N

HAL

open science

Longest increasing paths with gaps

Anne-Laure Basdevant, Lucas Gerin

» To cite this version:

Anne-Laure Basdevant, Lucas Gerin. Longest increasing paths with gaps. ALEA: Latin American

Journal of Probability and Mathematical Statistics, 2019, 16 (2), pp.1141-1163. hal-01796897v2

HAL Id: hal-01796897
https://hal.science/hal-01796897v2
Submitted on 25 Feb 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01796897v2
https://hal.archives-ouvertes.fr

Longest increasing paths with gaps

BASDEVANT A .-L.* GERIN L.

February 25, 2019

Abstract

We consider a variant of the continuous and discrete Ulam-Hammersley problems: we
study the maximal length of an increasing path through a Poisson point process (or a
Bernoulli point process) with the restriction that there must be minimal gaps between ab-
scissae and ordinates of successive points of the path.

For both cases (continuous and discrete) our approach rely on couplings with well-studied
models: respectively the classical Ulam-Hammersley problem and last-passage percolation
with geometric weights. Thanks to these couplings we obtain explicit limiting shapes in
both settings. We also establish that, as in the classical Ulam-Hammersley problem, the
fluctuations around the mean are given by the Tracy-Widom distribution.

MSC 2010 Classification: 60K35, 60F15.

Keywords: combinatorial probability, longest increasing subsequences, longest increasing paths,
last-passage percolation, Hammersley’s process, Ulam’s problem, BLIP (Bernoulli Longest In-
creasing Paths)

1 Introduction

Motivated by the Ulam problem (which asks for the asymptotic behavior of the maximal length
of an increasing subsequence in a uniform random permutation), Hammersley [9] studied the
problem of the maximal length L(, ) of an increasing path in a Poisson process with intensity
one in (0,z) x (0,t). He used subadditivity to prove the existence of a constant 7/2 < ¢ <e
such that L4/t — c in probability and conjectured ¢ = 2. The first probabilistic proof of ¢ = 2
was obtained by Aldous-Diaconis [I], by exploiting the geometric construction of Hammersley.
(We refer to [I7] for a nice and modern introduction to the Ulam-Hammersley problem.) In this
article we obtain the limiting behaviour of the maximal length of an increasing path in a Poisson
process, if we impose minimal gaps between abscissae and ordinates of successive points in the
path.

Our proof uses a coupling with the original Ulam-Hammersley problem, and therefore we
make a strong use of Aldous-Diaconis’ result. This coupling also allows us to use the celebrated
result by Baik-Deift-Johansson regarding the fluctuations of L, ;) around its mean. We obtain
that, with the proper rescaling, the fluctuations of our problem around the mean are also given
by the Tracy-Widom distribution.

It turns out that our strategy also applies to the discrete settings: we obtain explicit asymp-
totic results for the length of the longest increasing path with gaps through Bernoulli random
points on the square lattice. We now state our results.

*Laboratoire Modal’X, UPL, Univ. Paris Nanterre, France. email: anne.laure.basdevant@normalesup.org.
Work partially supported by ANR PPPP, ANR Malin and Labex MME-DII.
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Figure 1: A realization of L?M) (points of = are represented with ). Here we have L?x,t) =4,

one of the maximizing paths is drawn in red.

Continuous settings

Let = be a homogenous Poisson point process in (0, +00)? with intensity 1. We write =, s = 0/1
for the absence/presence of a point of = at (y,s), and we say that (y,s) € Z if 5, = 1. Let
h = (h1, hy) be a pair of non negative real numbers. We introduce the strict order on (0, +0c)?
defined by

y+h <y,

h / AN .
,8) < (y,s) if and only if
(y,8) < (¥, 5) y i {S-i-hQSS/-

For z,t > 0, we consider the random variable L?x 0 given by the length of the longest increasing
path in ZN [0, z] x [0,t] with horizontal gaps h; and vertical gaps ha. Namely,

L?x’t) = max {L; there are (y1,s1),...,(yr,sr) € Z such that

h h h
O<y < --<yp<z, 0<s<---<sp <L, (yl,sl)<(y2,82)<~--<(yL,sL).}

In the case h = 0 := (0,0), the random variable L, := L?Z p is just the length of the
longest increasing path. It turns out that there exists a (random) coupling between L and LP.
As an application, we will show the following identity:

Theorem 1. For every x,t > 0, and every k > 0,
]P’(L?m) < k) =P(Lg—piki—hok) < k).

(In the above equation, we take the convention Ly s) =0 whenever y <0 or s < 0.)

The asymptotic behavior of L,y for every a, b was obtained by Aldous-Diaconis [1]. (Iden-
tification of the limit actually dates back to [22], different probabilistic proofs can be found in
18, §].)



Theorem 2 (Aldous-Diaconis ([I], Th.5)). Let a,b > 0. Then

L
Fa,b) = lim ) — o\/ap. (1)

t——+o00 t
The convergence holds a.s. and in L'.
Theorem |1| allows us to extend the formula to every pair of gaps :

Proposition 3. For every hy, ho > 0, we have the following limit:

2(ahy + bh1) — 24/(ahy — bh1)?2 +ab
L, if hihs # 1/4,
ACCES S | )
b + haa if hihe = 1/4.

The convergence holds a.s. and in L.

(We have no probabilistic interpretation of the case hihe = 1/4, but one can check that the
right-hand side of is continuous at every point of the line h1he = 1/4.)
In some cases the above formula for f%(a,b) simplifies:

o If hl = h2 = h, then
2

1+42h

7P (L) =

e If ho = 0 then

FB0(11) = 2¢/h2 +1 - 2h.

For h = (0,0), the fluctuations of L (qt,pt) around its mean have been determined by Baik-
Deift-Johansson [3].

Theorem 4 (Baik-Deift-Johansson [3]). For every a,b > 0 and = € R,we have

. L(at,bt) - 2 V abt
lim P
(Vabt)1/3

where Fryy is the distribution function of the Tracy- Widom distribution.

< 37) = Frw(z),

In fact the main result of [3] is stated for the longest increasing subsequence in a uniform
permutation. Theorem [ follows by elementary poissonization arguments. This theorem can also
been extended for every pair of gaps :

Proposition 5. For every hi,ho,a,b >0 and x € R, we have

(L?at,bt) — f*(a, bt

lim P oB(a, )13

t—o00

< m) = Frw(z), (3)

where Fry is the distribution function of the Tracy-Widom distribution and

fP(a,b)¥/3 1

h _
o’ (a,b) = 21/3  2(bhy + ahg) + fB(a,b)(1 — 4hihy)’

(In some cases the expression for o™(a, b) simplifies, for instance o»?(1,1) = (1 + 2h)=*/3))
Thanks to the scale-invariance property of the Poisson process we also easily obtain asymp-
totic results in the case where gaps and intensity of the Poisson process depend on ¢ (see Section

2d).



Discrete settings

The same strategy allows us to obtain analogous results in the discrete settings. Let = =
(Ei’j)i,j ez, be i.id. Bernoulli random variables with mean p. We also consider Z as a random
set of Integer points of the quarter-plane by saying that (¢, j) is present in Z if 5; ; = 1.

Let h = (hq, ho) be a pair of non-negative integers, we assume h # 0 = (0,0). We introduce
the strict order on (Zs¢)? defined by

i+h1§i/7

.o h YN .
i,7) < (¢',7) if and only if < .
() < (6.7) J+ha <4

We consider the random variable given by the length of the longest non-decreasing path from
(1,1) to (m,n) in E with horizontal gaps h; and vertical gaps hy. Namely,

E?mm) = max {L; there are (i1,71),...,(ir,jr) € = such that

. . . . . .. h  h h =
1<ip<---<ir<m, 1<j <---<jp<m, (i1,51) < (i2,J2) <--- =< (ir,jL) ¢-

This problem is close to what is sometimes called slope-constrained longest increasing subse-
quence (SCLIS) in the literature of algorithms [5]. Two particular cases have received particular
attention:

e Ifh=(1,1), Eg;;lgl) is the length of the longest increasing path in =.

e If h=(1,0), E&OT)L) is the length of the longest non-decreasing path.

Both problems have been first studied by Seppéldinen (resp. in [19] and [20]).

Similarly to our approach for the continuous settings, we will use a coupling between £P
and a well-studied model: last passage percolation with geometric weights (which in turn is in
correspondence with synchronous TASEP).

Let us recall formally this latter model. Let Z' = (:’

B be i.i.d. geometric random
i

) ) ) 1,J€Z>0
variables with law

P(E, . =k)=p*(1 —p) for k>0

and let
T(m,n) = max{ Z E/i,j ; P e Pm,n}a
(i,j)eP
where P, , denotes the set of paths from (1, 1) to (m,n) taking only North and East steps.
The discrete analogous of Theorem [I] is the following:

Theorem 6. Let h = (hq, hg) # (0,0). For every m,n > 0, and every k > 0,

P(LE, ) < k)= P(T(rm—hyken—hok) < k).

(m.n)

Remark 7. As we will see in the proof of Theorem[6, many relevant quantities regarding T are
obtained by taking formally h = (0,0) in the formulas for L. As suggested by Theorem@ the
key difference is that the Bernoulli point process must replaced by a point process with geometric
weghts.

Therefore we cannnot extend our methods and results to the study of £, This last model
can be seen as (directed) site percolation on the quarter-plane, for which the critical threshold
remains unknown.
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Figure 2: Realizations of ﬁg )) (left) and .CE?};QT)L) (right) for (m,n) = (10,8) and the same

sampling of = (points of = are represented with ). Here we have ,ng 1)) =4, EE?;T)L) =3. In
both pictures one of the maximizing paths is drawn in red.

Theorem@is related to previous results in literature. In the case h = (1, 1), a similar coupling
was implicit in [16] (see also |7, [14]). Still in the case h = (1,1) another coupling between with
asynchronous TASEP (also called directed TASEP) was also given in [6l, Sec.3],[15].

The explicit formula for the limiting shape in last-passage percolation with geometric weights
is originally due to Jockusch-Propp-Shor (in the context of synchronous TASEP).

Theorem 8 (Jockusch-Propp-Shor ([10],Th.2), see also (|2I],Th.2.2)). For every a,b > 0, p €
(0,1)

\/ﬁ(2m+ (a—l—b)ﬁ)
1—p ’

. 1
g(a,b) := Hm_ ~T4n) |bn)) = (4)

n——+oo N

Theorem |§| then allows us to deduce the limiting shape for £®. The limiting constant is less
explicit than in the continuous settings.

Proposition 9. Let hy,hy be two non-negative integers such that h = (hy, ha) # (0,0). For
every a,b > 0, there exists a constant

. 1
gh(a, b) = 1lm 7£?|.“"Jv|_bnj)’

n—+oo n

where the convergence holds a.s. and in L*. Moreover, we have

o If m <$< hl%jl/p, g"(a,b) is the unique solution of equation
g"(a,b) = g (@ = h1g™(a,b),b — hag"(a,b) ), (5)

where g is defined by ;

a h __a
'Ifgﬁmag (aab)—hj;
o If § > ghiap) = L



The second and third cases correspond to a flat edge in the limiting shape. This differs from
the continuous case.
We explicit here the solution of in some cases:

e Increasing paths. For h = (1, 1) the above formula reduces to

/P (2\/07 —(a+ b)\/ﬁ)

L—=p
min {a, b} otherwise.

gD (a,b) = if p <min{a/b,b/a},

Thus we recover the asymptotic behavior of E&(’lln) 1,1bn)) which was obtained by Seppéldinen

in [I9] using hydrodynamic limits of a given particle system (see also [13| Sec.III|, [2,
Th.1.1.] ,[4, Th.2.2] for different proofs).

e Non-decreasing paths. If h = (1,0) the above formula reduces to

909 (a,b) = {2 abp(l —p) +(a—Db)p ifp<a/(a+b),

a otherwise.

This was also first proved by Seppélédinen in a second article ([20], Th.1) (see again [2] for
a different proof). In the more general case h = (h,0) we obtain with the following
expression (we only write the formula for a = b = 1):

2(1 + h)p(1 —p) +2/p(1 —p + h2p)(1 — p)

g0 (1,1) = (h\/13+ V(I —p+h2p)(1 —p)>2
1/h otherwise.

ifp<1/(h+1),

e Symmetric case. If (a,b) = (1,1) and hy = he = h we can easily solve and we get

, _ 2
SN = T

2 Proofs in the continuous settings

We fix a pair h = (hq, ha) of non-negative real numbers all along this section.

2.1 Preliminary results

We first justify that %L?at,bt) converges almost surely and in L'. Let us stress that for any
x,2',t,t' > 0, we have the stochastic domination

h

L

h h
T+ t+1") s L( + L/(x’,t’) - 1’

a:7t)

where L’(};,’ ) has the same distribution as L?x/,t’) but is independent of L?x,t)'

Indeed, if (i1,71),...,(iL,jr) is a longest increasing path in Z with gaps h in (0,z) x (0,¢)
and (i}, 71), ..., (i}, 47,) a longest increasing path in (z,z + 2’) x (¢,t +t') , then

(il)jl)v ey (iLajL)a (2/25]5)) ceey (,L,L/’ji/)



is an increasing path with gaps h in (0,2 + ') x (0,¢+¢'). Thus, the family of random variables

{L?x B~ 1} . is superadditive. Hence, Kingman’s subadditive theory (see for example [17,
7 x>0,t>
Th.A2-A3|) implies the existence of a constant
Lh
h T (at,bt)
fhlaby= R =

where the limit is a.s. and in L!.

2.2 Hammersley’s lines and dilatation

A very useful way to handle the random variables L?x n is the geometric interpretation of Ham-

mersley’s lines. In the classical case h = 0 this construction was first implicitly introduced by
Hammersley [9], a more explicit construction was given by Aldous-Diaconis in [I] (continuous
settings) and by Seppélédinen [19] (discrete settings).

Tz B s = «
™3 ‘%4
° |
° l
Ay
L 2 ‘
H
® | 2
h2$ |
— ‘ ° |
hy H%I
T

Figure 3: An example of Hammersley lines for the same realization of Z as that of Fig[l] The
four Hammersley lines are drawn in blue.

We now define Hammersley lines formally. These are a sequence H®, H® ... of broken lines
in (0, +00)? defined inductively as follows (an example is provided in Fig.
The broken line 7—[{‘ is the shortest path made of vertical and horizontal straight lines whose

0 0

minimal points for < are exactly the minimal points of = for <.
The line HY is defined as follows: we remove the points of HY + [0, k] x [0, ha] (hatched
in gray in Fig)3) and reiterate the procedure: 7-[3 is the shortest path made of vertical and

0
horizontal straight lines whose minimal points for < are exactly the minimal points of = \
0
(H® + [0, h1] x [0, ho]) for <. Inductively we define H%, L, ... in the same way.

Lemma 10. For each (z,t) € (0, +00)?2, there are ezactly L?x 0 distinct Hammersley lines which
intersect (0,z) x (0,1).

Proof of Lemma[I0. Let denote by ./\/'(m) the number of distinct Hammersley lines which inter-
sect (0,z) x (0,1).



Proof of L](ﬂx,t) < Ny Let P = (y1,81) < -+ < (Y, 1 SL,.,) De a maximizing path in =
for Ly 4. For every £ < Nz, there is at most one point of P in the area H? + [0, k1] x [0, ho).
Therefore L?x,t) <Ny

Proof of L?m " > N(m,t)' Let H?,'Hé‘, .. ,H? be given, we will construct an admissible path
with ¢ points of = (from top-right to bottom-left). We first take any point (ys, s¢) of HP. Let
H= H?_l + (h1, ha) be the translation of 7—[?_1 by the gaps. By construction of 7-[? the broken
line # intersects (0,y¢) x (0,s¢). Since H takes only directions North/West, necessarily there is
a point (ye—1 + h1, -1+ he) € HN(0,y¢) % (0,s¢), with (ye—1,80-1) € Z.

----- H
o) S,

h
Therefore, (yo—1,80-1) < (ye, s¢). By induction we construct an admissible path of ¢ points
in =.

O

The following Proposition was used in [I] in the case h = 0, it extends plainly to the general
case.

Proposition 11 (spatial Markov property for Hammersley’s lines). Conditional on the (-th
Hammersley line H?,

0 0
{E%s, (y,s) = /H?} is independent of {Ey,sa (y,8) < /H?}v

0
and distributed as a homogeneous Poisson process with intensity one. Here (y,s) > ’H? (resp.

0 0 0
<) means that (y,s) = (y',s') (resp. <) for at least one point (y',s") in HP.
In particular, conditional on 7—[?, the line H?H 1s independent of ’H]f, H%‘, e ,H?_l.

Proof. Let H}, HY, ... ,7—[?_1 be given. By construction of Hammersley lines, the fact that (y, s)
belongs to HY or not only depends on Z in the rectangle [0,y] x [0, s]. O

h
(z' ¢

t' > t. We fix a realization of Z in the quarter-plane, and denote by {L(m) (2), (z,t) € (0,+0)?}
the lengths of the longest paths corresponding to this realization.
We introduce the (random) function

o (0,400)2 — (0, +00)?
(ya S) = (y + hlL(y,s)*7 5+ th(y73)7)7

We want to make a coupling between random variables L, ) and L ) for some 2’ > =z,

where L(y,s)* = hmg_m L(yfs,sfs .

An example is drawn in Figl4l By construction, the image by ¢! of every Hammersley line
HY is a translation of H? (and the area between two consecutive Hammersley lines 1Y, HY 41 18
also translated by ¢").

The main idea is that on the right picture of Figure [ we re-sample new points in the regions
which do not belong to the image of ¢®, according to an independent Poisson process.



Figure 4: An example of the function ¢P. Left: A sample of =. Right: The same realization
after the dilatation ¢®. The gray areas correspond to regions which are not in the image of ¢P.

—_
—

New points of =\ ¢?(Z) are drawn in green. We have that L (E)=3= Lgh(z t)(_), as stated

in Eq.@.

Lemma 12 (Dilatation). Let 2 be the field of random points defined by

{

where Y 1is a homogeneous Poisson process with intensity one, independent of Z. Then = is also
a homogeneous Poisson process with intensity one.

s = Eys if (¥,8) € Image(") and ¢"(y,s) = (v, '),
y',s' = Yy’,s’ Zf (y/, 5,) ¢ Image(¢h),

[1]: [1]:

Proof of Lemma[I3. The point process 2 can be discovered by the following Markovian explo-
ration of (0, +00)2.

From bottom-left to top-right, both point processes = and = coincide up to HYO. Then,
conditional to H?, the points in the area ¢(H) + (0, h1) x (0, ho) (this is the first gray region
in Fig are also distributed as an independent homogeneous Poisson process. This shows that,
conditional to H9, = is also a Poisson process up to P (H?) + (0, h1) x (0, ha). But now, thanks
to the Markovian property of Hammersley lines applied to H9 we can reiterate the argument to
show that conditional to HS, Z is a Poisson process up to AP (HI) + (0, h1) x (0, hs), and so on.

O]
Proof of Theorem[]. We will first prove that almost surely, for every z,t we have
— h =
Liz)(E) = Ly 4n(5), (6)

The quarter-plane (0, +00)? is divided in two types of regions:

1. The region W defined by the interior of ¢"((0,400)?) (represented in white in Figh).
There are no points of = in W.

2. The regions Gy = ¢"(H) + [0, h] x [0, ko), for £ > 1 (represented in gray in Fig.



0 0
Let P = (x1,81) < -+ < (yL(_T 1 SLiy t)) be a maximizing path in Z. Because of the dilatation,

the points of ¢"(P) have horizontal gaps hi and vertical gaps ha. Therefore the path ¢P(P)
satisfies the gaps constraints and
- h ~
L(x,t) (‘:') < L(:p’,t/) <:>
For the reverse inequality, we observe that because of the gaps constraint, an admissible path
h
for the order < takes at most one point in each Gy. Since there are L(,4) (=) gray regions which

intersect (0,2') x (0,), this proves that L?, . (Z) < L(z1)(Z). Finally we have proved ().

x’

We now conclude the proof of the theorem. Let v > 0 be such that

v =sup{y = 0, Lig—yhy 4—yhs) = k+ 1}
(with sup @ = 0). If v > 0 we have

k+1= L(x—’yhht—’yhz) - L(IB—”Vhl:t_'YhQ)i +1

From @

_71h h
k+1= L($—7h1+h1k,t—’7h2+h2k) L(J?—’Yh1+h1k7t—’yh2+h2k)_ + 1.

By monotonicity of L we deduce that
P(L{,y < k+1) = P(y <k).
On the other hand, by definition of ~,
P(y < k) = P(L(g—pykj—hok) < K+ 1),

and Theorem [ is proved.
[l

Remark 13. There is a geometric interpretation of the coupling equality @ the image of a
Hammersley line under mapping ¢ is a Hammersley line as well. More precisely, for every ¢,

o" (HP) = HI'
where on the left-hand side ”H? 1s defined with the points of = and on the right-hand side, ”H? 18
defined with the points of =.

Proof of Proposition[3 Recall the asymptotics known for the length of the longest increasing
path:

L
Fa,b) = lim ) o\/ap.

t—+o0 t
We fix (a,b) € (0,400)? , let A > 0 and ¢ such that A\t € Z>¢. Using Theorem [1| we obtain

0 A< f(a—hiAb—ho)),

PR, < A\t) =P(L1y oy < ) B
Loty < M) = Blliar—marein=nare) < M) 1 3 A> f(a—hidb—h)).

Therefore, %L?at pt) converges in probability to the unique solution A of the equation

A= f(a—hi\b—ha)) e >\:2\/(a—h1)\)(b—h2)\). (7)
We easily check that if hihg # 1/4 the solution of is given by

2(ah2 + bh1) — 2\/(ah2 — bh1)2 + ab
4hi1hy — 1 '

If hiho = 1/4, then (7)) reduces to A = ab/(h1b + hsa). O

A=

10



2.3 Fluctuations of L"(at, bt)

Let us now explain how the combination of Baik-Deift-Johansson’s result (Theorem and
Theorem [1| implies Proposition [5| for the fluctuations of L®(at, bt).

Proof of Proposition[J. Using the scaling invariance of a Poisson point process under transfor-
mations which preserve the volume, in the case without gaps constraint, the distribution of L,
only depends on the value of the product xt. Thus, we can define a family of random variables

(Z(s),s > 0) such that Z(xt) g Lz for all z,¢ > 0. Theorem W] yields that

VeeR, lim P(Z(s?) < 2s+¢s'/?) = Frip(c),

5—00

where Fryy is the distribution function of the Tracy-Widom distribution.
Fix now a,b > 0 and let A = f%(a,b). Using Theorem |l we have that, for any ¢t > 0 and
B € R such that M\t + 8t'/3 e Z>0,

P(L{y ) S A+ BE2) = P(L (0 n)— iy 175 15— hon)—phatt/2) < AL+ BEP). (8)
= P(Z(s%) < Mt + BtY/3)

with s > 0 defined by

s> = (t(a—hA) — Bht' /) (t(b — hoX) — Bhat'/?)
t2(a — Ay ) (b — Mhg) — t738(h1b + hoa — 2X\h1hy) + O(t)

)\2
— t2z _t4/3/8(h1b+h2a—2)\h1h2) +O(t)7

where we use in the last line. Inverting this equality gives

o 24/3 hib 4+ hoa — 2Mh1hs
- \7/3

t= %5 + 803+ 0(1) with 8

Plugging this expression of ¢ in , we get

21/3
P<L?at,bt) < M+ 5151/3) = P (Z(SQ) < 2s+ ﬂ()\(s + m>81/3 + O(l)> :

21/3

If we set oP(a,b) = (/\5 + W)fl and apply the above equation with 3 = co®(a, b), we obtain

lim ]P’(L?at’bt) <At + co®(a,b)t/3) = lim P(Z(s%) < 2s + ¢s'/3) = Frip(c).

t—o00 5§—00

One can check that this definition of o (a, b) coincides with the one given in Proposition . O

2.4 Case where h,\ depend on ¢

In this short section we show how to use the scale-invariance of the Poisson point process to
derive asymptotics in the case where gaps and intensity of points depend on ¢. For the sake of
simplicity we assume that vertical and horizontal gaps are identical.

For every t, let hy = (h¢, hy) be a pair of gaps, A\; > 0 and denote by L?t%\t be the length of
the longest increasing path with gaps hy when = is a Poisson process with intensity A;.

Theorem 14. Let ¢; = hy/Ay and assume that c := limy_,o ¢; exists in [0, +0c]. Then,

11



(i) If c =0 and /At — +oo then

1 h¢, )¢ Prob. f(O’O) (a7 b)

\/)\igt (at,bt)
(ii) If c € (0,+00) and /At — +oo then

rob. .(c.c
\/»tLh;tAb;) P18 169 (a,b).

(111) If ¢ = +o0 and t/hy — 400 then

ht b prop.
L(att’ bfﬁ) P min{a, b}.

Proof. We observe that by the scaling invariance of the Poisson process we have

(at,bt) — F(atv/A,btvAr)

Assume first that ¢ = lim;_,o bt/ A < +00. Let € € (0,1) and T such that ¢(1 —¢) < hy/ A <
c¢(l1+¢) fort > T'. Since L( £bt) is a non-increasing function in h, we get, for t > T', the stochastic
domination:

Lht7>\t (d) ;hevAe,1

1 caate) - 1 rhed I c1-o)1
o Catvacsevnn S 1 Ltatot) S 5 Han/anbean

Assuming that t/\; tends to infinity, the left-hand side tends to f(c(iFe)c(i+<)) (a,b) whereas the
right-hand side tends to f(¢(1=€):(1=€))(4_b). We conclude by continuity in ¢ of the expression of

£ (a,b).
Assume now that ¢ = lim;_,o s/ A = +00. First, by definition of gaps, L(

- bt) < min{a, b} x

t/hy a.s. This gives the upper bound in (iii).
For the lower bound, let A > 0 and T such that hyy/A; > A for t > T. For t > T, \y > (A/hy)?,
thus using the monotonicity of a Poisson point process with respect to its intensity, we have

ht he ht e (A/hy)2
L@& ~ Lt (9)

Using (ii) with A\, = (A/h;)?, we get, if t/h; — 400, the following convergence in probability:

.My g A/m)? a4
i = e =),

Observe that limg_, .o Af44) (a,b) = M = min{a, b}, so we obtain the lower bound by
letting A tend to infinity in @D
O

3 Proofs in the discrete settings

3.1 Proof of Theorem

The main task of this Section is to prove the coupling between £P and T which leads to the
identity of Theorem @ For the sake of clarity we first exhibit a coupling between £P and £(1:1).

Lemma 15. Let h = (hy, ha) with (h1, h2) # (0,0). For every m,n > 0, and every k > 0,

h L,y
P(Llmny < k) =PLG i Dkne (ha—1yk) < F)-

12



Figure 5: An example with h = (2,1) for the same realization of = as that of Fig In every

unit square (4,j) we write the value of Eg’jl)), the four Hammersley lines are drawn in blue.

3.1.1 Proof of Lemma the case h1 > 0,he >0

In the discrete settings and if A1 > 0, hy > 0, the proof of Lemma [15]is almost identical to that
of Theorem [II We only explain how to change the definitions of the Hammersley lines and the
function ¢P.

The definition of the Hammersley lines is identical to the continuous case (an example is
provided in Fig: the broken line 1! is the shortest path made of vertical and horizontal straight

0 0
lines whose minimal points for < are exactly the minimal points of Z for <. The line 7-[]2“ is defined
as follows: we remove the points of 7—[{‘ +{0,1,...,h1 — 1} x{0,1,..., he — 1} and reiterate the
procedure: ’HS is the shortest path made of vertical and horizontal straight lines whose minimal

0
points for < are exactly the minimal points of =\ (?—l{1 +{0,1,...,h; — 1} x {0,1,...,ha — 1})

0
for <. Inductively we define Hg‘, 7-[5‘, ... in the same way.
The function ¢P has to be replaced by its discrete counterpart:
o (Zs0)? — (Zo)? (10)
1,1 1,1
(m,n) = (m+ (= DERY ot (e = 1LY, ).

We define a new set of points = by

Sy =S, if (,5) € Image(¢?) and ¢P (4, ) = (7, j'),
vy =Yy if (7,5) ¢ Image(¢h),
where (Y ;)i j>1 are independent Bernoulli random variables with mean p (see an example in

Figure |6). In the same manner as in the continuous settings, we prove that (Z;;); j>1 are i.i.d
Bernoulli random variables with mean p and for every m,n > 1 we have

L (2) = L8, (3),

(m, (m’,n')

where (m/,n’) = ¢P(m,n) = (m + (h1 — I)EE;;?l,n—l)’ n+ (hy — I)EE#LI_)Ln_l)). We deduce then

Lemma [I5] for hihg > 0 in the same manner as in Theorem

13
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Figure 6: An example of the function ¢ for (m,n) = (8,6) and h = (3,2). The points of the
quarter-plane indicated by small gray squares are not in the image of ¢. The values of = at
these points are independent of Z.

3.1.2 Proof of Lemma the case hy > 0,hy =0

As in the previous section, we can exhibit a coupling between £71:0) and £8Y) which shows that
Lemma also holds for h = (hj,0). However, some change must be made compared to the case
hiho > 0 since the function qﬁh defined in is no more a dilation.

To make the exposition clearer, it is more convenient to explain the coupling between the
model with gap (h,0) with the one with gap (h,1). Thus, let us consider a Bernoulli field = on

(Z0)? and construct the associated random variables E(h’l)). Define the function ¢" by

(m,n
@bh: (Z>0)2 - (Z>0)2
h1

(m,n) (m,n—ﬁgm_)lm_l)).

Contrary to ¢, the function 1" is surjective but no more injective. More precisely, for any
(m,n') € (Z=0)?, there exist n > 1 and k > 0 such that

(’l/}h)_l(m7 nl) = {<m7 n)7 <m7n —"_ 1)7 MR <m7n —"_ k)}'
We define now the new set of points = by

ém,n’ = Epn+k Where (WMt (m,n') = {(m,n),(m,n+1),...,(m,n+k)}.
Again, one can prove that the random variables = = (éi,j)i,jzl are i.i.d. Bernoulli random
variables with mean p and for every m,n > 1 we have

Ll (®) = £ ),

(m,n (m/.n/)
where (m,n’) = ¢"(m,n) = (m,n — 58;’17)1 nil)). Then, with the same argument as in the proof

of Theorem [1} we get that, for every m,n € Z>o, and every k € Z>,

(h,0) _ (h,1) . (1,1)
P(Liy SE) =P(Li g S K =PL G ymin S K).

3.1.3 Proof of Theorem [6; coupling with T
(

We conclude the proof of Theorem |§| with our last coupling between £ (

171)
m,n)

(m’,n’). As already said, this coupling already appeared in [16], 7], [14].

and T{,,/ 1y, for some

14
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Figure 7: An example of the function Y" and the definition of set of points = for h = (1,0).
There is a point in = at (i, j') i.f.f. there is one in = at its highest antecedent by "

Let us consider a Bernoulli field Z on (Z+()? and construct the associated random variables
£5Y associated to the gaps (1,1). Formally, in the case h = (0,0), the function ¢® defined in

m,n)

li becomes
¢°: (Zs0)® — (Z>0)?
(11)
(m> 7’L) = (m - E(m—l,n—l)an - ‘C(m—l,n—l))'
As in the previous case h = (h,0), the function ¢? is surjective but not injective. More precisely,
for any (m/,n’) € (Zo)?, there exist n,m > 1 and k > 0 such that

(%)L n') = {(m,n), (m + 1,0+ 1),..., (m+k,n+k)}

We first define a new collection of random variables = = {Z; ;,4,j > 1} € {0, 1}(Z>0)* py

- . . . . 1,1
mm = Smn = 1 if (m,n) is a minimal point of some Hé )

{Hm,n = 0 otherwise,

> (1

and we define now the family of random variables = = {Z; j,i,7 > 1} € (Zs0)@>0) by

\:m/’n/ = E

(m,n)€(¢9) =t (m' ")

(11>

For every m/, n’ we have =, ;) = k if

[1]>

(m+k—1n+k—1) — 1, E(m+k,n+k) =0,

(1
(1

(m,n) (m+1n+1) — " =

which occurs with probability }3’“(1 — p). Therefore we can show that = is a family of i.i.d.
geometric random variables: P(Z,,,, = k) = p*(1 — p) for k > 0.
For m,n > 1, recall the notation

T(m,n)(é') = max{ Z éi,j ; P e Pm,n}>
(i,5)eP

where P, ,, denotes the set of paths from (1,1) to (m,n) taking only North and East steps. With
the same arguments of the previous cases one can prove that for every m,n > 1 we have

1, —_ =
L) (B) = T ) (2),

15
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Figure 8: An example of the function ¢°. Left: a realization of Hammersley lines ’Hél’l). Right:

The associated realization of last-passage percolation with geometric weights. We have 33,1 =
=31+ =42 +553+564=1+1+1+0=3.

where (m’,n’) = ¢°(m,n) = (m — 55717;1_)1 n—1p ™~ 55717;1_)1 n—l))'
We deduce that for every m,n > 0, and every k > 0,
P(T) . < k) = P <k
( (myn) = ) ( (m4+k,n+k) — )’

which is in fact equivalent to Eq.(4.1) in [7]. Combining this equality with Lemma (15| yields
Theorem [6l

3.2 Proof of the limiting shape: Proposition [9]

Proof of Proposition[d We fix (a,b) € (0,400)? , let A > 0 and n such that An € Z>¢ and
A < X := min(a/h1,b/ha). This last condition implies in particular that (an — hjAn) and
(bn — hoAn) are non negative. Note also that, due to the gap constraint, we have E?an’bn) < An
a.s. Combining Theorem [ and Theorem [8 we have

0 ifA<g(a—hAb—ho)),
1 ifA>g(a—hidb—ho))

(an,bn

P(‘Ch ) < )\’I’L) = ]P)(T(an—hl)\n,bn—hg)\n) < )\n) njoo {

where ¢ is defined in . Therefore, %Eh

(an,pn) COTVETges in probability to

g™(a,b) == sup{A < Ao, A < g (a — haA,b— ho))}.

Note that in (), g is only defined on (R* )? but one can extend g on (Ry)? by continuity so that
g (a—hiAg,b— ha)o) is well defined. Two cases can occur:

e cither
Ao > g (a—hiXo,b— haXo),

and the equation
A=g(a—hiA,b—haA), (12)

has a solution which is necessarily unique since the right hand side of decreases with
respect to A. Then %E?{m pn) CONVErges to this unique solution.

16



e Or
)\0 <g (a — hl)\o,b — hg)\o) s

h

and in this case, %E(an bn)

converges A\g = min(a/hi,b/hs).

Using the expression of g given in , one can check that Ao > g(a — hiAg,b— haXg) i.L.1
hi < a h1i—1+1/p ]
(h2—1)+1/p — b — ho

3.3 Fluctuations of £!

(an,bn)

Johansson [I1] has computed the fluctuations of T{ |4y, |pn|) around its mean:

Theorem 16 (Cube root fluctuations (Johansson [II], Theorem 1.2)). For every a,b > 0 and
x € R, we have
(T(L(mj,[bnj) —ng(a,b)
o(a,b)nl/3

where Fry is the distribution function of the Tracy-Widom distribution, and

lim P

n—oo

< m) — Frw(a),

o(a,b) = fl_/i)(abrl/ﬁ(\/& + /)P (Vo+ pa).

In another paper Johansson [12, Th.5.3] has also obtained Tracy-Widom fluctuations for
longest increasing paths in the case h = (1,0). The authors of [I4] state a close result for the
fluctuations of L4y pn) around its mean (see also Section 4 in [I5]). However, we have not been
able to fill the gap between their result and the convergence of rescaled fluctuations.

From Theorem [I6] it is not obvious to obtain a result as neat as Proposition [ for every
direction (a,b). The proof of Proposiion |5 relies on the scaling invariance property of the Poisson
process: the law of L, ;) only depends on the value of xt. There is of course no analogous for
fields of Bernoulli random points. However, one can still show that for any a,b > 0 and h, the
fluctuations of E?er |,[bn)) @€ also of order n'/? (outside the flat edges of the limiting shape).

Before stating our result about the fluctuations of ‘C?Lan | 1bn)) We must first prove a technical
lemma.

Lemma 17. Let h be a gap constraint. For all a,b > 0 such that ¢®(a,b) < min{a/h1,b/ha},
there exists a unique couple (o, B) of positive numbers such that g®(a,b) = g(a, B). Moreover,
(a, B) is solution to the system

{ a+hlg( 7/8): >

Proof. By symmetry, we can assume that ¢g®(a,b) < a/h; < b/hy. Recall that in this case,
g"(a,b) is the unique X solution of

A=g(a—hiA,b—ha)), (13)
and we necessarily have g (0, b— hhz—la) < hil

Assume that there exists a solution («a, 8) of the system

a+hig(a,B) =a, B+ hag(a,B) =0.

Putting g(a, 3) in (13)), we see that g(a, 3) satisfies this equality and thus g(a, 8) = g"(a,b) <
a/hy. In particular, we necessarily have «, 5 > 0. It remains to prove that the system as indeed

17



a (unique) solution. Noticing that g(«, 8) = Bg(a/B,1) and setting v = o/, we see now that
the system is equivalent to

By +hig(v,1)) =a,  B(1+hag(y,1)) =0. (14)

In particular, we have
b(y +hig(y,1)) = a(l + hag(v,1)).
Hence, if a/h; = b/hga, we get v = a/b. In the other case : a/h; < b/ha, we get

a— by

)=-— 1
9(v,1) A

The left hand side is increasing with v whereas the right hand side decreases. Thus, there exists
a unique solution v > 0 if and only if

a
1 R —
9(07 ) < bhl o ah2

which coincides with the condition g (O, b— h,%la) < h% stated above. Finally, using , we see

that the existence and unicity of v implies the existence and unicity of (a, 3). O

Proposition 18. Let h = (hy, ho) be a gap constraint and let a,b > 0 be such that g*(a,b) <
min{a/hi,b/ha}. Let us define (o, 3) as in Lemma such that g*(a,b) = g(a, B). Set

h h
b _ Ellentten —97(@: 00

an,bn — O'(O(, ﬁ)nl/?’

Assuming for example that a/hy < b/ha, we have, for all x > 0,

b
Frw (;) < liminf P <W§‘n,bn < a:) < limsup P <W£‘n,bn S flf) < Prw (ax)

n—00 n—00 «
_ —b
Frw (CUU) < liminf P (Wéln b < _l‘> < limsupP (W;ln bn < _$> < Frw ( x> ’
o n—00 ’ n—00 ’ B

In one particular direction the LHS and RHS of above inequalities coincide:

Corollary 19. Let h = (h1, h2) be a gap constraint and let a,b > 0 be such that a/h1 = b/hs.

Then h h( )
L —g*(a,b)n
. (an,bn) ’ _
nILH;oP ( o'h(a7 b)nl/S < 1’) - FTW(x)’ (15)
where
h _ o
o (CL, b) - O'(Oé, /8) ab .

Again, we have a simple expression for h = (h,h) and a = b = 1:

(1—p)/3pt/S
(14 (2h—1)/p)*/3

Remark 20. Proposition|18 states that, ouside the flat edge of the limiting shape, the fluctuations

e (1,1) =

of E?an bn) OT€ of order n'/?. Inside the flat edge (except in the critical direction), one can easily
show that P(]ﬁaanJ bn]) g"(a,b)n| > 1) tends to 0.
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Proof. A change of indexes in Theorem [6] yields

P(T(mvn) <k)= P(ﬁ?m+h1k,n+h2k) < k). (16)

Let a,b > 0 such that g®(a,b) < min{a/h1,b/hs} and, according to Lemma take a, 8 > 0
solution of the system

a+higle,p)=a,  f+Mmgla,f)=0b
and such that g"(a,b) = g(a, 8) =: . Using (16]), we obtain

1/3 _ h 1/3
P(Ttan,pn) < An+yn ) = PUL (ot ha N +haynt /3 n(B4+hoN)+hayn/3) S AT+ Y1 ).

— P(c?an%lynl/gybn%ml/g) < M +yn'/?). (17)

Assume now that a/hy < b/hsy. Set

h h
N :=n+ —yn'/3 so that n = N — —yN/3 4 o(N'/3)
a a

and define the function v such that

h
Nvy(N)=n+ ?Qynl/s

Y

observe that because of a/hy < b/hy we have

Ny(N) <n+ %ynl/g = N. (18)
With this notation, becomes
hiA

P(LEN pyvyn) S AN +y(1 — T)Nl/?* +o(NY3)) = P(T(an,pn) < An+yn'/?).

Let us notice that
hi a—a o

1——=1- =—>0
a a a

Using we have that £P

(@ bN~(N)) < E?aN’bN) and therefore by putting x = ya/a we have for
any x > 0,

P(LEnpny < AN + N3 4 o(NV3)) SPLE N pnyvyy < AN + zNY2 4 o(N1/3))
ra
P(T, < “nl/3y.
(Llan,pmy < An+ —n77)

Using Johansson’s result, we obtain, for z > 0,
limsupP(W(};N o) < @) < le P(T(an,pn) < An+ xa(a,ﬂ)gnl/ii) = FTW(%)'
’ n—00 ’ o o

N—oo

We obtain the lower bound in the same way, setting

h
N:=n+ ?Qynl/3
and 7 the function such that
S h
NA(N)=n+ ;lynl/g.

Due to the condition a/h; < b/ha, we now have 4(N) > 1 for any y > 0. The case x < 0 is also
obtained with similar arguments.

Finally, note that in the particular case a/h1 = b/ha, we have a/a = 5/b and we obtain the
corollary. O
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regarding the literature around the problem of fluctuations.
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