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Longest increasing paths with gaps

BASDEVANT A .-L.* GERIN L.

May 22, 2018

Abstract

We study a variant of the continuous and discrete Ulam-Hammersley problems. We
obtain the limiting behaviour of the maximal length of an increasing path through a Poisson
point process (or a Bernoulli point process) with the restriction that there must be minimal
gaps between abscissae and ordinates of successive points of the path.

We also establish that, as in the classical Ulam-Hammersley problem, the fluctuations
around the mean are given by the Tracy-Widom distribution.

MSC 2010 Classification: 60K35, 60F15.

Keywords: combinatorial probability, longest increasing subsequences, longest increasing paths,
last-passage percolation, Hammersley’s process, Ulam’s problem, BLIP (Bernoulli Longest In-
creasing Paths)

1 Introduction

Motivated by the Ulam problem (which asks for the asymptotic behavior of the maximal length
of an increasing subsequence in a uniform random permutation), Hammersley [§] studied the
problem of the maximal length L(, ) of an increasing path in a Poisson process with intensity
one in (0,z) x (0,t). He used subadditivity to prove the existence of a constant 7/2 < ¢ < e
such that L 4 /c — t in probability and conjectured ¢ = 2. The first probabilistic proof of ¢ = 2
was obtained by Aldous-Diaconis [I], by exploiting the geometric construction of Hammersley.
(We refer to [15] for a nice and modern introduction to the Ulam-Hammersley problem.) In this
article we obtain the limiting behaviour of the maximal length of an increasing path in a Poisson
process, if we impose minimal gaps between abscissae and ordinates of successive points in the
path.

Our proof uses a coupling with the original Ulam-Hammersley problem, and therefore we
make a strong use of Aldous-Diaconis’ result. This coupling also allows us to use the celebrated
result by Baik-Deift-Johansson regarding the fluctuations of L, ;) around its mean. We obtain
that, with the proper rescaling, the fluctuations of our problem around the mean are also given
by the Tracy-Widom distribution.

In two papers, Seppéldinen [I7],[18] obtained analogous results for two discrete variants of
the Ulam-Hammersley problem, we recall his results below. It turns out that our strategy also
applies to the discrete settings: we obtain explicit asymptotic results for the length of the longest
increasing path with gaps through Bernoulli random points on the square lattice. Furthermore,
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Figure 1: A realization of L?M) (points of = are represented with ). Here we have L?x,t) =4,

one of the maximizing paths is drawn in red.

we also discuss the connection between longest increasing paths and last-passage percolation
with geometric weights.
We now state our results in both settings.

Continuous settings

Let = be a homogenous Poisson point process in (0, +0c0)? with intensity 1. We write Eys=0/1
for the absence/presence of a point of = at (y, s), and we say that (y,s) € = if =, = 1. Let
h = (h1, ha) be a pair of non negative real numbers. We introduce the strict order on (0, +0c)?
defined by

y+h <y,

ho . .
,8) < (y',s) if and only if
(0:5) % (0.5 v £+M§d

For z,t > 0, we consider the random variable L?x 0 given by the length of the longest increasing
path in ZN [0, z] x [0, t] with horizontal gaps h; and vertical gaps ha. Namely,

L?x’t) = max {L; there are (y1,$1),. .., (YL, sr) € = such that

h h h
O<y < --<yp<z, 0<s<---<sp<t, (yl,sl)<(y2,82)<-~<(yL,sL).}

In the case h = 0 := (0,0), the random variable L, := L?I p is just the length of the
longest increasing path. The asymptotic behavior of L4 4 for every a,b was obtained by

Aldous-Diaconis [I] (a different probabilistic proof can be found in [16]).
Proposition 1 (|I], Th.5 (a)). Let a,b > 0. Then

L
Fa,b) = lim ) — o\/ap, (1)

t—+o00 t



The convergence holds a.s. and in L.

Here we use a coupling between the cases with and without gaps (see Lemma [3| below) to
extend the formula to every pair of gaps :

Theorem 1. For every hi, he > 0, we have the following limit:

Ih 2(ahg + bhy) — 2+/(aha — bhy)% + ab
fh(a,b) = lim Zlatdbh) 4hihy — 1

t—00 t ab

h1b + haa

if hihs # 1/4,

if hihs = 1/4.

The convergence holds a.s. and in L.

(We have no probabilistic interpretation of the case hiha = 1/4, but one can check that the
right-hand side of is continuous at every point of the line hihy = 1/4.)

In some cases the above formula for fP(a,b) simplifies:

o If hl = hQ = h, then
2

(h,h) —
!/ (1,1) 14 2h°

e If ho = 0 then
FB0(11) = 2¢/h2 +1 - 2h.

For h = (0,0), the fluctuations of L, s around its mean have been determined by Baik-
Deift-Johansson [3].

Proposition 2 (Cube root fluctuations ([3]). For every a,b > 0 and x € R,we have

Liat oty — 2V abt
(\/@t)l /3

where Fpy is the distribution function of the Tracy- Widom distribution.

lim P

t—o00

< 37) = Frw(z),

In fact the main result of [3] is stated for the longest increasing subsequence in a uniform
permutation. Proposition [2] follows by elementary poissonization arguments. This proposition
can also been extended for every pair of gaps :

Theorem 2. For every hy, ho,a,b >0 and x € R, we have

lim P (L?aabt) — f*(a, bt

t—o00

oh(a,b)tl/3

S x> = FTw(x), (3)

where Fryy is the distribution function of the Tracy- Widom distribution and

h fh(aa b)4/3 1
o*(a,b) = .
21/3 2(bh1 +(lh2) —I—fh(a, b)(l —4h1h2)

(In some cases the expression for o™(a, b) simplifies, for instance o»?(1,1) = (1 + 2h)=*/3))
The main strategy of this paper is to make a random dilation and map the rectangle [0, z| x
[0,¢] onto a rectangle [0, 2'] x [0, ], for some x’ > x, ¢ > t which will be defined later. Then, we
construct a coupling between L, ;) (without gaps) and L?% - Finally, Theorem |1|is obtained
using the asymptotic for L, 4y given in Proposition [T| and Theorem [2| using Proposition
Thanks to the scale-invariance property of the Poisson process we also easily obtain asymp-
totic results in the case where gaps and intensity of the Poisson process depend on ¢ (see Section

2d).
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Figure 2: Realizations of £ (left) and .CE?};QT)L) (right) for (m,n) = (10,8) and the same

(m,n)
sampling of = (points of = are represented with ). Here we have L'gi;j?)l) =4, ,Cﬁifi) =3. In

both pictures one of the maximizing paths is drawn in red.

Discrete settings

The very same strategy allows us to obtain analogous results in the discrete settings. Let = =
(Zi); jez., Pe iid. Bernoulli random variables with mean p. We also consider = as a random
set of integer points of the quarter-plane by saying that (4, j) is present in = if Z; ; = 1.

Let h = (h1, ha) be a pair of non-negative integers, we assume h # 0 = (0,0). We introduce
the strict order on (Zs()? defined by

h i+ hy <4
(i,7) % (7,7) if and only if ' "1="
JH+he <7
We consider the random variable given by the length of the longest non-decreasing path from
(1,1) to (m,n) in = with horizontal gaps hy and vertical gaps he. Namely,

ch n) = max {L; there are (i1,71),...,(ir,jr) € = such that

. . . . . . h  h h =
1<ip<---<ir<m, 1<j <---<jp<m, (i1,51) < (i2,J2) <--- =< (ir,jL) ¢-

This problem is close to what is sometimes called slope-constrained longest increasing subsequence
(SCLIS) in the literature of algorithms [5]. In the case h = (1,1), the random variable L, ) :=
E(lvl)

(m,n)
was obtained for every a,b > 0 by Seppéldinen in [I7] using hydrodynamic limits of a given

particle system (see also [12], Sec.III], [2, Th.1.1.] ,[4, Th.2.2] for different proofs).

is just the length of the longest increasing path and the asymptotic behavior of L(|4n|,(5n))

Proposition 3 (Law of large numbers for Ly, ,, ([I7],Th.1)). Let a,b >0, p € (0,1). Then

VD (2Vab — (a+b)\/p
nh_{]go L(L‘I”TJLU’”J) = g(a,b) ( 1= ) if p <min{a/b,b/a}, (4)

min {a, b} otherwise.




The second case in corresponds to a flat edge in the limiting shape. This differs from the
continuous case.

We now can state our result in the discrete settings, the limiting constant is less explicit than
in the continuous settings.

Theorem 3. Let hi, ha be two non-negative integers such that h = (hq, ha) # (0,0). For every
a,b > 0, there exists a constant

. 1
gh(a, b) = llm 7£?LanJ7Lan)’

n——+oo N

where the convergence holds a.s. and in L'. Moreover, g®(a,b) is the unique solution of equation
h _ h h
g"(a,b) = g (@ = (b1 = 1)g"(a,),b— (ha = 1)g"(a,1)) (5)

where g is defined by .
We explicit here the solution of in some cases:

e Symmetric case. If (a,b) = (1,1) and h; = hy = h we can easily solve and we get

Y.
o0 = e —

e Non-decreasing paths. If h = (1,0), the random variable EE;O%) represents the length

of the longest non-decreasing path in =. The above formula reduces to

g1 (a,b) = {2 abp(1 —p)+(a—b)p ifp<a/(a+b),

a otherwise.

This was also first proved by Seppélédinen in a second article ([18], Th.1) (see again [2] for
a different proof). In the more general case h = (h,0) we obtain with the following
expression (we only write the formula for a = b = 1):

2(1 4 h)p(1 —p) + 2y/p(1 — p+ h?p)(1 — p)
g™ (1,1) = (hx/13+ V(I —p+h%p)(1 —p))2

1/h otherwise.

ifp<1/(h+1),

e If (a,b) = (1,1) and h = (h, 1) for some h >0

2hp(p — 1) + 24/p(1 — p)(1 + ph? — 2hp)
g"D(1,1) = (hp —1)2
1/h otherwise.

if p<1/h,

Coupling with last-passage percolation

In the discrete case our coupling is related to previous results in literature. If we apply our
coupling to the case h = (0,0) we recover a coupling between random variables {C(mm)}mn
and last passage percolation with geometric weights (which in turn is in correspondence with
synchronous TASEP). We explain this formally in Section This coupling was already intro-
duced in [13],[7]. Note that another coupling with asynchronous TASEP (also called directed
TASEP) was also given in [6l, Sec.3],[14].
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= j) be i.i.d. geometric random variables with law
AN ISV

More precisely, let &/ = (

P(Z, . =k)=p"(1 —p) for k>0

and let
T(m»n) = max{ Z E;,j ) P e Pm,n},
(i,j)eP
where P, , denotes the set of paths from (1,1) to (m,n) taking only North and East steps. If
we formally take the parameter h equal to (0,0) in our proof, we get the following result. For
every a,b > 0,

. 1
i =T((an},(pn)) = 9°(a, D),

n—+oo N

where ¢°(a,b) is the unique solution of with parameters hy = ho = 0. This can be made
rigorous and thus we recover the known result for the limiting shape in last-passage percolation,
originally due to Jockusch-Propp-Shor (in the context of synchronous TASEP).

Theorem 4 (([9],Th.2) see also ([19],Th.2.2)). For every a,b >0, p € (0,1)

- VB (2Vab + (a+b)yp)
m =T{|an), b)) = 1= :

n—+oo N

2 Proofs in the continuous settings

We fix a pair h = (hq, ha) of non-negative real numbers all along this section.

2.1 Preliminary results

We first justify that %L?at pr) converges almost surely and in L'. Let us stress that for any

x,2',t,t' > 0, we have the stochastic domination

h h h
Liptar ity 7 Lipyy + Liw oy — L
where L’(}x‘,’ ) has the same distribution as L](ﬂx/,t') but is independent of L](“x’t).
Indeed, if (i1,71),...,(ir,jr) is a longest increasing path in = with gaps h in (0,z) x (0,t)
and (i}, 71), ..., (i}, 47,) a longest increasing path in (z,z + 2’) x (¢,t +t') , then

(il)jl)v ey (iLajL)a (Z/Qajé)) ey (,L,L/aji/)

is an increasing path with gaps h in (0,2 + ') x (0,¢+¢’). Thus, the family of random variables

{L?w H 1 . is superadditive. Hence, Kingman’s subadditive theory (see for example [15]
’ x>0,t>

Th.A2-A3]) implies the existence of a constant

Lh
f*(a,b) == lim (a;’bt),

t—o0

where the limit is a.s. and in L!.
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Figure 3: An example of Hammersley lines for the same realization of Z as that of Fig[l] The
four Hammersley lines are drawn in blue.

2.2 Hammersley’s lines and dilatation

A very useful way to handle the random variables L( n is the geometric interpretation of Ham-
mersley’s lines. In the classical case h = 0 this construction was first implicitly introduced by
Hammersley [8], a more explicit construction was given by Aldous-Diaconis in [I] (continuous
settings) and by Seppélédinen [17] (discrete settings).

We now define Hammersley lines formally. These are a sequence Hlf, 7—[5‘, ... of broken lines
in (0, +00)? defined inductively as follows (an example is provided in Fig.

The broken line ’H{‘ is the shortest path made of vertical and horizontal straight lines whose

0 0

minimal points for < are exactly the minimal points of = for <.
The line HY is defined as follows: we remove the points of HY + [0, h1] x [0, he] (hatched
in gray in Fig and reiterate the procedure: 7—[51 is the shortest path made of vertical and

0
horizontal straight lines whose minimal points for < are exactly the minimal points of = \

h 0 : h 2/h :
(H? + [0, h1] % [0, ho]) for <. Inductively we define HE, M}, ... in the same way.

Lemma 1. For each (z,t) € (0,+00)?, there are exactly L?x p distinct Hammersley lines which
intersect (0,z) x (0,t).

Proof of Lemmal[l]l Let denote by N, (z,t) the number of distinct Hammersley lines which intersect
(0,x) x (0, t)

Proof of L ) < Ny Let P = (y1,81) <+ < (Yr(,,»5L,,) De a maximizing path in =
for Ly 4. For every € < N(gy), there is at most one point of P in the area HB + 10, ha] x [0, ha).
Therefore L ) < Nz )

Proof of L(:c,t > Nr,t)' Let %‘f,%é‘, e ,’H? be given, we will construct an admissible path
with ¢ points of Z (from top-right to bottom-left). We first take any point (ys, s¢) of HP. Let
H = ’H?_l + (h1, ha) be the translation of 7—[?_1 by the gaps. By construction of ’H? the broken
line H intersects (0,y¢) x (0, s¢). Since 1 takes only directions North/West, necessarily there is
a point (yg,l + hi,80-1 + hg) S 7:[ N (O,yg) X (0, Sg), with (yg,h 8571) €=



h
Therefore, (yo—1,8¢-1) < (ye, S¢). By induction we construct an admissible path of ¢ points
in =.

O

The following Proposition was used in [I] in the case h = 0, it extends plainly to the general
case.

Proposition 4 (spatial Markov property for Hammersley’s lines). Conditional on the £-th Ham-
mersley line ’H?,

0 0
{: (4,5) = H?} is independent of {: (3:5) < H?} 7

0
and distributed as a homogeneous Poisson process with intensity one. Here (y,s) > ’H? (resp.

0 0 0
<) means that (y,s) = (y',s") (resp. <) for at least one point (y',s") in HY.
In particular, conditional on 7-[?, the line 7-[?_H 1s independent of H{‘,Hh, e ,7—[?_1.

Proof. Let HE, HY, ... ,7—[?_1 be given. By construction of Hammersley lines, the fact that (y, s)
belongs to HY or not only depends on = in the rectangle [0,y] x [0, s]. O

We want to make a coupling between random variables L, ;) and L?x’,t’) for some 2’ > =z,
t' > t. We fix a realization of Z in the quarter-plane, and denote by { L, 1 (Z), (z,t) € (0, +00)?}
the lengths of the longest paths corresponding to this realization.

We introduce the (random) function

o (0,+00)? — (0, +00)?
(yv 3) = (y + hlL(y,s)_ S+ hQL(y,s)_)’

where L, - = lime0 Ly s—c)-
An example is drawn in Fig By construction, the image by ¢ of every Hammersley line
HY is a translation of H? (and the area between two consecutive Hammersley lines H2, H? 418

also translated by ¢").
The main idea is that on the right picture of Figure [l we re-sample new points in the regions
which do not belong to the image of ¢, according to an independent Poisson process.

Lemma 2 (Dilatation). Let = be the field of random points defined by

{

where Y is a homogeneous Poisson process with intensity one, independent of Z. Then = is also
a homogeneous Poisson process with intensity one.

v =y if (Y, 8) € Image(¢h) and ngh(y, s)=(,s),
v =Yy if (i, s) ¢ Image(¢"),

[1]: [1]:



Figure 4: An example of the function ¢P. Left: A sample of =. Right: The same realization
after the dilatation #P. The gray areas correspond to regions which are not in the image of oh.
New points of =\ ¢?(Z) are drawn in green. We have that L (E)=3= Lh oh(z t)( ), as stated

in Eq.@.

Proof of Lemma[2 The point process 2 can be discovered by the following Markovian explo-
ration of (0, +00)2.

From bottom-left to top-right, both point processes = and = coincide up to 7-[?.

Then, conditional to H?, the points in the area ¢"(H?) + (0,h1) x (0, hs) (this is the first
gray region in Flg are also distributed as an independent homogeneous Poisson process. This
shows that, conditional to H?, = is also a Poisson process up to ¢®*(H?) + (0, k) x (0, hs). But
now, thanks to the Markovian property of Hammersley lines applied to H? we can reiterate the
argument to show that conditional to H9, = is a Poisson process up to (;Sh(?-[o) + (0, h1) x (0, ha),
and so on.

O
Lemma 3 (Removing gaps). For every x,t > 0, and every k € Z>,
P(L{, 1y < k) = P(Lg—p, kt—nok) < ).
Proof of Lemma[3 We will first prove that almost surely, for every z,t we have
Lun(E) = L? / t’)(é) (6)

where (2/,t') = ¢P(z, 1) i.e.
(', t') = (x + hi Ly~ (E),t + haLiy - ().
The quarter-plane (0, +00)? is divided in two types of regions:

1. The region W defined by the interior of ¢P((0,4+00)?) (represented in white in Fig.
There are no points of Z in W.

2. The regions Gy = ¢"(HY) + [0, hi] x [0, ha], for £ > 1 (represented in gray in Fig.



0 0
Let P = (x1,81) < -+ < (yL(_T 1 SLiy t)) be a maximizing path in Z. Because of the dilatation,

the points of ¢"(P) have horizontal gaps hi and vertical gaps ha. Therefore the path ¢P(P)
satisfies the gaps constraints and

—_ h =
L(z,t) (8) < L(z/,t/)(:)~
For the reverse inequality, we observe that because of the gaps constraint, an admissible path
h
for the order < takes at most one point in each Gy. Since there are L(,4)(Z) gray regions which

intersect (0,2) x (0,¢), this proves that L} )(é) < L(z4)(Z). Finally we have proved (©).

x!

We now conclude the proof of the lemma. Let v > 0 be such that

v=sup{y >0, Lig_yn, 1—yny) = k + 1}
(with sup@ = 0). If v > 0 we have

k+1= L(I—’Yhht—’yhz) - L(&?—’th:t_'YhQ)i +1

From @

_71h h
k+1= L(w—7h1+h1k,t—wh2+h2k) L(xf'yh1+h1k,t7'yh2+h2k)— + L.

By monotonicity of L we deduce that
P(L, ) < k+1) =P(y <k).
On the other hand, by definition of ~,
Py < k) = P(Lg—hikt—hor) < K+ 1),

and the lemma is proved.
O

Remark 1. There is a geometric interpretation of the coupling equality @ the image of a
Hammersley line under mapping ¢® is a Hammersley line as well. More precisely, for every £,

o (HP) =7,
where on the left-hand side H? 1s defined with the points of = and on the right-hand side, ”H? is
defined with the points of =.
Proof of Theorem[1 Recall the asymptotics known for the length of the longest increasing path:

. L(at,bt)
f(a/, b) = tl}_ri_noo T = 2\/%

We fix (a,b) € (0,+00)% , let A > 0 and ¢ such that At € Z>¢. Combining Lemma |3 and
Proposition [I, we obtain
0 ifA<f(a—hiAb—ha)),

PR, < At) =P(L1y Loy < ) B
Liarsny < M) = Blliar—mrein=nare) < M) 1 A > f(a—hidb—ho)).

Therefore, %L?at pt) converges in probability to the unique solution A of the equation

A=f(a—hi\b—ho)) de.  A=2v/(a—hi\)(b— ha)). (7)
We easily check that if hihg # 1/4 the solution of is given by

B 2(ah2 + bhl) — 2\/(ah2 — bh1)2 + ab
B 4hihy — 1 '
If hiho = 1/4, then (7)) reduces to A = ab/(h1b + hsa). O

10



2.3 Fluctuations of L"(at, bt)

Let us now explain how the combination of Baik-Deift-Johansson’s result (Proposition [2)) and
the equality given of Lemma [3| implies Theorem [2| for the fluctuations of L®(at, bt).

Proof of Theorem[3 Using the scaling invariance of a Poisson point process under transforma-
tions which preserve the volume, in the case without gaps constraint, the distribution of L,y
only depends on the value of the product xt. Thus, we can define a family of random variables

(Z(s),s > 0) such that Z(xt) g Lz for all z,¢ > 0. Proposition [2| yields that

VeeR, lim P(Z(s?) < 2s+¢s'/?) = Frip(c),

5—00

where Fryy is the distribution function of the Tracy-Widom distribution.
Fix now a,b > 0 and let A\ = fP(a,b). Using Lemma , we have that, forany ¢t > 0and g € R
such that At + Bt'/3 Z>o,

P(L{y 5y S A+ BET2) = P(L (0 n)— 1175 45— hor)—phatt/2) < AL+ BEP). (8)
= P(Z(s%) < Mt + BtY/3)

with s > 0 defined by

s> = (t(a—hA) — Bht' /) (t(b — hoX) — Bhat'/?)
t2(a — Ay ) (b — Mhg) — t738(h1b + hoa — 2X\h1hy) + O(t)

)\2
— t2z _t4/3/8(h1b+h2a—2)\h1h2) +O(t)7

where we use in the last line. Inverting this equality gives

o 24/3 hib 4+ hoa — 2Mh1hs
- \7/3

t= %5 + 803+ 0(1) with 8

Plugging this expression of ¢ in , we get

21/3
P<L?at,bt) < M+ 5151/3) = P (Z(SQ) < 2s+ ﬂ()\(s + m>81/3 + O(l)> :

21/3

If we set oP(a,b) = (/\5 + W)fl and apply the above equation with 3 = co®(a, b), we obtain

lim ]P’(L?at’bt) <At + co®(a,b)t/3) = lim P(Z(s%) < 2s + ¢s'/3) = Frip(c).

t—o00 5§—00

One can check that this definition of o®(a, b) coincides with the one given in Theorem O

2.4 Case where h,\ depend on ¢

In this short section we show how to use the scale-invariance of the Poisson point process to
derive asymptotics in the case where gaps and intensity of points depend on ¢. For the sake of
simplicity we assume that vertical and horizontal gaps are identical.

For every t, let hy = (h¢, hy) be a pair of gaps, A\; > 0 and denote by L?t%\t be the length of
the longest increasing path with gaps hy when = is a Poisson process with intensity A;.

Theorem 5. Let ¢; = hiv/ ¢ and assume that ¢ := limy_, o ¢; exists. Then,
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(i) If c =0 and /At — +oo then

1 T0b.
Tzl ™ 10 @),

(ii) If ¢ € (0,+00) and /At — 400 then

1 he M\ prob. c.e
mL((;t,bt) — f( ? )(a, b)

(111) If c = +o0 and t/hy — 400 then

ht he,\ rob.
L(;tb;) P2 min{a, b}.

Proof. We observe that by the scaling invariance of the Poisson process we have

LhtJ\t (d) ;hevAe,1

(at,bt) — (atv/X,btv/Ap)"

Assume first that ¢ = lim;_,o hev/ M < +00. Let € € (0,1) and T such that ¢(1 — &) < /A <
c¢(l+¢) fort > T. Since L( £.0t) is a non-increasing function in h, we get, for ¢ > T, the stochastic

domination:
L re(te) < L b L e(a-e)1
tv e ( (atv/Ag bt/ Ag) \/> (at bt) Ve (atv/Ae bt/ At)

Assuming that tv/A; tends to infinity, the left-hand side tends to f(c(+2).c(1+€) (4, b) whereas the
right-hand side tends to f(c(1=)c(1— 8))(a, b). We conclude by continuity in ¢ of the expression of
F19(a, b).

Assume now that ¢ = lim;_,o At/ A = +00. First, by definition of gaps, L( < min{a, b} x

at bt)
t/h; a.s. This gives the upper bound in (iii).

For the lower bound, let A > 0 and 7T such that hyy/A; > A for t > T. For t > T, \y > (A/hy)?,

thus using the monotony of a Poisson point process with respect to its intensity, we have

ht e xe o Pt oohe,(A/R)?
t (att,bt) & ?L(;abt) (9)

Using (i) with \; = (A/hs)?, we get, if t/h; — 400, the following convergence in probability:

. P he,(A/R)?
Jim L = 14 )

Observe that limg_, 4o AfAY (a,b) = %'CL_M = min{a, b}, so we obtain the lower bound by
letting A tend to infinity in @
O

3 Proofs in the discrete settings

3.1 The case h; > 0,hy >0

In the discrete settings and if hy > 0, ho > 0, the proof of Theorem [3]is almost identical to that
of Theorem [II We only explain how to change the definitions of the Hammersley lines and the
function ¢P.

12



Figure 5: An example with h = (2,1) for the same realization of = as that of Fig In every

unit square (4,j) we write the value of Eg’jl)), the four Hammersley lines are drawn in blue.

The definition of the Hammersley lines is identical to the continuous case (an example is
provided in Fig: the broken line 7-[11‘ is the shortest path made of vertical and horizontal straight

0 0
lines whose minimal points for < are exactly the minimal points of Z for <. The line HY is defined
as follows: we remove the points of H® +{0,1,...,h; — 1} x {0,1,...,hy — 1} and reiterate the
procedure: 7—[5‘ is the shortest path made of vertical and horizontal straight lines whose minimal

0
points for < are exactly the minimal points of =\ (’H{‘ +{0,1,...,h;1 — 1} x{0,1,...,ho — 1})

0
for <. Inductively we define H?, H},}, ... in the same way.
The function ¢ has to be replaced by its discrete counterpart:
¢h : (Z>O)2 - (Z>0)2

(m,n) = (m+(h— 1)£(m—1,n—1)7n + (he — 1)£(m—1,n—1))'

We define a new set of points = by

Eyy =iy if (¢,5') € Image(¢?) and ¢"(i, ) = (i, '),
Evy =Yy if (i',5) ¢ Image(oM),

where (Y jr); j>1 are independent Bernoulli random variables with mean p. In the same manner
as in the continuous settings, we prove that (Z; ;); j>1 are i.i.d Bernoulli random variables with
mean p and for every m,n > 1 we have

L) () = z?m,,n,)(é),

where (m/,n’) = ¢P(m,n) = (m+ (hy — DLm—1,n—1),n + (ha = 1) L(;p—1,n—1))- We deduce then
the discrete version of Lemma Bl

Lemma 4 (Removing gaps: the discrete case). For every m,n € Z>q, and every k € Z>,

P(Ll ) < k) = P(Lin -1k (ha-1h) < K)-

(m,n

13



[ J [ J
¢
¢
R I

Figure 6: An example of the function ¢ for (m,n) = (8,6) and h = (3,2). The points of the
quarter-plane indicated by small gray squares are not in the image of ¢. The values of = at
these points are independent of Z.

Proof of Theorem[3. We fix (a,b) € (0,4+00)? , let A > 0 and n such that An € Z>¢. By Lemma
B] and Proposition [3]

]P)(‘c?an,bn) S )\Tl/) = P(‘c(an—(hl—I)An,lm—(hg—l)kn) S An)

n—>$oo 0 if)\<g(a_ (hl _1))‘7b_(h2_1))‘)7
1 ifA>g(a—(hi — DA Db— (ho — 1)N).

Therefore, %E?{m pn) COTIVErges in probability to the unique solution A of the equation
A=gla—(h1 —=1Ab—(ha —1)A), (11)

where g is defined in . Let us note that Eq. has indeed a unique solution since the right
hand side of decreases with respect to A. O

3.2 The case h; > 0,hy =0

As in the previous section, we can exhibit a coupling between L") and £ which shows that
Lemma {4] also holds for h = (hy,0). However, some change must be made compared to the case
hi1ha > 0 since the function qﬁh defined in is no more a dilation.

To make the exposition clearer, it is more convenient to explain the coupling between the
model with gap (h,0) with the one with gap (h,1). Thus, let us consider a Bernoulli field = on

(Z>0)? and construct the associated random variables £V Define the function Y by

(m7n)
P (Zs0)? — (Z>0)*
h,1

(m,n) = (mon— LD ).

Contrary to ¢, the function 9" is surjective but no more injective. More precisely, for any
(m,n") € (Z=0)?, there exist n > 1 and k > 0 such that

") (m,n') = {(m,n), (m,n+1),..., (m,n + k)}.
We define now the new set of points = by

ém,n’ = Epmntk Where (wh)*l(m, n') = {(m,n),(m,n+1),...,(m,n+k)}.

14
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Figure 7: An example of the function y" and the definition of set of points = for h = (1,0).
There is a point in = at (i, j') i.f.f. there is one in = at its highest antecedent by "

—_

Again, one can prove that the random variables = = (ém)i,jzl are i.i.d. Bernoulli random
variables with mean p and for every m,n > 1 we have
Limm E) = Ly (2,

where (m,n’) = ¢Y"(m,n) = (m,n — £E:;1_)1 n—l))' Then, with the same argument as in the proof

of Lemma we get that, for every m,n € Zx>q, and every k € Zx,

h, h,
P(ﬁgmf}z) <k)= P(ﬁgm,l@k) < k) =P(Lin—(h-1)kntk) < k).

This in turn yields

P(ﬁ(h’o) </\n)n_ioo 0 ifx<g(a—(hi—1A\b+N),
(an,bn) = 1 ifA>gla—(hi—1)Ab+A).

Therefore, %EEZon) converges in probability to the unique solution A of the equation
A=g(a—(h1 =1)Ab+N), (12)
where g is defined in .

3.3 The case h; =0, hy = 0: coupling with last-passage percolation

We now explain why taking the gap constraint h = (0,0) provides a coupling between the
length of the longest increasing path in a Bernoulli random field and the model of last passage
percolation with geometric weights. As this short section does not contain new results, we only
sketch the arguments.

Thus, let us consider a Bernoulli field = on (Zsg)? and construct the associated random
variables L, ) associated to the gaps (1,1). In the case h = (0,0), the function ¢P defined in
becomes

0 (Zs0)* — (Z0)*

13
(m7 n) = (m - ﬁ(mfl,nfl)an - 'C(mfl,nfl)>' ( )

As in the previous case h = (h,0), the function ¢° is surjective but not injective. More precisely,
for any (m’,n’) € (Z=0)?, there exist n,m > 1 and k > 0 such that

()t ') = {(m,n),(m+1L,n+1),....,(m+kn+k)}

15



We first define a new collection of random variables = = {ém, i,j > 1} € {0, 1}(Z>0)2 by
- . . . . (1,1)
{ = Epn = Lif (m,n) is a minimal point of some H,
and we define now the family of random variables 2 = {ém, i,j>1} € (ZZO)(Z>0)2 by

(m,n)€(¢%) 1 (m/,n’)

m,n
= 0 otherwise,

1> [1p

m,n

(1]
I

S .
' ‘”’\3\\‘:&\7._—

| ¢
® ® —

Figure 8: An example of the function ¢°. Left: a realization of Hammersley lines ’Hél’l). Right:

The associated realization of last-passage percolation with geometric weights. We have 33,1 =
H31+E40+E853=1+1+1=3.
=k if

For every m’,n’ we have =,/ )

(m+k—1n+k—1) = 1, E(m+k,n+k) =0,

(1]

[

(m+1n+1) = °°°

[1]>

(m,n)
which occurs with probability 13’“(1 — p). Therefore we can show that = is a family of i.i.d.
geometric random variables: P(Z,,, = k) = p*(1 — p) for k > 0.

For m,n > 1, recall the notation

T(m,n) (é) = max{ Z

(i,7)€EP

Ei,j ; P e Pm,n}v

where Py, , denotes the set of paths from (1, 1) to (m,n) taking only North and East steps.
With the same arguments of the previous cases one can prove that for every m,n > 1 we

have . 3
LD (2) = T ) (3),
where (m’,n') = ¢°(m,n) = (m — L’Eiﬁl 1) 5857)1 nil)). We deduce that Lemmais also

valid for h = (0,0): for every m,n € Z>¢, and every k € Z>o,
IP:(]j(m,n) < k) - P(£(m+k,n+k) < k)7

which is equivalent to Eq.(4.1) in [7]. All these arguments can be made rigorous and allow us to

recover the expression given in Theorem @
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3.4 Fluctuations of £!

(an,bn)

Recall the limiting shape of last-passage percolation (Theorem [4)):

) VB (2Vab + (a+)yp)

: 0
S T an), [bn)) = 97 (a,) = T

Johansson [10] has computed the fluctuations of 7{|4y|,|pn|) around its mean:

Proposition 5 (Cube root fluctuations (JI0], Theorem 1.2)). For every a,b > 0 and x € R, we

have
<T< lan],lbn)) — 19°(a, )

lim P
S o(a,b)nl/3

n—oo

< l’) = Prw(z),

where Fry is the distribution function of the Tracy- Widom distribution, and

o) = 2 @) 0 PP+ )

In another paper Johansson [II, Th.5.3] has also obtained Tracy-Widom fluctuations for
longest increasing paths in the case h = (1,0). The authors of [I3] state a close result for the
fluctuations of L4y pn) around its mean (see also Section 4 in [14]). However, we have not been
able to fill the gap between their result and the convergence of rescaled fluctuations.

From Proposition [5] it is not obvious to obtain a result as neat as Theorem [2 for every
direction (a,b). The proof of Theorem [2| relies on the scaling invariance property of the Poisson
process: the law of L, ;) only depends on the value of zt. There is of course no analogous for
fields of Bernoulli random points. However, one can still show that for any a,b > 0 and h, the
fluctuations of L?Ltm |,[bn)) BTr€ also of order n'/? (outside the flat edges of the limiting shape).

Before stating our result about the fluctuations of ‘C?Lan |, lbn)) We must first prove a technical

lemma.

Lemma 5. Let h be a gap constraint. For all a,b > 0 such that g*(a,b) < min{a/h1,b/ha},
there ezists a unique solution (c, B) of positive numbers to the system

Moreover, g°(c, B) is the unique \ such that
A= g%a — hi\ b — ho).
and we have g*(a,b) = ¢°(a, B).
Proof. By symmetry, we can assume that a/h; < b/he. Two applications of Lemma [ yield
P(E?m,n) < k) =P(Llin—(h1—1)kn—(ha—1)k) < k) = P(Lin—nikn—hok) < k). (14)
Hence, as in the proof of Theorem [3| we get

0 ifA<g®(a—hADb—ho)),

P(LE ) < An)
(Llanpn) < A1) 1 if A > g% (a—hi)b—ho)).

Note that g% (a — hi\,b — ho)) is only defined for A < a/h; and the equation

A=g%(a—hi\,b—ho)) (15)
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have a (unique) solution if and only if
2’00 = 52), ie. p<a/(bhy— (h2—1a).

In this case, we deduce that ¢g"(a,b) is the solution of (I5). Moreover, g"(a,b) < a/hy if and
only if

p < a/(bh1 — (hQ — 1)(1). (16)
Let us now assume that ¢g"(a,b) < a/h; and consider a solution (a, 3) of the system

a+hlgo(a718) =a, /B—’_thO(aaﬂ) :b

Putting ¢°(c, 8) in (15]), we see that g°(c, 3) satisfies this equality and thus ¢%(c, 8) =
a/hy. In particular, we necessarily have o, 8 > 0. Noticing that ¢°(a, 3) = B¢°
setting v = /3, we see now that the system is equivalent to

B(’Y + h190(7> 1)) =a, /3(1 + h290(77 1)) =b. (17)

In particular, we have

g"(a,b) <
(a/B, )and

b(y + h1g°(7, 1)) = a(l + hag®(7,1)).
Hence, if a/h1 = b/ha, we get v = a/b. In the other case : a/h1 < b/ha, we get
a—by

0
)=—
9 (v, 1) A—

The left hand side is increasing with v whereas the right hand side decreases. Thus, there exists
a unique solution v > 0 if and only if

p 0 a .
—=9(0,1) < —— .€. < a/(bhy — (heg — 1
T 9°(0,1) S ——— ie p <a/(bhy — (hg — 1)a)
and we recover the same condition as in . Finally, using , we see that the existence and
unicity of v implies the existence and unicity of (o, 3). O

Proposition 6. Let h = (hy,hs) be a gap constraint and let a,b > 0 be such that g*(a,b) <
min{a/hy,b/hao}. Let us define (o, B) as in Lemma@ such that g®(a,b) = ¢°(a, B). Set

h h
wn  — Elansionp —97(@:0)n
an,bn — J(a,ﬁ)nl/B’

Assuming for example that a/hy < b/ha, we have, for all x > 0,

Frw (lm) < liminfP (Wan b < :L‘) < limsupP (Wan o < iE) < Frw <a$)

b— thh(aa b) n—00 n—00 a — hlgh(a, b)
———— | <limi <l < < _— .
Frw (a g™, b)) < Hminf P (W < —2) < lmsupP (W, < —) < Prw <b gh(a, b)>

In one particular direction the LHS and RHS of above inequalities coincide:

Corollary 1. Let h = (hy,h2) be a gap constraint and let a,b > 0 be such that a/hy = b/hs.

Then I h( )
L —g*(a,b)n
. (an,bn) ’ o
Jim P ( e S ) = Frv (@) (18)

where

o"(a,) = o, )1~ " g"(a, b)),
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Again, we have a simple expression for h = (h,h) and a = b = 1:

(1—p)'/3p!/S
(1+ (2h —1)/p)*/3

Remark 2. Proposition [q states that, ouside the flat edge of the limiting shape, the fluctuations
of E?Cm’lm) are of order n'/3. Inside the flat edge (except in the critical direction), one can easily

show that P(MaanJ bn]) g"(a,b)n| > 1) tends to 0.

Proof. A change of indexes in yields

oM (1,1) =

P(Timn) < k) = P(LY ks noky < K). (19)

Let a,b > 0 such that g"(a,b) < min{a/h1,b/he} and, according to Lemma [5| take a, 3 > 0
solution of the system

a—i_hlgo(aaﬁ):aa 5+hlgo(a76) :b
and such that g"(a,b) = ¢°(a, 8) =: A. Using (19), we obtain

1/3 _ h 1/3
P(Tan,pn) < An+yn'’?) = PUL (ot ha N +haynt /3 m(B4+hoN)+hayn/3) S AT+ Y1 ).

— P(E?an by /3 g /3) S AL ynl/3). (20)

Assume now that a/hy < b/hsy. Set
N:=n+ %ynl/?’ so that n = N — %leB + o(N'/3)
and define the function v such that
N~(N)=n+ %ynl/g,
observe that because of a/h1 < b/hy we have
Ny(N) <n+ %ynl/?’ =N. (21)
With this notation, becomes
]P)(E?aN,b'y(N)N) S AN +y(1 - %A)Nl/g +o(N'/?)) = P(T(an,pny < An+ yn'/?).

Let us notice that 1 — % > 0 since we assume g%(a,b) < min{a/h1,b/hs}. Using we have

that £?aN,bN'y(N)) < E?aN’bN) and therefore by putting x = y(1 — h1\/a) we have for any = > 0,

P(ﬁ?aN,bN) AN +2NY2 4 o(N'?)) < P(ﬁ?aN,bNW(N)) < AN +2NY2 4 o(N'?))
< P(Tian,gn) < An+ (1 — @)*1711/3).
a

Using Johansson’s result, we obtain, for = > 0,

hiA hiA
lim sup PWisy vy < 2) < lim P(Tjan, o) < Antao(e, B)(1-=2)"'nt%) = Fr(e(1-=)7).

N—o0 n—00 a
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We obtain the lower bound in the same way, setting

N = n + %ynl/:5

and 4 the function such that

S h
NA(N)=n+ ﬁynl/:g.

Due to the condition a/h; < b/ha, we now have 4(N) > 1 for any y > 0. The case x < 0 is also
obtained with similar arguments.

Finally, note that in the particular case a/h; = b/hg, we have v(N) = 1, and we obtain the

corollary. ]

Aknowledgements. The authors are glad to acknowledge N.Georgiou for helpful comments
regarding the literature around the problem of fluctuations.

References

1]

2]

3]

[4]

[5]

(6]

7]

8]

9]

[10]

[11]

[12]

D.Aldous, P.Diaconis. Hammersley’s interacting particle process and longest increasing sub-
sequences. Probability Theory and Related Fields vol.103 (1995), n.2, p.199-213.

A .-L.Basdevant, N.Enriquez, L.Gerin, J.-B. Gouéré. Discrete Hammersley’s lines with
sources and sinks. ALFA, vol.13 (2016), p.33-52.

J. Baik, P. A. Deift and K. Johansson, On the distribution of the length of the longest
increasing subsequence of random permutations. Journal of the American Mathematical
Society, vol.12 (1999) n.4, p.1119-1178.

F.Ciech, N.Georgiou. Order of the variance in the discrete Hammersley process with bound-
aries. arXiv:1712.06479 (2017).

S.Deorowicz. On some variants of the longest increasing subsequence problem. Theoretical
and Applied Informatics vol.21 (2009), n.3-4, p.135-148.

N.Georgiou. Soft edge results for longest increasing paths on the planar lattice. Electronic
Communications in Probability vol.15 (2010). paper n.1 p.1-13.

N.Georgiou, J.Ortmann. Optimality Regions and Fluctuations for Bernoulli Last Passage
Models. arXiv:1610.03103 (2016).

J.M.Hammersley. A few seedlings of research. Proceedings of the Sixth Berkeley Symposium
on Mathematical Statistics and Probability, vol.1 (1972), p.345-394.

W.Jockusch, J.Propp, P.Shor. Random domino tilings and the arctic circle theorem (1995).
arXiv:math/9801068.

K.Johansson. Shape fluctuations and random matrices. Communications in Mathematical
Physics, vol.209 (2000) n.2, p.437-476.

K.Johansson. Discrete orthogonal polynomial ensembles and the Plancherel measure. Annals
of Mathematics (2001), vol.153 n.1, p.259-296.

S.N.Majumdar, K.Mallick, and S.Nechaev. Bethe ansatz in the Bernoulli matching model
of random sequence alignment. Physical Review E., vol.77 (2008) n.1, p.011110.

20



[13]

[14]

[15]

[16]

[17]

[18]

[19]

S.N.Majumdar, S.Nechaev. Exact asymptotic results for the Bernoulli matching model of
sequence alignment. Physical Review E, vol.72 (2005) n.2, p.020901.

V.B. Priezzhev, G.M. Schiitz. Exact solution of the Bernoulli matching model of sequence
alignment, Journal of Statistical Mechanics: Theory and Ezperiment (2008) n.9, pages
P09007.

D. Romik. The Surprising Mathematics of Longest Increasing Subsequences. Cambridge Uni-
versity Press (2015).

T.Seppéldinen. A microscopic model for the Burgers equation and longest increasing subse-
quences. FElectronic Journal of Probability, vol.1 (1996), paper no. 5.

T.Seppéldinen. Increasing sequences of independent points on the planar lattice. Annals of
Applied Probability vol.7 (1997) n.4 p.886-898.

T.Seppalédinen. Exact limiting shape for a simplified model of first-passage percolation on
the plane. Annals of Probability vol.26 (1998), n.3, p.1232-1250.

T.Seppéldinen. Lecture notes on the corner growth model (2009). Available at
http://www.math.wisc.edu/ seppalai/

21



	Introduction
	Proofs in the continuous settings
	Preliminary results
	Hammersley's lines and dilatation
	Fluctuations of Lh(at,bt)
	Case where h, depend on t

	Proofs in the discrete settings
	The case h1>0,h2>0
	The case h1>0,h2=0
	The case h1=0,h2=0: coupling with last-passage percolation
	Fluctuations of L(an,bn)h


