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This supplementary material contains

• the proofs of the main results in the paper,

• but also further theoretical results and their proofs, as for instance
fast oracle inequalities for both time-varying Aalen and Cox models.

Proofs of the main results in the paper

This section is devoted to the proofs of the main results in the paper.

Notation.

We give some notation that will be used frequently in the sequel. Given
two sets A = {a1, . . . , ar} and B = {b1, . . . , bs}, we denote by [A,B] the
concatenation of A and B, namely [A,B] = {a1, . . . , ar, b1, . . . , bs}. For any
set S ⊂ A, the complement Sc is defined with respect to A, 1(S) stands for
the indicator function of S and its cardinality as |S|. Given a vector u ∈ Rm,
[u]S is the projection, in Rr, of u onto S.
The weights γ̂j, used in the definition of the ℓ1 + ℓ1-total-variation (see
Equation (13)) have an explicit form given by the following.
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Definition S1. For x > 0, we introduce the data-driven weights

γ̂j,l = 5.64√
τ

√
L(x+ log(pL) + Ân,x,j,l)

n
V̂j,l

+ 18.62√
τ

√
L(x+ log(pL) + 1 + Ân,x,j,l)

n
∥Xj∥n,l,∞,

(S1)

where

Ân,x,j,l = 2 log log
(2enV̂j,l + 18.66e(x+ log(pL))∥Xj∥n,l,∞

8∥Xj∥2
n,l,∞

∨ e
)
.

and
∥Xj∥n,l,∞ = sup

t∈
∪L

u=l
Iu

max
i=1,...,n

∥Xj
i (t)∥n,ℓ,∞.

Note that the weights γ̂j,l are fully data-driven. The shape of these weights
comes comes from a Bernstein’s concentration with predictable variance,
necessary for the control of the noise term (a martingale with jumps), see
Theorem 3 in Gaı̈ffas and Guilloux 2012.

The form of the weights entails that

∥β∥gTV,γ̂ ≤ ∥β∥gTV max
j=1,...,p

max
l=1,...,L

{5.64√
τ

√
(x+ log(pL) + Ân,x,ℓ,j)

n
V̂j,ℓ

+ 18.62√
τ

(x+ log(pL) + 1 + Ân,x,ℓ,j)
n

∥Xj∥n,ℓ,∞

}
for any β ∈ RpL. As a consequence, the dominant term is of order√

log(pL)/n as claimed in Equation (18).

Proof of Theorem 1: slow oracle inequality in the time-varying
Aalen model

Note that for all t ∈ [0, τ ], λA
β (t) = X (t)β where X (t) = (X1(t), . . . , Xn(t))⊤

is a n× pL matrix such that its i-th row is given by

Xi(t) =
(
(X1

i (t)φ1(t), . . . , X1
i (t)φL(t)), . . . , (Xp

i (t)φ1(t), . . . , Xp
i (t)φL(t))

)⊤
,

with φl(t) =
√
L/τ1(t ∈ Il). Then, one has ℓAn (β) = β⊤GA

nβ−2β⊤νn, where
GA

n is pL× pL matrix defined by

GA
n = 1

n

n∑
i=1

∫ τ

0
Yi(t)Xi(t)(Xi(t))⊤dt, (S2)
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and νn ∈ Rp×L has coordinates (νn)j,l = 1
n

∑n
i=1

∫ τ
0 X

j
i (t)φl(t)dNi(t). Recall

that
β̂A = argminβ∈Rp×L

{
ℓAn (β) + ∥β∥gTV,γ̂

}
, (S3)

Equation (S3) is equivalent to β̂A = argminβ∈Rp×L

{
ℓAn (β) + ∥γ̂ ⊙ Dβ∥1

}
,

where u ⊙ v stands for the Hadamard product between u and v, that is
u ⊙ v = (u1v1, . . . , umvm)⊤, and D is a p block diagonal matrix, i.e., D =
diag(D1, . . . , Dp), such that for j = 1, . . . , p,Dj is a L× L matrix given by

Dj =


1 0 0 · · · 0

−1 1 0 · · · 0
0 −1 1 · · · 0
... . . . . . . . . . ...
0 0 · · · −1 1

 .

Now let us consider the (p× L)-dimensional vector

µ = (µ1,1, . . . , µ1,L, . . . , µp,1, . . . , µp,L)⊤

defined by the relation β = Tµ, where T is an operator given by by the p
block diagonal matrix, i.e., T = diag(T1, . . . , Tp) and for j = 1, . . . , p, Tj is a
L× L matrix given by

Tj =


1 0 · · · 0
1 1 · · · 0
...

... . . . ...
1 1 · · · 1

 . (S4)

Hence, using the fact that D−1 = T, we can rewrite the estimator β̂ =
T µ̂, where µ̂ is defined by µ̂A = argminβ∈Rp×L

{
QA

n (µ) +
∥∥γ̂ ⊙ µ

∥∥
1
}
, where

QA
n (µ) = µ⊤T⊤GA

nTµ − 2µ⊤T⊤νn. Using the Doob-Meyer decomposition
we get where

νn = ξn + Zn and (S5)

ξn = 1
n

n∑
i=1

∫ τ

0
Xi(t)λA

⋆ (t,Xi(t))Yi(t)dt and Zn = 1
n

n∑
i=1

∫ τ

0
Xi(t)dMi(t).

We have
β⊤ξn = 1

n

n∑
i=1

∫ τ

0
λA

β (t,Xi(t))λA
⋆ (t,Xi(t))Yi(t)dt. (S6)

Then, we have β⊤ξn = ⟨λA
β , λ

A
⋆ ⟩n. Therefore, ℓAn (β) = ∥λA

β ∥2
n − 2⟨λA

β , λ
A
⋆ ⟩n −

2β⊤Zn. Consequently, for any β ∈ Rp×L, the following holds

ℓAn (β̂A) − ℓAn (β) = ∥λA
β̂A − λA

⋆ ∥2
n − ∥λA

β − λA
⋆ ∥2

n + 2(β − β̂A)⊤Zn.
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By the definition of β̂A, we have ℓAn (β̂A) + ∥β̂A∥gTV,γ̂ ≤ ℓAn (β) + ∥β∥gTV,γ̂ ,
for any β ∈ RpL, then

∥λ̂A − λA
⋆ ∥2

n ≤ ∥λA
β − λA

⋆ ∥2
n + 2(β̂A − β)⊤Zn + (∥β∥gTV,γ̂ − ∥β̂A∥gTV,γ̂)

≤ ∥λA
β − λA

⋆ ∥2
n + 2(T (µ̂A − µ))⊤Zn + (∥γ̂ ⊙ µ∥1 − ∥γ̂ ⊙ µ̂A∥1)

≤ ∥λA
β − λA

⋆ ∥2
n + 2

p∑
j=1

L∑
l=1

[µ̂A − µ]j,l[T⊤Zn]j,l + (∥γ̂ ⊙ µ∥1 − ∥γ̂ ⊙ µ̂A∥1)

Let us introduce the event En =
∩p

j=1
∩L

ℓ=1
{
2
∣∣[T⊤Zn]j,l

∣∣ ≤ γ̂j,l

}
. On En, we

have
∥λ̂A − λA

⋆ ∥2
n ≤ ∥λA

β − λA
⋆ ∥2

n + 2∥γ̂ ⊙ µ∥1

≤ ∥λA
β − λA

⋆ ∥2
n + 2∥β∥gTV,γ̂ .

Furthermore, the j-th block of T⊤Zn is given by

[T⊤Zn]j = 1
n

n∑
i=1

∫ τ

0
T⊤

j (X (t))j
idMi(t),

with l-th coefficient [T⊤Zn]j,l = 1
n

∑n
i=1

∫ τ
0 X

j
i (t)

∑L
u=l φu(t)dMi(t). Let us

calculate the probability of the complementary event of En. Using an union
bound, we have

P[Ec
n] = P

[ p∪
j=1

L∪
l=1

∣∣[T⊤Zn]j,l

∣∣ > γ̂j,l/2
]

≤
p∑

j=1

L∑
l=1

P
[∣∣∣ 1
n

n∑
i=1

∫ τ

0
Xj

i (t)
L∑

u=l

φu(t)dMi(t)
∣∣∣ > γ̂j,l/2

]

≤
p∑

j=1

L∑
ℓ=1

P
[∣∣∣ 1
n

n∑
i=1

∫ τ

0
Xj

i (t)
L∑

u=l

1(Iu)(t)dMi(t)
∣∣∣ > √

τ γ̂j,l/(2
√
L)

]
Using Theorem 3 in Gaı̈ffas and Guilloux 2012 and the choice of γ̂ℓ,j (see
Definition 1 in the supplmentary material), we obtain P[Ec

n] ≤ CAe
−x, for

some constant CA > 0.

□

Proof of Theorem 2: slow oracle inequality in the time-varying
Cox model

Using the Doob-Meyer decomposition, we can easily obtain that

ℓMn (β̂M) − ℓMn (β) = Kn(λM
⋆ , λ̂

M) −Kn(λM
⋆ , λ

M
β )

− 1
n

n∑
i=1

∫ τ

0

(
log λ̂M(t,Xi(t)) − log λM

β (t,Xi(t))
)
dMi(t).
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We can rewrite the last term as (β̂M − β)TZn. From the definition of the
Lasso estimator (15), we have

ℓMn (β̂M) + ||β̂M||gTV,γ̂ ≤ ℓMn (β) + ||β||gTV,γ̂ , ∀β ∈ Rp×L,

which can be rewritten by

Kn(λM
⋆ , λ̂

M) ≤ Kn(λM
⋆ , λ

M
β ) + (β̂M − β)TZn +

(
||β||gTV,γ̂ − ||β̂M||gTV,γ̂

)
.

Using the same notations for the matrix T and the pL-dimensional vector µ
than in the proof of Theorem 1, we have

Kn(λM
⋆ , λ̂

M) ≤ Kn(λM
⋆ , λ

M
β ) + (β̂M − β)TZn +

(
||β||gTV,γ̂ − ||β̂M||gTV,γ̂

)
≤ Kn(λM

⋆ , λ
M
β ) + (T (µ̂M − µ))TZn +

(
||γ̂ ⊙ µ||1 − ||γ̂ ⊙ µ̂M||1

)
≤ Kn(λM

⋆ , λ
M
β ) +

p∑
j=1

L∑
l=1

(µ̂M − µ))j,l[T TZn]j,l +
(
||γ̂ ⊙ µ||1 − ||γ̂ ⊙ µ̂M||1

)
.

Let us introduce the following set Ẽn =
∩p

j=1
∩L

l=1{|[T TZn]j,l| ≤ γ̂j,l}. On
Ẽn, one has Kn(λM

⋆ , λ̂
M) ≤ Kn(λM

⋆ , λ
M
β ) + 2||γ̂ ⊙ µ||1 ≤ Kn(λM

⋆ , λ
M
β ) +

2||β||gTV,γ̂ . It remains to calculate the probability of Ẽn. We have [T TZn]j,l =
1
n

∑n
i=1

∫ τ
0

∑L
k=l X

j
i (t)φk(t)dMi(t), with φk(t) =

√
L/τ1(t ∈ Ik). Using

Theorem 3 in Gaı̈ffas and Guilloux 2012, we can find a bound of P(Ẽc
n) asso-

ciated to a choice of the weights γ̂j,l (see Definition 1 in the supplmentary
material),

P[Ẽc
n] = P

[ p∪
j=1

L∪
l=1

|[T TZn]j,l| > γ̂j,l

]

≤
p∑

j=1

L∑
l=1

P
[∣∣∣ 1
n

n∑
i=1

∫ τ

0
Xj

i (t)
L∑

k=l

1(Ik)(t)dMi(t)
∣∣∣ > √

τ

L
γ̂j,l

]
≤ CMe

−x,

for some constant CM > 0. □

Proof of Proposition 1: proximal operator of the weighted
total-variation

The proximal operator of the j-th block of the ℓ1 + ℓ1-total-variation penal-
ization defined in () is equivalent to

prox∥·∥gTV,γ̂j,·
(βj,·) = argminz∈RL

{1
2

∥βj,· −z∥2
2 + γ̂j,1|z1|+∥z∥TV,ω̂j,·

}
, (S7)
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where ω̂j,· = γ̂j,·\{γ̂j,1}. Now setting the change of variables (ν, µ) ∈ R×RL−1

given by: ν = z1, and µl = zl+1 − zl, for l = 1, ..., L − 1. We immedialtely
get an expression for z as a function of ν and µ, that is, z1 = ν, and
zl = ν +

∑l−1
r=1 µr, for l = 2, ..., L. This can be rewritten in matrix form as

z = TL

[
ν
µ

]
where the matrix TL is defined as in (S4). Making this change

of variable, one has

prox∥·∥gTV,γ̂j,·
(βj,·) = ν⋆1L + TL

[
0
µ⋆

]
, (S8)

where

(ν⋆, µ⋆)⊤ = argminν∈R, µ∈RL−1

{1
2

∥∥∥βj,· − TL

[
ν
µ

] ∥∥∥2

2
+ γ̂j,1|ν| + ∥ω̂j,· ⊙ µ∥1

}
= argminν∈R

{
argminµ∈RL−1

{1
2

∥∥∥βj,· − TL

[
ν
µ

] ∥∥∥2

2
+ ∥ω̂j,· ⊙ µ∥1

}
+ γ̂j,1|ν|

}
(S9)

For any ν ∈ R, let us focus on

µ⋆ = argminµ∈RL−1

{1
2

∥∥∥βj,· − TL

[
ν
µ

] ∥∥∥2

2
+ ∥ω̂j,· ⊙ µ∥1

}
(S10)

Using the one-to-one change of variables ψ : RL → RL such that ψ
( [

ν
µ

] )
=

TL

[
ν
µ

]
:= ζ, that is ζ1 = ν, and ζl = ν+

∑l−1
r=1 µr for l = 2, ..., L. Hence prob-

lem (S10) is equivalent to the following proximal operator of the weighted
total-variation penalization

ζ⋆ = prox∥·∥TV,ω̂j,·
(βj,·) = argminζ∈RL

{1
2

∥βj,· − ζ∥2
2 + ∥ζ∥TV,ω̂j,·

}
. (S11)

Therefore,

TL

[
0
µ⋆

]
= ζ⋆ − ζ⋆

11L = prox∥·∥TV,ω̂j,·
(βj,·) − (prox∥·∥TV,ω̂j,·

(βj,·))11L. (S12)

Now to calculate ν⋆, let us use the following decomposition

1
2

∥∥∥∥βj,· − TL

[
ν
µ

] ∥∥∥∥2

2
= 1

2

(
βj,· − TL

[
0
µ

] )⊤(
IL − 1

L
1L1⊤

L

)(
βj,· − TL

[
0
µ

] )

+ L

2

(
ν − 1

L
1⊤

L

(
βj,· − TL

[
0
µ

] ))2
,
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where IL is the identity matrix of order L. Since the matrix IL − 1
L1L1⊤

L is
idempotent we obtain

1
2

∥∥∥∥βj,· − TL

[
ν
µ

] ∥∥∥∥2

2
= 1

2

∥∥∥∥ (
IL − 1

L
1L1⊤

L

)(
βj,· − TL

[
0
µ

] )∥∥∥∥2

2

+ L

2

(
ν − 1

L
1⊤

L

(
βj,· − TL

[
0
µ

] ))2
.

(S13)

Plugging (S13) into (S9), we get

ν⋆ = argminν∈R

{1
2

(
ν − 1

L
1⊤

L

(
βj,· − TL

[
0
µ⋆

] ))2
+ γ̂j,1

L
|ν|

}
.

Using (S13), it yields that ν⋆ minimizes{1
2

(
ν − 1

L
1⊤

L

(
βj,· −

(
prox∥·∥TV,ω̂j,·

(βj,·) − (prox∥·∥TV,ω̂j,·
(βj,·))11L

)))2

+ γ̂j,1
L

|ν|
}

=
{1

2

(
ν − β̄j,· + 1

L
1⊤

L prox∥·∥TV,ω̂j,·
(βj,·) − (prox∥·∥TV,ω̂j,·

(βj,·))1
)2

+ γ̂j,1
L

|ν|
}

where β̄j,· = 1
L1⊤

Lβj,· denotes the mean of βj,·. It is easy to show that the
β̄j,· is equal to the mean of the proximal operator of weighted total-variation
evalued in β̄j,·, i.e., 1

L1⊤
L prox∥·∥TV,ω̂j,·

(βj,·). This gives

ν⋆ = argminν∈R

{1
2

(
ν − (prox∥·∥TV,ω̂j,·

(βj,·))1
)2

+ γ̂j,1
L

|ν|
}
.

Then

ν⋆ = S γ̂j,1
L

(
(prox∥·∥TV,ω̂j,·

(βj,·))1
)
,

where the soft-thresholding operator (Sα)α≥0 is defined as follows

Sα(u) =

u− u
|u|α if |u| > α

0 if |u| ≤ α.

Finally, using (S8), we get the proximal operator of the j-block of the
weighted ℓ1 + ℓ1-total-variation as

prox∥·∥gTV,γ̂j,·
(βj,·) = S γ̂j,1

L

(
(prox∥·∥TV,ω̂j,·

(βj,·))1
)
1L + prox∥·∥TV,ω̂j,·

(βj,·)

− (prox∥·∥TV,ω̂j,·
(βj,·))11L.

□
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Fast oracle inequalities

For any β = (β⊤
1,·, . . . , β

⊤
p,·)⊤ ∈ Rp×L, let A(β) = [A1(β1,·), . . . ,Ap(βp,·)] be

the support of β relative to the weighted ℓ1 + ℓ1-total-variation penalization
and it is defined as the concatenation of index sets where for all j = 1, . . . , p,
Aj is the support of the discrete gradient of βj , namely,

Aj(βj,·) = {l : βj,l ̸= βj,l−1, for l = 2, . . . , L}, (S14)

and its complementary Ac(β) = [Ac
1(β1,·), . . . ,Ac

p(βp,·)].

We recall that the Gram matrices GA
n = 1

n

∑n
i=1

∫ τ
0 Xi(t)Yi(t)(Xi(t))⊤dt,

and GM
n (see (S19)) are symmetrical semidefinite matrices, their squared

are (GA
n )1/2 and (GM

n )1/2 are well-defined. Usually, in order to obtain a
fast oracle inequality, we need to assume a Restricted Eigenvalue condition
on (GA

n )1/2 and (GM
n )1/2. However, since they are random in our case, we

impose the Restricted Eigenvalue condition to E[(GA
n )1/2] and E[(GM

n )1/2],
where the expectation is taken conditionally to the covariates.

The time-varying Aalen model

Assumption 1. Assume the following condition holds

κA
0 (A(β)) = inf

u∈Rp×L\{0}: u ∈ CgTV,γ̂(A(β))

{
∥E[(GA

n )1/2]u∥2√
n∥[u]A∥2

}
> 0, (S15)

where

CgTV,γ̂(A(β)) =
{
u ∈ Rp×L : ∥[u]Ac(β)∥gTV,γ̂ ≤ 3∥[u]A(β)∥gTV,γ̂

}
. (S16)

The set CgTV,γ̂(A(β)) consists of all vectors that have support similar to
the support of β. Note that the assumption made in Bickel, Ritov, and
Tsybakov 2009 is slightly stronger but only depends on the cardinality of
A(β), by minimizing with respect to all sets with cardinality equal to one of
A. Additionally, CgTV,γ̂(A(β)) is a cone that involves the weighted ℓ1 + ℓ1-
total-variation penalization. The quantity 1/κA

0 (A(β)) is a lower bound for
eigenvalues restricted over vectors with a support close to the support of β.

Lemma S1. Let ∥X∥∞ = sup
t∈[0,τ ]

max
1≤i≤n

max
1≤j≤p

|Xj
i (t)|, and

c(γ̂) = min
j,l

γ̂2
j,l/max

j,l
γ̂2

j,l.

8



Given Assumption 1, one has

κA(A(β)) = inf
u∈Rp×L\{0}:u∈CgTV,γ̂(A(β))

{
||(GA

n )1/2u||2√
n||[u]A(β)||2

}
> 0, (S17)

and κA(A(β)) = (1/
√

2)κA
0 (A(β)) with probability larger than 1 −πA

n , where

πA
n = exp

(
−

n3/((pL)4)c(γ̂)
(
κA

0 (A(β))
)2

2τ∥X∥2
∞(τ∥X∥2

∞ + c(γ̂)
(
κA

0 (A(β))
)2
/(3(pL)2))

)
.

The proof of Lemma S1 is postponed in Section . Thanks to Lemma S1, the
empirical Restricted Eigenvalue condition will be fulfilled on an event of large
probability, on which we establish a fast non-asymptotic oracle inequality.

Theorem S1. Fix x > 0 and let Assumption 1 holds. One has with a
probability larger than 1 − CAe

−x − πA
n

∥λA
⋆ − λ̂A∥2

n ≤ inf
β∈Rp×L

(
∥λA

⋆ −λA
β ∥2

n + 608τ |A(β)|
L

(
κA(A(β))

)2 max
j=1,...,p

∥[γ̂j,·]Aj(βj,·)∥
2
∞

)
.

(S18)

The proof of Theorem S1 is presented in Section .

The time-varying Cox model

We introduce the following (pL× pL)-matrix for t ∈ [0, τ ]

GM
n = 1

n

∫ τ

0
(X(t))⊤C(t)X(t)dt, with C =

(
diag(λM

⋆ (t,Xi(t))Yi(t)
)

1≤i≤n
.

(S19)

The matrix GM
n depend on the random process Yi, so that it is random, even

conditionnally to the covariates. Thus, we consider a Restricted Eigenvalue
condition applied to the matrix E[GM

n ].

Assumption 2. We assume the following condition

κM
0 (A(β)) = inf

u∈Rp×L\{0}:u∈CgTV,γ̂(A(β))

{
||E[(GM

n )1/2]u||2√
n||[u]A(β)||2

}
> 0, (S20)

where A(β) is defined by (S14) and CgTV,γ̂(A(β)) by (S16).

Now, we state a lemma that connect the previous Restricted Eigenvalue
Condition (S20) to an empirical one that we could apply directly to GM

n .
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Assumption 3. We assume that

A0 = sup
1≤i≤n

{ ∫ τ

0
λM

⋆ (t,Xi(t))dt
}
< ∞.

Lemma S2. Under Assumptions S2 and 3, we have

κM(A(β)) = inf
u∈Rp×L\{0}:u∈CgTV,γ̂(A(β))

{
||(GM

n )1/2u||2√
n||[u]A(β)||2

}
> 0, (S21)

and κM(A(β)) = (1/
√

2)κM
0 (A(β)) with probability larger than 1−πM

n , where

πM
n = exp

(
−

n3/((pL)4)c(γ̂)
(
κM

0 (A(β))
)2

2A0∥X∥2
∞(A0∥X∥2

∞ + c(γ̂)
(
κM

0 (A(β))
)2
/(3(pL)2))

)
.

Now, we shall work locally on BpL(R) = {β ∈ Rp×L : ||β||2 ≤ R}.

Theorem S2. Let ζ > 0 and x > 0. Under Assumptions 2 and 3, we have
with probability larger than 1 − CMe−x − πM

n ,

Kn(λM
⋆ , λ̂

M) (S22)

≤ (1 + ζ) inf
β∈BpL(R)

(
Kn(λM

⋆ , λ
M
β ) + C(ζ, τ) |A(β)|

L
(
κM(A(β))

)2 max
j=1,...,p

∥[γ̂j,·]Aj(βj,·)∥
2
∞

)
.

The proof of Theorem S2 is presented in Section .

Remark 1. Note that
|A(β)|
L

∥[γ̂j,·]Aj(βj,·)∥
2
∞

≤ 2|A(β)| max
l∈Aj(βj,·)

{
31.81(x+ log(pL) + Ân,x,j,l)

n
V̂j,l

+ 345.71
(x+ log(pL) + 1 + Ân,x,j,l

n
∥Xj∥n,l,∞

)2}
,

so the dominant term is, up to the log log term, or order |A(β)| log(pL)/n.
This is the fast rate to be found in sparse oracles inequalities Koltchin-
skii 2009; Gaı̈ffas and Guilloux 2012; Alaya, Gaı̈ffas, and Guilloux 2015;
Dalalyan, M.H., and Lederer 2014.

Proofs of the fast oracle inequalities

Proof of Lemma S1

Let consider the event

ΩA
n,ϵ =

{∣∣(GA
n − E[GA

n ]
)

m,m′

∣∣ ≤ ϵ
}
,

10



for all {m,m′} ∈ {1, . . . , pL}2 with a fixed ϵ. Under Assumption 1, we have
that for all u ∈ CgTV,γ̂(A(β))

u⊤GA
nu = u⊤(GA

n − E[GA
n ])u+ u⊤E[GA

n ]u

≥ u⊤(GA
n − E[GA

n ])u+ n
(
κA

0 (A(β))
)2∥[u]A(β)∥2

2.

On the event ΩA
n,ϵ and under Assumption 1, we get

u⊤GA
nu ≥ −

∑
m,m′

ϵ|um||um′ | + n
(
κM

0 (A(β))
)2∥[u]A(β)∥2

2

≥ −ϵ∥u∥2
1 + n

(
κA

0 (A(β))
)2∥[u]A(β)∥2

2

≥ − ϵ(pL)2

min
j,l

γ̂2
j,l

(
2∥[u]A(β)∥2

gTV,γ̂ + 2∥[u]Ac(β)∥2
gTV,γ̂

)
+ n

(
κA

0 (A(β))
)2∥[u]A(β)∥2

2

≥ −20ϵ(pL)2

min
j,l

γ̂2
j,l

∥[u]A(β)∥2
gTV,γ̂ + n

(
κA

0 (A(β))
)2∥[u]A(β)∥2

2

≥ −
(40ϵ(pL)2

n
×

max
j,l

γ̂2
j,l

min
j,l

γ̂2
j,l

+
(
κA

0 (A(β))
)2)

∥[u]A(β)∥2
2.

It remains to calculate ¶[ΩA
n,ϵ]. The (m,m′)-coefficient

(
GA

n − E[GA
n ]

)
m,m′ = 1

n

n∑
i=1

∫ τ

0

(
Yi(t) − E[Yi(t)]

)
Xm

i (t)Xm′
i (t)dt.

Put ξm,m′

i =
∫ τ

0
(
Yi(t) − E[Yi(t)]

)
Xm

i (t)Xm′
i (t)dt. Using the facts that

|ξm,m′

i | ≤ τ∥X∥2
∞ and ∑n

i=1 E[(ξm,m′

i )2] ≤ nτ2∥X∥4
∞, we apply Bernstein’s

inequality to get

¶
[∣∣(GA

n − E[GA
n ]

)
m,m′

∣∣ > ϵ
]

≤ 2 exp
(

− n2ϵ2

2(nτ2∥X∥4
∞ + τ∥X∥2

∞ϵ/3)

)
.

So the probability of (ΩA
n,ϵ)c, with ϵ = c(γ̂) n

(pL)2
(
κA

0 (A(β))
)2 where c(γ̂) =

min
j,l

γ̂2
j,l/max

j,l
γ̂2

j,l is given by

¶[(ΩA
n,ϵ)c] ≤ 2(pL)2 exp

(
−

n3/((pL)4)c(γ̂)
(
κA

0 (A(β))
)2

2τ∥X∥2
∞(τ∥X∥2

∞ + c(γ̂)
(
κA

0 (A(β))
)2
/(3(pL)2))

)
via an union bound and by denoting

πA
n = exp

(
−

n3/((pL)4)c(γ̂)
(
κA

0 (A(β))
)2

2τ∥X∥2
∞(τ∥X∥2

∞ + c(γ̂)
(
κA

0 (A(β))
)2
/(3(pL)2))

)
= O

(
exp(−n3/(pL)4)

)
.

□
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Proof of Theorem S1

In this proof, we adopt techniques of convex optimization used in Alaya,
Gaı̈ffas, and Guilloux 2017. Recall that

β̂A = argminβ∈Rp×L

{
ℓAn (β) + ∥β∥gTV,γ̂

}
, (S23)

We denote by ∂ϕ the subdifferential mapping of a convex function
ϕ. The function β 7→ ℓAn (β) is differentiable, so the subdifferential of
ℓAn (β) + ∥β∥gTV,γ̂ at β ∈ Rp×L is given by

∂(ℓAn (β) + ∥β∥gTV,γ̂) = ∇ℓAn (β) + ∂(∥β∥gTV,γ̂).

In Equation (S23), β̂A is an optimum of the objective function if an
only if there exists a sequence of subgradients ûA = [ûj,l]1≤l≤L,1≤j≤p ∈
∂(∥β̂A∥gTV,γ̂) such that

∇ℓAn (β̂A) + ûA = 0 (S24)

Recall that for every β ∈ Rp×L, ∥β∥gTV,γ̂ = ∥γ̂ ⊙ Dβ∥1, where the matrix
D is given in the proof of Theorem 1. Put ûA = (û⊤

1,·, . . . , û
⊤
p,·)⊤ such that

ûj,· = (ûj,1, . . . , ûj,L)⊤ ∈ RL. Let us define the concatenation of index sets
Â(β̂A) = [Â1(β̂A

1,·), . . . , Âp(β̂A
p,·)] where Âj(β̂A

j,·) is defined as in (S14) for all
j = 1, . . . , p. Let Âc(β̂A) = [Âc

1(β̂A
1,·), . . . , Âc

p(β̂A
p,·)] the complementary of

Â(β̂A). By subdifferential calculus we have
ûj,l =

[
D⊤

j

(
γ̂j ⊙ sign(Dj β̂j)

)]
l
, if l ∈ Âj(β̂A

j,·)

ûj,l ∈
[
D⊤

j

(
γ̂j ⊙ [−1,+1]L

)]
l
, if l ∈ Âc

j(β̂A
j,·),

where for every v ∈ Rm, sign(v) = (sign(v1), . . . , sign(vm))⊤ with sign(vj)
defined as the sub-differential of the function vj 7→ |vj |, that is

sign(vj) =


{1}, if vj > 0,
[−1, 1], if vj = 0,
{−1}, if vj < 0.

Therefore, Equation (S24) is equivalent to

⟨2GA
n β̂

A − 2νn + ûA, β̂A − β⟩ = 0, for all β ∈ Rp×L,

where νn is given in (S5). Now using the fact that the subdifferentail
mapping is monotone (this is an immediate consequence of its defini-
tion, see Rockafellar 1970, to say that ⟨ûA − u, β̂A − β⟩ ≥ 0, for any
u ∈ ∂(∥β∥gTV,γ̂). Then, we get

⟨2GA
n β̂

A − 2νn, β̂
A − β⟩ ≤ −⟨u, β̂A − β⟩.

12



In one hand, the definition of GA
n , see (S2), yields that β⊤GA

nβ
′ = ⟨λA

β , λ
A
β′⟩n.

In another hand, recall that νn = ξn +Zn where β⊤ξn = ⟨λA
β , λ

A
⋆ ⟩n, see (S6)

in the proof of Theorem 1. Hence, it implies that

⟨2GA
n β̂

A − 2νn, β̂
A − β⟩ = 2(β̂A)⊤GA

n β̂
A − 2(β̂A)⊤GA

nβ − 2νn
⊤(β̂A − β)

= 2⟨λ̂A, λ̂A⟩n − 2⟨λ̂A, λA
β ⟩n − 2νn

⊤(β̂A − β)
= 2⟨λ̂A, λ̂A⟩n − 2⟨λ̂A, λA

β ⟩n − 2(ξn + Zn)⊤(β̂A − β)
= 2⟨λ̂A, λ̂A⟩n − 2⟨λ̂A, λA

β ⟩n − 2⟨λ̂A, λA
⋆ ⟩n + 2⟨λA

β , λ
A
⋆ ⟩n

− 2Zn
⊤(β̂A − β)

= 2⟨λ̂A − λA
β , λ̂

A⟩n − 2⟨λ̂A − λA
β , λ

A
⋆ ⟩n − 2Zn

⊤(β̂A − β)
= 2⟨λ̂A − λA

β , λ̂
A − λA

⋆ ⟩n − 2Zn
⊤(β̂A − β).

Then
2⟨λ̂A − λA

β , λ̂
A − λA

⋆ ⟩n ≤ 2Zn
⊤(β̂A − β) − u⊤(β̂A − β)

Using the identity 2⟨u, u′⟩n = ∥u∥2
n + ∥u′∥2

n − ∥u− u′∥2
n we get

∥λ̂A − λA
⋆ ∥2

n + ∥λ̂A − λA
β ∥2

n ≤ ∥λA
β − λA

⋆ ∥2
n + 2Zn

⊤(β̂A − β) − u⊤(β̂A − β).

If ⟨λ̂A − λA
β , λ̂

A − λA
⋆ ⟩n < 0, we have ∥λ̂A − λA

⋆ ∥2
n < ∥λA

β − λA
⋆ ∥2

n and then
∥λ̂A − λA

⋆ ∥2
n < ∥λA

β − λA
⋆ ∥2

n which entails the Theorem, so we assume that
⟨λ̂A − λA

β , λ̂
A − λ⋆⟩n ≥ 0. Notice that the matrix TD = I(p×L), the identity

matrix, one has the following

2Zn
⊤(β̂A − β) = 2(T⊤Zn)⊤D(β̂A − β)

= 2
p∑

j=1

L∑
l=1

[T⊤Zn]j,l[D(β̂A
j,· − βj,·)]j,l

Thus, on En we have

2Zn
⊤(β̂A − β) ≤

L∑
l=1

γ̂j,l|[D(β̂A
j,· − βj,·)]j,l| = ∥β̂A − β∥gTV,γ̂

Due to the fact that the set {1, . . . , L} = Aj(βj,·) ∪ Ac
j(βj,·), where Aj(βj,·)

is the support of the discrete gradient of βj,·, we have

−u⊤(β̂A − β) = −
p∑

j=1
⟨[uj,·]Aj(βj,·), [β̂

A
j,· − βj,·]Aj(βj,·)⟩

−
p∑

j=1
⟨[uj,·]Ac

j(βj,·), [β̂
A − β]Ac

j(βj,·)⟩
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Since u ∈ ∂(∥β∥gTV,γ̂) we can choose
uj,l = 2

[
D⊤

j

(
γ̂j,· ⊙ sign(Djβj,·)

)]
l
, if l ∈ Aj(βj,·)

uj,l = 2
[
D⊤

j

(
γ̂j,· ⊙ sign(Dj β̂j,·)

)]
l

=
[
D⊤

j

(
γ̂j,· ⊙ sign(Dj(β̂j − βj,·)

)]
l
, if l ∈ Ac

j(βj,·).

Using a triangle inequality and the fact that ⟨sign(x), x⟩ = ∥x∥1, imply that

−u⊤(β̂A − β) = −2
p∑

j=1
⟨[D⊤

j

(
γ̂j,· ⊙ sign(Djβj,·)

)
]Aj(βj,·), [β̂

A
j,· − βj,·]Aj(βj,·)⟩

− 2
p∑

j=1
⟨[D⊤

j

(
γ̂j,· ⊙ sign(Dj(β̂A

j,· − βj,·)
)
]Ac

j(βj,·), [β̂
A
j,· − βj,·]Ac

j(βj,·)⟩

≤ 2
p∑

j=1
∥[γ̂j,·]Aj(βj,·) ⊙Dj [β̂A

j,· − βj,·]Aj(βj,·)∥1

− 2
p∑

j=1
∥[γ̂j,·]Ac

j(βj,·) ⊙Dj [β̂A
j,· − βj,·]Ac

j(βj,·)∥1

≤ 2
p∑

j=1
∥[β̂A

j,· − βj,·]Aj(βj,·)∥gTV,γ̂j − 2
p∑

j=1
∥[β̂A

j,· − βj,·]Ac
j(βj,·)∥gTV,γ̂j .

Therefore, we have

∥λ̂A − λA
⋆ ∥2

n + ∥λ̂A − λA
β ∥2

n ≤ ∥λA
β − λA

⋆ ∥2
n + 3∥[β̂A − β]A(β)∥gTV,γ̂

Obviously, we have

∥[β̂A − β]Ac(β)∥gTV,γ̂ ≤ 3∥[β̂A − β]A(β)∥gTV,γ̂ ,

which means that β̂A − β ∈ CgTV,γ̂(A(β)), see (S16). Now, in order to
control the term ∥[β̂A − β]A(β)∥gTV,γ̂ we use Lemmas 2 and 3 from Alaya,
Gaı̈ffas, and Guilloux 2017 that give a compatibility conditions satisfied by
the matrices T, and GA

nT, respectively, see Lemmas S3 and S4 below.

Lemma S3. Let δ = (δ⊤
1,·, . . . , δ

⊤
p,·)⊤ ∈ Rp×L

+ be a given vector of “weights”.
For every β ∈ Rp×L with a support A(β) = [A1(β1,·), . . . ,Ap(βp,·)], such that
for all j = 1, . . . , p,Aj(βj,·) is defined like in (S14), and any u ∈ Rp×L\{0},
we have

∥Tu∥2∣∣∣∥[u]A(β) ⊙ [δ]A(β)∥1 − ∥[u]Ac(β) ⊙ [δ]Ac(β)∥1
∣∣∣ ≥ ϱT,δ(A(β)), (S25)

where

ϱT,δ(A(β)) =
{

32
p∑

j=1

L∑
l=1

|δj,l+1 − δj,l|2 + (bj + 1)∥δj,·∥2
∞∆−1

min,Aj(βj,·)

}−1/2
,
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and ∆min,Aj(βj,·) = min1≤r≤bj
|lj,r − lj,r|. Here we set Aj(βj,·) =

{lj,1, ..., lj,bj
} ⊂ {1, . . . , L} with the convention that lj,0 = 1, and ℓj,bj+1 =

L+ 1.

Lemma S4. Let Assumption 1 holds. Let δ ∈ Rp×L
+ , be a given vector

of “weights”, and β ∈ Rp×L with a support A(β) = [A1(β1,·), . . . ,Ap(βp,·)],
such that for all Aj(βj,·) is is defined like in (S14). Then, we have with a
probability larger than 1 − πA

n

inf
u∈Rp×L\{0p×L}: u ∈ C1,γ̂(A(β))

{
∥(GA

n )1/2Tu∥2√
n

∣∣∥[u]A ⊙ [δ]A(β)∥1 − ∥[u]Ac(β) ⊙ [δ]Ac(β)∥1|

}
≥ ϱT,δ(A(β))κA(A(β)),

(S26)

where

C1,γ̂(A(β)) =
{
u ∈ Rp×L :

p∑
j=1

∥[uj,·]Ac
j(βj,·)∥1, ˆγj,· ≤ 3

p∑
j=1

∥[uj,·]Aj(βj,·)∥1, ˆγj,·

}
,

(S27)
with ∥ · ∥1,a denotes the weighted ℓ1-norm, i.e. ∥v∥1,a =

∑m
j=1 aj |vj |, for

(v, a) ∈ (Rm × Rm
+ ).

Define δ̂ = (δ̂j,l)1≤l≤L,1≤j≤p such that

∀j ∈ [p], δ̂j,l =
{

3γ̂j,l, if l ∈ Aj(βj,·),
0, if l ∈ Ac

j(βj,·),

Consequently, using Lemmas S3 and S4 we get

∥λ̂A − λA
⋆ ∥2

n + ∥λ̂A − λA
β ∥2

n ≤ ∥λA
β − λA

⋆ ∥2
n + 3∥[β̂A − β]A(β)∥gTV,γ̂

≤ ∥λ̂A − λA
⋆ ∥2

n + 2 ∥(GA
n )1/2(β̂A − β)∥2√

nϱT,δ̂(A(β))κA(A(β))

≤ ∥λA
β − λA

⋆ ∥2
n + 1

ϱ2
T,δ̂

(A(β))
(
κA(A(β))

)2

+ 1
n

∥(GA
n )1/2(β̂A − β)∥2

2

≤ ∥λA
β − λA

⋆ ∥2
n + 1

ϱ2
T,δ̂

(A(β))
(
κA(A(β))

)2

+ ∥λ̂A − λA
β ∥2

n.

Hence, it follows that

∥λ̂A − λA
⋆ ∥2

n ≤ ∥λA
β − λA

⋆ ∥2
n + 1

ϱ2
T,δ̂

(A)
(
κA(A(β))

)2
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To finish the proof, it sufficient to find an upper bound for 1
ϱ2

T,δ̂
(A(β)) which

is given by

1
ϱ2

T,δ̂
(A(β))

= 32
p∑

j=1

L∑
l=1

|δ̂j,l+1 − δ̂j,l|2 + 2|Aj(βj,·)|∥δ̂j,·∥2
∞∆−1

min,Aj(βj,·).

Note that ∥δ̂j,·∥∞ ≤ 3∥γ̂j,·∥∞.We write the set Aj(βj,·) = {lj,1, ..., lj,|Aj(βj,·)|} ⊂
{1, . . . , L} and we set Br = [[lj,r−1, lj,r[[= {lj,r−1, lj,r−1 + 1, . . . , lj,r − 1}
for r = 1, . . . , |Aj(βj,·)| + 1 with the convention that lj,0 = 1, and
lj,|Aj(βj,·)|+1 = L+ 1. Then

L∑
l=1

|δ̂j,l+1 − δ̂j,l|2 =
|Aj(βj,·)|+1∑

r=1

∑
l∈Br

|δ̂j,l+1 − δ̂j,l|2

=
|Aj(βj,·)|+1∑

r=1

{
|δ̂j,lj,r−1+1 − δ̂j,lj,r−1 |2 + |δ̂j,lj,r

− δ̂j,lj,r−1 |2
}

=
|Aj(βj,·)|+1∑

r=1

{
δ̂2

j,lj,r−1 + δ̂2
j,lj,r

}

=
|Aj(βj,·)|+1∑

r=1
2δ̂2

j,lj,r

≤ 18|Aj(βj,·)|∥[γ̂j,·]Aj(βj,·)∥
2
∞.

Therefore

1
ϱ2

T,δ̂
(A(β))

≤ 32
p∑

j=1

{
18|Aj(βj,·)|∥[γ̂j,·]Aj(βj,·)∥

2
∞

}
+ 18|Aj(βj,·)|∥[γ̂j,·]Aj(βj,·)∥

2
∞∆−1

min,Aj(βj,·)

≤ 32
p∑

j=1

{
18 + 1

∆min,Aj(βj,·)

}
|Aj(βj,·)|∥[γ̂j,·]Aj(βj,·)∥

2
∞

≤ 608|A(β)| max
j=1,...,p

∥[γ̂j,·]Aj(βj,·)∥
2
∞.

(S28)

Finally, we obtain

∥λ̂A − λA
⋆ ∥2

n ≤ ∥λA
β − λA

⋆ ∥2
n + 608τ |A(β|

L
(
κA(A(β))

)2 max
j=1,...,p

max
l∈Aj(βj,·)

γ̂2
j,l.

□
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Proof of Theorem S2

In this proof, we also apply techniques of convex optimization as in the proof
of Theorem S1 and we use the same notations. The function β 7→ ℓMn (β) is
differentiable, so the subdifferential of ℓMn (β) + ||β||gTV,γ̂ at β ∈ RpL is given
by

∂(ℓMn (β) + ||β||gTV,γ̂) = ∇ℓMn (β) + ∂(||β||gTV,γ̂).

In Equation (15), β̂M is an optimum of the objective function if and
only if there exists a sequence of subgradients ûM = [ûj,l]1≤l≤L,1≤j≤p ∈
∂(||β̂M||gTV,γ̂) and v̂M = [v̂j,l]1≤l≤L,1≤j≤p ∈ ∂(δBpL(R)(β̂M)) such that

∇ℓMn (β̂M) + ûM + v̂M = 0. (S29)

As in proof of Theorem S1, for ûM = (û1,1, . . . , û1,L, . . . , ûp,1, . . . , ûp,L)⊤ ∈
RpL, we have

ûj,l =
[
D⊤

j (γ̂j ⊙ sign(Dj β̂j))
]

l
, if l ∈ Âj(βj,·)

ûj,l ∈
[
D⊤

j (γ̂j ⊙ [−1, 1]L)
]

l
, if l ∈ Âc

j(βj,·)

Equation (S29) is then equivalent to

⟨∇ℓMn (β̂M) + ûM + v̂M, β̂M − β⟩ = 0, for all β ∈ RpL

Since the subdifferential mapping is monotone, ⟨ûM − u, β̂M − β⟩ ≥ 0, for
any u ∈ ∂(||β||gTV,γ̂) and

⟨∇ℓMn (β̂M), β̂M − β⟩ ≤ −⟨u, β̂M − β⟩ − ⟨v̂M, β̂M − β⟩.

For any β ∈ BpL(R), we have −⟨u, β̂M − β⟩ ≤ 0 and then for any u ∈
∂(||β||gTV,γ̂)

⟨∇ℓMn (β̂M), β̂M − β⟩ ≤ −⟨u, β̂M − β⟩. (S30)

Then, we have

⟨∇ℓMn (β̂M), β̂M − β⟩

=
⟨ 1
n

n∑
i=1

∫ τ

0
Xi(t)Yi(t)

(
λM

β̂M(t,Xi(t)) − λM
⋆ (t,Xi(t))

)
dt, β̂M − β

⟩
− (βM − β)⊤Zn,

where Zn = 1
n

∑n
i=1

∫ τ
0 Xi(t)dMi(t).
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Now, we will find a lower bound for the first scalar product in the right side
of the previous equation. For a fixed η ∈ BpL(R), we consider the function
Hn : R → R, defined by

Hn(s) = 1
n

n∑
i=1

∫ τ

0
exp(Xi(t)⊤(β̂M + sη))Yi(t)dt

− 1
n

n∑
i=1

∫ τ

0
λM

⋆ (t,Xi(t))Yi(t)⟨Xi(t), β̂M + sη⟩dt

By differentiating Hn with respect to the variable s we obtain:

Ḣn(s) = 1
n

n∑
i=1

∫ τ

0
Xi(t)⊤η exp(Xi(t)⊤(β̂M + sη))Yi(t)dt

− 1
n

n∑
i=1

∫ τ

0
λM

⋆ (t,Xi(t))Yi(t)Xi(t)⊤ηdt

Ḧn(s) = 1
n

n∑
i=1

∫ τ

0
(Xi(t)⊤η)2 exp(Xi(t)⊤(β̂M + sη))Yi(t)dt

...
Hn(s) = 1

n

n∑
i=1

∫ τ

0
(Xi(t)⊤η)3 exp(Xi(t)⊤(β̂M + sη))Yi(t)dt.

We have
|
...
Hn(s)| ≤ R||X||∞|Ḧn(s)|,

where ||X||∞ = sup
t∈[0,τ ]

max
1≤i≤n

max
1≤j≤p

|Xj
i (t)|. We use Lemma 1 in Bach Bach

2010, that we recall here.

Lemma S5. Let g be a convex three times differentiable function g : R → R
such that for all t ∈ R, |g′′′(t)| ≤ Sg′′(t), for some S ≥ 0. Then, for all
t ≥ 0 :

g′′(0)
S2 ψ(St) ≤ g(t) − g(0) − g′(0)t ≤ g′′(0)

S2 ψ(−St) with ψ(u) = e−u + u− 1

Applying Lemma S5 to Hn, we obtain

Ḧn(0)ψ(−R||X||∞)
R2||X||2∞

≤ Hn(s) −Hn(0) − sḢn(0),

which is equivalent to

Ḧn(0)ψ(−R||X||∞)
R2||X||2∞

≤ Kn(λM
⋆ , λ

M
β ) −Kn(λM

⋆ , λ
M
β̂M)

+
⟨ 1
n

n∑
i=1

∫ τ

0
Xi(t)Yi(t)

(
λM

β̂M(t,Xi(t)) − λM
⋆ (t,Xi(t))

)
dt, β̂M − β

⟩
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From Equation (S30) and the fact that

Ḧn(0)ψ(−R||X||∞)
R2||X||2∞

≥ 0,

we deduce

Kn(λM
⋆ , λ̂

M
β̂M) ≤ Kn(λM

⋆ , λ
M
β ) + ⟨Zn, β̂

M − β⟩ − ⟨u, β̂M − β⟩. (S31)

If ⟨Zn, β̂
M − β⟩ − ⟨u, β̂M − β⟩ ≤ 0, then Theorem S2 holds. We assume in

the following that

⟨Zn, β̂
M − β⟩ − ⟨u, β̂M − β⟩ ≥ 0 (S32)

On Ẽn,

⟨Zn, β̂
M − β⟩ ≤ ||β̂M − β||gTV,γ̂ . (S33)

Since {1, . . . , L} = Aj(βj,·) ∪ Ac
j(βj,·), where Aj(βj,·) is the support of the

discret gradient of βj , we have

−u⊤(β̂M − β) = −
p∑

j=1
⟨[uj,·]Aj(βj,·), [β̂

M
j,. − βj,·]Aj(βj,·)⟩

−
p∑

j=1
⟨[uj,·]Ac

j(βj,·), [β̂
M − β]Ac

j(βj,·)⟩.

Since u ∈ ∂(||β||gTV,γ̂), we can choose
uj,l = 2

[
D⊤

j (γ̂j,· ⊙ sign(Dj β̂j,·))
]

l
, if l ∈ Âj(βj,·)

uj,l = 2
[
D⊤

j (γ̂j,· ⊙ sign(Dj β̂j,·))
]

l

=
[
D⊤

j (γ̂j,· ⊙ sign(Dj(β̂j,· − βj,·))
]

l
, if l ∈ Âc

j(βj,·).

With this choice, we have

−u⊤(β̂M − β) ≤ −2||(β̂M − β)A(β)||gTV,γ̂ − 2||(β̂M − β)Ac(β)||gTV,γ̂ . (S34)

From Equations (S32), (S33) and (S34), we obtain

||(β̂M − β)Ac(β)||gTV,γ̂ ≤ 3||(β̂M − β)A(β)||gTV,γ̂

and
p∑

j=1
||(γ̂j,·)Ac

j(βj,·) ⊙Dj(β̂j,· − βj,·)Ac
j(βj,·)||1

≤ 3
p∑

j=1
||(γ̂j,·)Aj(βj,·) ⊙Dj(β̂j,· − βj,·)Aj(βj,·)||1,
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so that β̂ − β ∈ CgTV,γ̂(A(β)). On Ẽn, from Equation (S31),

Kn(λM
⋆ , λ

M
β̂M) ≤ Kn(λM

⋆ , λ
M
β ) + 3||(β̂M − β)A(β)||gTV,γ̂

≤ Kn(λM
⋆ , λ

M
β ) + 3||[γ̂]A(β) ⊙D(β̂M − β)A(β)||1,γ̂

Let us define δ̂ = (δ̂j,l)1≤l≤L,1≤j≤p such that

∀j ∈ [p], δ̂j,l =
{

3γ̂j,l, if l ∈ Aj(βj,·),
0, if l ∈ Ac

j(βj,·),

Let us also consider the following weighted empirical quadratic norm defined
for all function h by

||h||n,Λ =

√√√√ 1
n

n∑
i=1

∫ τ

0
(h(t,Xi(t)))2dΛi(t),

where Λi is defined by

Λi(t) =
∫ t

0
λM

⋆ (s,Xi(t))Yi(s)ds,

From the definition (S19) of GM
n , we can easily verify that

1
n

||(GM
n )1/2(β̂M − β)||22 = || log λM

β̂M − log λM
β ||2n,Λ.

Let us apply Lemma S3 and S4 to GM
n :

Kn(λM
⋆ , λ̂

M) ≤ Kn(λM
⋆ , λ

M
β ) + 2 ||(GM

n )1/2(β̂M − β)||2√
nϱT,δ̂(A(β))κM(A(β))

≤ Kn(λM
⋆ , λ

M
β ) + 1

ϱ2
T,δ̂

(A(β))
(
κM(A(β))

)2 + 1
n

||(GM
n )1/2(β̂M − β)||22

≤ K̃n(λM
⋆ , λ

M
β ) + 1

ϱ2
T,δ̂

(A(β))
(
κM(A(β))

)2 + || log λM
β̂M − log λM

β ||2n,Λ.

Decomposing || log λM
β̂M − log λM

β ||2n,Λ with λM
⋆ and applying Proposition 6.2

in Lemler 2013, we obtain

Kn(λM
⋆ , λ

M
β̂M) ≤ Kn(λM

⋆ , λ
M
β )

+ 1
ϱ2

T,δ̂
(A(β))

(
κM(A(β))

)2 + 1
ρ′ K̃n(λM

⋆ , λ
M
β̂M) + 1

ρ′Kn(λM
⋆ , λ

M
β ).

Finally, on Ẽn, we obtain

Kn(λM
⋆ , λ̂

M) ≤ ρ′ + 1
ρ′ − 1

Kn(λM
⋆ , λ

M
β ) + ρ′

ρ′ − 1
1

ϱ2
T,δ̂

(A(β))
(
κM(A(β))

)2 .
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If we introduce 1 + ζ = (ρ′ + 1)/(ρ′ − 1) and if we apply the control (S28)
to ϱT,δ̂, we finally get

Kn(λM
⋆ , λ

M
β̂M) ≤ (1 + ζ)Kn(λM

⋆ , λ
M
β ) + C(ζ) 608τ |A(β)|

L
(
κM(A(β))

)2 max
1≤j≤p

max
1≤l≤L

γ̂2
j,l.

□
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