
HAL Id: hal-01791962
https://hal.science/hal-01791962v1

Submitted on 15 May 2018

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

On the role and value of 𝛽 in incompressible MHD
simulations

Robert Chahine, Wouter J.T. Bos

To cite this version:
Robert Chahine, Wouter J.T. Bos. On the role and value of 𝛽 in incompressible MHD simulations. Physics of
Plasmas, 2018, ⟨10.1063/1.5018666⟩. ⟨hal-01791962⟩

https://hal.science/hal-01791962v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


On the role and value of β in incompressible MHD simulations
Robert Chahine1 and Wouter J.T. Bos1
1 LMFA, CNRS, Ecole Centrale de Lyon - Université de Lyon - 69340 Ecully,
France

The parameter β, defined as the ratio of the pressure to the square of the magnetic field, is widely used to
characterize astrophysical and fusion plasmas. However, in the dynamics of a plasma flow it is the pressure
gradient which is important rather than the value of the pressure itself. It is shown that if one is interested
in the influence of the pressure gradient on the dynamics of a plasma, it is not the quantity β which should
be considered, but a similar quantity, depending on the pressure gradient. The scaling of this newly defined
quantity is investigated using incompressible magnetohydrodynamic simulations in a periodic cylinder in the
Reversed Field Pinch flow regime.

I. INTRODUCTION

In conducting fluids and plasmas, the force-balance
on a fluid element contains, in addition to the pressure-
gradient, also a magnetic pressure gradient. To measure
their relative importance, one generally considers the ra-
tio of the hydrodynamic to magnetic pressure, also called
β. In astrophysical applications, the value of β is used to
characterize the plasma which is considered. Typically,
low values of β are observed in the solar wind, e.g. β ≪ 1
in the mid-corona1. The value of β in compressible mag-
netohydrodynamics (MHD) determines the precise be-
haviour and dimensionality of the system2. Furthermore,
since β is directly related to the magnetic Mach number,
its value will determine the importance of magnetosonic
compared to Alfvén wave propagation in a plasma3. In
the remainder of this investigation we will focus on the
use of β in the magnetically confined fusion community,
but the results and ideas are, we think, of broader rele-
vance.
Let us first define β. Using Alfvénic units to nor-

malize the plasma pressure and magnetic field (i.e. the
plasma velocity is normalized by the Alfvén velocity
vA ≡ B0/

√
ρµ0, where B0 is a characteristic value of the

magnetic field, ρ the plasma density and µ0 the magnetic
permeability), β is given by

β = 2
P

B2
. (1)

In magnetic fusion devices such as tokamaks or Re-
versed Field Pinches (RFPs), obtaining a high tempera-
ture and pressure in the center of the plasma is one of the
indicators of good confinement. Indeed, the challenge is
to confine a plasma as well as possible for a given mag-
netic field. The quantity β gives then a rough measure
of the reactor’s efficiency, since it compares the pressure
P in the plasma, which indicates how high the temper-
ature is, to the strength of the imposed magnetic field
(characterized by B2).
One particular definition of β, β, is defined here as

β = 2
⟨P ⟩
⟨B2⟩

, (2)

where the brackets indicate a volume average over the
plasma volume of interest. Other definitions are also

used4 based on the value of B at the wall of the plasma
for instance. The quantity β is thus a key parameter
in fusion design and operation, and further plays an
important role in investigations of the stability of con-
fined plasmas5 and the dynamics of magnetic islands in
tokamaks6.

In many fusion related flows the value of β is low, of the
order of a few percent or even less, and as such, the effects
of pressure are therefore sometimes neglected. This ap-
proximation was for instance used in investigations of the
single-helicity states in the RFX reactor7,8, and in studies
on helical modulation of the magnetic field at the bound-
ary of the plasma9,10 and on sawtooth mitigation11. Also
in the prediction of the relaxed Taylor-state12, the influ-
ence of β was considered negligible. These are only few
of the studies where the low-β approximation is invoked
to neglect the influence of pressure. This approxima-
tion, is in most of the more recent works not used, and
it seems to be recognized by now that even when β is
small, the pressure cannot be neglected. Indeed, in most
of the more recent numerical investigations of both toka-
maks and RFPs the pressure is retained in the dynamics
(see for instance in references13–17 reporting on sophisti-
cated MHD codes for magnetically confined fusion appli-
cations).

The present study is not dedicated to the question
whether finite β effects are important or not, but how
to efficiently quantify their importance. Hereby we con-
tribute to the understanding of the counter-intuitive ob-
servation that, even for very small values of β, the pres-
sure still is important in determining the precise dynam-
ics. In other terms, we illustrate why the zero-β (or con-
stant pressure) description is not a good approximation
of low-β incompressible MHD simulations, no matter how
small the value of β is.

In the next section we will propose a new quantity,
which we will call β′

∇. In section III we will present nu-
merical results which show that the new quantity is in-
trinsically different from the classical definition of β, since
it has a radically different dependence on the Lundquist
number. To further illustrate the importance of the new
parameter, we show that finite β simulations do not con-
verge towards the zero-β case for decreasing β. Indeed,
decreasing β does not necessarily imply decreasing β′

∇.
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II. IS β A RELEVANT QUANTITY IN
INCOMPRESSIBLE MHD SIMULATIONS?

In the MHD description, the Navier-Stokes equations
are modified by the presence of the Lorentz force FL. In
Alfvénic units, this gives

dtu = ν∆u−∇P + FL. (3)

where u(x, t) is the velocity, P (x, t) the pressure and
ν the viscosity. We consider for simplicity the incom-
pressible isothermal formulation, where ∇ · u = 0 and
the density ρ is uniform. The left hand side of this equa-
tion represents the acceleration of a plasma-fluid element.
Through Newton’s second law the right-hand-side gives
the force-balance per unit mass. We see the contributions
of three forces: viscous friction, the pressure gradient and
the Lorentz-force. The Lorentz-force is given by

FL = J ×B, (4)

where the current density is given by the curl of the mag-
netic field J(x, t) = ∇×B(x, t). Using vector identities,
part of the Lorentz force can be written as the gradient
of a scalar quantity, so that it can be regrouped with the
pressure term. Doing so, equation (3) becomes

dtu− ν∆u = −1

2
∇(B2(1 + β)) +B · ∇B, (5)

where β is given by expression (1). It seems from this
expression that if P ≪ B2, the hydrodynamic pressure
drops out of the equation. This leads to the intuitive
result that if in a plasma we measure a low value of β, the
hydrodynamic pressure can be neglected. In this limit,
(5) does not need the restriction ∇ · u = 0 anymore and
the description thereby simplifies.
We will here illustrate that this approximation is not

straightforward. The important point is that in equation
(5), it is the gradient of the pressure and of the mag-
netic pressure which play a role, and not the values of
the pressures themselves. If one would like to measure
the influence of the hydrodynamic pressure gradient com-
pared to the gradient of the magnetic pressure, one needs
to compare the norms of these vectors. Introducing the
unit vectors

eP =
∇P

∥∇P∥
and eB =

∇B2

∥∇B2∥
(6)

one can write equation (5) as

dtu− ν∆u = −1

2
∥∇B2∥ (eB + ePβ∇) +B · ∇B. (7)

In this expression β∇ is defined by

β∇ ≡ 2
∥∇P∥
∥∇B2∥

. (8)

The difference between expressions (5) and (7) is obvi-
ously the presence of the gradients in the definition of β∇,

which is essential in measuring the effects of pressure on
the dynamics. Evidently a large uniform pressure will not
induce any acceleration of the plasma and one can thus
always change the value of the pressure without changing
its gradient by adding a uniform pressure field.

Furthermore, the separation of the Lorentz-force into
a gradient ∇(B2/2) and B · ∇B seems natural when we
want to consider the influence of the pressure, and it is
so in the absence of motion, when the left-hand-side of
equation (3) is zero. Computing subsequently an equi-
librium field by considering a force-free magnetic state is
a classical way to determine tokamak equilibria, already
widely used in the early days of fusion research18,19, and
plasma physics in general20. For this static case we have
thus

1

2
∇(B2(1 + β)) = B · ∇B, (9)

and for small values of β, only the magnetic pressure
can balance B · ∇B. However, if one focuses on the
importance of the pressure on the nonlinear dynamics
in equation (7), i.e. when u ̸= 0, there is no reason,
other than esthetics, to separate the Lorentz-force in two
parts. Indeed, as soon as the plasma will start to move,
the acceleration du/dt of the plasma will be governed by
the pressure gradient, the Lorentz-force and the viscous
stress, and the pressure gradient is no longer a priori
negligible.

Note that we can ignore the contribution of the viscous
diffusion of momentum on the acceleration when the dy-
namics become turbulent21,22. This is plausible to hold in
the present case for large values of the Lundquist num-
ber. Indeed, viscous dissipation is an essential feature
in the eventual dissipation of kinetic energy of turbulent
flows, but its influence on the acceleration is small, when
eddy diffusion becomes more important than molecular
viscous diffusion. We will not further consider it here.

What we will consider is the comparison of the forces
due to pressure, and the Lorentz-force. Therefore we
rewrite the momentum equation as,

dtu− ν∆u = (−ePβ
′
∇ + eF ) ∥J ×B∥, (10)

where eF = FL/∥FL∥, and

β′
∇ ≡ ∥∇P∥

∥J ×B∥
. (11)

In order to have global measures of the importance of
the different terms, we introduce, as in expression (2),
the volume averaged quantities,

β∇ ≡ 2
⟨∥∇P∥⟩
⟨∥∇B2∥⟩

and β′
∇ ≡ ⟨∥∇P∥⟩

⟨∥J ×B∥⟩
. (12)

It is only when β′
∇ is small that the pressure term might

be negligible in the dynamics. However, if this quantity
is of order unity, there is no reasonable indication that
the pressure gradient can be safely ignored. We will now
assess this in the context of RFP simulations and we will
show that β and β′

∇ behave differently.
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(a) (b)

FIG. 1. Visualization of (a) z = 0 (b) z = L/2 cross-sections
of the pressure field in the RFP in the turbulent state S =
33600 and Θ = 7, in the statistically steady state.

III. RESULTS FOR β AND β∇ IN
STRAIGHT-CYLINDER RFP SIMULATIONS

A. Numerical set-up

In this section we will evaluate how β, β∇ and β′
∇ scale

in incompressible MHD simulations in a periodic cylinder
with aspect ratio Γ = Lz/2πr = 4, where Lz and r = 1
are the cylinder length and radius, respectively. Equation
(7) is solved together with the induction equation,

∂B

∂t
= ∇× (u×B) + λ∇2B, (13)

and the condition ∇ · B = 0. Computations are per-
formed using a pseudo-spectral solver on a Cartesian
mesh of 512 × 128 × 128 gridpoints, combined with a
volume-penalization technique to enforce the boundary
conditions. The boundary conditions are no-slip on the
cylinder wall for the velocity. The magnetic field is en-
forced by imposing the poloidal component of the mag-
netic field Bp at the wall, which thereby determines the
global axial current. The radial magnetic field vanishes
at the wall and the axial component Bz consists of a uni-
form, fixed contribution plus a variable part which is left
free to evolve, so that the magnetic field can self-organize
towards a typical RFP dynamic equilibrium. Details on
the numerical method can be found in23.
The pressure field is calculated using the incompress-

ibility condition by solving the Poisson equation obtained
from taking divergence of the momentum equation, ex-
pression (3),

∇2P = ∇ · (−u · ∇u+ J ×B) , (14)

where the time-derivative and viscous term vanish due to
incompressibility. In a pseudo-spectral code, this Poisson
equation can be easily solved using Fourier transforms.
The boundary condition for this resolution is zero pres-
sure on the plasma boundaries. In all simulations, we will
consider the RFP regime where the magnetic geometry
is self-organized into a helical structure. Typical simila-
tions using the same code and set-up are reported in24.
In Figure 1 we show visualizations of the pressure field
in cross-sections of the cylinder for a typical flow.

Θ
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FIG. 2. Importance of the pressure force on the dynamics as
measured by β, β∇ and β′

∇ for different values of the pinch
ratio with S = 2.8× 104.
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FIG. 3. Importance of the pressure force on the dynamics
as measured by β, β∇ and β′

∇ for different values of the
Lundquist number.

B. Influence of the pinch-ratio

We consider first the case of a fixed Lundquist number,
S ≡ Bpr/λ = 2.8×104, Pm ≡ ν/λ = 1 for different values

of the pinch Θ = Bp/⟨Bz⟩, where the overline indicates
the surface average on the edge of the plasma and the
brackets indicate a volume average. Error-bars here and
in the following measure the temporal fluctuations of the
evaluated quantities during the statistically stationary
state, during which the quantities are evaluated.

In figure 2 the evolution of the different definitions of
β is shown to stay constant with respect to the pinch
ratio. Furthermore, β takes a value less than 20% while
the quantity β′

∇ is greater than 80%. For the parameters

considered here, the value of β, β∇ and β′
∇ all three seem

to be roughly independent of the pinch-ratio. Consider-
ing only this result, one might be tempted to conclude
that all three quantities play a similar role, so that low β
dynamics are equivalent to low β∇ dynamics. That this
is not so will now be shown.
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FIG. 4. Time evolution of the kinetic energy for simulations
with S = 22400 Θ = 7, in the presence (blue) and absence
(red) of the pressure gradient.

C. Influence of the Lundquist number

We now turn to the dependence of the different βs on
the Lundquist number. In Figure 3 it is observed that
increasing S, β drops, approximately following a pow-
erlaw proportional to S−1/2. Judging from this depen-
dence only and extrapolating, one would be tempted to
say that in realistic regimes, where S is at least an order
of magnitude higher, the pressure is negligible. How-
ever, considering the influence of the pressure gradient
on the force balance by comparing the pressure-gradient
to the Lorentz-force, it is observed that the influence of
the pressure force remains comparable to the Lorentz-
force for all values of S. Indeed β′

∇ remains order unity

when S is increased, while β∇ remains between the two
other quantities.
The pressure gradient is thus not negligible in the dy-

namics, and this is the main result of the present work:
observation of a low value of β does not mean that the
pressure gradient can be neglected in the dynamics. A
question is now how the results change if the we neglect
the pressure anyway. This will be illustrated in the fol-
lowing.

IV. ON THE DIFFERENCE BETWEEN
INCOMPRESSIBLE AND ZERO-β SIMULATIONS

To illustrate the importance of the foregoing we will
show here that finite β simulations are radically differ-
ent from zero-β simulations. Indeed, this is implicitly
accepted in the fusion community and the pressure is re-
tained in most of the recent investigations of tokamak
and RFP dynamics even when β is small. However the
novelty here is that this difference can be directly mea-
sured using the quantity β′

∇.
In order to illustrate this we compare the foregoing

results with results obtained in the absence of pressure.
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FIG. 5. Importance of the pressure force to determine the
magnetic field for different values of the Lundquist number.

The system we consider is thus

dtu− ν∆u = J ×B, (15)

combined with equation (13). A similar comparison was
reported in25. A theoretical study26 explained some of
the differences between the results. More recently zero-β
and finite-β simulations were compared in the context of
RFP relaxation in reference27.

In Figure 4 we show the evolution of the kinetic en-
ergy (Ekin = (|u|2)/2) for two simulations at S = 22400,
Θ = 7. It is observed that the dynamics are more vi-
olently fluctuating in the pressureless simulations. This
is somehow expected, since pressure is known to redis-
tribute momentum over different velocity components,
thereby smoothing the flow with respect to pressureless
dynamics. In the absence of a magnetic field this is a
well-known difference between Navier-Stokes dynamics
and the dynamics of Burgers’ equation, associated with
the generation of shocks. Indeed, the behavior of the
pressureless equations should be very similar to the limit
of very high compressibility28.

In Figure 5 we show the average axial magnetic field
as a function of the radial coordinate. We compare
the results from incompressible and zero-β simulations
for Lundquist numbers ranging from S = 11200 upto
S = 33600. The main observation is that we have a di-
chotomy where the profiles of the simulations without
pressure are qualitatively different from the full incom-
pressible dynamics. For both cases the profiles become
roughly independent of S for S > 104, but the asymp-
totic profiles are different with a deeper reversal for the
pressureless dynamics.

For the incompressible runs we have a β which de-
creases as a function of S, as shown in Figure 3. We
observe that between the lowest and the highest values
of the Lundquist number, β has decreased by an order
of magnitude. However, even at the highest value of S,
the radial profile of the axial magnetic field has not ap-
proached the incompressible solution towards the zero-β
solution. This clearly illustrates that the pressure plays
an important role and that it is not β which can measure
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the importance of the pressure force on the dynamics.
Indeed the value of β′

∇ is of order unity for all the in-

compressible simulations. Therefore, considering β′
∇ one

would be less tempted to ignore the pressure term, since
it remains of order unity, even when β decreases.

V. CONCLUSION

We have argued that the quantity which measures the
importance of the pressure on the dynamics in incom-
pressible MHD simulations is β′

∇ = ⟨∥∇P∥⟩/⟨∥J ×B∥⟩.
Indeed, it is shown that even when β might vary con-
siderably, in particular when increasing the Lundquist
number, the value of β′

∇ remains of order unity and the
influence of the pressure gradient cannot be neglected.
Our results considered the simplest case of incompress-
ible isothermal flow. We have not carried out simulations
of compressible MHD, but we expect that the coupling
between the β quantities and the Lundquist number will
be affected and that their dependence wil be somewhat
weaker. Furthermore, we expect that the general be-
haviour in compressible similations will qualitatively be
intermediate between those of the pressureless and the
incompressible cases considered in the previous section.
Assessing this by complexifying the description is how-
ever an interesting issue to be further explored.
These results do not completely invalidate the insights

obtained in the zero-β simulations. Indeed, a lot of qual-
itative features observed without pressure can carry over
to the actual incompressible MHD dynamics. Some of
this coincidence is fortunate and it would be wise to val-
idate these results using more a more complete MHD de-
scription involving the pressure term. However, MHD is
already a very simplified description of the actual plasma
and ignoring the pressure gradient is only one approxi-
mation among many others (for instance, non-uniform re-
sistivity influences the RFP dynamics importantly29,30).
It is our viewpoint that MHD simulations should be con-
sidered as tools to discover possible physical mechanisms,
which can be assessed in realistic experiments. Further-
more, neglecting the pressure in MHD is less dramatic
than in hydrodynamics. Indeed, the presence of the mag-
netic pressure will take over part of the role normally
played by the hydrodynamic pressure. This is not so in
the absence of a magnetic field, where the pressureless
equations (Burger’s equation) will lead to a far more ex-
treme dynamics with large gradients and shocks which
change completely the flow-dynamics. However even in
the present case the pressureless dynamics are more vio-
lent than the full incompressible system, as illustrated in
Figure 4.
We conclude by stressing that, by no means, we claim

that β is an unimportant parameter to characterize a
plasma, neither do we criticise the zero-β assumption as
a simplifying hypothesis. What should be retained from
this study is that the importance of the pressure forces
can directly be measured by comparing the pressure gra-

dient term to the Lorentz-force. The resulting quantity
β′
∇ which measures this is intrinsically different from β,

which is for instance illustrated by a markedly different
dependence on the Lundquist number.
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