficult to grasp in the finite-dimensional setting. Consider the following prototypical example of
a hard learning problem,

Example 1 (Prototypical hard problem on simple Sobolev space). Let X = [0, 1], with x sampled
uniformly on X and

y=sign(r—1/2) +¢, D(a) = [k Yz,

This corresponds to the kernel K (z,y) = >_, 5. |k|~2e%*™(@=%) which is well defined (and lead
to the simplest Sobolev space). Note that for any # € H, which is here identified as the space

of square-summable sequences ¢?(Z), we have fo(z) = (0, ®(x))2z) = Y pez- %62““”. This

means that for any estimator 6 given by the algorithm, f; is at least once continuously differentiable,
while the target function sign(- — 1/2) is not even continuous. Hence, we are in a situation where 6.,
the minimizer of the excess risk, does not belong to H. Indeed let represent sign(- — 1/2) in K,
for almost all = € [0, 1], by its Fourier series sign(z — 1/2) = >, ., ™™ with oy | ~ 1/k,
an informal reasoning would lead to (0.)x = ai|k| ~ 1, which is not square-summable and thus
0. ¢ F. For more details, see (23; 24).

This setting generalizes important properties that are valid for Sobolev spaces, as shown in the
following example, where «, 7, i1 are characterized in terms of the smoothness of the functions in I,
the smoothness of f* and the dimensionality of the input space X.

Example 2 (Sobolev Spaces (25; 22; 26; 10)). Let X C R, d € N, with px supported on X,
absolutely continous with the uniform distribution and such that px(x) > a > 0 almost everywhere,

for a given a. Assume that f*(x) = Ely|a] is s-times differentiable, with s > 0. Choose a kernel,
inducing Sobolev spaces of smoothness m with m > d/2, as the Matérn kernel

K(a' x) = [l — 2| 2K gjom (2" - 2])),

where X g3, is the modified Bessel function of the second kind. Then the assumptions are satisfied
2m s

forany e > 0, witha = =%, ,u:%—i—e, =5

In the following subsection we compare the rates obtained in Thm. 1, with known lower bounds
under the same assumptions.

4.2 Minimax lower bounds

In this section we recall known lower bounds on the rates for classes of learning problems satisfying
the conditions in Sect. 2.1. Interestingly, the comparison below shows that our results in Theorem 1

'Indeed, for any g € 3¢, £V gl = |27 2g|| L, <57V 2gll7, gl = llgllsllgl ", where
we used that for any g € 3, any bounded operator A, s € [0, 1]: ||A%gl|z, < ||Agl1, HngL;S (see (21)).



are optimal in the setting 2r > p. While the optimality of SGD was known for the regime {2ra+1 >
a N 2r > u}, here we extend the optimality to the new regime o > 2ra + 1 > pc, covering
essentially all the region 2 > p, as it is possible to observe in Figure 1, where for clarity we plotted
the best possible value for p that is 4 = 1/« (10) (which is true for Sobolev spaces).

When r € (0, 1] is fixed, but there are no assumptions on « or 4, then the optimal minimax rate of
convergence is O(n~2"/(27+1)) attained by regularized empirical risk minimization (11) and other
spectral filters on the empirical covariance operator (27).

When r € (0,1] and o > 1 are fixed (but there are no constraints on ), the optimal minimax rate
a—

—2ra . . . .. . . . . .
of convergence O(n?++1) is attained when r > %=1, with empirical risk minimization (14) or
stochastic gradient descent (13).

—2ra . .
When r > 0‘2—;1, the rate of convergence O(n?=+1) is known to be a lower bound on the opti-

mal minimax rate, but the best upper-bound so far is O(n~2") and is achieved by empirical risk
minimization (14) or stochastic gradient descent (13), and the optimal rate is not known.

When r € (0,1], @ > 1 and p € [1/c, 1] are fixed, then the rate of convergence O(n%)
is known to be a lower bound on the optimal minimax rate (10). This is attained by regularized
empirical risk minimization when 2r > u (10), and now by SGD with multiple passes, and it is thus
the optimal rate in this situation. When 21 < 1, the only known upper bound is O(n =27/ (ra+1)),
and the optimal rate is not known.

5 Experiments

In our experiments, the main goal is to show that with more that one pass over the data, we can
improve the accuracy of SGD when the problem is hard. We also want to highlight our dependence
of the optimal number of passes (that is ¢ /n) with respect to the number of observations 7.

Synthetic experiments. Our main experiments are performed on artificial data following the setting
in (21). For this purpose, we take kernels K corresponding to splines of order ¢ (see (24)) that fulfill

Assumptions (A1) (A2) (A3) (A4) (A5) (A6). Indeed, let us consider the following function
eQiﬂk(w—z)
Ag(m,2) = T

kEZ

defined almost everywhere on [0, 1], with ¢ € R, and for which we have the interesting relationship:
(Ag(z,-), Ay (2,°) Lo(dpx) = Ngrq (2, 2) forany ¢, ¢" € R. Our setting is the following:

o Input distribution: X = [0, 1] and py is the uniform distribution.
e Kernel: V(z,z2) € [0,1], K(z,2) = Au(z, 2).
e Target function: Vz € [0,1], 0, = A, 1(,0).

e Output distribution : p(y|z) is a Gaussian with variance o and mean 6,.

For this setting we can show that the learning problem satisfies Assumptions (A1) (A2) (A3) (A4)
(A5) (A6) with r, a, andp = 1/cv. We take different values of these parameters to encounter all the
different regimes of the problems shown in Figure 1.

For each n from 100 to 1000, we found the optimal number of steps t.(n) that minimizes the test
error F'(6;) — F(,). Note that because of overfitting the test error increases for ¢t > t,(n). In
Figure 2, we show t,(n) with respect to n in log scale. As expected, for the easy problems (where

r > ‘Xz;l , see top left and right plots), the slope of the plot is 1 as one pass over the data is enough:

t«(n) = ©(n). But we see that for hard problems (where r < 0‘2—_&1, see bottom left and right plots),
we need more than one pass to achieve optimality as the optimal number of iterations is very close to

ti(n) =06 (n Trat ) That matches the theoretical predictions of Theorem 1. We also notice in the

plots that, the bigger 55— the harder the problem is and the bigger the number of epochs we have

to take. Note, that to reduce the noise on the estimation of ¢.(n), plots show an average over 100
replications.




To conclude, the experiments presented in the section correspond exactly to the theoretical setting
of the article (sampling with replacement), however we present in Figures 4 and 5 of Section E of
the Appendix results on the same datasets for two different ways of sampling the data: (a)without
replacement: for which we select randomly the data points but never use twice the same point in one
epoch, (b) cycles: for which we pick successively the data points in the same order. The obtained
scalings relating number of iterations or passes to number of observations are the same.
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Figure 2 — The four plots represent each a different configuration on the (a, 7) plan represented in Figure 1, for
r =1/(2«). Top left (o« = 1.5) and right (o = 2) are two easy problems (Top right is the limiting case where
r= “2—;1) for which one pass over the data is optimal. Bottom left (o« = 2.5) and right (o = 3) are two hard
problems for which an increasing number of passes is required. The blue dotted line are the slopes predicted by

the theoretical result in Theorem 1.

Linear model. To illustrate our result with some real data, we show how the optimal number of
passes over the data increases with the number of samples. In Figure 3, we simply performed linear
least-squares regression on the MNIST dataset and plotted the optimal number of passes over the
data that leads to the smallest error on the test set. Evaluating o and r from Assumptions (A4) and
(A5), we found o = 1.7and r = 0.18. Asr = 0.18 < 0‘2—;1 ~ 0.2, Theorem 1 indicates that this
corresponds to a situation where only one pass on the data is not enough, confirming the behavior of
Figure 3. This suggests that learning MNIST with linear regression is a hard problem.

6 Conclusion

In this paper, we have shown that for least-squares regression, in hard problems where single-pass
SGD is not statistically optimal (r < QT;l), then multiple passes lead to statistical optimality with a
number of passes that somewhat surprisingly needs to grow with sample size, with a convergence
rate which is superior to previous analyses of stochastic gradient. Using a non-parametric estimation,
we show that under certain conditions (2r > ), we attain statistical optimality.

Our work could be extended in several ways: (a) our experiments suggest that cycling over the
data and cycling with random reshuffling perform similarly to sampling with replacement, it would
be interesting to combine our theoretical analysis with work aiming at analyzing other sampling
schemes (28; 29). (b) Mini-batches could be also considered with a potentially interesting effects
compared to the streaming setting. Also, (c) our analysis focuses on least-squares regression, an
extension to all smooth loss functions would widen its applicability. Moreover, (d) providing optimal
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Figure 3 — For the MNIST data set, we show the optimal number of passes over the data with respect to the
number of samples in the case of the linear regression.

efficient algorithms for the situation 27 < y is a clear open problem (for which the optimal rate is
not known, even for non-efficient algorithms). Additionally, (e) in the context of classification, we
could combine our analysis with (30) to study the potential discrepancies between training and testing
losses and errors when considering high-dimensional models (31). More generally, (f) we could
explore the effect of our analysis for methods based on the least squares estimator in the context of
structured prediction (32; 33; 34) and (non-linear) multitask learning (35). Finally, (g) to reduce the
computational complexity of the algorithm, while retaining the (optimal) statistical guarantees, we
could combine multi-pass stochastic gradient descent, with approximation techniques like random
features (36), extending the analysis of (37) to the more general setting considered in this paper.
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Appendix

The appendix in constructed as follows:

e We first present in Section A a new result for stochastic gradient recursions which generalizes
the work of (18) and (13) to more general norms. This result could be used in other contexts.

e The proof technique for Theorem 1 is presented in Section B.

e In Section C we give a proof of the various lemmas needed in the first part of the proof of
Theorem 1 (deviation between SGD and batch gradient descent).

e In Section D we provide new results for the analysis of batch gradient descent, which are
adapted to our new (A3), and instrumental in proving Theorem 1 in Section B.

e Finally, in Section E we present experiments for different sampling techniques.

A A general result for the SGD variance term

Independently of the problem studied in this paper, we consider i.i.d. observations (z¢, &) € H x H
a Hilbert space, and the recursion started from po = 0.

pe = (I — vz ® 2¢) pre—1 + V& (D

(this will applied with z; = ®(z;(;))). This corresponds to the variance term of SGD. We denote by
fiir the averaged iterate fiy = £ 3°0_, ju;.

The goal of the proposition below is to provide a bound on E [HH"/Qﬁt Hz} foru € [0, £ + 1], where
H = E [2; ® 2] is such that tr 1/ is finite. Existing results only cover the case u = 1.
Proposition 1 (A general result for the SGD variance term). Let us consider the recursion in

Eq. (1) started at jiy = 0. Denote E[z; @ z;] = H, assume that trH'/® is finite, E[&] = 0,
E [(2t ® 2)%| < R*H,E[& ® &) < 02H and yR? < 1/4, then foru € [0, X + 1]:

2 l/oct Hl/a
2, 1—u r
:| Sdoty h tu—1/c

E UﬂH“/Qﬂt @

A.1 Proof principle

We follow closely the proof technique of (18), and prove Proposition 1 by showing it first for a
“semi-stochastic” recursion, where z; ® z; is replaced by its expectation (see Lemma 1). We will then
compare our general recursion to the semi-stochastic one.

A.2 Semi-stochastic recursion

Lemma 1 (Semi-stochastic SGD). Let us consider the following recursion jiy = (I — vH) prp—1+7&;
started at jio = 0. Assume that trH'/ is finite, E £ =0,E[& ®&] < 0?H and vH < 1, then
foru e [0, 4+ 1]:

2
E |:HHu/2MtH :| < 0271—u ,yl/atrHl/atl/a—u' (3)
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Proof. Fort > 1and u € [0, i + 1], using an explicit formula for y; and [ (see (18) for details),
we get:

t
pe=(I—vH) 1 +7& = (I —vH) po+~Y_ (I —vH)' " &

k=1
t t u
ﬂt:% HUZ%Z (I —~vH)" "¢ ZH‘ ( H)t"f“)gk
u=1 u=1 k=1
t
|:HHU/2— H :| f]EZtr |:(I o (IifyH)tfk+1>2Hu72£k ®£k:|
k=1

2

t
< % Yt {(1 — (I - yH)k)Q H“_l} using E [& ® &] < o2H.

Now, let (X;);en+ be the non-increasing sequence of eigenvalues of the operator H. We obtain:

el < G LT (- -y

We can now use a simple result’ that for any p € [0,1], k > 1l and u € [O,é + 1], we have :
(1— (1= p)*)? < (kp)t~v+1/ applied to p = y\;. We get, by comparing sums to integrals:

o 2 0_2 t [e'e] L 2 .
E [HH g } <HEYY (1-a =) A
k=1i=1
t
< o2 i(k_ /\4)1_u+1/a/\u—1
S 2 YA i
k=1i=1
o2 ¢
1—u+l/a 1/« l—u+l/«
< 27 letrHY Zk /
k=1
o2 ¢
< t72,yl—u+1/atrH1/a/1 yl—u+1/ady
2 2—u+l/c
< g ’yl/atI‘Hl/a t /
12 2—u+1/a
271 u UatI‘Hl/atl/a_u,
which shows the desired result. O]

A.3 Relating the semi-stochastic recursion to the main recursion

Then, to relate the semi-stochastic recursion with the true one, we use an expansion in the powers of
~ using recursively the perturbation idea from (38).

For r > 0, we define the sequence (u} )ien, fort > 1,
(H— 2z @ 2,1 ifr > 1
2 =&

We will show that i, =~ 22 it To do so, notice that for r > 0, 1y — > ._, p14 follows the recursion:

pe—y =1 —2®z) (Ntl - ZM§1> +9Er T, o)
i=0 i=0

so that by bounding the covariance operator we can apply a classical SGD result. This is the purpose
of the following lemma.

— (1 =+ 7= wit = = { G @

’Indeed, adapting a similar result from (18), on the one hand, 1 — (1 — p)* < 1 implying that (1 — (1 —
p)F)t=t/etu < 1. On the other hand, 1 — (1 — yz)* < ~yka implying that (1 — (1 — p)¥)*+/e—v <
(kp)+1/o=% Thus by multiplying the two we get (1 — (1 — p)*)? < (kp)L~u+1/*,
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Lemma 2 (Bound on covariance operator). For any r > 0, we have the following inequalities:
E[E ®Z/] < v"R*0*H and E[u} @ pj] < v T R* o?1. (6)

Proof. We propose a proof by induction on 7. Forr = 0,and ¢ > 0,E [2) @ Zf| = E[§, ® &] <
o2 H by assumption. Moreover,
t—1 t—1
E[p@u] =7 (I—vH)' "E[E) @Z)] (I —vH)'"* < 7°0* Y (I —yH)*""MH 5 70°I.
k=1 k=1
Then, forr > 1,
E[ET @5 SE[(H — 2 ® 20) i1 ® pi_q (H — 2 © 2t)]
=E[(H — 2 ® 2)E[uy_1 ® py_1](H — 2t ® )]
< ,yr+1R2ro_2]E[(H — % ® Zt)2]
< ,_y'rJrl R2T+20'2H.

And,
t—1
E [ @u ] =4 Y (I —H) T E[ET @ 57 (- yH)
k=1 L
< ’}/T+3R2T+20'2 Z(I o ,YH)Q(tfk)H < ’}/T+2R2T+2U2I,
k=1
which thus shows the lemma by induction. O

To bound p; — Z;O i, we prove a very loose result for the average iterate, that will be sufficient
for our purpose.

Lemma 3 (Bounding SGD recursion). Let us consider the following recursion p; =

(I — vz @ 2¢) pu—1 + V& starting at pg = 0. Assume that B[z, @ z;) = H, E[&] = 0, ||z4]]* < R?,
E[& @ &) < 0?H and yR* < I, then foru € [0, X +1]:
2
E U’HW’“H } < 022 RUrH t. )

Proof. Let us define the operators for j < i : M; = (I =72i(5) @ zi5)) - - (I = vzi(5) @ 2zi(5)) and
M}, = 1. Since p9 = 0, note that we have we have, p; = v Sy M} & Hence, for i > 1,

2 X .
B[ H 2] = 12E > (M, H M6
k.j
=7VE) (Miyaée, H' M 1&5)

k=1
7: .
= nytr <E Z Mlé-i—l HuM]i.Hgk ® &k
k=1
< o?y?RYi trH,

"H"M;,H) < RtrH. Then,

%
) < o*E [Z r (M,iH*H"M,iHH)]

k=1

because tr (M

+1 E+1
o = S, ey
1 J : il 2
< (Xl ) < 13e e < ot
which finishes the proof of Lemma 3. O
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A.4 Final steps of the proof

We have now all the material to conclude. Indeed by the triangular inequality:

12 1/2

2
+

2 1/2 T 2
(Efmem]) < X | B
i=1 | N—~——

Lemma 1

E|H"? (ut - Zui)
i=1

Lemma 3

With Lemma 2, we have all the bounds on the covariance of the noise, so that:

o\ 1/2 r 1/2 12
(E HHW?'EtH ) < Z ( i R2i g2 1~ 1/atrH1/at1/a—u) + (7T+2R2T+utrH t)
i=1

< (Uz,yku ,_Yl/oztrHl/atl/afu)l/2 Z (7R2)i/2 4 (7T+2R2r+utrH t)l/Q.
i=1

Now we make r go to infinity and we obtain:

1

R2 + (’)/T+2R2T+UU‘H t) 1/2
Y

<]EHH'IL/2 H ) g2l 1/atrH1/at1/a—U)1/2

— 0

r— 00

Hence with yR? < 1/4,
EHHu/2MtH <40_2 1—u 1/atrH1/o¢t1/o¢—u’

which finishes to prove Proposition 1.

B Proof sketch for Theorem 1

We consider the batch gradient descent recursion, started from 7y = 0, with the same step-size:
’y n
N = N—1 ﬁz (-1, ®(2i))5¢) (),

as well as its averaged version 7; = %Z::o 1;. We obtain a recursion for 6; — 7;, with the
initialization 6y — 79 = 0, as follows:

O —me = [I - ‘I)(xi(u)) Qg q’(%‘(u))] (Or—1 —ne—1) + Vftl + ’Yfg,

with gtl = yz(u)@(xv(u)) - % Z?:l qu)(xz) and gtz = [@(xl(u)) Q¢ (I)(xv (u) ) Zz 1 (I)(xZ) Q3¢
® ()] m—1. We decompose the performance F'(6;) in two parts, one analyzing the performance of
batch gradient descent, one analyzing the deviation 6; — 7, using

BF(0) — F(0.) < 2E (IS0, — n)IEd] +2(BF) — F0.)]
We denote by 3, = L5 L ®(xi) ® ©(z;) the empirical second-order moment.

Deviation 6, — 7;. Denoting by G the o-field generated by the data and by F; the o-field generated
by i(1),...,i(t), then, we have E(¢}(G, F; 1) = E(£2|G, F_1) = 0, thus we can apply results for
averaged SGD (see Proposition 1 of the Appendix) to get the following lemma.

Lemma 4. Foranyt > 1, if E[(§ + &) @ (& + €D)|G] = 723, and 4yR?* = 1, under
Assumptions (Al), (A2), (A4),

87271/atr f],l/a

B[220 — 7)l319] < A1/a

(®)
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In order to obtain the bound, we need to bound 72 (which is dependent on §) and go from a bound
with the empirical covariance matrix 3J,, to bounds with the population covariance matrix 2.

We have

E (&} ®3c&11S] <oc Byin @(@icw)) ®ac ®(@iw))1S] <oc [9]125n <oc (U+Su§<9*,q’($)>%)2in
xre

te{0,...,.T—1} zeX
Therefore 72 = 2M? + 2sup,c(q 71} SUP,ex (1, @(2))5¢ or using Assumption (A3) 72 =

2M? + 25upyeqo, o1y R2R2[|EV2H 2013

In the proof, we rely on an event (that depend on §) where 33, is close to Y. This leads to the the
following Lemma that bounds the deviation 6; — 7;.

Lemma 5. Foranyt > 1, 4yR? = 1, under Assumptions (Al), (A2), (A4),

1 [4logn\"/*
R—Q/(xtr Zl/(xtl/a (t + ( Og’n) ) 1

E[ISY2(0, — n0)l3c] < 1672 0 n

9

We make the following remark on the bound.
Remark 1. Note that as defined in the proof T, may diverge in some cases as

0(1) when p < 2r,
2 = 0(n*?) when 2r < u < 2r+1/a,
O(n'=2r/m) when = 2r + 1/,

with O(+) are defined explicitly in the proof.

Convergence of batch gradient descent. The main result is summed up in the following lemma,
with t = O(n'/*) and t > n.
Lemma 6. Let t > 1, under Assumptions (Al), (A2), (A3), (A4), (AS), (A6), when, with 4vR? = 1,

. e(na/(2’ra+1)) 2ra —+ 1 > jeze’ (10)
—lemMH (logn)¥) 2ra+1 < pa.
then,
B O(n*%a/(?mﬁrl)) 2ra+1> po
EF(7,) — F(6,) < H
(1t) (6+) {O(n—%/u) 2ra+1 < po (4o

with O(-) are defined explicitly in the proof.
Remark 2. In all cases, we can notice that the speed of convergence of Lemma 6 are slower that the

ones in Lemma 5, hence, the convergence of the gradient descent controls the rates of convergence of
the algorithm.

C Bounding the deviation between SGD and batch gradient descent

In this section, following the proof sketch from Section B, we provide a bound on the deviation
0; — ;. In all the following let us denote i1 = 6; — 7 that deviation between the stochastic gradient
descent recursion and the batch gradient descent recursion.

C.1 Proof of Lemma 5

We need to (a) go from f)n to X in the result of Lemma 4 and (b) to have a bound on 7. To prove this
result we are going to need the two following lemmas:

Lemma 7. Let A > 0, § € (0, 1]. Under Assumption (A3), when n > 11(1 + £2, R**~y#/') log %7
the following holds with probability 1 — ¢,

R 2
H(ZJr)\I)l/Q(ZnJrM)*l/QH <2 (12)
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Proof. This Lemma is proven and stated lately in Lemma 14 in Section D.3. We recalled it here for
the sake of clarity. O

Lemma 8. Let X > 0, 6 € (0, 1]. Under Assumption (A3), fort = O (- —L) then the following holds
with probability 1 — 6,

O(1), when pu < 2r,

and T2 = O (n#=2"), when 2r < 1 < 2r + 1/« (13)
O (nl_g"/“) when p = 2r + 1/,

72<T§O

where the O(-)-notation depend only on the parameters of the problem (and is independent of n
andt).

Proof. This Lemma is a direct implication of Corollary 2 in Section D.3. We recalled it here for the
sake of clarity. O

n\1/p
Note that we can take \° = (b%) so that Lemma 7 result holds. Now we are ready to prove
Lemma 5.

Proof of Lemma 5. Let As, be the set for which inequality (12) holds and let Bj, be the set for which
inequality (13) holds. Note that P(A§ ) = 6, and P(B§,) = d,. We use the following decomposition:

Ly, |

2
2 < 92 (S I+ Ig2) T < 16R22r22, so that [|fu? <
%2;;1 lwill? < 16R%y272t2. We can bound similarly 72 < 4M?2¢2R%2, so that ||ji]]?> <
64R%M?~*t*. Thus, for the second term:

=

and for the third term:

E[| 27 <E[H21% 14, OB%ME[HE% u]w“\zl%

2.

First, let us bound roughly ||z

First, for ¢ >

2
1ac } S 64RPMPy*'t*E1 e < 64R®M>y*t,,

2
E [Hz”%” 1ng] < GARS MY t'E g < G4RSM2y't1,
And on for the first term,

E |:H21/2— 2
Mt

2 . 2
1AamBab] <E [HEW(EHiI)‘WH H(Eﬂif)l/z(zn+A;11)-1/2H

<21E{H(in+ﬁ ””H IS}

R 2
(Sn + A1) 2 [

1a,,0Bs, | 9]

=2E [HE}L/ZMH | 9} +2M°E {HﬁtHQ | 9}

AL/oR [tr 21/“}

< 167’ A-1/a

+ 8)\;517'30 ’yl/“E [tr i}/a} /e

using Proposition | twice with u = 1 for the left term and v = 1 for the right one.

1/«

As x — '/ is a concave function, we can apply Jensen’s inequality to have :

E {tr(f]}/“)} < trxt/e,
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so that:

2 1/at Zl/a
E |:H21/2MtH 1A5QDB55:| < 167’020 ryﬂ%/cy+8)‘é OO’Y’Yl/atI" Zl/atl/a

1
< 1672 4 oty pl/opt/« (t + /\‘:L> .

Now, we take §, = 0, = m and this concludes the proof of Lemma 5, with the bound:

2+ 2log M + 4log(vyR?) + 4logt)1/u>

2
B[S < 1672y o0 st/egt/e (1 +(
n

O

D Convergence of batch gradient descent

In this section we prove the convergence of averaged batch gradient descent to the target function.
In particular, since the proof technique is valid for the wider class of algorithms known as spectral
filters (15; 14), we will do the proof for a generic spectral filter (in Lemma 9, Sect. D.1 we prove that
averaged batch gradient descent is a spectral filter).

In Section D.1 we provide the required notation and additional definitions. In Section D.2, in particular
in Theorem D.2 we perform an analytical decomposition of the excess risk of the averaged batch
gradient descent, in terms of basic quantities that will be controlled in expectation (or probability) in
the next sections. In Section D.3 the various quantites obtained by the analytical decomposition are
controlled, in particular, Corollary 2 controls the L> norm of the averaged batch gradient descent
algorithm. Finally in Section D.4, the main result, Theorem 3 controlling in expectation of the excess
risk of the averaged batch gradient descent estimator is provided. In Corollary 3, a version of the
result of Theorem 3 is given, with explicit rates for the regularization parameters and of the excess
risk.

D.1 Notations

In this subsection, we study the convergence of batch gradient descent. For the sake of clarity we
consider the RKHS framework (which includes the finite-dimensional case). We will thus consider
elements of JH that are naturally embedded in Ly (dpx) by the operator .S from H to Lo (dpy) and
such that: (Sg¢)(x) = (g, K,), where we have ®(z) = K, = K(-,x) where K : X — X — Ris the
kernel. We recall the recursion for 7, in the case of an RKHS feature space with kernel K:

Ne="Ne—1+ — Z (M1, Kz, )3c) K,

Let us begin with some notations. In the followmg we will often use the letter g to denote vectors
of H, hence, Sg will denote functions of Ls(dpx ). We also define the following operators (we may
also use their adjoints, denoted with a *):

e The operator S,, from H to R", S,,g = ﬁ(g(xl), o g(zn)).

e The operators from JH to J, ¥ and $,,, defined respectively as ¥ = E[K, ® K,] =
fx K, ® K,dpx and 2, = 1 L3 Kg, ® K,,. Note that X is the covariance operator.

e The operator £ : La(dpy) — La(dpx) is defined by
0= [ K@.2fEnta). Vf € La(dpx).

Moreover denote by N(\) the so called effective dimension of the learning problem, that is
defined as
N = tr(L(L + M),
for A > 0. Recall that by Assumption (A4), there exists & > 1 and ) > 0 such that
N <AV va>o.

We can take Q = trx1/«.
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e P : Ly(dpx) — La(dpx) projection operator on H for the Ly(dpyx) norm s.t. ranP =
ransS.

Denote by f, the function so that f,(z) = E[y|z] € La(dpyx) the minimizer of the expected risk,
defined by F'(f) = [y, (f(z) —y)*dp(z,y).

Remark 3 (On Assumption (A5)). With the notation above, we express assumption (A5), more
formally, w.rt. Hilbert spaces with infinite dimensions, as follows. There exists r € [0,1] and
¢ € La(dpx), such that

Pf,=L"¢.

(A6) Letq € [1,00] be such that || f, — P fpll120(x,py) < 00

The assumption above is always true for ¢ = 1, moreover when the kernel is universal it is true even
for ¢ = co. Moreover if > 1/2 then it is true for ¢ = co. Note that we make the calculation in this
Appendix for a general ¢ € [1, 0c], but we presented the results for ¢ = oo in the main paper. The
following proposition relates the excess risk to a certain norm.

Proposition 2. When g € H,
~ . o ~ 2
F(g) - glg_,{c F(g9) = 115G = PfollT,apx):

We introduce the following function g, € J{ that will be useful in the rest of the paper gy =
(S 4+ AI)71S*f,.

We introduce the estimators of the form, for A > 0,

9r = (E0) 539,
where ¢ : R, — R is a function called filter, that essentially approximates 2~ with the approxi-
mation controlled by A. Denote moreover with r the function ) (x) = 1 — z¢x(x). The following
definition precises the form of the filters we want to analyze. We then prove in Lemma 9 that our
estimator corresponds to such a filter.
Definition 1 (Spectral filters). Let gy : Ry — R be a function parametrized by A > 0. qy is called
a filter when there exists cq > 0 for which

A () < g, Talx)z® < gAY, Ya>0,A>0,ue(0,1].

We now justify that we study estimators of the form g, = q,\(in)gjbg) with the following lemma.
Indeed, we show that the average of batch gradient descent can be represented as a filter estimator,
ax, for A = 1/(~t).

Lemma9. Fort > 1, A = 1/(vt), T = g, with respect to the filter, ¢ (z) = (1 - M) L

ytx x*

Proof. Indeed, fort > 1,
Nt ="M—1+t % Z (i — (-1, Ko )30) Ko,
i=1

=M1+ ’Y(SZQ - 2A3n77t71)
=(I—- 7in>77t71 + ’YS;:ZQ

leading to
1< N A
Ao— ,E " * 5
e = ; L i =4 <2n> Sny
1

Now, we prove that g has the properties of a filter. First, for £ > 1, %q”(m) = (1 — %}'mt) Siz

is a decreasing function so that -;¢"(z) < =;¢"(0) < 1. Second for u € [0, 1], z*(1 — z¢"(z)) =
1—(1—~x)?

~ytx

ﬁ, this concludes the proof that ¢" is indeed a filter.

)1—u

x". Asused in Section A.2, 1 — (1 —~x)! < (ytz)!™%, so that, r(x)z" < %

:I/,’IJ,

O
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D.2 Analytical decomposition
Lemma 10. Ler A > 0 and s € (0,1/2]. Under Assumption (A5) (see Rem. 3), the following holds
—sQ(n s 1/2 &% ~ <
1675 @ = 90 lzagapn) < 22 BeallZX(579 = Bngn)
where 3 := ||El/22_1/2||

(o) %

Proof. By Prop. 2, we can characterize the excess risk of gy in terms of the Ls(dpx ) squared norm of
Sgx — Pf,. In this paper, simplifying the analysis of (14), we perform the following decomposition

L75S(Gx — gr) = £758Gx — £L7°Sqx(20) L9
+ L_SSQ)\(in)i;ng)\ - L_SSg)u

Upper bound for the first term. By using the definition of g and multiplying and dividing by xY/ 2,
we have that

L78Gx — L7580 (30)Snga = £7°Sq(20) (S50 — Snga)
= L7SaA(E0) 2 E72 (S50 Sagn),
from which
1£7S@x — 0 En) S0 | Latapn) < 1 7Sar(En) 3 1252 (S5 = Snga) loc-
Upper bound for the second term. By definition of 7 () = 1 — 2¢) () and g\ = X, 'S*f,,
L758qA(2n)Snga — £7°Sgx = L7°S(qr(30) 50 — Dga
= LS () B T S P srr g,

where in the last step we used the fact that S* f, = S*Pf, = S*L"¢, by Asm. (A5) (see Rem. 3).
Then

_s 2 S —s < —(1/2—7r —1/2—r o pr
1£7°5(ar(E0) 0 — D)oy < NE*SAEIEY 2SS L6 L)
<A W21 73S (S 1G]] 1 (dprc)

)
where the last step is due to the fact that |£"/*77|| < A=(1/2-7) and that $*£*'S =
S*(85%)%rS = (5*5)?rS*S = ¥1+2" from which

HZ 1/2 ’I"S LrHQ ||Z 1/2 ’I‘S L2T-SE 1/2 ’I“|| ||271/277‘21+2r271/277’” . (14)
Additional decompositions. We further bound ||£ 557 (3,,)|| and [|£~5Sq\ (2 n)Xy 1/2 ||. For the
first, by the identity £=5S7x(3,) = £ 552_1/2 1/27’,\(2 ,), we have

s s —1 2 1/2
1E72SrA(Sn) | = £ 7SS 2SR (Sl
where
ISY2rA S = sup (o 4+ N)Y2ra(0) < sup(o + A2 (o) < 2c,A2.
o€o(3y) 020

Similarly, by using the identity
L8 (B8 = £70S50 2 S (S50 S0,
we have
_ al 1/2 —s 1/2 1/2 al 1/2 1/2x1/2
1£75SaA(E0) 31 = (1L SE 2 IEM o (E) SR S22Vl
Finally note that
1£=2SE3 2 < 18~ s2 A Y 2 S0,
and ||L‘55271/2+5|| < 1, ||X5°]| < A™%, and moreover
ISR EDER = sup (0 + Naa(o) < sup(o + A)aa(0) < 2¢q,
aca(Sh) 020
S0, in conclusion
1£75Sm(E0) | < 26 A28, [|£755gx (20) DY | < 2e,0 7562

The final result is obtained by gathering the upper bounds for the three terms above and the additional
terms of this last section. O
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Lemma 11. Ler A > 0 and s € (0, min(r, 1/2)]. Under Assumption (A5) (see Rem. 3), the following
holds
1£72(5Gx = Pfo)llaapr) S A0l Laapn)-

Proof. Since SY'S* = LL1 =1 — AL}, we have
L7%(Sgy — Pf,) = L™°(SE 'S f, — Pf,) = L~5(SE,'S*Pf, — Pf,)
= L7588 IS* — )Pf, = L75(SS IS — )L ¢
_ _)\LstglLr(ﬁ — _)\"S AlfrJrsL;(l—r—i-s) L;(r—s)’crfs ¢,
from which
—S r—3s8 —r+s p—(1—7r+s —\r—s r—S8
1£75(Sgx = Pl zatapy) < AN LT L0 1@l Lo gape)
< AT_SH¢||L2(dpx)~
O

Theorem 2. Let A\ > 0 and s € (0, min(r, 1/2)]. Under Assumption (A5) (see Rem. 3), the following
holds

1£7°(SGx = P o) Latdpr) < 227" B%¢qIZ5
where (3 := ||E}\/2§];;/2||.

Y2855 — Zaga)llae + (14 82616l Lo(ap)) X

Proof. By Prop. 2, we can characterize the excess risk of gy in terms of the L2 (dpx ) squared norm of
Sgx — Pf,. In this paper, simplifying the analysis of (14), we perform the following decomposition

L75(Sgx — Pf,) = L7°Sgn — L7°Sga
+ L7°(Sgx — Pf,).
The first term is bounded by Lemma 10, the second is bounded by Lemma 11. O

D.3 Probabilistic bounds

In this section denote by N (1)), the quantity

Noo(N) = sup [|Z3 /K, |14
x€eS

where S C X is the support of the probability measure px.
Lemma 12. Under Asm. (A3), we have that for any g € H

sup  |g(a)| <k RHISYEOMgllae = Ky RHILTH2Sg| 1y (dpe)-
xEsupp(px )

Proof. Note that, Asm. (A3) is equivalent to
Hz—l/Q(l—u)KxH < K RY,
for all x in the support of py. Then we have, for any x in the support of p~,
9(@)] = (g, Kabgq = (H2071g, 2712070, )
<=2 g g[SV | < Ry RYIEY207H g5
Now note that, since 317# = S*£L~*S, we have
|=1/20mg) 3 = (9,51 ), = <E’“/259,£’“/259>

La(dpx) .

Lemma 13. Under Assumption (A3), we have
Noo(A) < &, R#ATH,
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Proof. First denote with f ,, € I the function Z;l/ %y for any u € J{ and A > 0. Note that
~1/2 —1/2
fxcallse = 155" *ulloc < 152 llullse < A2 lullsx.
Moreover, since for any g € H the identity ||g|| £, (dp,) = [1S9]|5c. we have

1/2 1/2
| Fxullzatapny = 1S53 ullsc < ISZXlllullac < llullsc
Now denote with B(J) the unit ball in 3, by applying Asm. (A3) to f» . we have that
2
Noo(A) = sup ||E;1/2K$||2 = sup <u N 1/2KI>
€S zeS,ueB(H) H

= sw  (frwK)i = sup sup|fru(@)]®
z€S,ueB(H) u€B(H) xz€S

<R3R2“ sup
u€B(H
2 P2y — 2
< K, RHATH sup l|ul|3 < Ky, 2 R2N\TH,
u€B(H)

2—2
”f)\ uHLQ((ﬁtpx)

Lemma 14. Let A > 0, 6 € (0,1] and n € N. Under Assumption (A3), we have that, when

8R?
n > 11(1 + &, 2 R21\"H) log —— R

then the following holds with probability 1 — ¢,
||21/2 1/2H2 <2
Proof. This result is a refinement of the one in (39) and is based on non-commutative Bernstein
inequalities for random matrices (40). By Prop. 8 in (21), we have that
IZVP SRR < -7 =2 =S8 Y,

When 0 < A < ||X]|, by Prop. 6 of (21) (see also (41) Lemma 9 for more refined constants), we have
that the following holds with probability at least 1 — 4,

2n(1 + N (M) n 27 Noo (N)
3n n ’

with n = log ﬁ; Finally, by selecting n > 11(1 4 x2 R**X\™#)n, we have that ¢ < 1/2 and so
HZUZ 7:;/2H2 < (1 —t)~! < 2, with probability 1 — 4.

To conclude note that when A > , we have

X b
=142 _ 1m0,

1/28-1/2
IZYZE0 2 IS+ AT (Ea +AD M < =5 .

Lemma 15. Under Assumption (A3), (A4), (AS) (see Rem. 3), (A6) we have

1. Let A\ > 0, n € N, the following holds

242 R2 )\~ (n=2r) 4H2R2ﬂAQA—ZIia

—1/2, 8% ~ < r L
EIZ3 2859~ g0 3] < N80 sap V7 + S

2-2/(g+1
where A := || f, — pr||L2‘1(/3qux))
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2. Let 6 € (0,1], under the same assumptions, the following holds with probability at least
1-9

(cl)\_% + co A7 H) log %
n
_gtna
N \/16&3]%2“()\—(“—2’”) + 2AQ\ " w+a ) log 2
n

1552525 — Snga)llsc < coX” +

with co = |GlLapny ¢ = KuBR'M + K, R (2R 9|l Ly(dpr) 2 =
ko, R\l Ly (dpec)

Proof. First denote with (; the random variable

G=(yi — gx(xi))Eil/QKx,

In particular note that, by using the definitions of S, 4 and f]n, we have
—1/2 & A 1 2
Z)\ / ( nY — an/\ / ZKL:‘J% Kﬂ:z ®Ka:l gA ZCz
I So, by noting that (; are independent and identically distributed, we have

EI25"? (820 — Suga) |2 = Hchzn% QZ [(Gir &) e

i,7=1

" LGB

LBz +
Now note that
E[G] = =3 P E[K,,y1] — E[K,, © Ki,lga) = 37257 f, — Sg»).

In particular, by the fact that S*f, = Pf,, Pf, = £"¢ and Bg\ = XX, 'S*f, and £, =
I— AE;l, we have

SRS, — Sg) = AD 28 f, = A Al T g g
So, since HZ;U?*TS*LTH < 1, as proven in Eq. 14, then
I llae < XIIN "S5 IS8 L7 10 atapn) < A N0l Latapn) = 2-
Morever
Ell1¢113] = EIIS3 Y Koy 31 — 92 (@21)%) = By By 10 (125 Koy [3c (1 — 9 (21))?)
= B, 1552 Ky [ (o (1) — ga(21))?):
Moreover we have
Ell 3 = Ball S5 2 Kal3e (£ (2) — 9r(2))?]
=B, [I=3 KL 3o (2) — (PF)(@) + (PF,)(@) — ga(x)))?]
2B [IZN PR (fo(x) — (PF) ()2 + 2B, (|23 P KL |2 (P £,) () — ga(2))2).
Now since E[AB] < (esssup A)E[B], for any two random variables A, B, we have
E.[|Z5 2K B ((Pf,) (@) — 9a(2))?] < Noo (NEL[(PF,) () — ga(x))?]
= Neo WP fp = 595175 dpr)
< ﬁiRmAf(u*?T),
where in the last step we bounded Ny (\) via Lemma 13 and |Pf, — SgA||2L2(dpx), via Lemma. 11
applied with s = 0. Finally, denoting by a(z) = |3} /> K, |2 and b(z) = (f,(z) — (Pf,)(x))?
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and noting that by Markov inequality we have E,[1{4(2)>¢)] = px({b(z) > t}) = px({b(x)? >
t7}) < Ey[b(x)9]t 1, for any ¢ > 0. Then for any ¢ > 0 the following holds
Es[a(2)b(2)] = Eu[a(2)b(2)Lip()<ey] + Eala(2)b(2)11p(2)>1)]
< tEe[a(2)] + Noo (M) Ee [0(%) L (p(2)> 1]
<EN(A) + Noo(V)E, [b(x)9)t 1.
By minimizing the quantity above in ¢, we obtain

Ea IS5 2 Kal3 (f(@) = (P1)@)?) < 20f5 = Plall Laix o NV T No (A) 71

gtpa

< 2k, RPAQA™ ara

So finally
atpo

E[[[G1[I5¢] < 265 RPN~ 4 4k2 RP#AQA™ avve = W2

To conclude the proof, let us obtain the bound in high probability. We need to bound the higher
moments of (7. First note that

Efl¢ - ElGll5] < EllG — Glise) < 27 EllIGu 5 + l1Gll5] < 2PE[lIcal5].

Moreover, denoting by S C X the support of px and recalling that y is bounded in [— M, M], the
following bound holds almost surely

—~1/2 —1/2
lGull < sup 5, PE(M + [ga(2)]) < (sup = / Kol (M 4 sup g (2)])

< KRNI (M + R RS20 gy ).

where in the last step we applied Lemma 13 and Lemma 12. In particular, by definition of gy, the fact
that S* f, = S*Pf,, that Pf, = L" ¢ and that HZ;(I/QH)S*LTH < 1 as proven in Eq. 14, we have

520 gy e = (20951547 g

H21/2(1—u)2—1/2(1—u)HHZ;(#/Q—T)||||E>—\(1/2+T)S*LT
r—up/2

IS5 21016 2 (ap)-

Finally note that if r < /2 then HEZ\_“/QH < ATW/277) i > u/2 then

< Mz (apx)
<

r—p/2 r— r— r—
=521 = (e + A2 < @l[Cl) =% < (2R)> .
So in particular
IZ57720 < @Ry A2,
Then the following holds almost surely
Gl < (5 R*M + 52 R (2R)*™ (|0 Ly (dpo) A% + KRRl 1y (dp) N 1= V.
So finally
p! _
E(llG — E[GII5] < 2PE[GI5] < 5 (2V)7 72 (4W?).
By applying Pinelis inequality, the following holds with probability 1 — §

1 — 4V log 2 8W log 2
bl E C_RIcs < LEENY. Ny
”n i:1(<z [CZ])”% n n

So with the same probability

1 — 1 & 4V log 2 8W log 2
1= 3" Gillse <I1= DG — Bl lse + [ElGllse < 2 + ——=2 + 4/ —==.
i=1

i=1
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Lemma 16. Let A > 0, n € Nand s € (0,1/2). Let 6 € (0,1]. Under Assumption (A3), (A4), (A5)
(see Rem. 3), (A6), when
16R?

PY

n > 1114k, R*A™*)log
then the following holds with probability 1 — 6,
(cIA™575 4+ coA" %) log 3
n

1L75S(Gx — )| La(dp) < oA ™% +

N \/(03)\(M+282T) + 64)\_%_25) log %.
n
with co = Tegl|¢llLa(pn) @1 = 16¢q(kuRIM + KERH#Q2R)* H||Gl|ydpe)) 2 =
16¢yh2 R? (|0l Ly (dps ) €3 = 64K% R, cq = 1287 RPAQC.

Proof. Let T = §/2, the result is obtained by combining Lemma 10, with Lemma 15 with probability
7, and Lemma 14, with probability 7 and then taking the intersection bound of the two events. [

Corollary 1. Ler A > 0,n € Nand s € (0,1/2]. Let 6 € (0, 1]. Under the assumptions of Lemma 16,

when
16 R?

PY

n > 1114k, R*A™*)log
then the following holds with probability 1 — 6,
(e1IA™275 + A" %) log 3
n

1£7°8Gx | 2a(apn) < B2+ (L4 )N +

caA—(r+25=2r) 4 ¢\ A" daka ~28) g 4
N \/( 3 4 )log 5 N

n
with the same constants cg, . . ., c4 as in Lemma 16.

Proof. First note that

1£7°SGA Lo dpr) < NETS@x = 9\ | Laapa) + 1€ Lo dpa)-
The first term on the right hand side is controlled by Lemma 16, for the second, by using the definition
of g) and Asm. (A5) (see Rem. 3), we have

1789 Latapr) < 1€ SER 2 IZR T NIZR 7S L7l o)
<IEXT PN Lo dpx) s
where ||Z;1/2_TS*LTH < 1 by Eq. 14 and analogously ||L*SSE;1/2+S|| < 1. Note that if s > r
then || 25 % < A=~ If s < 7, we have
=575 = I+ 072 < IO + A7 S RPF20 4 A7,
So finally [|S7°| < R?" =28 + A"—5. O
Corollary 2. Let A > 0, n € Nand s € (0,1/2]. Let 6 € (0,1]. Under Assumption (A3), (A4), (AS5)
(see Rem. 3), (A6), when
16 R?
DY

n > 11(1+ &, R*A\™")log
then the following holds with probability 1 — 6,

0 ATH 4+ A3/ 21 Jog 4
sup |g)\ (1‘)‘ < KMRMRQT_QS + K#Rﬂ(l + CO))\T—M/2 + HHRM (Cl C2 ) g5
zeX n

oo EPETT S
+m1~zﬂ\/(03A @20 + mpRre A" e ) log §-
n

with the same constants cy, . . ., c4 in Lemma 16.

Proof. The proof is obtained by applying Lemma 12 on g and then Corollary 1. O
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D.4 Main Result

Theorem 3. Let A > 0, n € Nand s € (0,min(r,1/2)]. Under Assumption (A3), (A4), (AS5) (see
Rem. 3), (A6), when

Ly — Co
n > 11(1 + KZZRQA )\ M) log m,
then
_ N 9 A—([L+2$—2T) A*%725 -
E[[[£7°(Sgx — PfP)HLQ(dpx)] < - te——— A,
where my = M*, = 32R* my + 32R¥ VG|, gy @1 = 16ciRERP, o =

3202,%2R2“AQ c3 = 3 + 802||¢||L2 (dpx)’

Proof. Denote by R(g» ), the expected risk R(gx) = €(gx) —inf e E(g). First, note that by Prop. 2,
we have

Ro(Gx) = 1£7°(5G = PLo)l17 o (apey-
Denote by E the event such that 5 as defined in Thm. 2, satisfies 8 < 2. Then we have

E[R;(9x)] = E[Rs(9x)1E] + E[R(gx)1E].
For the first term, by Thm. 2 and Lemma 15, we have
E[R(30)15] < B[22 82557 (555 — Suon Il
+2 (14 8226201613 gy ) X2 18]

< 8AECER(IZ 2 (855 — Sagn Il + 2 (1442613, gy ) X2

q K
n n

1602 K2 R21 )\—H+2r—2s 32¢2 k2 RQHAQA_W_% -
< + (24 82011 4y ) AT

For the second term, since i;{fq,\(f}n)f]%f = S (En) < SUp,wo(d + Nar(o) < ¢4 by

definition of filters, and that P f, = L" ¢, we have

Ry(@)Y? <IIL7°S9\l Latape) + 1£7 P FollLatapn)
—s 1/2 1/2 -~ 1 2 1/2 Ax —s
1S A NEZ arE)ERNEAN2S2 91+ 1672 L7 1Yl 1 (o)

<
< RN 4 R 0]
SATERYPT (7Y T ya) + R0 g,

i=1

where the last step is due to the fact that 1 < A\~1/2||£]|'/2 since A satisfies 0 < A < ||2]| = || £] <
R2. Denote with § the quantity § = A2+t47=45 /¢y, Since E[14] corresponds to the probability
of the event E°, and, by Lemma 14, we have that £ holds with probability at most § since

n>11(1+ niRQ“)\’“) log %, then we have that

E[R(G2) 1] < E[ISGANT, (ape) L] < 1/ElISGAIT, (dp)| VE[1 ]
_ %uﬁ 2] 1E[y3yi]2>+4R4 il L PAPIS
\/4R2 4smy + 4RA87- SS||<l5||L2 (dpx)
= w <A,
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Corollary 3. Let A > 0 andn € N and s = 0. Under Assumption (A3), (A4), (A5) (see Rem. 3), (A6),
when

A = p=o/@ra+1+825) 9, +1+ M:Hl > po (15)
R (log Bgn)ﬁ 2ra+ 1+ ”a 1 < pa.
then,
727“04/(27‘a+1+@) po—
"N n a1 2rao+ 1+ > po
Eé& — inf & q+1 16
(G)) gEH (9) < Bs {n—%'/ﬂ 2ra+ 1+ “a 1 < pa (16)

where By = 3V (32R6m4)ﬁB1_“ and By defined explicitly in the proof.

Proof. The proof of this corollary is a direct application of Thm. 3. In the rest of the proof
we find the constants to guarantee that the condition relating n, A in the theorem is always
satisfied. Indeed to guarantee the applicability of Thm. 3, we need to be sure that n >

(1 + &5, 2 RN\ H) log 3?\%1? This is satisfied when both the following conditions hold n >

22log 3?\?7’?4 and n > 2k2 R** X\~ # log 3%‘11?“ . To study the last two conditions, we recall that for
A, B, s,q > 0 we have that An~—*log(Bn9) satisfy

gqAB®/91og B/1n® qABS/q
s Bs/ans s es

An~?%log(Bn?) =

)

for any n > 0, since lofm < L forany z > 0. Now we define explicitly By, let 7 =
af <2ra + 1+ L2 1) we have

q+1
22 4 v\ #
B, = (M(3236m4)3+4,«> v A7)
ef

2M (3+4r) r—u\T o

(W(32R6 ) 3+4r ) 27"0[ + 1 + #q+1 > jeze; (18)
2M (3+4r) ; a—1 '

()" Zro+1+ 057 S pa

For the first condition, we use the fact that ) is always larger than B;n~'/#, so we have

22 32R%my 22 32RSmynBtan/w 22(3+4r)(32R6m4)“/(3+4T)

— logw XX ; log B3+4T < e'uB# < 1.
For the second inequality, when 2ra + 1 + ‘“" 1 > pa, we have A = Bin™", so
2/4’;2LR2# A M 32R6m4 2/4/MR2P‘ 32R6m4n(3+47’)‘r
o © )\3+4T = B"f’nlfl“' 08 B?+47‘

262 R2(3 + 4r)7 (32R%my) M
e(l— pur) BI™

Finally, when 2ra. + 1 + “O‘ 1 > pa, we have A = Byn~/#(log Byn)/#. So since log(Byn) > 1,
we have

32R6m4n(3+47')/“

9 D2 2 p2u log 32BEman A/ 9 b2 1 (32R%my )"/ B+imy
2K5 R 32R%my, . 2k R21 108 BT 26, RP#(3 + 4r) 108 ——pm———
o < =
& T\t By log(Ban) uBY log(Ban)

So by selecting A as in Eq. 15, we guarantee that the condition required by Thm. 3 is satisfied.
Finally the constant Bj is obtained by

p+2s—2r) )27"725
)

Bs = ¢; max(1,w) ™ + comax(1l,w)” fata 20 e max(1, w

with w = Bjlog(1 4+ Bs) and ¢y, ¢g, ¢z as in Thm. 3. O
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E Experiments with different sampling

We present here the results for two different types of sampling, which seem to be more stable, perform
better and are widely used in practice :

Without replacement (Figure 4): for which we select randomly the data points but never use two
times over the same point in one epoch.

Cycles (Figure 5): for which we pick successively the data points in the same order.

4.0
== line of slope 1
3.5
*
+
o
3.0 o8
§ ,.-o"r
25 P el
° ._v"'
be oo
208 : : :
2.0 2.2 2.4 2.6 2.8 3.0
logion
4.0
== line of slope 1.25 d
35 el
. o
& :‘ro’
33.0 0 9%
(@]
[ 4
o ),,v
2.5%
L ]
2.0 ‘ ‘ ‘ ‘
2.0 2.2 2.4 2.6 2.8 3.0
logion

4.0
== line of slope 1
3.5
43 1
cé®
23.0 T
o -
o .—"“'n
-
2.5*(('_.""'
2.0 T T T :
2.0 2.2 2.4 2.6 2.8 3.0
logion
4.0 =
— = line of slope 1.5 o L
Yo
3.5 A
* }”.
+~ v“ °
23.0] e
[e)) oo
ke o’
254
2.0 T T T :
2.0 2.2 2.4 2.6 2.8 3.0
logion

Figure 4 — The sampling is performed by cycling over the data The four plots represent each a different
configuration on the (v, ) plan represented in Figure 1, for r = 1/(2«). Top left (o« = 1.5) and right (o = 2)
are two easy problems (Top right is the limiting case where r = ‘12—;1) for which one pass over the data is
optimal. Bottom left (o« = 2.5) and right (o = 3) are two hard problems for which an increasing number of
passes is recquired. The blue dotted line are the slopes predicted by the theoretical result in Theorem 1.
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Figure 5 — The sampling is performed without replacement. The four plots represent each a different
configuration on the (o, 7) plan represented in Figure 1, for r = 1/(2«). Top left (o« = 1.5) and right (o = 2)
are two easy problems (Top right is the limiting case where r =
optimal. Bottom left (o« = 2.5) and right (o = 3) are two hard problems for which an increasing number of
passes is recquired. The blue dotted line are the slopes predicted by the theoretical result in Theorem 1.
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2;1) for which one pass over the data is
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