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ABSTRACT

In the literature, several papers deal with the localisation and quantification of forces on a struc-
ture. One of them, the FAT (Force Analysis Technique) method, which was recently extended to
material characterisation, was initially created for vibration source identification. This method
was developed for beams, isotropic plates or shells and recently orthotropic plates. FAT identi-
fies the equation of motion of the structure with a finite difference scheme applied on a measured
displacement field. This scheme gives an approximation of the partial derivatives. By introducing
correction factors, the CFAT (Corrected FAT) methodology corrects the approximation made by
finite difference scheme and attenuates the singularities of the filter. This paper presents the ex-
tension of this last method for laminated plates. This type of plate is different from an orthotopic
plate because it presents a flexural-torsion interaction and has a complex equation of motion with
5 flexural rigidities (against 3 in the orthotropic case and 1 in the isotropic case). The correction
of the finite difference scheme is now composed of 5 correction factors estimated in this paper ana-
lytically and numerically. Finally, a validation of the extension of CFAT is presented on numerical
displacement field (FEM Nastran) for laminated plates.
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1 INTRODUCTION

Localising and quantifying sources for vibro-acoustical applications is a major issue for the com-
munity. The accurate identification of exitations is essential to understand the behaviour of the
system especially for complex structures. Several studies have been published on the quantifica-
tion topic, based on direct and inverse problems in multiple degree of freedom systems [1].

The Force Analysis Technique (FAT) is an alternative experimental method which uses the dis-
placement field of a local part of the structure to localize and quantify the sources. The local
aspect allows to use the method without any knowledge outside the studied area (boundary condi-
tions, other sources, other dynamical properties). FAT has been developed for beams [2], plates [3]
and shells [4] and is based on the use of the equation of motion that describes the equilibrium of
internal and external forces applied on the structure. A finite difference scheme applied on the
measurement mesh gives an approximation of the partial derivatives of the equation of motion.

In practice, this approximation is very sensitive to measurement uncertainties. That’s why sev-
eral techniques have been adopted like the use of a low-pass wavenumber filtering [2] [3] or the
use of adapted spacings [5]. Another approach, called CFAT (Corrected FAT) [6], corrects the bias
error of the finite difference scheme.

These methodologies can also be used for the identification of the structural parameter by studi-
ing the measurement area far away from the source and neglecting the applied forces in the equa-
tion of motion. Material characteristics of beams and isotropic plates have been estimated using
FAT in [7] CFAT in [8]. Recently, FAT has been adapted to deal with orthotropic structures [9].

This paper presents the extension of CFAT method for the identification of sources on lami-
nated (composite) plates. This type of structures, constituted from several orthotropic layers with
different orientation angle, present a more complex equation of motion and the corrected finite dif-
ference scheme must be adapted. In a first part, the methodology of calculation of the correction
is presented for the laminated case analytically and numerically. And, in a second part, numerical
applications are shown on the identification of sources.

2 METHODOLOGY

2.1 Definitions

The FAT is applied on the displacement field w(x, y) of a plate, measured with a rectangular mesh.
The mesh is chosen in order to respect Shannon’s spatial criterion. The spacing between two
consecutive points in the x and y axes are given by:

dx <
λN,x(fmax)

2
; dy <

λN,y(fmax)

2
(1)

where λN,x and λN,y represent respectively the natural wavelength of the plate in the x and y axis
and fmax the upper bound of the frequency bandwidth of interest.

The FAT theory is based on the equation of motion of Love-Kirchhoff thin plate theory. For a
laminated plate, for which flexural-torsion interactions exist, it is written as follows:

D11
∂4w

∂x4
+D22

∂4w

∂y4
+D12

∂4w

∂x2∂y2
+D16

∂4w

∂x3∂y
+D26

∂4w

∂x∂y3
− ρhω2w(x, y) = p(x, y) (2)

where the coefficients Dij , p and ω represent respectively the flexural rigidities, the pressure field
exciting the plate and the angular frequency. Contrarily to orthotropic structures for which only
3 flexural rigidities are needed (D11, D22, D12), the rigidities D16, D26 are not null for laminated
plates due to the flexural-torsion interaction.
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FAT method estimates the pressure field by identifying the partial derivatives of the equation of
motion (2) with a finite difference scheme applied to the displacement field [9]:

∂4w

∂x4
≈ δ4x =

1

16∆4
x

(wi+4,j − 4wi+2,j + 6wi,j − 4wi−2,j + wi−4,j) (3)

∂4w

∂y4
≈ δ4y =

1

16∆4
y

(wi,j+4 − 4wi,j+2 + 6wi,j − 4wi,j−2 + wi,j−4) (4)

∂4w

∂x2∂y2
≈ δ2x2y =

1

16∆2
x∆

2
y

(wi+2,j+2 + wi+2,j−2 + wi−2,j+2 + wi−2,j−2

−2(wi+2,j + wi−2,j + wi,j+2 + wi,j−2) + 4wi,j)

(5)

∂4w

∂x3∂y
≈ δ3xy =

1

16∆3
x∆y

(wi+3,j+1 − wi+3,j−1 − wi−3,j+1 + wi−3,j−1

−3(wi+1,j+1 − wi+1,j−1 − wi−1,j+1 + wi−1,j−1))

(6)

∂4w

∂x∂y3
≈ δx3y =

1

16∆x∆3
y

(wi+1,j+3 − wi−1,j+3 − wi+1,j−3 + wi−1,j−3

−3(wi+1,j+1 − wi+1,j−1 − wi−1,j+1 + wi−1,j−1))

(7)

The finite difference scheme is finally composed of 25 points. ∆x and ∆y represent the half of the
spacing between two consecutive points of the scheme in the x and y axes (see Figure 1). In order
to reduce the amplification of noise and the estimation error, the scheme size must be adapted as a
function of the frequency. Natural integers (px, py) are introduced at each frequency f so that the
number of points per wavelength (nx, ny) respects the conditions:

2 < nx =
λN,x(f)

2pxdx
< 4 ; 2 < ny =

λN,y(f)

2pydy
< 4 (8)

This condition is adapted from [5] where it was established for the isotropic case. In practice, the
optimal value of (px, py) is reached when nx, ny are the nearest of the value of 3. The impact of
the evolution of nx and ny on FAT and CFAT will be shown in the third part.

Then, ∆x and ∆y can be linked to the mesh by : ∆x = pxdx and ∆y = pydy. Figure 1 gives an
example of two schemes (one with px = py = 1 and the other with px = 2 and py = 1):

∆𝑦= 𝑑𝑦

𝑦

𝑥

𝑦

𝑥

(𝒑𝒙 = 𝟏, 𝒑𝒚 = 𝟏) (𝒑𝒙 = 𝟐, 𝒑𝒚 = 𝟏)

∆𝑥= 𝑑𝑥

∆𝑦= 𝑑𝑦

∆𝑥= 2𝑑𝑥

Figure 1. Example of finite difference schemes adapted for two frequencies.
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The red dot corresponds to wi,j . Blue dots correspond to the terms of δ4x and δ4y. Orange
dots correspond to the terms of δ2x2y. Green dots correspond to the terms of δ3xy and δx3y.
Finally, the FAT estimation of the pressure field is:

D11δ
4x +D22δ

4y +D12δ
2x2y +D16δ

3xy +D26δ
x3y − ρhω2w(x, y) = pfat(x, y) (9)

This estimation is biased by an error caused by the finite differences approximation. This bias
error can be strongly attenuated by introducing correction factors (CFAT method). Those correc-
tion factors, µij , multiplying each δij , transform the Eq. (9) to:

D11µ11δ
4x +D22µ22δ

4y +D12µ12δ
2x2y +D16µ16δ

3xy

+D26µ26δ
x3y − ρhω2w(x, y) = pcfat(x, y)

(10)

The µij are identified by analysing the error between the Eq. (2) and (10) in the wavenumber
domain.
The Fourier transform of Eq. (2) is:(

D11k
4
x +D22k

4
y +D12k

2
xk

2
y +D16k

3
xky +D26kxk

3
y − ρhω2

)
ŵ(kx, ky) = p̂(kx, ky) (11)

with p̂ and ŵ the Fourier transforms of p and w.
The Fourier transform of the finite difference scheme is:

δ̂4x =
ŵ(kx, ky)

∆4
x

sin4(kx∆x) (12)

δ̂4y =
ŵ(kx, ky)

∆4
y

sin4(ky∆y) (13)

δ̂2x2y =
ŵ(kx, ky)

∆2
x∆

2
y

sin2(kx∆x) sin2(ky∆y) (14)

δ̂3xy =
ŵ(kx, ky)

∆3
x∆y

sin3(kx∆x) sin(ky∆y) (15)

δ̂x3y =
ŵ(kx, ky)

∆x∆3
y

sin(kx∆x) sin3(ky∆y) (16)

Therefore, the spatial Fourier transform of the pressure field estimated by CFAT is:(
D11µ11X

4

∆4
x

+
D22µ22Y

4

∆4
y

+
D12µ12X

2Y 2

∆2
x∆

2
y

+
D16µ16X

3Y

∆3
x∆y

+
D26µ26XY

3

∆x∆3
y

− ρhω2

)
ŵ(kx, ky) = p̂cfat(kx, ky)

(17)

with X = sin(kx∆x) and Y = sin(ky∆y).
The error of CFAT is the ratio between identified load and real distributions in the wavenumber
domain:

E(ω,∆x,∆y, kx, ky) =
p̂cfat(kx, ky)

p̂(kx, ky)
(18)

For reasons of simplicity, all calculations are now made in a polar reference system (k, θ) with
kx = k cos(θ) and ky = k sin(θ). The roots of the dispersion relation Eq. (19) define the natural
(flexural) wavenumbers kN of the plate:

k4
[
D11c

4 +D22s
4 +D12c

2s2 +D16c
3s+D26cs

3
]

= ρhω2, (19)
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with c = cos(θ) and s = sin(θ).
That’s why, the ratio (18) presents a singularity when k is located at the natural wavenumber
(k = kN) of the plate. This singularity is deleted by finding values of the correction factors that
allow to have:

p̂cfat(kN, θ) = 0 (20)

This equation can be resolved by an analytical or numerical way.

2.2 Analytical correction factors

The 5 correction factors can be identified by resolving Eq. (20) with 5 different angles θ. Figure
2 gives an example of the imposed values shown on the k-space representation of the natural
wavenumber of a laminated plate (studied in part 2.4):
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100
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200

250

k
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k
y

θ = 0

θ = 90°

tan(θ) = − ∆
x
/∆

y

tan(θ) = ∆
x
/∆

y

θ = 45°

Figure 2: Representation of the imposed values used in the analytical calculation of the correction
factors.

The first imposed value is θ = 0 (that means kN = 4

√
ρhω2

D11
with Eq. (19)). Then, Eq. (20)

becomes:
D11µ11 sin4(kN∆x) = ρhω2∆4

x (21)

From the definition of the number of points per natural wavelength nx in Eq. (8), the expression of
the first correction factor is :

µ11 =
1

sinc4( π
nx

)
(22)

The same process can also be done for the second correction factor with the imposed value θ = 90◦

(and kN = 4

√
ρhω2

D22
):

µ22 =
1

sinc4( π
ny

)
(23)

The solution of the other correction factors are more complex than the two first ones. Their
detailed calculation (based on the use the three other imposed values of θ, see Figure 2) won’t be
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presented in this paper and only their expression is shown:

µ12 =
∆2
x∆

2
y

D12

ρhω2

2

 1

sin4
(

4

√
ρhω2

A1

) +
1

sin4
(

4

√
ρhω2

A2

)
− D11µ11

∆4
x

− D22µ22

∆4
y

 (24)

µ16 =
∆3
x∆y

D16

[
ρhω2 − D11µ11

∆4
x
A4

4 −
D22µ22

∆4
y
A4

5 −
D12µ12
∆2
x∆2

y
A2

4A
2
5 − A3A4A

3
5

(A3
4A5 − A4A3

5)

]
(25)

µ26 =
∆x∆

3
y

D26

[
A3 −

D∗
16µ16

∆3
x∆y

]
(26)

with:

A1 = D11

∆4
x

+ D22

∆4
y

+ D12

∆2
x∆2

y
+ D16

∆3
x∆y

+ D26

∆x∆3
y

A2 = D11

∆4
x

+ D22

∆4
y

+ D12

∆2
x∆2

y
− D16

∆3
x∆y
− D26

∆x∆3
y

A3 = ρhω2

2

 1

sin4

(
4

√
ρhω2

A1

) − 1

sin4

(
4

√
ρhω2

A2

)


A4 = sin
(

4

√
ρhω2

D11+D22+D12+D16+D26
∆x

)
A5 = sin

(
4

√
ρhω2

D11+D22+D12+D16+D26
∆y

)
2.3 Numerical correction factors

The correction factors can also be identified by resolving Eq. (20) with a multitude of values of
angle θ from 0 to π (kn is π periodic). kN is identified with the dispersion relation Eq. (19).Finally,
we obtain a system of equations where only the correction factors µij are unknown:

[B]{µij} = [C] (27)

with:

[B] =

[
D∗

11X
4
i D∗

22Y
4
i D∗

12X
2
i Y

2
i D∗

16X
3
i Yi D∗

26XiY
3
i

...
...

...
...

...

]

[C] =

[
ρhω2

...

]
where Xi = sin (kN(θi)cos(θi)∆x) and Yi = sin (kN(θi)sin(θi)∆y).

This system can be resolved with a least square method:

{µij} =
[B]H[C]

[B]H[B]
(28)

This numerical resolution depends on the number of equations used to create matrix [B] and [C].
Different examples of the influence of this number on the wavenumber response of CFAT presented
on section 2.1 are shown in the next section.
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2.4 Comparison between numerical and analytical correction factors

Different comparisons between FAT and CFAT with analytical and numerical correction factors
have been realised on two example of composite plates. Both plates are composed of 4 identical
(carbon) layers. The first is orthotropic with layers oriented at 0◦/0◦/0◦/0◦ and the second is a
laminated plate with layers oriented at 60◦/− 60◦/− 60◦/60◦. The characteristics of one layer are
presented in the Table 1. The equivalent flexural rigidities of each plates were finally calculated
with an equivalent single layer model [10].

h (m) ρ (kg.m−3) Ex (GPa) Ey (GPa) Gxy (GPa) νxy (-)

0.187 1540 138 9.5 3.4 0.3

Table 1: Characteristics of one (carbon) layer of the studied orthotropic and laminated multilayer
plates.

We represent the wavenumber responses (Eq. (18)) for the orthotropic and laminated plates as
a function of kx and ky arbitrarily normalized by kav, the average of kN(θ). The correction is here
presented for the standard value of number of points per wavelength (nx = ny = 3) although
in practice they are not exactly equal to this value. Numerical correction factors were calculated
with 50 equations using the least squares method. Figure 3 and 4 present the results of the three
methods :
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Figure 3: Wavenumber responses (dB) of FAT and CFAT with analytical and numerical (50 equa-
tions) correction factors for the orthotropic case with nx = ny = 3.
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Figure 4: Wavenumber responses (dB) of FAT and CFAT with analytical and numerical (50 equa-
tions) correction factors for the laminated case with nx = ny = 3.
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The singularity is clearly observed on FAT responses when k = kN. The correction of CFAT at-
tenuates this singularity both for analytical and numerical strategies. The singularity disappears for
some points. For the analytical case, these points are defined by the imposed values of (kN,x, kN,y).
Other imposed values will change the angular position of these points. For the numerical case,
the cancellation of the singularity depends on the number of equations used in the least squares
estimation.

Figure 5 presents an example of wavenumber responses for different number of equations for
the laminated case:
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Figure 5: Wavenumber responses (dB) of CFATnum in function of number of equations used in the
determination of the numerical correction factors in the laminated case with nx = ny = 3.

From a given number of equations, the wavenumber response remains practically unchanged
showing more cancellation points than the analytical case. Indeed, least square method searches
for values of correction factors that minimise the singularity. When the number of equations in-
creases, correction factors converge to some asymptotic values. Finally, the numerical method
has the advantage of being easier to implement with a better distribution of the attenuation of the
singularity than the analytical method.

Figure 6 presents the evolution of the wavenumber response of CFAT with numerical correction
factors (50 equations) for the laminated plate in function of the number of points per wavelength.
We imposed nx = ny varying from the limits of the condition (8): from 2 to 4.
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Figure 6: Wavenumber responses (dB) of CFATnum (50 equations) in function of number of points
per wavelength in the laminated case.

Without noise, increasing the number of points improves the attenuation of the singularity: a
high number of points is an optimal choice. In real condition, with noise, a high number of points
increase artificially the level of noise and scrambles the identification of the source as it is shown
in the third part. For such real case, the optimal choice consists to tend to the value of 3 (see [5]
for more details).

3 NUMERICAL APPLICATIONS FOR THE IDENTIFICATION OF SOURCES

The extension of CFAT method was applied on numerical displacement fields generated using the
finite element software Nastran for the same plates as presented in the previous section. The shape
of the plates is a square of 1 meter sideways, entirely meshed with a 400x400 points mesh. The
boundary conditions are simply supported. The type of analysis applied on Nastran is a frequency
response (Sol 111). The finite difference scheme is adapted in function of the frequency as it is
written in the first part (see Eq. (8)). The applied force, of a value of 1 N, is located at the same
place for the two plates (x = 0, 335 m, y = 0, 695 m). Figure 7 and 8 present a comparison
between the pressure field estimated by FAT and CFAT methods with the numerical correction
factors. The results are shown at f = 5000 Hz for the two plates:
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Figure 7: Pressure field estimated with FAT and CFATnum (50 equations) on the orthotropic struc-
ture with nx = ny = 3.
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Figure 8: Pressure field estimated with FAT and CFATnum (50 equations) on the laminated structure
with nx = ny = 3.

The pressure fields estimated by FAT doesn’t allow us to clearly identify the source. On the
contrary, CFAT attenuates the level of pressure in the non loaded area (as it should be in reality)
which reveals the localisation of the source.

Other experimentations were done with the laminated plate in order to show the influence of
the number of points per wavelength on CFAT. For that, we have chosen 3 values of (nx, ny) (see
Figure 9). Noise was added to the displacement field in order to get closer to the experimental
conditions with a signal-to-noise ratio approximately equal to 14 dB for all configurations.
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Figure 9: Evolution of the pressure field (Pa) estimated with FAT and CFAT on the laminated
structure in function of nx and ny.

When the number of points per wavelength is under the condition quoted in Eq. (8), the esti-
mation of the pressure field is totally wrong. With an optimal number of points, the source is well
located even with noise. With a high number of points, the level of noise is amplified and exceed
the level of the source. Only noise is dominating the pressure field and the identification of the
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source is then impossible with the both methods. Moreover, in this last case, correction is useless
because the finite difference scheme can clearly estimate the partial derivatives. So, the correction
factors tend to 1 and there is no difference between FAT and CFAT estimation, as we can see in the
right part of Figure 9. That’s why, in experimental condition with noise, an optimal value of the
number of point proves the usefulness of CFAT method.

A quantification of the force has been realised from FAT and CFAT estimations on the laminated
plate in function of the frequency. The force at the excitation has been calculated by integrating
the pressure field over 15 x 15 points (12, 25 cm2) around the maximum of pressure identified with
CFAT in Figure 8. For each methods, Figure 10 compares this force with the mean square residual
force in the rest of the plate:
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Figure 10: Comparison between the quantification of the force at the excitation point (black circle)
and the mean square residual force in the non loaded area (red circle) from FAT and CFAT methods
in the laminated case.

The observations made previously from Figure 8 leads to the same conclusions for the quantifi-
cation of the force. For both methods, the estimation of the force at the excitation point is close to
the imposed force on Nastran (1 N). However, contrarily to the CFAT case, the force identified by
FAT is biased by the high level of pressure in the non loaded area.

4 CONCLUSION

In this paper, the extension of CFAT (Corrected Force Analysis Technique) method has been de-
veloped to identify sources applied on laminated (composite) structures. The equation of motion
of this type of structures involves to use a more complex scheme with an estimation of 5 par-
tial derivatives. This estimation requires to apply 5 correction factors on the scheme which can
be identified analytically or numerically. The numerical aspect shows a better distribution of the
attenuation of the singularity created by the finite difference scheme and is better to implement.
Numerical validations on noised displacement field reveals that the adaptation of the scheme and
the number of points per wavelength at each frequency is essential in the process of the method to
avoid bias error. By respecting this condition, CFAT gives best results with a reduction of the level
of pressure estimated in the non loaded area.

Recent papers present CFAT as a characterization method for isotropic or orthotropic materials.
Finally, this adaptation could also be developed for the characterization of composite structures.
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[4] M.S. Djamaa, N. Ouella, C. Pézerat, and J.-L. Guyader. Reconstruction of a distributed force
applied on a thin cylindrical shell by an inverse method and spatial filtering. Journal of Sound
and Vibration, 301:560–575, 2007.
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