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STATISTICAL OPTIMALITY OF STOCHASTIC GRADIENT DESCENT ON
HARD LEARNING PROBLEMS THROUGH MULTIPLE PASSES

LOUCAS PILLAUD-VIVIEN, ALESSANDRO RUDI, FRANCIS BACH

ABsTrRACT. We consider stochastic gradient descent (SGD) for least-squares regression with
potentially several passes over the data. While several passes have been widely reported to
perform practically better in terms of predictive performance on unseen data, the existing
theoretical analysis of SGD suggests that a single pass is statistically optimal. While this is
true for low-dimensional easy problems, we show that for hard problems, multiple passes lead to
statistically optimal predictions while single pass does not; we also show that in these hard models,
the optimal number of passes over the data increases with sample size. In order to define the
notion of hardness and show that our predictive performances are optimal, we consider potentially
infinite-dimensional models and notions typically associated to kernel methods, namely, the decay
of eigenvalues of the covariance matrix of the features and the complexity of the optimal predictor
as measured through the covariance matrix. We illustrate our results on synthetic experiments
with non-linear kernel methods and on a classical benchmark with a linear model.

1. INTRODUCTION

Stochastic gradient descent (SGD) and its multiple variants—averaged [PJ92], accelerated [Lan12],
variance-reduced [RSB12, JZ13, DBLJ14]—are the workhorses of large-scale machine learning,
because (a) these methods looks at only a few observations before updating the corresponding
model, and (b) they are known in theory and in practice to generalize well to unseen data [BCN18].

Beyond the choice of step-size (often referred to as the learning rate), the number of passes to
make on the data remains an important practical and theoretical issue. In the context of finite-
dimensional models (least-squares regression or logistic regression), the theoretical answer has been
known for many years: a single passes suffices for the optimal statistical performance [PJ92, NY83].
Worse, most of the theoretical work only apply to single pass algorithms, with some exceptions
leading to analyses of multiple passes when the step-size is taken smaller than the best known
setting [HRS16, LR17].

However, in practice, multiple passes are always performed as they empirically lead to better
generalization (e.g., loss on unseen test data) [BCN18]. But no analysis so far has been able to
show that, given the appropriate step-size, multiple pass SGD was theoretically better than single
pass SGD.

The main contribution of this paper is to show that for least-squares regression, while single
pass averaged SGD is optimal for a certain class of “easy” problems, multiple passes are needed to
reach optimal prediction performance on another class of “hard” problems.

In order to define and characterize these classes of problems, we need to use tools from infinite-
dimensional models which are common in the analysis of kernel methods. De facto, our analysis
will be done in infinite-dimensional feature spaces, and for finite-dimensional problems where the
dimension far exceeds the number of samples, using these tools are the only way to obtain non-
vacuous dimension-independent bounds. Thus, overall, our analysis applies both to finite-dimensional
models with explicit features (parametric estimation), and to kernel methods (non-parametric
estimation).

The two important quantities in the analysis are:

(a) The decay of eigenvalues of the covariance matrix ¥ of the input features, so that the
ordered eigenvalues A, decay as O(m~%); the parameter « > 1 characterizes the size of
the feature space, a = 1 corresponding to the largest feature spaces and large o = 400 to
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finite-dimensional spaces. The decay will be measured through tr¥'/@ = Yo )\},{ “, which
is small when the decay of eigenvalues is faster than O(m™¢).

(b) The complexity of the optimal predictor 6, as measured through the covariance matrix ¥,
that is with coefficients (e,,,0,) in the eigenbasis (e, ), of the covariance matrix that
decay so that (0,,3'7270,) is small. The parameter r > 0 characterizes the difficulty of the
learning problem: r = 1/2 corresponds to characterizing the complexity of the predictor
through the squared norm ||6.]|?, and thus r close to zero corresponds to the hardest
problems while r larger and in particular r > 1/2 corresponds to simpler problems.

Dealing with non-parametric estimation provides a simple way to evaluate the optimality
of learning procedures. Indeed, given problems with parameters » and «, the best prediction

performance (averaged square loss on unseen data) is well known and decay as O(n%rfl)7 with
a = +o00 leading to the usual parametric rate O(n~1t). For easy problems, that is for which r > 0‘2—;1,
then it is known that most iterative algorithms achieve this optimal rate of convergence (but with
various running-time complexities), such as exact regularized risk minimization [CDV07], gradient
descent on the empirical risk [YRCO7], or averaged stochastic gradient descent [DB16].

We show that for hard problems, that is for which r < “2—;1, then multiple passes are superior to
a single pass. More precisely, under additional assumptions detailed in Section 2 that will lead to a
subset of the hard problems, with ©(n(@—1-2r®)/(142r@)) pagses, we achieve the optimal statistical
performance O(n%rfl), while for all other hard problems, a single pass only achieves O(n=2").
This is illustrated in Figure 1.

We thus get a number of passes that grows with the number of observations n and depends
precisely on the quantities » and «. In synthetic experiments with kernel methods where a and
r are known, these scalings are precisely observed. In experiments on parametric models with
large dimensions, we also exhibit an increasing number of required passes when the number of
observations increases.
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FIGURE 1. (Left) easy and hard problems in the (a,r)-plane. (Right) different
regions for which multiple passes improved known previous bounds (green region)
or reaches optimality (red region).

2. LEAST-SQUARES REGRESSION IN FINITE DIMENSION

We consider a joint distribution p on pairs of input/output (z,y) € X x R, where X is any input
space, and we consider a feature map ® from the input space X to a feature space H, which we
assume Euclidean in this section, so that all quantities are well-defined. In Section 4, we will extend
all the notions to Hilbert spaces.

2.1. Main assumptions
We are considering predicting y as a linear function fy(x) = (6, ®(x))g¢ of ®(x), that is estimating
6 € H such that F(0) = 1E(y — (0, ®(z))s¢)? is as small as possible. Estimators will depend on n
observations, with standard sampling assumptions:
(A1) Then observations (z;,y;) € XxR, i =1,...,n, are independent and identically distributed
from the distribution p.



Since H is finite-dimensional, F' always has a (potentially non-unique) minimizer in 3 which we
denote 0,. We make the following standard boundedness assumptions:

(A2) ||®(x)]] < R almost surely, |y — (0, ®(x))5¢| is almost surely bounded by o and |y| is almost
surely bounded by M.

In order to obtain improved rates with multiple passes, and motivated by the equivalent previously
used condition in reproducing kernel Hilbert spaces presented in Section 4, we make the following
extra assumption (we denote by ¥ = E[®(x) ®g¢ ®(x)] the (non-centered) covariance matrix).
(A3)  For p € [0,1], there exists £, > 0 such that, almost surely, ®(x) @5 ®(x) ¢ K7, R#TI 0.

Note that it can also be written as | S*/2712¢ (2|5 < K, RH .

Assumption (A3) is always satisfied with any p € [0, 1], and has particular values for p = 1,
with k1 = 1, and pu = 0, where kg has to be larger than the dimension of the space .

We will also introduce a parameter « that characterizes the decay of eigenvalues of ¥ through
the quantity tr¥'/®, as well as the difficulty of the learning problem through ||X/2776,||4¢, for
r € [0,1]. In the finite-dimensional case, these quantities can always be defined and most often
finite, but may be very large compared to sample size. In the following assumptions the quantities
are assumed to be finite and small compared to n.

(A4)  There exists a > 1 such that tr £/ < co.

Assumption (A4) is often called the “capacity condition”. First note that this assumption implies
that the decreasing sequence of the eigenvalues of X, (Ay,)m>1, satisfies A, = 0(1/m®). Note that
HiRQ“ > trX# and thus often we have p > 1/, and in the most favorable cases in Section 4, this
bound will be achieved. We also assume:

(A5)  There exists r > 0, such that |XY/2776, |3 < occ.

Assumption (A5) is often called the “source condition”. Note also that for » = 1/2, this simply
says that the optimal predictor has a small norm.

In the subsequent sections, we essentially assume that «, u and r are chosen (by the theoretical
analysis, not by the algorithm) so that all quantities R, [|S'/2770, 3¢ and tr¥/* are finite and
small. We will use result with O(-) and ©(-) notations, which will all be independent of n and
t (number of observations and number of iterations) but can depend on other finite constants.
Explicit dependence on all parameters of the problem is given in proofs. More precisely, we will
use the usual O(+) and O(-) notations for sequences b,; and a,; that can depend on n and ¢, as
ant = O(byt) if and only if, there exists M > 0 such that for all n, ¢, apy < Mbyy, and any = O(byy)
if and only if, there exist M, M’ > 0 such that for all n,t, M'b,; < ans < Mby;.

2.2. Related work

Given our assumptions above, several algorithms have been developed for obtaining low values
of the expected excess risk E[F(6)] — F(6.).

Regularized empirical risk minimization. Forming the empirical risk 13‘(0)7 it minimizes
F(0) + \||0]3, for appropriate values of A. It is known that for easy problems where 7 > el it
achieves the optimal rate of convergence O(n%fl) [CDVO07]. However, algorithmically, this requires
to solve a linear system of size n times the dimension of H. One could also use fast variance-reduced
stochastic gradient algorithms such as SAG [RSB12], SVRG [JZ13] or SAGA [DBLJ14], with a
complexity proportional to the dimension of H times n + R?/\.

Early-stopped gradient descent on the empirical risk. Instead of solving the linear system
directly, one can use gradient descent with early stopping [YRC07, LRRC18]. Similarly to the
regularized empirical risk minimization case, a rate of O(niﬁ‘il) is achieved for the easy problems,
where r > 0‘2—;1 Different iterative regularization techniques beyond batch gradient descent with
early stopping have been considered, with computational complexities ranging from O(n“‘?rgﬁ) to
O(n**Ta+2) times the dimension of H (or n in the kernel case in Section 4) for optimal predictions
[YRC07, GROT08, RV15, BK16, LRRC18|.

Stochastic gradient. The usual stochastic gradient recursion is iterating from ¢ = 1 to n,

0; = 0;—1 +v(yi — (Bi—1, ®(;))30) ®(2:),

with the averaged iterate 6, = L 37" | 6,. Starting from 6, = 0, [BM13] shows that the expected
excess performance E[F(6,,)] — F(6.) decomposes into a variance term that depends on the noise o2
3



in the prediction problem, and a bias term, that depends on the deviation 6, — 6y = 0, between the

o?dim(H) + 116113
n yno
Further, [DB16] considered the quantities « and r above to get the bound, up to constant factors:

initialization and the optimal predictor. Their bound is, up to universal constants,

o_2tr21/a(,yn)l/a n HZI/Q*TG* Hz
n 727"”27* .

We recover the finite-dimensional bound for & = 400 and r = 1/2. The bounds above are valid for
all @ > 1 and all r € [0,1], and the step-size v is such that vR? < 1/4, and thus we see a natural

trade-off appearing for the step-size 7, between bias and variance.

When r > ‘2—;1, then the optimal step-size minimizing the bound above is v n%7
and the obtained rate is optimal. Thus a single pass is optimal. However, when r < 0‘2—;1, the best
step-size does not depend on n, and one can only achieve O(n=2").

Finally, in the same multiple pass set-up as ours, [LR17] has shown that for easy problems where
r> 0‘2—;1 (and single-pass averaged SGD is already optimal) that multiple-pass non-averaged SGD
is becoming optimal after a correct number of passes (while single-pass is not). Our proof principle
of comparing to batch gradient is taken from [LR17], but we apply it to harder problems where
r < 0‘2—;1 Moreover we consider the multi-pass averaged-SGD algorithm, instead of non-averaged
SGD, and take explicitly into account the effect of Assumption (A3).

3. AVERAGED SGD WITH MULTIPLE PASSES

We consider the following algorithm, which is stochastic gradient descent with sampling with
replacement with multiple passes over the data (we experiment in Section E of the Appendix with
cycling over the data, with or without reshuffling between each pass).

e Initialization: 6y = fy = 0, t = maximal number of iterations, v = 1/(4R?) = step-size
e Iteration: for u =1 to t, sample i(u) uniformly from {1,...,n} and make the step
Ou = Ou—1 + 7 (Vi) — (Br—1, P(@3(0)))30) (i) and b, = (1— 1)0,_1 + 16,,.
In this paper, following [BM13, DB16], but as opposed to [DFB17], we consider unregularized

recursions. This removes a unnecessary regularization parameter (at the expense of harder proofs).

3.1. Convergence rate and optimal number of passes

Our main result is the following (see full proof in Appendix):
Theorem 1
| Let n € N* and t > n, under Assumptions (A1), (A2), (A3), (A4), (A5), (A6), with
v=1/(4R?).
o For pa < 2ra+1 < a, if we take t = ©(n=*/(72+1) we obtain the following rate:
EF(0,) — F(0,) = O(n~2/(2rat1))
o For pa > 2ra + 1, if we take t = ©(n~Y/* (log n)ﬁ), we obtain the following rate:
EF(6,) — F(0,) < O(n~2/1).

Sketch of proof. The main difficulty in extending proofs from the single pass case [BM13, DB16]
is that as soon as an observation is processed twice, then statistical dependences are introduced
and the proof does not go through. In a similar context, some authors have considered stability
results [HRS16], but the large step-sizes that we consider do not allow this technique. Rather,
we follow [RV15, LR17] and compare our multi-pass stochastic recursion ; to the batch gradient
descent iterate 7); defined as 7, = 7,1+ 1 Dy (yi — (N1, @(ml»}()@(a@z) with its_averaged iterate
7. We thus need to study the predictive performance of 7; and the deviation 6, — 7;. It turns
out that, given the data, the deviation 6; — 1, satisfies an SGD recursion (with the respect to
the randomness of the sampling with replacement). For a more detailed summary of the proof
technique see Section B.

The novelty compared to [RV15, LR17] is (a) to use refined results on averaged SGD for least-
squares, in particular convergence in various norms for the deviation 8, — 7, (see Section A), that
can use our new Assumption (A3). Moreover, (b) we need to extend the convergence results for
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the batch gradient descent recursion from [LRRC18], also to take into account the new assumption
(see Section D). These two results are interesting on their own.
Improved rates with multiple passes. We can draw the following conclusions:

e If 2ar + 1 > «, that is, easy problems, it has been shown by [DB16] that a single pass with
a smaller step-size than the one we propose here is optimal, and our result does not apply.
o If pa < 2ra + 1 < a, then our proposed number of iterations is t = ©(n®/ (21 which

is now greater than n; the convergence rate is then O(n';ri%), and, as we will see in
Section 4.2, the predictive performance is then optimal when p < 27.

e If o > 2ra + 1, then with a number of iterations is t = ©(n'/*), which is greater than n
(thus several passes), with a convergence rate equal to O(n~2"/#), which improves upon
the best known rates of O(n=2"). As we will see in Section 4.2, this is not optimal.

Note that these rates are theoretically only upper bounds on the optimal number of passes
over the data, and one should be cautious when drawing conclusions; however our simulations on
synthetic data, see Figure 2 in Section 5, confirm that our proposed scalings for the number of
passes is observed in practice.

4. APPLICATION TO KERNEL METHODS

In the section above, we have assumed that H was finite-dimensional, so that the optimal
predictor 0, € H was always defined. Note however, that our bounds that depends on «, r
and p are independent of the dimension, and hence, intuitively, following [DFB17], should apply
immediately to infinite-dimensional spaces.

We now first show in Section 4.1 how this intuition can be formalized and how using kernel methods
provide a particularly interesting example. Moreover, this interpretation allows to characterize the
statistical optimality of our results in Section 4.2.

4.1. Extension to Hilbert spaces, kernel methods and non-parametric estimation

Our main result in Theorem 1 extends directly to the case where H is an infinite-dimensional
Hilbert space. In particular, given a feature map ® : X — H, any vector § € H is naturally
associated to a function defined as fy(x) = (0, ®(z))g¢. Algorithms can then be run with infinite-
dimensional object if the kernel K(z',z) = (®(2), ®(z))gc can be computed efficiently. This
identification of elements 6 of H with functions fy endows the various quantities we have introduced
in the previous sections, with natural interpretations in terms of functions. The stochastic gradient
descent described in Section 3 adapts instantly to this new framework as the iterates (6, ).<¢ are
linear combinations of feature vectors ®(z;), ¢ = 1,...,n, and the algorithms can classically be
“kernelized” [YP08, DB16|, with an overall running time complexity of O(nt).

First note that Assumption (A3), is equivalent to, for all z € X and 6 € K, |fo(2)|? <
Ko, B2 (fo, 51 7F fo)ac, that is, |lgl|7 < /@ZRQ“HEUQ_”/QgH%( for any g € H and also implies’
lglle. < kuR*||gllhe HgHL2 , which are common assumptions in the context of kernel meth-
ods [SHS09|, essentially controlling in a more refined way the regularity of the whole space of
functions associated to H, with respect to the L°°-norm, compared to the too crude inequality
19| = sup, [ ((z), 9)3¢ | < sup, [®(z)[scllgllac < Rlgllc.

The natural relation with functions allows to analyze effects that are crucial in the context of
learning, but difficult to grasp in the finite-dimensional setting. Consider the following prototipical
example of a hard learning problem,

Example 1 (Prototypical hard problem on simple Sobolev space)

Let X = [0, 1], with « sampled uniformly on X and
y =sign(x —1/2) +¢, ®(x) = {|k| 1™} 1ez-.

This corresponds to the kernel K (z,y) = Y, c5. |k|72e**™(@=%) which is well defined (and lead
to the simplest Sobolev space). Note that for any 6 € H, which is here identified as the space of
square-summable sequences (?(Z), we have fg(z) = (0, ®(x))e2(z) = Y pez- ngkl e?*7  This means

_ _ - 1— 1
Hndeed, for any g € 3, [EY/2-#/2g]lac = [2-#/2g]|L, < IS-2gll%, gllEs = llglcllglls”, where we used
that for any g € J, any bounded operator A, s € [0,1]: ||A%g||L, < HAgHLz Hg|| ¢ (see |RR17]).
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that for any estimator 0 given by the algorithm, f; is at least once continuously differentiable, while
the target function sign(- — 1/2) is not even continuous. Hence, we are in a situation where 6.,
the minimizer of the excess risk, does not belong to H. Indeed let represent sign(- — 1/2) in X,
for almost all = € [0, 1], by its Fourier series sign(z — 1/2) = 3, o, ape® ™ with |ag| ~ 1/k, an
informal reasoning would lead to (6.); = ax|k| ~ 1, which is not square-summable and thus 6, ¢ 3.
For more details, see [Ada75, Wah90].

This setting generalizes important properties that are valid for Sobolev spaces, as shown in the
following example, where «, r, 1 are characterized in terms of the smoothness of the functions in X,
the smoothness of f* and the dimensionality of the input space X.

Example 2 (Sobolev Spaces [Wen04, SHS09, Bacl7, FS17])

Let X C R%, d € N, with px supported on X, absolutely continous with the uniform distribution
and such that px(x) > a > 0 almost everywhere, for a given a. Assume that f*(z) = Ely|z] is
s-times differentiable, with s > 0. Choose a kernel, inducing Sobolev spaces of smoothness m
with m > d/2, as the Matérn kernel

K(z',x) = |2’ — 36||m_d/29<d/2—m(||95/ —zl]),

where X q/3_y, is the modified Bessel function of the second kind. Then the assumptions are

satisfied for any € > 0, with o = 2%”7 W= % +e =5

In the following subsection we compare the rates obtained in Thm. 1, with known lower bounds
under the same assumptions.

4.2. Minimax lower bounds

In this section we recall known lower bounds on the rates for classes of learning problems
satisfying the conditions in Sect. 2.1. Interestingly, the comparison below shows that our results
in Theorem 1 are optimal in the setting 2r > p. While the optimality of SGD was known for the
regime {2ra+1 > o N 2r > u}, here we extend the optimality to the new regime a > 2ra+1 > pa,
covering essentially all the region 2 > u, as it is possible to observe in Figure 1, where for clarity
we plotted the best possible value for u that is p = 1/ [FS17] (which is true for Sobolev spaces).

When r € (0,1] is fixed, but there are no assumptions on « or u, then the optimal minimax rate
of convergence is O(n~2"/(2r+1)) " attained by regularized empirical risk minimization [CDV07| and
other spectral filters on the empirical covariance operator [BM17].

When r € (0,1] and « > 1 are fixed (but there are no constraints on p), the optimal minimax rate

of convergence O(n%) is attained when r > %=1, with empirical risk minimization [LRRC18] or
stochastic gradient descent [DB16].

When r > “2—;1, the rate of convergence O(n%) is known to be a lower bound on the optimal
minimax rate, but the best upper-bound so far is O(n=2") and is achieved by empirical risk

minimization [LRRC18| or stochastic gradient descent [DB16], and the optimal rate is not known.
— max{u,2r}e

When r € (0,1], @ > 1 and p € [1/a, 1] are fixed, then the rate of convergence O(n2zmax{un.2ryaF1)
is known to be a lower bound on the optimal minimax rate [F'S17]. This is attained by regularized
empirical risk minimization when 2r > p [FS17], and now by SGD with multiple passes, and it is thus
the optimal rate in this situation. When 2r < g, the only known upper bound is O(n~2e7/(#a+1)),
and the optimal rate is not known.

5. EXPERIMENTS

In our experiments, the main goal is to show that with more that one pass over the data, we can
improve the accuracy of SGD when the problem is hard. We also want to highlight our dependence
of the optimal number of passes (that is ¢/n) with respect to the number of observations n.
Synthetic experiments. Our main experiments are performed on artificial data following the
setting in [RR17]. For this purpose, we take kernels K corresponding to splines of order ¢ (see
[Wah90]) that fulfill Assumptions (A1) (A2) (A3) (A4) (A5) (A6). Indeed, let us consider the

following function

eZiwk(a;fz)

Ag(z,2) = Zkez TR
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defined almost everywhere on [0, 1], with ¢ € R, and for which we have the interesting relationship:
(Ag(z,-), Mg (2,)) La(dpx) = Ngtq (2, 2) for any ¢,¢" € R. Our setting is the following:

e Input distribution: X = [0, 1] and py is the uniform distribution.

o Kernel: V(z,z) € [0,1], K(z,2) = Ay(z, 2).

e Target function: vz € [0,1], 0. = A, 1(2,0).

e Output distribution : p(y|z) is a Gaussian with variance 0% and mean 0,.

For this setting we can show that the learning problem satisfies Assumptions (A1) (A2) (A3)
(A4) (A5) (A6) with 7, o, andu = 1/a. We take different values of these parameters to encounter
all the different regimes of the problems shown in Figure 1.

For each n from 100 to 1000, we found the optimal number of steps t.(n) that minimizes the
error F(0;) — F(6.). We then show t,(n) with respect to n in log scale (see Figure 2). As expected,
for the easy problems (where r > O‘T;l, see top left and right plots), the slope of the plot is 1 as
one pass over the data is enough: t.(n) ~ Cn. But we see that for hard problems (where r < %1,
see bottom left and right plots), we need more that one pass to achieve optimality as the optimal
number of iterations very close to t,(n) ~ nﬁﬂ, which is suggested by Theorem 1. We also notice
in the plots that, the bigger ﬁﬂ the harder the problem is and the bigger the number of epochs
we have to take. Note, that to reduce the noise on the estimation of ¢.(n), plots show an average
over 100 replications.

To conclude, the experiments presented in the section correspond exactly to the theoretical
setting of the article (sampling with replacement), however we present in Figures 4 and 5 of
Section E of the Appendix results on the same datasets for two different ways of sampling the data:
(a)without replacement: for which we select randomly the data points but never use twice the same
point in one epoch, (b) cycles: for which we pick successively the data points in the same order.
The obtained scalings relating number of iterations or passes to number of observations are the
same.
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FIGURE 2. The four plots represent each a different configuration on the (a,r) plan
represented in Figure 1, for r = 1/(2a). Top left (o = 1.5) and right (o = 2) are two
easy problems (Top right is the limiting case where r = [‘2—;1) for which one pass over the
data is optimal. Bottom left (o = 2.5) and right (a = 3) are two hard problems for
which an increasing number of passes is required. The blue dotted line are the slopes

predicted by the theoretical result in Theorem 1.



Linear model. To illustrate our result with some real data, we show how the optimal number
of passes over the data increases with the number of samples. In Figure 3, we simply performed
(non-kernelized) least-squares regression on the MNIST dataset and plotted the optimal number of
passes over the data that leads to the smallest error on the test set, which is increasing with n.

B vl (=)}
o o o
s s L

Optimal number of passes
w
o

1000 2000 3000 4000 5000 6000 7000 8000
Number of samples

FIGURE 3. For the MNIST data set, we show the optimal number of passes over the
data with respect to the number of samples in the case of the linear regression.

6. CONCLUSION

In this paper, we have shown that for least-squares regression, in hard problems where single-
pass SGD is not statistically optimal (r < (o — 1)/(2«)), then multiple passes lead to statistical
optimality with a number of passes that somewhat surprisingly need to grow with sample size,
with a convergence rate which is superior to previous analyses of stochastic gradient. Using a
non-parametric estimation, we show that under certain conditions (u > 2r), we attain statistical
optimality.

Our work could be extended in several ways: (a) our experiments suggest that cycling over the
data and cycling with random reshuffling perform similarly to sampling with replacement, it would
be interesting to combine our theoretical analysis with work aiming at analyzing other sampling
schemes [Shal6, GOP15]. (b) Mini-batches could be also considered with a potentially interesting
effects compared to the streaming setting. Also, (c) our analysis focuses on least-squares regression,
an extension to all smooth loss functions would widen its applicability. Moreover, (d) providing
optimal efficient algorithms for the situation g > 2r is a clear open problem (for which the optimal
rate is not known, even for non-efficient algorithms). Finally, (e) in the context of classification, we
could combine our analysis with [PVRB17] to study the potential discrepancies between training
and testing losses and errors when considering high-dimensional models [ZBH™16].
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The appendix in constructed as follows:

e We first present in Section A a new result for stochastic gradient recursions which generalizes
the work of [BM13| and [DB16] to more general norms. This result could be used in other
contexts.

e The proof technique for Theorem 1 is presented in Section B.

e In Section C we give a proof of the various lemmas needed in the first part of the proof of
Theorem 1 (deviation between SGD and batch gradient descent).

e In Section D we provide new results for the analysis of batch gradient descent, which are
adapted to our new (A3), and instrumental in proving Theorem 1 in Section B.

e Finally, in Section E we present experiments for different sampling techniques.

APPENDIX A. A GENERAL RESULT FOR THE SGD VARIANCE TERM

Independently of the problem studied in this paper, we consider i.i.d. observations (z;, &) € HxH
a Hilbert space, and the recursion started from po = 0.

e = =72 ® z¢) pre—1 + e (1)
(this will applied with z; = ®(2;(;))). This corresponds to the variance term of SGD. We denote by
fi; the averaged iterate fi; = %Zle 1
The goal of the proposition below is to provide a bound on E [HH“mﬂtHQ} for u € [0, é + 1],
where H = E [z ® 2| is such that trH'/® is finite. Existing results only cover the case u = 1.

Proposition 1 (A general result for the SGD variance term)

Let us consider the recursion in Eq. (1) started at o = 0. Denote E [z, ® z;| = H, assume that
trH'/® is finite, E [&] =0, E [(zt ® zt)Q] < R’H,E[¢ ® &) < 02H and yR? < 1/4, then for
uwel0,L+1):

aija (2)

A.1. Proof principle

We follow closely the proof technique of [BM13], and prove Proposition 1 by showing it first for
a “semi-stochastic” recursion, where z; ® z; is replaced by its expectation (see Lemma 1). We will
then compare our general recursion to the semi-stochastic one.

A.2. Semi-stochastic recursion
Lemma 1 (Semi-stochastic SGD)

Let us consider the following recursion py = (I —vH) pui—1 + v&; started at pg = 0. Assume
that trH'/* is finite, E[&] = 0, E[& ® &] < 0®H and vH < I, then for u € [0, 2 + 1]

2
E |:HHu/2utH :| < 0,271—11 ,yl/atrHl/atl/a—u. (3)

Proof: For t > 1 and u € [0, = + 1], using an explicit formula for ¢ and fi; (see [BM13] for details),
we get:
t

pe = (I =yH) o1+ = (T —=yH) po+v Y _ (I —yH)' " &
k=1

t t u t
fie = %;uu=%ZZ(I—WH)"”“§k= %;H*I (1= (=) ) &

u=1 k=1

] - (1 ) s o
k=1

N

t
%2 > tr [(I —- vH)k)2 H“‘l} using E[¢ ® &] < o H.
k=1

10



Now, let (A;)ien+ be the non-increasing sequence of eigenvalues of the operator H. We obtain:

t oo
el ] < 5 (- =) e
k=1 i=1

We can now use a simple result? that for any p € [0,1], K > 1 and u € [0, + 1], we have :

[y

1-(1-p*)?< (kp)lﬂ“rl/o‘, applied to p = yA;. We get, by comparing sums to integrals:

2 02 & N2
E[HH“%H } <IN (1= =)

k=11i=1

t oo

k=11i=1
U2 ‘
< ?71—u+1/atrH1/a Z kl—u+1/o¢
k=1

2 t
%71—u+1/atrH1/a yl—u+1/ady
1
2 2—u+l/a
Jﬁ/ylfu ’}/l/atI'Hl/a t /
2 2—u+1/a
< 0'2’}/17u ’yl/atrHl/atl/afuj

which shows the desired result. |

<

<

A.3. Relating the semi-stochastic recursion to the main recursion

Then, to relate the semi-stochastic recursion with the true one, we use an expansion in the
powers of v using recursively the perturbation idea from [AMPO00].
For r > 0, we define the sequence (u})ien, for ¢t > 1,

(H — 2 @ z)ps 1 ifr > 1
2 =¢&
We will show that y; ~ .2 pi. To do so, notice that for r > 0, py — >_._ pi follows the recursion:

peo—y =1 —2®z) <ut—1 Zui_1> +1E7, (5)
1=0

=0

py = (I = vH)pi_y + 757, with 2} = { (4)

so that by bounding the covariance operator we can apply a classical SGD result. This is the
purpose of the following lemma.

Lemma 2 (Bound on covariance operator)

For any r > 0, we have the following inequalities:
E[E] ® Z] < 7" R0’H and E[u; ® piy] < 7" R "1 (6)

Proof: We propose a proof by induction on r. For r =0, and t > 0, E [E? ® E?] =E[&®& < o?H
by assumption. Moreover,

t—1 t—1
E[p @pl] =9*> (I —yH) "B [E} @ Z)] (I —vH)' ™ < 4°0* Y (I —vH)*""MH 510”1
k=1 k=1

Then, for r > 1,
E [EI+1 ® E:Jrl} SE[(H — 2 @ ze)py—1 @ pi—1(H — 2t @ 2t)]
=E[(H — 2 ® 2)E[u; 1 ®@ pi1|(H — 20 ® 21)]
<A RYGPE[(H — 2 © 2)?]

< 7T+1R2'r+20_2H.

2Indeed, adapting a similar result from [BM13], on the one hand, 1 — (1 — p)¥ < 1 implying that (1 — (1 —
p)k)i=1/etu < 1. On the other hand, 1 — (1 — vz)* < vka implying that (1 — (1 — p)k)1+1/e—u g (gp)itl/a—u,
Thus by multiplying the two we get (1 — (1 — p)¥)2 < (kp)l—ut1/e,
11



And,

t—1

Elu™ @ut] =9> (I —vH) " E[E o= (I —yH)"
k=1

t—1
< ’Y7.+3R2T+2U2 Z(I _ ryH)Q(tfk)H < 77'+2R27'+20_217
k=1

which thus shows the lemma by induction. |

To bound p; — Y .;_, pi, we prove a very loose result for the average iterate, that will be sufficient
for our purpose.

Lemma 3 (Bounding SGD recursion)

Let us consider the following recursion [ (I — vzt ® z¢) pe—1 + & starting at po = 0.

Assume that B[z, @ 2] = H, E[&] = 0, ||24]]? < R%, E[& ® &) < 0?H and yR? < I, then for
we 0,1 +1]:

3 e

2
] < o®y*R“trH t. (7)

Proof: Let us define the operators for j < 7 : M]’ = - Vzi(i) ® z?(i)) (I — vz ® zi(y)) and
++1 = 1. Since po = 0, note that we have we have, p; =~y ;_, My, 1&. Hence, for ¢ > 1,
2 . )
B 2| =B (Mg, H M)

=YE> (Mjsr&e, H" M1 r)
k=1

=7t <]E [Z MliH*H“M]ink @ &
k=1
< o®~*RYi trH,

> < 024°E [Z tr (M,iH*H“M;iHH)}

k=1

because tr (M},  H*Mj,,H) < R*trH. Then,

E HHU/Q[LtH2 — tl22<Hu/2u“Hu/2’uJ>
2%
<lE : w/2 ’ l : w2 2 2 9w
S e (;HH i ) < t;EHH MH < o 2R e H 1,
which finishes the proof of Lemma 3. .

A.4. Final steps of the proof
We have now all the material to conclude. Indeed by the triangular inequality:

12 1/2

2
+|E

o\ 1/2 r 2
(Efeen]) <3 |2 )aes
i=1 | N—_———

Lemma 1

HY/? (ﬁt - Z ﬁi)
i1

Lemma 3

With Lemma 2, we have all the bounds on the covariance of the noise, so that:
NV o, 1/2 1/2
<]E HHu/Q,D'tH > < Z (71R210,2,>/17u ’}/1/atI‘H1/at1/a7u) + (’}/T+2R2T+UU‘H t)
i=1

< (Uz,yl—u ,yl/atrHUatl/a—u)l/z Z (7R2)i/2 n (,7r+2R27"+utrH t)1/2 _
i=1
12



Now we make r go to inﬁnity and we obtain:

1

R2 + (’yr+2R2T+utI‘H t)1/2
Y

(EHHU/Z H ) o2y 1/atrH1/o¢t1/a7u)1/2

— 0

— 00

Hence with yR? < 1/4,

EHHu/QMt <402 1-u 1/(,vtrI_]'l/oztl/(x—u7

which finishes to prove Proposition 1.

APPENDIX B. PROOF SKETCH FOR THEOREM 1

We consider the batch gradient descent recursion, started from 79 = 0, with the same step-size:
N =Me—1+ — Z (Ni—1, ®(:))30) (),

as well as its averaged version 7, = 3 Zi:o 7;. We obtain a recursion for 6; —n;, with the initialization
0y — o = 0, as follows:

O —np = [I - q)(xi(u)) Qg q)(xi(u))] (Or—1 —ne—1) + ’thl + ’Yf?a

with & = Y ®(Tiw)) — £ iy %i®(xi) and & = [D(zi(u)) Qsc P(wiw) — = Doimy P(zi) Q¢
@(xi)}nt_l. We decompose the performance F(6;) in two parts, one analyzing the performance of
batch gradient descent, one analyzing the deviation 6; — 7, using

EF(G) — F(0.) < 2B[|S2(6, - n) ] + 2[EF () — F(6.)].

We denote by 32, = + L3 ®(x;) ® ®(x;) the empirical second-order moment.

Deviation 6, — ;. Denotmg by G the o-field generated by the data and by F; the o-field generated
by i(1),...,i(t), then, we have E(£}|G, F;_1) = E(£2]9,F;_1) = 0, thus we can apply results for
averaged SGD (see Proposition 1 of the Appendix) to get the following lemma.

Lemma 4
For any t > 1, if E[(&} + &7) ®g¢ (6] + €2)|S] < 72%,, and 4yR? = 1, under Assump-
tions (A1), (A2), (A4),

o = 81 ”yl/"‘tr El/a
E[IS2@, —~ mlIs) < Tl B -

In order to obtain the bound, we need to bound 72 (which is dependent on §) and go from a bound

with the empirical covariance matrix $,, to bounds with the population covariance matrix .
We have

E[&} @3¢ &15] <ot B[4 @(@itw) @3¢ B(@iw)IS] <S¢ [Yl13En <3¢ (0 + SLEII;C@*,@( 2))30)*Ln

E[& @ &S] <a¢ E[(i-1, (i) * (i) @3¢ D(23(0))IG] <a¢  sup  sup(my, ®())ac)* S
te{0,...,T—1} z€X
Therefore 72 = 2M? 4 2supyc o 71} SUPex (1, P(x))3 or using Assumption (A3) 72 = 2M? +
28upye o, 1y RHRLISY 271 2,13,
In the proof, we rely on an event (that depend on G) where ¥, is close to X. This leads to the
the following Lemma that bounds the deviation 6; — 7

Lemma 5

For any t > 1, 4yR? = 1, under Assumptions (A1), (A2), (A4),

1 (41 L
R_Q/atr El/atl/a ( + < 0gn> ) 1
t nwon

E[[[S'2(8, —7)13] < 1675, 9)

We make the following remark on the bound.
13



Remark 1

Note that as defined in the proof 7., may diverge in some cases as

0(1) when p < 2r,
2 = O(nr2r) when 2r < p < 2r+1/a,
O(nt=2r/m) when p = 2r + 1/«

with O(-) are defined explicitly in the proof.

Convergence of batch gradient descent. The main result is summed up in the following lemma,
with t = O(n'/*) and t > n.

Lemma 6

Let t > 1, under Assumptions (A1), (A2), (A3), (A4), (A5), (A6), when, with 4yR? = 1,

. Q(n—/(Fratl)) 2ra+1> pa (10)
T lem Y (logn)¥) 2ra+1 < pe

then,

O(n=2r/Cret)y 2rq +1 > pa
O(n=2"/m) 2ra+ 1 < pa

EF(7:) — F(0.) < { (11)

with O(-) are defined explicitly in the proof.

Remark 2

In all cases, we can notice that the speed of convergence of Lemma 6 are slower that the ones in
Lemma 5, hence, the convergence of the gradient descent controls the rates of convergence of the
algorithm.

APPENDIX C. BOUNDING THE DEVIATION BETWEEN SGD AND BATCH GRADIENT
DESCENT

In this section, following the proof sketch from Section B, we provide a bound on the deviation
0; —n¢. In all the following let us denote p; = 6; — 7, that deviation between the stochastic gradient
descent recursion and the batch gradient descent recursion.
C.1. Proof of Lemma 5

We need to (a) go from 3, to ¥ in the result of Lemma 4 and (b) to have a bound on 7. To
prove this result we are going to need the two following lemmas:

Lemma 7

Let A > 0, 6 € (0,1]. Under Assumption (A3), when n > 11(1 + k2 R*~y"t")log %, the
following holds with probability 1 — ¢,

H(z+AI)1/2(in+>J)—1/2H2 <2. (12)

Proof: This Lemma is proven and stated lately in Lemma 14 in Section D.3. We recalled it here for
the sake of clarity. [ |

Lemma 8

Let A >0, 6 € (0,1]. Under Assumption (A3), fort = O (ﬁ) then the following holds with
probability 1 — 6,

O(1), when p < 2r,
2 and 12, =1¢0 (n*7%), when 2r

< uw<2r+1/a, (13)
(0] (nl’”/“) when p

<
>2r+1/a,

where the O(-)-notation depend only on the parameters of the problem (and is independent of n
and t).
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Proof: This Lemma is a direct implication of Corollary 2 in Section D.3. We recalled it here for the
sake of clarity. [

n 1/p
Note that we can take A} = (b%) so that Lemma 7 result holds. Now we are ready to prove
Lemma 5.
Proof of Lemma 5: Let As, be the set for which inequality (12) holds and let Bs, be the set for which

inequality (13) holds. Note that P(A§,) = do and P(B§,) = d». We use the following decomposition:
2
1pc :| .

5y

2

2
<[

2
1A6aﬁBSb:| +E |:H21/2,[Lt

2
1A§a:| +E |:HZI/2ﬂt

First, let us bound roughly ||f.|?.
. . 2 _

First, for i > 1, [|il|® < v* (352, €11+ 1€7]]) ™ < 16R?*y*72¢2, so that [|f]|* < 375, lull® <
16R%y272t%. We can bound similarly 72 < 4M?4?R*?, so that ||fi.||* < 64R>M>~4*t*. Thus, for the
second term:

2
E [HEW‘_“H 1A§a} < 64R* My 'l 4g < GAR* M1,
and for the third term:

e [l

2
1p¢ } < 64R*M*y't"Elpe < 64R°M>'t'5p.
b b
And on for the first term,

e[|

2 2 N 2
lAsamB%} <E {Hglm(er/\iI)ﬂmH "(2+)\i])1/2(2n +/\fLI)71/2H

S0+ XD 2

2
1a;,nBs, | 9}

N

s el 1]

$1/2;

:2E|: n Mt

: |9] 2N [l | 9]

fyl/"E [tr f]i/a]
t1-1/a
using Proposition 1 twice with u = 1 for the left term and u = 1 for the right one.

< 1672 + 8272 'yl/a]E [tr i]i/a] tl/o‘,

As z — z'/% is a concave function, we can apply Jensen’s inequality to have :
E [tr(i%/a)] < trot/e,
so that:
E [HEl/Qﬁt ’ 1A5amB5b:| < 1672 ’yl/;t_riliw + 8)\27'507 ’yl/gtr nl/agt/a

1
< 16724 g Bt/ ot/ <¥ + )\fL) .

2
Now, we take §, = dp = W and this concludes the proof of Lemma 5, with the bound:

2 2 1/
E H21/2ﬂtH < 16724 2t n/ogt/ (% + (2+210gM+410g(7R )+410gt) ”) )

n

APPENDIX D. CONVERGENCE OF BATCH GRADIENT DESCENT

In this section we prove the convergence of averaged batch gradient descent to the target function.
In particular, since the proof technique is valid for the wider class of algorithms known as spectral
filters [GROT08, LRRC18|, we will do the proof for a generic spectral filter (in Lemma 9, Sect. D.1
we prove that averaged batch gradient descent is a spectral filter).

In Section D.1 we provide the required notation and additional definitions. In Section D.2,
in particular in Theorem D.2 we perform an analytical decomposition of the excess risk of the
averaged batch gradient descent, in terms of basic quantities that will be controlled in expectation
(or probability) in the next sections. In Section D.3 the various quantites obtained by the analytical
decomposition are controlled, in particular, Corollary 2 controls the L>° norm of the averaged
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batch gradient descent algorithm. Finally in Section D.4, the main result, Theorem 3 controlling
in expectation of the excess risk of the averaged batch gradient descent estimator is provided. In
Corollary 3, a version of the result of Theorem 3 is given, with explicit rates for the regularization
parameters and of the excess risk.

D.1. Notations

In this subsection, we study the convergence of batch gradient descent. For the sake of clarity we
consider the RKHS framework (which includes the finite-dimensional case). We will thus consider
elements of H that are naturally embedded in La(dpyx) by the operator S from H to La(dpx) and
such that: (Sg)(x) = (g, K;), where we have ®(z) = K, = K(-,z) where K : X — X — R is the
kernel. We recall the recursion for 7; in the case of an RKHS feature space with kernel K:

Ne =Mg—1+ — Z (-1, K >?C)Kz7;a

Let us begin with some notations. In the followmg we will often use the letter g to denote vectors
of H, hence, Sg will denote functions of La(dpy). We also define the following operators (we may
also use their adjoints, denoted with a x):

e The operator S, from H to R", S,g = T(g(xl) .g(xn)).

e The operators from H to H, ¥ and 3, defined respectively as ¥ = E[K, ® K,] =
fx » @ K,dpx and En =1 Zz 1 Kz, ® K. Note that X is the covariance operator.
e The operator L2 Ly(dpx) - Lo(dpx) is defined by

/K x,2) f(z)dpx(z), Yf € La(dpx).

Moreover denote by N(X) the so called effective dimension of the learning problem, that
is defined as
N(A) = tr(L(L 4+ M),
for A > 0. Recall that by Assumption (A4), there exists « > 1 and @ > 0 such that
N < QA wA>0.
We can take Q = try!/e.
o P: Ly(dpx) — La(dpx) projection operator on H for the Lo(dpy) norm s.t. ranP = ranS.
Denote by f, the function so that f,(z) = E[y|z] € La(dpx) the minimizer of the expected risk,

defined by F(f) = [, (f(2) —y)*dp(z,y).
Remark 3 (On Assumption (A5))

With the notation above, we express assumption (A5), more formally, w.r.t. Hilbert spaces
with infinite dimensions, as follows. There exists r € [0,1] and ¢ € La(dpx), such that

Pf,=L"¢.

(A6) Let g € [1,00] be such that || f, — P fpllr2a(x,px) < 00

The assumption above is always true for ¢ = 1, moreover when the kernel is universal it is true
even for ¢ = co. Moreover if r > 1/2 then it is true for ¢ = co. Note that we make the calculation
in this Appendix for a general ¢ € [1, 00|, but we presented the results for ¢ = oo in the main paper.
The following proposition relates the excess risk to a certain norm.
Proposition 2
When g € K,

~ . ~ 2
F(g) - ;2% F(g9) = 115G = PfollT,apx):

We introduce the following function gy € H that will be useful in the rest of the paper
g = (B +A)TIS ],
We introduce the estimators of the form, for A > 0,
9r = ax(30) S5,
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where ¢\ : Ry — R, is a function called filter, that essentially approximates xz~! with the
approximation controlled by A. Denote moreover with ry the function ry(z) = 1 — z¢x(z). The
following definition precises the form of the filters we want to analyze. We then prove in Lemma 9
that our estimator corresponds to such a filter.

Definition 1 (Spectral filters)

Let q) : Ry — R, be a function parametrized by A > 0. qy is called a filter when there exists
cq > 0 for which

Agr(z) < ¢g,  ra(z)z" < e, Yo >0,A>0,ue(0,1].

We now justify that we study estimators of the form g, = q>\( )S *g with the following lemma.
Indeed, we show that the average of batch gradient descent can be represented as a filter estimator,
g, for A =1/(~t).

Lemma 9

Fort > 1, A =1/(~t), f: = g, with respect to the filter, ¢"(x) = (1 - %_;m)f) 1

Proof: Indeed, for t > 1,
Ne = M—1 + — Z (ne-1, K. >‘7—[)Kzi

=M-1+ 7(Sny - Enntfl)

=1 —yEn)m-1+ S0

t—1

=7 (I —9%.)"S59

Il
—
~
I
—
~
I
2
™M

3
N
-
R
™M
3
-
>
3 %
<>

k=0
leading to
t
_ 1 n(a \ &
IS g (9)
T t;n ¢ (5n) Si

Now, we prove that ¢ has the properties of a filter. First, for ¢t > 1, %q”(z) = (1 — F(iy%x)t) «,11 isa
decreasing function so that tq Tx) < %q"(O) < 1. Second for u € [0,1], z¥“(1—2q"(z)) = 1-(1—ya)’

ytx
As used in Section A.2, 1—(1—v2)" < (ytz)'™, so that, 7" (z)z" < Wt:#x W, this concludes

the proof that ¢” is indeed a filter. |

D.2. Analytical decomposition
Lemma 10

Let A > 0 and s € (0,1/2]. Under Assumption (A5) (see Rem. 3), the following holds
1£72S @G = 9l Latapn) < 237 B2 lIZ5 2 (S50 — Snga)lloc + 284116 aapa) X
where ( := ||El/2 1/2||

Proof: By Prop. 2, we can characterize the excess risk of g in terms of the L2(dpx) squared norm of
Sgr—Pf,. In this paper, simplifying the analysis of [LRRC18], we perform the following decomposition

L7°S(Gx — gr) = L7°SGx — L7585 (2n)Snga
+ L758qa(3n)Sngy — L °Sg.

Upper bound for the first term. By using the definition of g\ and multiplying and dividing by
21/2, we have that

LT8Gy = £7°SqA(20)Sngn = £7°SqA(2n) (Snd — Sngn)
= L5 (208 B2 (850 — Sngn),
from which

1£7°S@x — a2 (En)Enga) | Laapr) < 1€7°San(E) V21 212 (558 — Saga) .
17



Upper bound for the second term. By definition of rx(z) =1 — zgx(z) and g\ = E;lS*fp,
L7°Sqn(En)Sngn — £7°Sgxn = L7°8(qA(3n) 20 — T)ga
_ _Lfssr)\(in) Z;(I/Z—r) E;l/Q—rS*Lr ¢7

where in the last step we used the fact that S*f, = S*Pf, = S*L"¢, by Asm. (A5) (see Rem. 3).
Then

_ A N —s 2—1r —1/2—7r
1£7°S(ax(Zn)En — D)l Latape) < 1L 2SmAENIER Y2 ST 277" L7 1 2 dpec)

<
<AL S E0) 10 Lo (o)
where the last step is due to the fact that ||E;(1/27T)|| <A~ 1/277 and that S*L%"S = S*(SS*)*"S =
(8*5)?"$*S = £ from which

[Pyl e D R chyVic) y il R D DR Vit Sl S B (14)
Additional decomp051tlons We further bound [[£ 7557 (3,)] and [|[£75Sqx(2,)% ;/QH. For the
first, by the identity £7°Sr(3,) = SSZ 1/2 :l/frA(E ), we have

1755l = 167" 5SS ()l

where
S22 (Sl = sup (0 +X)*ra(0) < sup(o + A)"/?ri(0) < 2¢,01°

oo (Shn) >0
Similarly, by using the identity
L7Sqa(30)8y? = L7552 B R (B R £00 82,
we have
1£7°8ax ()21l = 167 SE 32 IS an En) E521 1S3 2 532l
Finally note that
(oo ol (IR P> siend (1D bt [P oiaed s [

and HKTSSZ;I/HSH 1, [|357]] € A™°, and moreover
IERE)EL = sup (04 Nar(@) < suplo + Nar(0) < 2y,
c€o(Ey) >

so, in conclusion
[£75Sm (Sn)|| < 2eA 2778, [|£78gx (2n)2) 2| < 2e03 %2
The final result is obtained by gathering the upper bounds for the three terms above and the additional
terms of this last section. |
Lemma 11

Let A > 0 and s € (0, min(r,1/2)]. Under Assumption (A5) (see Rem. 3), the following holds
1£7°(Sgx — Pfo)llLataor) <A °l9ll Lo(dpx)-

Proof: Since SE;IS* = LL;l =1- AL;I, we have
L7 (Sgn — Pf,) = £(SEy'S" f, = Pfo) = £7°(SS5' " Pf, — PF,)
=L73(SSIS = I)Pf, = L7°(SS ST — 1)L ¢
— AL L= N AI—T+SL;(1—T+S) L;(T—S)Lr_s &)
from which

—s r—s —r+s p—(1—7r+s —(r—s r—s
1£7°(Sgn — Pfo)llzatapn) < A INTFo L T )165 08

< I 1102
KA 1Bl L (dpne) - n

Theorem 2

Let A > 0 and s € (0, min(r,1/2)]. Under Assumption (A5) (see Rem. 3), the following holds
1675058 = Pfo)llatapn) < 2X7°B26ql153 (870 = Sngalloc + (1+ 6218l Latapa) A~
where 8 := |£Y/?S 7172,

18



Proof: By Prop. 2, we can characterize the excess risk of g in terms of the La(dpx) squared norm of
Sgr—Pf,. In this paper, simplifying the analysis of [LRRC18], we perform the following decomposition

575(5/9} — pr) = L’SS@ — LiSSg,\
+ L7(Sgx = Pfo).
The first term is bounded by Lemma 10, the second is bounded by Lemma 11.

D.3. Probabilistic bounds

In this section denote by Ny (), the quantity

—1/2
Noo(A) = sup %, 2K,

where S C X is the support of the probability measure py.
Lemma 12
Under Asm. (A3), we have that for any g € H
sup  |g(@)] < kRS20 gllac = kR LS| Ly(apn)-
zEsupp(px)
Proof: Note that, Asm. (A3) is equivalent to
||E*1/2(1*#)K$H < K‘LRM’
for all = in the support of px. Then we have, for any x in the support of px,
lg(x)] = (g, Ku)oe = <21/2(17u)g7271/2(17u)K$>
x
<=2 g|lge |27V 2UTIEG || < mu RE Y20 gl
Now note that, since X17# = §*£L7*S, we have

=201 g5 = (g, 5" ), = <ﬁ"‘/259,ﬁ"‘/259>

La(dpx)
Lemma 13
Under Assumption (A3), we have
Noo(A) < feiRz“)f“.

Proof: First denote with f» . € J the function E;l/Qu for any u € H and A > 0. Note that
Ixallse = 155" ullse < IEXMMllullse < A2 ullse.
Moreover, since for any g € I the identity ||g||z,(apo) = |S9]/5¢, we have
I ralla@on) = 1S3 2ullsc < IS [[ullsc < llufloc.

Now denote with B(J) the unit ball in 3, by applying Asm. (A3) to fx. we have that

2
Noo (A) :sup||2;1/2K,c||2 = sup <u,2;1/2Km>
zeS zeS,ueB(H) H

= s (fru Ko)i = sup sup|fiu(z)®
z€S,u€B(H) uweB(H) €S

2 2 2 2—-2
< w7 sup (fxullse 1 ullz, @py
u€B(H)

S KLRPAT* sup  |ull3c < kR RPATH,
ueB(H)

Lemma 14

Let A >0, § € (0,1] and n € N. Under Assumption (A3), we have that, when
8R?
2 p2py —p

n > (1 + K, RN )logv,

then the following holds with probability 1 — ¢,

1/28-1/2
IV <2
19




Proof: By Prop. 8 in [RR17|, we have that
ISP < =071 t= 57 AE - 202

When 0 < XA < ||Z]], by Prop. 6 of [RR17], we have that the following holds with probability at least

1-4,
2n(1 + N (N)) 2 Noo (A)

+ )
3n n

with n = log %. Finally, by selecting n > 11(1 + KuiR2“)\7M)’I7, we have that t < 1/2 and so
ISV2S7 1212 < (1 — )71 < 2, with probability 1 — 4.

To conclude note that when A > ||X||, we have

t<

1=+ _ 12

IS 2S00 SIS+ AT |(Sn +AD) 7Y € FES = 14 55 <2

Lemma 15

Under Assumption (A3), (A4), (A5) (see Rem. 3), (A6) we have
(1) Let A > 0, n € N, the following holds

9K2 R21 )\~ (1=2r) 4H2R2#AQ/\—3K@

—1/2 /&% ~ < T
EI3"(575 = Saga)lBed < 817, @) A7 + = - ,

2-2 1
where A := ||fp pr”mq(/xq:x))

(2) Let ¢ € (0,1], under the same assumptions, the following holds with probability at least
1-6
4(e "7 + CoATTTH) log%

n

N \/16/@3}{2“()\—(”—2” +2AQ)\ #Fa ) log 2

IS52(55 — Sga)llsc < coN +

n

with co = @]l Ly(dpx)s €1 = KpREM + 52 R (2R)*" M@ Ly(dpn)s €2 = Ko RG] Ly (dpn)

Proof: First denote with (; the random variable

G = (yi — ga(@)Z “Kw

In particular note that, by using the definitions of S,,, § and f)n, we have
=3280 — Saga) = 24 ZK Wi LKk, ® K., ZQ
I So, by noting that ¢; are independent and identically distributed, we have

EIS5 (855 — Sugn) I3 = MFZM% 22Em@m

ij=1

JII3e.

= 2Eflcild + ©

Now note that
E[¢1] = 35 V2 (B[Kqy11] — E[Kz, ® Kxy]g2) = 25 /%(S™f, — Sg»).

In particular, by the fact that S*f, = Pf,, Pf, = L"¢ and Sgy = EX;'S*f, and BX; ' =T — AX !,
we have

2;1/2(S*fp o Eg)\) _ AE;3/QS*fp -\ )\177-2;\(177‘) E;l/Q*TS*Lr ¢
So, since |\E;1/27TS*LT|| < 1, as proven in Eq. 14, then
IECllse < AIAT"SX NS 2T LT 18l s taon) < AN La(apn) = Z-
Morever
E[[|¢15] = B Kay 3 (1 — 92(21))?] = Eay By, o, (123 Koy 3 (91 — g2 (21))?]
= Eo, [I55 Ky |13 (fo (1) — ga(21))?).
20



Moreover we have
E[l|¢15 = Eo[lIS5 /2 Ka 5c(fo(x) — g2 (2))’]
= B[S Kal 3 ((fo (@) = (P£,) (@) + (Pf,)(z) — gx(2)))°]
<2 (|35 K3 (o (@) — (P ) ()] + 2B [ 55 Kl 3 (P o) () — gr(2))°].

Now since E[AB] < (esssup A)E[B], for any two random variables A, B, we have

E.[[125° Kal[5(P£o) () — 97 (2))%] < Noo (N Ex[((Pfo)(x) — ga(2))°]
= Noo NP fo — Sgal17 5 (dpr)
< HiRQH)\*(H*QT)’

where in the last step we bounded Noo(\) via Lemma 13 and ||Pf, — SgAHZLQ( via Lemma. 11

dpx)>
applied with s = 0. Finally, denoting by a(z) = ||Z;1/2K:1;||12}C and b(z) = (f,(z) — (Pf,)(x))* and
noting that by Markov inequality we have Es[1{pm)>e1] = px({b(z) > t}) = px({b(x)? > t7}) <
E,[b(x)?)¢t™9, for any t > 0. Then for any ¢ > 0 the following holds

Ezla(z)b(2)] = Ezla(2)b(2)1(p(2)<3] + Eala(2)b(2)1p(2)> )]
< tEefa()] 4 Noo (A)Ea[b(2)1 b()>1)]
<EN(A) + Noo(N)Eg [b(2)?]t 1.
By minimizing the quantity above in ¢, we obtain

q 1

EL (1252 KalBe(foa) — (P @) < 20fp = PEAE oo NV T Na (1) 7T

Li(X,px)
qtpo

< 2k, RP*AQAN ™ et

So finally
+pa
E[||G1[|3] < 262 R#A™H720) 1 442 R AQA data 1= W2,
To conclude the proof, let us obtain the bound in high probability. We need to bound the higher
moments of ;. First note that

Elll¢r — EG]I15] < Elli — Cai5] < 27 EllIGul5e + lIG2 5] < 2PE[lIGal5e)-

Moreover, denoting by S C X the support of px and recalling that y is bounded in [-M, M], the
following bound holds almost surely

111 < s 252K | (M + o (2)) < (s |23/ K (M + sup loa (@)

<R RATE (M 4 m RS20 g5 50).

where in the last step we applied Lemma 13 and Lemma 12. In particular, by definition of gy, the fact
that S*f, = S*Pf,, that Pf, = £"¢ and that ||} "/*78*£7|| < 1 as proven in Eq. 14, we have

120 gy e = /2015515 27 )
— — — - 2—r —(1/247) g* pr
N DR [ S [ DIt [ P
<= 21180 2 (o) -
Finally note that if r < p/2 then HET“NH < ATW/27D) Hif e > 11/2 then
1= = (e + 22 < @le)™* < 2R)* .
So in particular
HE;*MNH < (2R)2T*u + A~ (w/2=r)
Then the following holds almost surely
Gl < (kR M + 55 R¥(2R)* |6 15 (dpa))N ™% + KB [ l] o) A" = V-
So finally
p! _
Eflice = ElG]ll5] < 2°EfllGill5] < 5 (2V)” (4w?).
By applying Pinelis inequality, the following holds with probability 1 — §

1 — 4V log 2 8W log 2
= i — E[G < .
I o~ Bl < T288 42
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So with the same probability

1 — 1 — 4V log 2 8W log 2
1" Galloe < 15 06 — B e + [BGlloe < 7+ =255 4y [ 22288,
i=1

i=1

Lemma 16

Let A\ >0,n e Nands € (0,1/2]. Let 6 € (0,1]. Under Assumption (A3), (A4), (A5) (see
Rem. 3), (A6), when
16R?

DY

n > 11(1+ &, R* A\~ ")log
then the following holds with probability 1 — ¢,
(cIA™575 4 coA" 1 %) log 4
n

_atpa o
. \/(CSA—<u+2s—2r>+C4A ) log |
n

with co = Tcgl|9|| Ly(dpx)s €1 = 16cq(KJMR“M—&—HZRQ“(QR)Q"_”|\¢||L2(dpx)), coy = 160quR2”H¢||L2(dpx),
c3 = 64K7 R*c2, ¢y = 1287, R AQc?.

I£7°S@x — )M a(dp) < A% +

Proof: Let 7 = §/2, the result is obtained by combining Lemma 10, with Lemma 15 with probability
7, and Lemma 14, with probability 7 and then taking the intersection bound of the two events. |

Corollary 1

Let A >0,n €N and s € (0,1/2]. Let § € (0,1]. Under the assumptions of Lemma 16, when

16R?
Ao

n>11(1+ min”A‘“) log
then the following holds with probability 1 — ¢,

(cIA™575 4 coA" 1 %) log %
n

—(p+2s—2r 7(12“2725 4
+\/(C3)‘ (p+2 2)+;4/\ 4ot )10g3+

||£755fq\>\HL2(dpx) < R2r—2s + (1 +CO)>\T75 +

with the same constants cg, . ..,cs4 as in Lemma 16.

Proof: First note that

1£7°SGN Lo (dpr) < NET°S@Gx = 93 ) | La(dpr) + 1L SgA I Lo (dpy)-

The first term on the right hand side is controlled by Lemma 16, for the second, by using the definition
of gx and Asm. (A5) (see Rem. 3), we have

—s —1/2+s —(s—17r —1/2—71 % p1
o P 11) Sl 11D S v 13 [P
23Dl Lo dpac) s

where [[£3"/*7"5°£"|| < 1 by Eq. 14 and analogously [|£~*SE;"/***|| < 1. Note that if s > r then
(575 S A7)0 If s < 7, we have

IZ37 = IS+ X" < [ICII" "+ X SR> 407"
So finally |25 %|] < R*" 72 4 A",

1£7°Sgxll Ly (dpr) <
<

Corollary 2

Let A>0,n €N ands € (0,1/2]. Let § € (0,1). Under Assumption (A3), (A4), (A5) (see
Rem. 3), (A6), when

16R?
PY

n = 11(1+ &, R*A™") log
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then the following holds with probability 1 — 9§,
. CATH 4 N3/ 21 [og 4
sup [ga(z)] < KuRERTTZ 4k, RM(1 4 co)N TR/ 4 n#R”( ! 2 )log 5
zeX n
tua
esA—(21=2r) 1 4o Ricy N\ dara H)]og 4
+K:/LRM\/( 3 ’ 4 ) gé.
n
with the same constants cg,...,cs4 in Lemma 16.
Proof: The proof is obtained by applying Lemma 12 on gx and then Corollary 1. |

D.4. Main Result

Theorem 3

Let A > 0, n € N and s € (0,min(r,1/2)]. Under Assumption (A3), (A4), (A5) (see

Rem. 3), (A6), when
co

n 2 11(1 + HiRZU‘A_'u) log m,

then

e 9 )\7(/_L+2572r) A~ gziz —2s S
E[IL™(Sgx — pr)HLg(dpx)] Sa " +c2 - +c3A ,
wheremy = M*, co = 32R***my+32R55 50|11 4.,)» €1 = 16c5RL R, 03 = 32¢37, R¥AQ,

¢3 =3+ 8210112, (4 -

Proof: Denote by R(g»), the expected risk R(gx) = £(gr) — infgesc E(g). First, note that by Prop. 2,
we have

Ry(@x) = 1£7°(SGx = Pfo)lLocdpr)-
Denote by E the event such that 8 as defined in Thm. 2, satisfies 8 < 2. Then we have
E[Rs(9x)] = E[Rs(9x)1£] + E[R(gr)1E¢]-

For the first term, by Thm. 2 and Lemma 15, we have

B[R, (93)15] < E[(22 8" CIIS1 (815 - Saon) I
+2 (14 822619117 apr)) A7) 1]
<BNTHGE[S (S5 Eng )l +2 (1+ 410l ar) 2

16c2RZ R NTHT2r=28 390242 R AQA™ fa¥a -2 2
B + + (24 81111 o (apr)) AT

For the second term, since i:fq)\(f]n)ii/f = f]mq)\(fl ) < sup,o(0 4+ A)gr(o) < ¢g by definition of
filters, and that Pf, = L" ¢, we have

Rs(@2)""? <187 SGxllaapr) + 167 Phollnatapn)
—1/2 2 & S1/2 -1/2 4 —s
1E™2 SIS ISR ar E) Z SR S 3] + 167 L7 18]l )

<
SRYVZENTY2 g0 4+ BP0 1

n
TR 0TS ) + BTG ),

=1

where the last step is due to the fact that 1 < A™/2||£||*/? since A satisfies 0 < A < [|Z]| = ||£]| <

R?. Denote with ¢ the quantity § = X\?>T4"71 /¢y, Since E[1%] corresponds to the probability

of the event E° and, by Lemma 14, we have that E holds with probability at most § since
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n > 11(1+ &} R* X *)log 3£ then we have that

E[R(Gx)1e¢] < EllIS8 13 ap L] < \/ENISGAIL, g |V ELE7]

<\/ AR en (0 Elyfy]) + AR ) s

A2

\/4R2 4Smy + 4R4—87— 8g‘|¢HL2(dpx)

— 560/(8R ) < )\2r—25
A = ’

Corollary 3

Let A > 0 and n € N and s = 0. Under Assumption (A3), (A4), (A5) (see Rem. 3), (A6),
when
. nfa/(Qra+1+7“:+_ll) lra4+14+ M > e
e (log Bgn)i 2ra+1+ “ < pa.
then,
72T/(2T‘04+1+Hq+1 ) 9 1 po—1
E &(G) — inf €(g) < B34 et > e
geH n=2r/m 2ra 4+ 14 22— < no
q+1
where By = 3V (32R%my) 5% B, " and By defined explicitly in the proof.

Proof: The proof of this corollary is a direct application of Thm. 3. In the rest of the proof we find the
constants to guarantee that the condition relating n, A in the theorem is always satisfied. Indeed to

guarantee the applicability of Thm. 3, we need to be sure that n > 11(1+xj, 2 R A™H) log 3i?j$4 . This

is satisfied when both the following conditions hold n > 22log 32 <3 +4T4 and n > 2k, R** X" log 33\?;1’,3“ .
To study the last two conditions, we recall that for A, B, s, ¢ > 0 we have that An~° log(Bn?) satisfy

gAB®*/? log B*/'n® < gAB®/?

An" log(Bn) = s Bs/ans T es
for any n > 0, since log” < 1 for any # > 0. Now we define explicitly B1, let 7 = o/ (2ra +1+ “qole ),
we have
1
B, = (M(ggRﬁmQ‘sfﬂ) g Vv (17)
ep)
M Yr—n T o
(iuiﬁﬁf (32R%ma) 57 ) 2ra+ 145250 > pa
2M(344r) | & . (18)
+4r H -1
(7M ) 2ra+1+“qa+1 < po

For the first condition, we use the fact that X is always larger than Bin~'/*, so we have

22 32RSmg _ 22 32RCmynBtin/e o 22(3 + 4r)(32R°m NASan

7 108 e Sl Tpmm S e/ BT <L
For the second inequality, when 2ra + 1 + “0‘ 1 > pa, we have A = Bin™ ", so
2kERM 32R%ms _ 2kLR*  32RSmunGHinT
- X"*log < =2 g -
\3+4r Bi"nlf,u,r Bi5+47‘
1/7—
iniR% (3+4r)T (32R6m4) o
iy <L
e(1— pr) BT
Finally, when 2ra + 1 + “q”j:ll > pa, we have A = Bin~/#(log Ban)/*. So since log(Ban) > 1, we
have
39RO m n(3+4m) /1 (32R%m )“/(3+4">n
262R  32RSms _ 2R 108 T prem— 92 (34 ay)log g

= < 1.
log A3+4r = pE log(Ban) uBY log(Bazn) s1

So by selecting A as in Eq. 15, we guarantee that the condition required by Thm. 3 is satisfied.
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Finally the constant Bs is obtained by

25—2 —gtpe o 2r—2
(1F25=21) 4 ) max(1, w) " aa+a 2 4 ¢y max(1,w)? 2

with w = B1log(1 + B2) and c1,¢2,c3 as in Thm. 3. |

B3 = ¢1 max(1,w)"~ ,

APPENDIX E. EXPERIMENTS WITH DIFFERENT SAMPLING

We present here the results for two different types of sampling, which seem to be more stable,
perform better and are widely used in practice :

Without replacement (Figure 4): for which we select randomly the data points but never use
two times over the same point in one epoch.

Cycles (Figure 5): for which we pick successively the data points in the same order.
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FIGURE 4. The sampling is performed by cycling over the data The four plots
represent each a different configuration on the («,r) plan represented in Figure 1, for
r =1/(2a). Top left (o = 1.5) and right (a = 2) are two easy problems (Top right is
the limiting case where r = "‘2—;1) for which one pass over the data is optimal. Bottom
left (o = 2.5) and right (o = 3) are two hard problems for which an increasing number
of passes is recquired. The blue dotted line are the slopes predicted by the theoretical
result in Theorem 1.
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FIGURE 5. The sampling is performed without replacement. The four plots represent
each a different configuration on the (a,r) plan represented in Figure 1, for r = 1/(2a).
Top left (« = 1.5) and right (o = 2) are two easy problems (Top right is the limiting

a—1

case where r = 5
[e%

) for which one pass over the data is optimal. Bottom left (o = 2.5)

and right (o = 3) are two hard problems for which an increasing number of passes
is recquired. The blue dotted line are the slopes predicted by the theoretical result in

Theorem 1.
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