N

N

On boundary stability of inhomogeneous 2 x 2 1-D
hyperbolic systems for the C'! norm.
Amaury Hayat

» To cite this version:

Amaury Hayat. On boundary stability of inhomogeneous 2 x 2 1-D hyperbolic systems for the C!
norm.. ESAIM: Control, Optimisation and Calculus of Variations, 2019, 25. hal-01790104v3

HAL Id: hal-01790104
https://hal.science/hal-01790104v3
Submitted on 31 Jan 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01790104v3
https://hal.archives-ouvertes.fr

Abstract

We study the exponential stability for the C' norm of general 2 x 2 1-D quasilinear hyperbolic
systems with source terms and boundary controls. When the propagation speeds of the system have the
same sign, any nonuniform steady-state can be stabilized using boundary feedbacks that only depend on
measurements at the boundaries and we give explicit conditions on the gain of the feedback. In other
cases, we exhibit a simple numerical criterion for the existence of basic C'! Lyapunov function, a natural
candidate for a Lyapunov function to ensure exponential stability for the C' norm. We show that, under
a simple condition on the source term, the existence of a basic C* (or C? , for any p > 1) Lyapunov
function is equivalent to the existence of a basic H? (or HY , for any ¢ > 2) Lyapunov function, its
analogue for the H? norm. Finally, we apply these results to the nonlinear Saint-Venant equations. We
show in particular that in the subcritical regime, when the slope is larger than the friction, the system can
always be stabilized in the C' norm using static boundary feedbacks depending only on measurements
at the boundaries, which has a large practical interest in hydraulic and engineering applications.
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1 Introduction

Hyperbolic systems are widely studied, as their ability to model physical phenomena gives rise to numerous
applications. The 2 x 2 hyperbolic systems, in particular, are very interesting at two extends: on the one
hand they are the simplest systems that present a coupling, and on the other hand, by modeling the systems
of two balance laws, they represent a huge number of physical systems from fluid dynamics in rivers and
shallow waters [6], to road traffic [1], signal transmission, laser amplification [11], etc. In order to use these
models in industrial or practical applications, the question of their stability or their possible stabilization is
fundamental. While for linear 1-D systems, or nonlinear 1-D systems without source term, many results exist
(see in particular [3, Section 4.5] [7, 16]) the question of the stabilization in general for 2 x 2 1-D nonlinear
systems has often been treated for the H? norm and only few results exist for the more natural C! (or CP)
norm when a source term occurs. In [13], however, were presented some results for the CP stability (p > 1)
of general n X n quasilinear hyperbolic system using basic Lyapunov functions for the C? norm.

In this article we consider the stability for the C! norm of 2 x 2 general quasilinear 1-d hyperbolic systems.
We show several results and we use them to study the exponential stability of the general nonlinear Saint-
Venant equations for the C! norm. Firstly introduced in 1871 by Barré de Saint-Venant and used to model
flows under shallow water approximation, the Saint-Venant equations can be derived from the Navier-Stokes
equations and have been widely used in the last centuries in many areas such as agriculture, river regulation,
and hydraulic electricity production. For instance they are used in Belgium for the control of the Meuse and
Sambre river (see [8], [10]). Their indisputable usefulness in the field of fluid mechanics or in engineering
applications makes them a well-studied example in stability theory ([3], [14], [10]) although their stability
for the C' norm by means of boundary controls seems to be only known so far in the particular case when
when both the slope and the friction are sufficiently small (or equivalently the size of the river is sufficiently
small) [18].

We first show that the results presented in [13] can be simplified for 2 x 2 systems in conditions that
are easier to check in practice. In particular, any 2 x 2 quasilinear hyperbolic system with propagation
speeds of the same sign can be stabilized by means of static boundary feedback and we give here explicit
conditions on the gain of the feedbacks to achieve such result. In the general case we also give a simple linear
numerical criterion to design good boundary controls and estimate the limit length above which stability is
not guaranteed anymore.

Then we deduce a link between the HP stability and C? stability under appropriate boundary control for
any p > 2 and ¢ > 1. In particular we give a practical way to construct a basic Lyapunov function for the
C" norm from a basic quadratic Lyapunov function for the H? norm and reciprocally.

Finally, we use these results to study the C? stability of the general nonlinear Saint-Venant equations taking
into account the slope and the friction. We show that when the friction is stronger than the slope the
system can always be made stable for the C'' norm by applying appropriate boundary controls that are
given explicitly. When the slope is higher than the friction, however, there always exists a length above
which the system do not admit a basic C' Lyapunov function that would ensure the stability, whatever the



boundary controls are. This results is all the more interesting that it has been shown that there always exists
a basic quadratic H? Lyapunov function ensuring the stability for the H? norm under suitable boundary
controls (see [14]).

Nevertheless in that last case the results given in this article allow to find good Lyapunov function numeri-
cally and estimate the limit length under which the stability can be guaranteed. We provide at the end of
this paper numerical computations of this limit for the Saint-Venant equations that illustrate that for most
applications the stability can be guaranteed by means of explicit static boundary feedback. This article is
organised as follows: in Section 2 we present several properties of 2 x 2 quasilinear hyperbolic system, as well
as some useful definitions and we review some existing results. Section 3 present the main results for the
general case and for the particular case of the Saint-Venant equations. Section 4 is devoted to the proof of
the results in the general case and to the link between the H? and C? stability, while the proofs of the results
about the Saint-Venant equations are given in Section 5. Finally, we provide some numerical computations
in Section 6 and some comments in Section 7.

2 General considerations and previous results

2.1 General considerations

A 2 x 2 quasilinear hyperbolic system can be written in the form:

Y, + F(Y)Y, + D(Y) =0, (2.1)
B(Y(t,0),Y(t, L)) = 0.

As the goal of this study is to deal with the exponential stability of the system around a steady-state we
assume that there exists Y* a steady-state that we aim at stabilizing. Note that this steady-state is not
necessarily uniform and can potentially have large variations of amplitude. As we are looking at the local
stability around this steady-state, we study F' and D on U = By- ;,, the ball of radius ny centered in Y* in
the space of the continuous functions endowed with the L norm, for some 7y small enough to be precised.
We assume that the system is strictly hyperbolic around Y* with non vanishing propagation speeds, i.e. non
vanishing eigenvalues of F(Y), then F(Y*) is diagonalisable and denoting by N a matrix of eigenvector we
introduce the following change of variables:

u=N(z)(Y-Y") (2.3)
and the system (2.1)-(2.2) is equivalent to
u; + A(u,2)u, + B(u,z) =0, (2.4)

B(N~Y(0)u(t,0) + Y*(0), N} (L)u(t,L) + Y*(L)) = 0,

where

A(u,2) = N(2)F(Y* + N"'u)N (), (2.5)
A(0,2) = (Aléx) AL)) 7 (2.6)

and B is given in Appendix 8. Let us assume that F and D are C' on By~ ,,, then A and B are C' on
Bo.n, * [0, L] (see Appendix 8). As Y* is a stationary state, one has B(0,-) = 0 and B can be written:

B(u,z) = M(u,z).u. (2.7)
Therefore the system (2.1)-(2.2) is now equivalent to

us + A(a, z)uy, + M(u,z).u=0, (2.8)



B(N~Y(0)u(t,0) + Y*(0), N~ (L)u(t, L) + Y*(L)) = 0.

We can suppose without loss of generality that A; > As. As the system is strictly hyperbolic with non-
vanishing eigenvalues we can denote by uy the components associated with positive eigenvalues, i.e. A; > 0,
and u_ the component associated with negative eigenvalues. We focus now on boundary conditions of the

form: 0 )
ur(0)\ uy (L

(u_ (L)> e (u_ (O)) | (2.9)

For the rest of the article, unless otherwise stated, we will assume that F, D and G are C'!' when dealing

with the C! norm and that F,D and G are C? when dealing with the H? norm. We also introduce the

associated first order compatibility condition on an initial condition u®:

() - ()
)

(A(uO(O),O)axuO(O +B(u0(0)70)) _ v (ui(L)
((A(uO(L),L)axuO(L)+B(uO(L),L)5r =G <u3(0)) (2.10)
(Au®(L), L)d,u’(L) + B(u’(L), L)),
“\ (A(u°(0),0)0,u°(0) + B(u°(0),0))

With these boundary conditions the incoming information is a function of the outgoing information which
enables the system to be well-posed (see [17], [19] or [3] in particular Theorem 6.4).

Theorem 2.1. Let T > 0, there exists §(T) > 0 and C(T) > 0 such that for any ug € C*([0, L]) satisfying
the compatibility conditions (2.10) and
|UO|1 < 5, (211)

the system (2.8)—(2.9) with initial condition ug has a unique maximal solution u € C1([0,T] x [0, L]) and
we have the estimate:
lu(t, )l < CL(T)[u(0, )1, ¥V ¢ €0, 7. (2.12)

where |-|1 is the C1 norm that is recalled later on in Definition 2.1. Moreover if ug € H?([0, L]) and

luoll 2 ((0,)) <6, (2.13)

then the solution u belongs to C°([0,T], H%(0, L)).

2.2 Context and previous results

Exponential stability of 2 x 2 hyperbolic systems.

e In [3] (see Theorem 4.3) and [7] respectively it has been shown that when there is no source term, i.e.
M =0, it is always possible to guarantee the exponential stability of the system (2.8) with boundary
controls of the form (2.9), both for the H? and the C? norm (with p > 2 and ¢ > 1). Moreover, when
the system is linear, this is also true for the L? and C° norm.

e In [2] the authors study a linear 2 x 2 system and found a necessary and sufficient interior condition
to have existence of quadratic Lyapunov function for the L? norm with a boundary control of the
form (2.9) when the system (2.8) is linear (Theorem 4.1). However it is straightforward to extend this
results to the existence of a basic quadratic Lyapunov function for the H? norm with p > 2 when the
system (2.8) is nonlinear (see Theorem 4.2). At it is mentioned in [2] the existence of a basic quadratic
Lyapunov function for the H? norm implies the exponential stability of the system in the H? norm.



e In [13] the author gives a necessary and sufficient condition on (2.8) such that there exists a basic C'*
Lyapunov function with a boundary control of the form (2.9), guaranteeing therefore the stability for
the C'! norm of the system (2.8)-(2.9). The results can be extended with the same condition to the CP
norm, with p > 1.

Exponential stability of the Saint-Venant Equations. The Saint Venant equations correspond to a
system of the form (2.8) where the eigenvalues of A satisfy AjAs < 0 when the flow is in the fluvial regime
and A;Ay > 0 when in the torrential regime. The stability of the Saint-Venant equations has been well-
studied in the past twenty years and, to our knowledge, the most advanced contribution in the area would
refer, but not exclusively, to the following:

¢ In [4] the authors show that when there is no slope, i.e. C' = 0, there always exists a Lyapunov function
in the fluvial regime (i.e. the eigenvalues satisfy AjAs < 0) for the HP norm for the nonlinear system
under boundary controls of the form (2.9) and they give an explicit example. In [14] the authors show
that this is true even when the slope is arbitrary.

e In [5] it is found, through a time delay approach, a necessary and sufficient condition for the stability
of the linearized system under proportional integral control.

e In [21] and [20, 9] the authors use a backstepping method to stabilize respectively a linear 2 x 2 1-d
hyperbolic systems and a nonlinear 2 x 2 1-d hyperbolic systems. These results cover in particular the
linearized Saint-Venant equations and the nonlinear Saint-Venant equations. However, in both cases
this method gives rise to full-state feedback laws that are harder to implement in practice than static
feedback laws depending only on the measurements at the boundaries.

In this article we intend to show that there always exists a Lyapunov function ensuring exponential stability
in the C! (and actually C?) norm under boundary controls of the form (2.9) when the system is in the
fluvial regime and the slope is smaller than the friction. However, in the fluvial regime when the slope is
larger than the friction, there exists a maximal length L,,., beyond which there never exists a basic C*
Lyapunov function whatever the boundary controls are. Nevertheless, this maximal length L,,,, can be
estimated numerically and can be shown to be large enough to ensure the feasibility of nearly all hydraulic
applications.

Notations and definitions. We recall the definition of the C'' norm:
Definition 2.1. Let U € C°([0, L], R?), its C° norm |U]y is defined by:
[Ulo = max([[U1 ][0, U210, (2.14)
and if U € C*([0, L],R?), its C! norm |U|; is defined by
Uy = [Uly + (8, Ulo. (2.15)

We recall the definition of exponential stability for the C* (resp. H?) norm:

Definition 2.2. The null steady-state u* = 0 of the system (2.8)—(2.9) is said exponentially stable for the C'*
(resp. H?) norm if there exists v > 0, § > 0 and C' > 0 such that for any ug € C*([0, L]) (resp. H?([0,L]))
satisfying the compatibility conditions (2.10) and such that |lug|lci(jo,;y < 9 (vesp.||uollm2(o,0)) < 9),
the system (2.8)—(2.9) has a unique solution u € C'([0,+00) x [0,L]) (resp. u € C([0,4+00) x [0,L]) N
Co([0, +00), H?((0, L)))) and

Ja(t, o,y < Ce M luoller(o,z)), VT € [0, +00)

B (2.16)
(resp. [lu(t, )|l a2(0,0)) < Ce |0l m2(0,1)), ¥t € [0,400)),



Remark 2.1. The exponential stability of the steady state u* = 0 of the system (2.8)-(2.9) is equivalent
to the exponential stability of the steady-states Y* ((2.16) could in fact even be seen as a definition of the
exponential stability of Y*). We see here one of the interests of the change of variables given by (2.3): from
the stabilization of a potentially nonuniform steady-state the problem is reduced to the stabilization of a null
steady-state.

We now recall the definition of two useful tools. The first one deals with the basic C' Lyapunov functions
described in [13]:

Definition 2.3. We call basic C* Lyapunov function for the system (2.8),(2.9) the function V : C1([0, L]) —
R defined by:

U) =/ f1U1, v/ 2Uzo
+(A(U, ). Uy + B(U, )1V f1, (AU, ). U, + B(U, )2/ f2lo,

where fi and f; belong to C*([0, L], R% ), and such that there exists ¥ > 0 and 1 > 0 such that for any
u € C1([0, L)) solution of the system (2.8),(2.9) with [u°|;< 7 and for any T > 0:

av
W < v, (218)
dt
in a distributional sense on (0,7). In that case f; and f, are called coefficients of the basic C! Lyapunov
function.

Remark 2.2. Note that for any u € C1([0, L] x [0,T]) solution of (2.8), one has

V(u(t,-) =\ fiui(t, ),/ faua(t,-)lo,
+ |(ur(t, )/ fu, (ua(t, ))ev/ Falo-

The previous definition (2.17) of V is only stated to show that V is in fact a function on C1([0,L]) and
therefore only depends on t through u. Besides, one could wonder why using a weight \/f; instead of f;
in the definition. The goal is to facilitate the comparison with the existing definition of basic quadratic
Lyapunov functions for the L? (resp. H?) norm introduced by Jean-Michel Coron and Georges Bastin in [2]
and recalled below.

(2.17)

(2.19)

Definition 2.4. We call basic quadratic Lyapunov function for the L? norm (resp. for the H? norm) and
for the system (2.8), (2.9) the function V defined on L?(0, L) (resp. H?(0, L)) by:

L
V(U) =/ aUt + U3 dx
0
L
(resp. V(U) =/ QU? + @U3dx
0
L
+/ (A(U,z).U, + B(U,z))2q, + (A(U, z).U, + B(U, z))3qdx
0

(A(U,2).U, + B(U,z)) + 0uB.[A.U, + B))?

L
d
+ / ¢1(0vA.JAU, + BJ.U, + A—
0 dz

+¢2(0uA.JAU, + Bl.U, + A% (A(U,z).U, + B(U,z)) + 0uB.[AU, + B])gdz> ,
(2.20)

where ¢; and ¢y belong to C*([0, L], R*) and such that there exists v > 0 and n > 0 such that for any
u € L?(0,L) (resp. H*(0, L)) solution of the system (2.8),(2.9) with |u® |L2(0 <0 (resp. |u® |H2(0 n < <n)
and any T > 0

dV (u(t

)] (221)

in a distributional sense on (0,7'). The function ¢; and g2 are called coefficients of the basic quadratic
Lyapunov function.



Remark 2.3. As for the basic C* Lyapunov functions, note that for any u € C°([0,T], H*(0, L)) solution
to (2.8) the expression (2.20) of a basic quadratic Lyapunov function for the H?> norm becomes

L
V(U) :/ ihuf + ungd:ﬂ
0
L
+/ (u1)iar + (ug)}qzde (2.22)
0

L
+ / ()21 + (u2)2gade,
0

which justifies the expression (2.20).
Remark 2.4. (Lyapunov functions and stability)

e The existence of a basic C' Lyapunov function for a quasilinear hyperbolic system implies the expo-
nential stability for the C1 norm of this system. A proof for the general case is given in [13].

e Similarly the erxistence a basic quadratic Lyapunov function for the L? (resp. H?) norm implies the
exponential stability of the system for the L? (resp. H?) norm (see for instance the proof in [3] and in
particular (4.50)).

Finally we introduce the following notations, useful for the rest of the article,

01 = exp < 7M11(0’ 5) ds> ,
0 A

03 = exp < LTZ(O’ 5) ds) , (2.23)
0 2
$1
Y=
P2
a:@MIZ(Oa)a (2 24)
b= M3 (0,-)/.

While the function ¢1 and @9 represent the influence of the diagonal terms of M (0, -) that would lead to an
exponential variation of the amplitude on [0, L] in the absence of coupling between u; and us, the function a
and b represent the coupling term of M (0, -) after a change of variables on the system to remove the diagonal
coefficients of M (see (4.1) and (4.4)).

We can now state the main results.

3 Main results

3.1 Stability of a general 2 x 2 hyperbolic system for the C' norm

Theorem 3.1. Let a 2 X 2 quasilinear hyperbolic system of the form (2.8) be such that AyAs > 0. Assume
that

/ _ kl 0
G'(0) = <0 k2> , where
LM (0, s) a(s)| |b(s)
2 unt LA RSN 22122
ki <exp ( | 2 ™ 2max< A A ) ds |, (3.1)
L
M>5(0, 5) ( a(s) ‘b(s) )
k2 < P AL EASA NS LA R A
5 <exp ( ; ™ max | |- A, s

Then there exists a basic C' Lyapunov function and a basic quadratic H*> Lyapunov function. In particular,
the null steady-state u* = 0 of the system (2.8)—(2.9) is exponentially stable for the C and the H* norms.



This theorem is a direct consequence of Theorem 3.1 in [13] and will be proven in Appendix 10. From this
theorem, when the eigenvalues of the hyperbolic system have the same sign, the coupling between the two
equations does not raise any obstruction to the stability in the H? and in C' norm, so this case poses no
challenge. We will therefore focus on the case where the eigenvalues have opposite signs, and without loss
of generality we can assume that A; > 0 and Ay < 0.

Theorem 3.2. Let a 2 x 2 quasilinear hyperbolic system be of the form (2.8), where A and B are C3
functions with Ay > 0 and Ay < 0. There exists a control of the form (2.9) such that there exists a basic C*!
Lyapunov function, if and only if

, _ la(@)]
= —=d 3.2
1 Al 2, ( )
b(z)|
dy = _| dy, 3.3
2 ‘A2‘ 1 ( )
admit a positive solution dy, da on [0, L] or equivalently
! a b 2
= |— |+ |— R
! ‘Al ’ ‘A2 ! (3.4)
n(0) =0,

admits a solution on [0, L], where a and b are defined in (2.24).
Moreover if one of the previous condition is verified and

G'(0) = (li ’Bl) with k2 < (L)’ @fg)z and k2 < (228;)2 (3.5)

where dy and dy are any positive solution of (3.2)—(3.3), then the system (2.8)—(2.9) is exponentially stable
for the C' norm.

Remark 3.1. This result can be used in general to find good Lyapunov functions numerically and to estimate
the limit length under which the stability is guaranteed by solving linear ODEs which are quite simple to
handle.

The third equivalence together with the criterion given in [2] (recalled in Section 4) can be used to show a
link between the H? and C? stability. This link is given in the following corollary

Corollary 1. Let a 2 x 2 quasilinear hyperbolic system be of the form (2.8),(2.9), where A and B are C3
functions and such that Ay > 0 and Ay < 0.

1. If there exists a basic C* Lyapunov function then there exists a boundary control of the form (2.9) such
that there exists a basic quadratic Lyapunov function for the H? norm.
Moreover, if Mi2(0,-)M2;1(0,-) > 0, then the converse is true.

2. In particular if the system (2.8),(2.9) admits a basic C' Lyapunov function and
0 k - da(L)\? dy(0)*
G'(0) = V) with k3 < (L) d ki < 3.6
0= (g, o) win i< o2 (27)) anait< () (36
where dy and dy are positive solutions of (3.2)—(3.3), then under the same boundary control there exists

a basic quadratic Lyapunov function for the H? norm.
Conversly if the system admits a basic quadratic H?> Lyapunov function and M;5(0,-)M31(0,-) > 0 and

2
iy (0 k1 19 o(L) 2 2
G'(0) = (kg O) with k5 < (D) and ki < n(0)*, (3.7)
where 1 is a positive solution of
/ a b 2
==+ n?|, 3.8
Ul Fwlywi (3.8)

then there exists a basic C' Lyapunov function.



Remark 3.2. o The existence of a positive solution to (3.8) is guaranteed by [2] when there exists a
basic quadratic Lyapunov function for the H? norm. This result is recalled in Theorem 4.2.

e The converse of 1. is wrong in general. An ezample where the system admits a basic quadratic H?
Lyapunov function but no basic C* Lyapunov function, whatever are the boundary controls, is provided
in Appendiz 9.

e To our knowledge the only such link that existed so far consists in the trivial case where B = 0 and
where there consequently always exists both a basic quadratic H? Lyapunov function and a basic C*
Lyapunov function. This link can be in fact extended to the HP and C? stability with p > 2 and ¢ > 1
with the same condition (see Section 6).

This theoretical link can be complemented by the following practical theorem that enables to construct basic
quadratic H? Lyapunov functions from basic C' Lyapunov functions and conversely when possible.

Theorem 3.3. If there exists a boundary control of the form (2.9) such that there exists a basic C* Lyapunov
function with coefficients g1 and go, then for any 0 < & < ming 1]((¢2/¢1)\/91/92)/L there exists a boundary
control of the form (2.9) such that

1 g1 2 ) 1 92
— | 4/= — preld and —— /= 3.9
A ( g Y192 — P |A2| o P1¥2 ( )

are coefficients of a basic quadratic Lyapunov functions for the H? norm, where Id refers to the identity
function.

If there exists a basic quadratic H? Lyapunov function with coefficients (q1,q2) and if My2(0,-)Ma1(0,-) >0,
then for all A > 0 and e > 0 there exists a boundary control of the form (2.9) such that g1 and g2 defined by:

T M(0,)  [Mi2(0,0)] [[A1]lq
x)=Aexp |2 — ds —ex |, 3.10
91(x) p( A A, olas (3.10)
|A2|go
= 11
g2 A1q1 g1, (3 )

induce a basic C' Lyapunov function.

3.2  Stability of the general Saint-Venant equations for the C' norm

We introduce the nonlinear Saint-Venant equations with a slope and a dissipative source term resulting from
the friction:

O H + 0,(HV) =0,

2 2 3.12
8tV—|—6$(V2+gH>+(k‘};—C):0, (8.12)

where k& > 0 is the constant friction coefficient, g is the acceleration of gravity, and C' is the constant slope
coefficient. We denote by (H*, V*) the steady-state around which we want to stabilize the system, and we
assume gH* — V*2 > 0 such that the propagation speeds have opposite signs, i.e. the system is in fluvial
regime (see [2] in particular (63)). The case where the propagation speeds have same sign raises no difficulty
and is treated by Theorem 3.1. We show two results depending on whether the slope or the friction is the
most influent.



Theorem 3.4. Consider the nonlinear Saint-Venant equations (3.12) with the boundary control:
h(t,0) = byv(t,0),
(t,0) = bio(t,0) 1)
h(t,L) = bav(t, L),

such that . . . .
b1€< H*(0) V*(0) H*(L) V*(0)

— ,— dbyeR\ |— ,
v+(0) ) mamem [-m -5
If KV*2(0)/H*(0) > C, this system admits a basic C* Lyapunov function and the steady-state (H*,V*) is
exponentially stable for the C' norm.

(3.14)

Remark 3.3. It could seem surprising at first that the condition (3.14) that appears is the same as the
condition that appears for the existence of a basic quadratic H*> Lyapunov function (see [1/]). This is an
illustration of the second part of Corollary 1.

Theorem 3.5. Consider the nonlinear Saint-Venant equations (3.12) on a domain [0, L]. If
kV*2(0)/H*(0) < C then:

1. There exists L1 > 0 such that if L < Ly, there exists boundary controls of the form (2.9) such that the
system admits a basic C1 Lyapunov function and (H*,V*) is exponentially stable for the C* norm.

2. There exists Lo > 0 independent from the boundary control such that, if L > Lo, the system does not
admit a basic C' Lyapunov function.

Remark 3.4. This last result is all the more interesting since it has been shown that for any L > 0 the
system always admits a basic quadratic H*> Lyapunov function (see [14]).

4 C! stability of a 2x2 quasilinear hyperbolic system and link with
basic quadratic H? Lyapunov functions

In this section we prove Theorem 3.2, Corollary 1 and Theorem 3.3. For convenience in the computations,
let us first introduce the following change of variables to remove the diagonal coefficients of the source term:

z1(t x) = p1(2)u (¢, 2),
zo(t, ) = pa(x)ua(t, x), (4.1)

where (1 and @2 are given by (2.23). This change of variables can be found in [2] and is inspired from [15,
Chapter 9]. Then the system (2.8) becomes
z; + As(z,2)25 + Ma(z,2)z =0, (4.2)

where

A2(0,2) = A(0, z), (4.3)
M(0,z) = (b(ox) a(ox)> ) (4.4)
with a and b given by (2.24), and (2.9) becomes:
z+(0)) _ o (2+(L)
(ﬁ(L)) =G <zf(0)) ' (4.5)

where 7 as the same regularity than G. Showing the existence of a basic C! Lyapunov function (resp.
a basic quadratic H? Lyapunov function) for the system (2.8)—(2.9) is obviously equivalent to showing the
existence of a basic C! Lyapunov function (resp. a basic quadratic H? Lyapunov function) for the system
(4.2), (4.5), and the stability of the steady-state u* = 0 in (2.8)—(2.9) is equivalent to the stability of the
steady-state z* = 0 in (4.2), (4.5). We now state two useful Lemma that can be found for instance in [12]:
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Lemma 4.1. Let n € N*. Consider the ODE problem

y = f(z,y,s),
y(O) = Yo, (4.6)

where yo € R™. If f € C°(Ry x R™ x R,R™) and is locally Lipschitz in y for any s € R, then for all s € R
(4.6) has a mazimum solution ys defined on an interval I, and the function (x,s) — ys(x) is continuous on

{(z,5) eR?: s € R,x € I}.

Lemma 4.2. Let L > 0 and let g and f be continuous functions on [0, L] x Ry and locally Lipshitz with
respect to their second variable such that

9(z,y) = f(z,y) 2 0, V (2,y) € [0, L] x Ry. (4.7)

If there exists a solution y1 on [0, L] to

/
= l‘? )
y1=9(@,m1) (48)
y1(0) = o,
with yo € Ry, then there exists a solution y on [0, L] to
/
= x’ )
y' = flz,y) (4.9)
y(0) = wo,

and in addition 0 <y < y; on [0, L].
Let us now prove Theorem 3.2, which is mainly based on the results in [13].

Proof of Theorem 3.2. Let a 2 x 2 quasilinear hyperbolic system be of the form (4.2). Using Theorem 3.2 in
[13] on (4.2) we know that there exists a boundary control of the form of (2.9) such that there exists a basic
C' Lyapunov function if and only if:

,_ 2a(@)| £

PETATVE (4.10)
3/2 :

5y 5 2@ £

|Az|

ﬂ

i

admit a solution on [0,L] with f; > 0 and f2 > 0 on [0, L]. But as f; and f, are positive this is equivalent
to say that:

() = 224

1\ ) 1
(W) <Nl VI (4.12)

Denoting d; = 1/y/f1 and dy = 1/+/f2 and checking that (f1, f2) € RY is equivalent to (d1,dz) € R%, the
existence of a solution with positive components to (4.10) is equivalent to having a solution with positive
components on [0, L] to the system:

4 > ol

1
D) (419)
¥

Let us show that this is equivalent to the existence of a solution with positive components on [0, L] to the
system (3.2)-(3.3). One way is obvious: if there exists a solution with positive components to (3.2)-(3.3)
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then it is also a solution with positive components to (4.13). Let us show the other way: suppose that there
exists a solution (dy, dz) to (4.13) with positive components on [0, L]. Then:

() = B () 10

Hence from Lemma 4.2 the system:

,_ la(@)| | [b(@)]
"= n?, (4.15)
n(0) z;gg; (4.16)

admits a solution on [0, L]. We can now define g5 as the unique solution of:

7 ba)|

‘ As (4.17)
92(0) = d2(0) >
and g1 = ng2. Thus g1 and g, exist on [0, L], and take only positive values and
la(x)]
91= A, 92 (4.18)
b(z
4=~ o (1.19)
2

Therefore this system admits a solution (g1, g2) with positive components on [0, L]. This ends the proof of
the first equivalence.

To prove the second equivalence, note from the previous that if there exists a solution to (4.13) with positive
components on [0, L] then there exists a function 7 on [0, L] such that:

,_ la(@)| | [b(=)]
A VR T i (4.20)
n(0) > 0.

Therefore by comparison the system :
p_ lal@)l | |b(l’)|n27

Ay | Az (4.21)
n(0) =0,

admits a solution on [0, L].

Conversely, if (4.21) admits a solution on [0, L] then there exists ¢ > 0 such that:

,_ la@)] | [b(@)] o
TN T (4.22)

n(0) =e,

admits a solution 7. on [0, L]. Defining as previously g, the unique solution of:

(4.23)



and g1 = 1-ge, then g1 and g2 and (g1, g2) is solution on [0, L] of the system (3.2)-(3.3). This ends the proof
of the second equivalence.

It remains now only to prove that if one of the previous conditions is verified, and if the boundary conditions
(2.9) satisfy (3.5), then the system (2.8)—(2.9) is exponentially stable for the C! norm. Suppose that the
system (3.2)-(3.3) admits a solution (dy,d3) on [0, L] where dy and ds are positive, then from the previous,
(4.10) admits a solution (fi, f2) on [0, L] where f; = d;? and fo = d;? are positive. Therefore, as y —
yf/ 2 /Y2 is C' and hence locally Lipshitz on R?* , and from Lemma, 4.1, there exists oy > 0 such that for all
0 < o < 07 there exists on [0, L] a solution (f1,4, f2,5) of the system

3/2
oo~ el B
l,0 Al f270 ’
. ng/Q (4.24)
fho= 2D Loe_

|A2| \V4 fl,a'

with fi, > 0 and f, > 0. Note that from the proof of Theorem 3.1 in [13] (see in particular
(4.29),(4.37),(4.45) and note that K := G’(0)), when these f1, and fa, exist, one only needs to show
the following condition to have a basic C! Lyapunov function:

Ja >0, Ip >0, Ip1 > 0:Vp > py,

M) oo (EP a2 o (07 (G000 (2 ) et

2p
202007 (1.0) ~ 110 00 (650 (200)) > a4 2)

1

where G is given by (4.5). As (4.25) only needs to be true for one particular ¢ > 0 and using that f; , and
f2,0 are continuous with o and f; o = f; for i € {1,2}, by continuity one only needs to show that:

Ja >0, 3 >0, Ip1 >0:Vp > py,

Ay (D) f1(L)P (21 (8, L))?Pe ™25 — |Ag(L)| f2(L)P <G’1(0)- (Z((ié)) >) e (4.26)

2

2p
010730 - 10407 (610 (26 ) > el 1),

1

Now under hypothesis (3.5) and with the change of variables (4.1) we have

G (0) = ( i kg) . (4.27)
»(L)
Therefore the condition (4.26) becomes:
Ja >0, 3u >0, Ip1 >0:Vp > pq,
(A (L) fr(L)Pe PE — k3PP (L)|As|(L) f2(L)Pe*P# ) (21 (8, L)) (4.28)
+ (|A2(0)] f2(0)” — K{PA1(0) f1(0)7)257 (¢,0) > a(=7” + 237).
But as f; = d;? and fo = dy?, from (3.5)

e (L) f2(L)k5 < fi(L),

) (4.29)
fl(O)kl < fg(O)
Therefore by continuity there exists a > 0, ¢ > 0 and p; > 0 such that
Vp > p1, e (|Aol(L)) P07 (L) fa(L)K3 < fi(L)(A1(L))/Pe 2T, (4.30)

and  (A1(0))7 f1(0)kF < f2(0)(|A2](0))"/7,

13



and therefore (4.28) is verified, hence the system admits a basic C* Lyapunov function and is exponentially
stable for the C'' norm. This ends the proof of Theorem 3.2. O

Remark 4.1. This theorem has a theoretical interest as it gives a simple criterion to ensure the stability
of the system, but it has also a numerical interest. By computing numerically do and seeking the first point
where it vanishes, one can find the limit length L,q. above which there cannot exist a basic C* Lyapunov
function and under which the stability is guaranteed. Then the coefficients of the boundary feedback control
can also be designed numerically using di and ds thus computed. Moreover, finding di and do only consists
in solving two linear ODFEs and is therefore computationally very easy to achieve. An example is given with
the Saint-Venant equations in Section 5 to illustrate this statement. Finally the second equivalence is useful
to show Corollary 1.

Before proving Corollary 1, let us first state the following theorem dealing with the stability in the L? norm
of linear hyperbolic systems:

Theorem 4.1 (Bastin and Coron [2]). Let a linear hyperbolic system be of the form:

A (z a(x
Zt+( 1(5 )A;Ex))zz"'(b(ox) (o)>Z:07 (4.31)

with Ay > 0 and Ay < 0. There exists a boundary control of the form (2.9) such that there exists a basic
quadratic Lyapunov function for the L? norm and for this sytem if and only if there exists a function n on

[0, L] solution of:

0 = ’?72 +
| A Ay (4.32)
n(0) = 0.
Besides for any o > 0 such that
/ a b 2
o = | A + = ol
L W (4.33)
1:(0) = o,
has a solution ns on [0, L] then
Gh(0) = 0 1) i 2 < n2(0) and 13 < 1 (4.34)
1 l2 0 1 o 2 7]?7 (L) ’

are suitable boundary conditions such that there exists a quadratic L? Lyapunov function for the system

(4-31), (4-34)-

Such Lyapunov function guarantees the global exponential stability in the L? norm for a linear system under
suitable boundary controls of the form (2.9). This result can be extended to the stability in the H? norm
when the system is nonlinear, namely we have:

Theorem 4.2. Let a quasilinear hyperbolic system be of the form (4.2) with Ay > 0 and Ay < 0, where
the A; are defined in (2.6). There exists a boundary control of the form (4.5) such that there exists a basic
quadratic Lyapunov function for the H? norm for this system if and only if there exists a function n on [0, L]
solution of:

/ b 5 a
T ‘A2|77 Al (4.35)
1n(0) =0
Besides for any o > 0 such that
/ a b
OV eRRTWIE (4.36)
16(0) = o,



has a solution ne on [0, L] then

G (0) = (0 ll) with 12 < n2(0) and 13 < (4.37)

1
Iy 0 n2(L)’

are suitable boundary conditions such that there exists a quadratic H?> Lyapunov function for the system
(4-2), (4.57).

The proof of this theorem is straightforward and is given in Appendix 10. Knowing Theorem 4.2, we can
prove Corollary 1.

Proof of Corollary 1. Let a 2 X 2 quasilinear hyperbolic system be of the form (4.2).
Let us suppose that there exists a boundary control such that there exists a basic C' Lyapunov function.
Then from Theorem 3.2 there exists 7; solution on [0, L] of:

/o i T ‘b‘ 2
n Ay Ao e (4.38)
m (0) =0,

and from Lemma 4.2 there also exists 1 solution on [0, L] of
/ a b o
=|— 4+ =72,

! ‘ Al TRl (439)
n(0) = 0.

Therefore, from Theorem 4.2 there exists a boundary control of the form (2.9) such that there exists a basic
quadratic Lyapunov function for the H? norm for this system.

Let us suppose now that Mi3(0,-).Ma2(0,-) > 0, then from (2.24) ab > 0. Thus (4.39) and (4.38) are the
same equations and therefore, from Theorems 3.2 and Theorem 4.2 if there exists a boundary control of the
form (4.5) such that there exists a basic quadratic Lyapunov function for the H? norm, then there also exists
a boundary control of the form (4.5) such that the system admits a basic C! Lyapunov function. This ends
the proof of the first part of Corollary 1.

Let us now show the second part of Corollary 1. As previously, from (4.1) we only need to show the result
for the equivalent system (4.2), (4.5). Observe first that from Theorem 4.2, for any ¢ > 0 such that

A ‘a + L 2
AT T Al ™) (4.40)
n2(0) = o,
has a solution 7z on [0, L], then
G1(0) = 0 &L with [} <73(0) and I3 < L, (4.41)
l2 0 n3(L)

are suitable boundary conditions such that there exists a basic quadratic H? Lyapunov function for the
system (4.2), (4.5), where G is given by (4.5). Now, let us suppose that there exists a basic C' Lyapunov
function for the system (4.2), (4.5). From the first part of Corollary 1, there exists a boundary control of
the form (4.5) such that there exists a basic quadratic Lyapunov function for the H? norm. Let us suppose

T (@ ) () w50 o

where dy and dy are positive solutions of (3.2)—(3.3). Note that defining 13 = di/ds and o = n3(0) =
d1(0)/d2(0) > 0 the condition (4.42) is equivalent to

G’l(())(o ll) with 12 <72(0) and [%< (4.43)

1
lo 0 n3(L)

15



As from (3.2)-(3.3),

n/:iﬁ_dldé: i ’b 772
5T dy &2 A A | (4.44)
and 73(0) = o,

then from Lemma 4.2 the problem (4.40) has a solution 72 on [0, L] and n3(L) > ne(L). Therefore G'(0) also
satisfies (4.41). Hence there exists a basic quadratic Lyapunov function for the H? norm and the system is
exponentially stable for the H2 norm.

Let us now show the other way. Suppose that Mi2(0,)M22(0,-) > 0 and that the system admits a basic
quadratic Lyapunov function for the H? norm. Then from Theorem 4.2 and by continuity of the solutions
with respect to the initial conditions there exists o > 0 such that:

- ‘a+b 2
T2 IAI‘ |A2|772

Y

(4.45)
2 (0) = 0.

has a solution on [0, L], that we denote 75. From hypothesis (3.7) there exists such o > 0 such that the
condition (3.7) is still satisfied with 7. We can define

b

(5) ‘ds), (4.46)

dy = exp (_ /0' n2(s) (o)
dl = 772d2. (447)

As |ab| = ab, then (d1, d2) is a solution of (3.2)—(3.3) and d; > 0 and d2 > 0, and from (3.7) and (4.46)—(4.47).

k2 < o(L)? (Zﬁ;)z and k2 < (Z;Eg;f (4.48)

Hence from Theorem 3.2 there exists a basic C'' Lyapunov function. This ends the proof of Corollary 1.
O

Proof of Theorem 3.3. Let us first note from (4.1) that (g1, g2) are the coefficients of a basic C* Lyapunov
function for the system (2.8) if and only if (f1, f2) are the coefficients of a basic C'' Lyapunov for the system
(4.2) with

fi=25 ie 1,2}, (4.49)

Therefore, we will first prove the result for (4.2) and then use the change of coordinates (4.1) and the
transformation (4.49) to come back to the system (2.8). Let a 2 x 2 quasilinear hyperbolic system be of the
form (4.2). Suppose that there exist boundary controls of the form (2.9) such that there exists a basic C*
Lyapunov function with coefficients f; and f5. Then from [13] (see in particular Theorem 3.2), one has:

3/2
2la(x)] £/

Aq ﬁ’
21b(x)| f3/*

Aol Vi

Now let us denote d; = ffl/Q and dp = f;l/Q, then

f1<
(4.50)

f2=z

(4.51)

dy. (4.52)



Therefore:
a

Ay

() ) = () <o) (el () oo
) () = (@) el @)

Now let us take e > 0 such that eL < min 1) (d2/d1). Note that from (4.49) this is equivalent to eL <

A

Hence:

mino, ) (cpz/ P1 \/M) where g; and g, are the coefficients of the basic C' Lyapunov function for the
(leg) =0 (4.55)
= (265) (56 ) > (] (25) [5G -=)) - oo

It can be shown (see [2] or [3] in particular Theorem 6.10 for more details) that this condition implies that

1 /d
<di_dd> and

original system (2.8). We have:

d;
Aalds
are the coefficients of a basic quadratic Lyapunov function for the H? norm for the system (4.2) for some
boundary controls of the form (4.5). Equivalently this means that, for some boundary controls of the form

(4.5),
- h(2) x| 23tz f222 x)dx
V(t)—/0 ( B © > (¢, )+|A2| 2(¢,2)d
L 1 fi(z) ) 1 é ,
+/0 < fg( ) — EZ‘) (atZI) (t,x) |A2| (atz2) (t,q})dg; (457)

Pl Ae) 2 (02, RN TP .
+/0 ( ho) € )(&t D*(t, @) + |A2| (6'“ 2)2(t, z)d

is a Lyapunov function for the H? norm. Therefore using (4.49) and performing the inverse change of
coordinates to go from (4.2) to (2.8), V can also be written as

V(t)z/L1< gl—%ex>gogou(tx)+l gogou(tx)d
o M \Vg2 ¢ R Az e

L 1 1
+/ — (2~ Pea) pro2(0n (t,2)) + e wwz(atuz(t x))*dz (4.58)
o M g2 |A |

©2

L
1 91 $1
[ (2 - Zar) ettt + oy [Riorpa(@uate. o,

where g1 and g are the coefficients of the basic C! Lyapunov function of the system (2.8), and this concludes
the proof of the first part of Theorem 3.3.

To show the second part of Theorem 3.3 suppose that MjaMa; > 0. Therefore from (2.24), ab > 0. Suppose

also that (I1,1l2) are the coefficients of a basic quadratic Lyapunov functions for the H? norm for the system
(4.2), (4.5). Define h; =|A;|l; and

fi(z) = Aexp <—/ QKLJ Lds — Ex) ) (4.59)
0
Ja= %fl, (4.60)
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where A > 0 and € > 0 are taken arbitrarly. We have:

o oldl f —efy < 2'”" f - Mﬂz (4.61)
1 — Al \/E .

and

() - (st Y m) =) 2

Besides I; are the coefficients of a basic quadratic Lyapunov function for the H? norm for (4.2) therefore (see
[2], in particular (41)-(43)) h} < 0, by, > 0 and

1Y\ a b oho\?
k. () > ( + > . 4.63
2\ A |As by (4.63)

Let us denote

N\ e b h
A ( > 2 4.64
< hy ) Ay |Ag| g (4.64)
Thus from (4.61), (4.62) and (4.63):
h b h h
fo>2/ 72 2y 2 f1+2\/ 211f1+f1
hi |[A1 0 [As| h1 (4.65)
L [hla bk s al '
| Ay T A B f1+2 ]1f1 2A f1 f1
Assuming now that e < 2 minjy j(I11/h1/h2), we have, as [ab| = ab and hy and hy are positive,
f’ > 2 @ﬁ@ 1
: n |A2| i (4.66)
A \/fT

Therefore from (4.65) and (4.66) and Theorem 3.1 in [13], there exists a boundary control of the form (4.5)
such that (fi, f2) induce a basic C!' Lyapunov function for the system (4.2). Performing the inverse change
of coordinates and using (4.1) there exists a boundary control of the form (2.9) such that (fi, f2) induce a
C! basic Lyapunov function, where

M (0,))  [Maz(0,0)| [|A1|q
r)=Aexp |2 — ds —ex |, 4.67
91() p ( A A Mol (4.67)
|Az g2
= ) 4.68
” |A1]q o ( )

and (g1, g2) are the coefficients inducing a basic quadratic Lyapunov function for the H? norm for the system
(2.8)—(2.9). This ends the proof of Theorem 3.3.
O

5 An application to the Saint-Venant equations

In this section we will show Theorem 3.4 and Theorem 3.5. Before proving these results, we recall some
properties of the Saint-Venant equations. The steady-states (H*,V*) of (3.12) are the solutions of:

O (H*V*) = 0
V*2 . kv*2 (51)
8m<2+gH>(C H*)
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Under the assumption of physical fluvial (also called subcritical) regime, i.e. 0 < V* < \/gH*, these
equations reduce to:

H;=-H" Vo ,
- (5.2
Vi=V* O |
T T gH* _ V*2’
and have a unique maximal solution for a given H*(0) and V*(0) verifying V*(0) < \/¢gH*(0). Observe now

that there are three different cases:

*2
° kg*(é?) > (), i.e. the friction is larger than the slope. In this case V* is an increasing function, H* is
a decreasing function and therefore the friction stays larger than the slope on the whole domain, i.e.
kV*2/H* > C.
*2
. kg ((()())) = C, in this case the steady-states are uniform and thus defined on [0, +00) and in particular

they are defined on [0, L] for any L > 0.

° k;:?é(;) < C, in this case V* is an decreasing function, H* is an increasing function, therefore the slope
stays larger than the friction on the whole domain. Note that the system moves away from the critical
regime, therefore the solution (H*,V*) is defined on [0, +00) and in particular it is defined on [0, L]
for any L > 0. A more rigorous proof will be given later on (see the the beginning of the proof of

Theorem 3.5).

Therefore, it is enough to look at the difference between the friction and the slope at the initial point x = 0
to know whether the slope or the friction is larger on the whole domain.

We will consider a steady-state (H*, V*) with H(0)* = Hj and V(0)* = V{ the associated initial conditions,
and we define now the perturbations:

h=H—-H"andv=V —-V". (5.3)

Assuming subcritical regime, i.e. V* < \/gH*, the Saint-Venant equations (3.12) can be transformed using
the transformation described by (2.1)—(2.2)—(2.8)—(2.9) in

Opu+ A(u,z)0,u+ M(u,z)u=0, (5.4)

where

_(v+h If*
w= (02 W?) | (55)
AL = V* 4 JgH", (5.6)
Ay = V* — \JgH", (5.7)

k %2 _ 3 4+ L 1 + 1
M@, ) =Y ( WV 1V* 2ﬁlgH* 4(\/7+V*) WJH*)
H \ wpm—m t v~ s

. 3 . 1
—_C ( 4(vglff*+V*) 4(vg131*+V*)> )
1(gH—V~) 1(V/gH—V~)

Observe that the system is indeed strictly hyperbolic under small perturbations as A; > 0 and A < 0. The
derivation of Ay, A and M(0,-) will not be detailed here but is quite straightforward and the expression
(5.6)—(5.8) can be found for instance in [3, Section 1.4.2].

Proof of Theorem 3.4. Let us suppose that the flow is in the fluvial regime on [0, L], therefore
< /gH*(z), Vxe€l0,L], (5.9)
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and suppose that kV;2/H; > C. From the previous we have kV*2/H* > C on [0,L]. Thus from (5.8)
Mi2(0,-) > 0 and M>51(0,-) > 0. Before going any further let us note that we know from [14] that there
exists a basic quadratic H? function for the system (5.4) for some boundary controls of the form (4.5),
therefore Corollary 1 applies and there exists a boundary control of the form (4.5) such that there exists a
basic C'! Lyapunov function for this system.

Moreover from [14] (see Lemma 3.1), we know that

_ palhs

) 5.10
ool (5.10)
is a positive solution of:
b a
! 2
=N+ —. 5.11
"= (5.11)
Therefore from the second part of Corollary 1 one has that if
! _ 0 kl
G'(0) = (k2 0 (5.12)
2(L
with 12 < £ and k2 < n2(0), (5.13)

n*(L)

where G is given by (2.9) and 1 by (5.10), then the system (5.4), (2.9) admits a basic C'* Lyapunov function
and is exponentially stable for the C'* norm.

It is therefore enough to show that the boundary conditions (3.13) under hypothesis (3.14) are equivalent
to boundary conditions of the form (2.9) satisfying the previous condition (5.12)—(5.13) in the new system
(5.4), obtained by the change of variables (5.5). Observe that from (3.13) we have

v(t,0) + h(t,0),/ Hg(()) =k (v(LO) — h(t,0) H*g(O)> ,

(5.14)
/g /g
t,L)— h(t,L =k t,L)+ h(t,L
’U(,) (a) H(L) 2<U(7)+(7) H*(O))’
where
1+ H’;q(O) bl
k= — | (5.15)
1-— ) by
1+ 9 by
1 H*(L
L () 510
2 1 H*g(L)bQ
and therefore:
t,0) =k t,0),
i (t,0) 12 (t,0) (5.17)

u2(t7 L) = kQUJl(tv L)
Therefore after the change of variables given by (5.5), the boundary conditions (3.13) are equivalent to

boundary conditions of the form (2.9) satisfying (5.12). All it remains to do is to prove that under the
hypothesis (3.14), the boundary conditions (5.17) also satisfy the condition (5.13). Now observe that from
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(5.10), (5.15) and (5.16), the condition (5.13) becomes:

L+ woh As(0)\ 2
e < AO)) (5.18)
1 H*g(o)b1 !

2
1+ H*(L)b2 AQ(L) 2

> D)) (5.19)
1- H*g(L)b2 !

which is equivalent to
(1 - (tgg;)j + <1 - (j:ig)f) (\/H*T(o)bl)Q 12 (1 + (2?%)2) \/H*T(O)bl <0,  (5.20)
(-G )+ (- ) ) (fmm) 2 (0 (G28) ) Va0 6
and from (5.6) and (5.7) this is equivalent to having

H'(©) V*(0)
e (g

H*(L) V*(O)] (5.22)

) andeER\[—v*(L),— ;

which is exactly (3.14). Therefore under boundary conditions (3.13) and hypothesis (3.14) the system admits
a basic C'! Lyapunov function and is therefore stable for the C'' norm, this ends the proof. O

Proof of Theorem 3.5. Let us suppose that C' — kVg2/HE > 0 and gH§ > V2. Then there exists a unique
maximal solution (H*,V*) to the equations (5.2). Let us prove that this solution is defined on [0, +00).
Denoting Ly € (0,00] the limit such that the maximal solution is defined on [0, Lg), we have from the
beginning of this section, in particular (5.9), that for all z € [0, L), H* and V* are continuous, positive,
and:

kJV*Q
0 5.23
H* > ’ ( )
gH* > V*2. (5.24)

Therefore from (5.2), H* is an increasing function and V* is a decreasing function. Besides, as H*V* remains
constant, both H* and V* remain positive. From (5.2) we can get an estimate on the growth of H*:

V*2 C kv+

HI(l_gH*)_g_g?’ (5.25)
therefore R Vo2 o
— - - <HI(1- ) < —, (5.26)
9  gH; gH*" " g
hence o Ry o
<E—ﬁgﬂg<7mz. (5.27)
0 9(1 = 5#=)

Thus H is bounded, Hence Ly = 400, as H* is an increasing function and cannot explode in finite length
and as V* = H{Vy /H* from (5.2).

Consider now the Saint-Venant equations transformed into the system (5.4) with (5.5)—(5.8). The first part
of the theorem is straightforward from Theorem 3.2 as there exists L; > 0 such that (3.4) admits a solution
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on [0, L1]. Let us now suppose by contradiction that for any L > 0 there exists a basic C! Lyapunov function
for the system. Then from Theorem 3.2, for any L > 0 there exists a solution 1 on [0, L] of

(5.28)

where a, b, A1 and Ay are given by (2.24), (5.6) and (5.7). From (5.27), H goes to 400 when = goes to 400,
and from (5.8) we have

Mii(0,)  Mp(0,) 3C (1 1\ kV* /(1 1
+ =S (m-w)+tar (= +
A Al 4 \AZ T AZ) T ET \ A A
LA 3 (N S T DR SRS .
H* 4 |A2|2 A% ‘Agl A1 2\/gH* ’
_BOVGHTVT g 2kV' RV BVGHTVE v
C(gHr V=22 N HrgH* = V=2 H* |(gH* —V*2)? * (gH* - V*2)\/gH" |’

g 1 -30Q |, 2kQ
n kQ* T [g 3Q n 2Q
H*3 H* (gH* _ V*2)2 H* (gH* _ V*2) gH* ’
g 1 —30Q + 2kQg — 2kQ 35 1
=/ +0 :
H* <gH* _ V*Q) H*5

gH* _ V*Q
1
=0 (H*5/2) !

We used here that H*V* is constant and therefore 1/(gH* — V*?) = O (1/H*) when H* (or equivalently z)
goes to infinity. But from (5.27) we know that H* > (C/g — kV;?/gH{) © + H{. Therefore

(5.29)

Mll(O,x) MQQ(O,.T) - 1
A ™. (0] py5) for z — 400, (5.30)
and thus is integrable. Hence
im 2@ o S0 (5.31)

T—+00 4,02(-1')
Let us look at a/A; and b/|Az|. We have

i: M12(05')
Ay Ay
IO RN Gl
“P\AgHE v T HA, |V T 2 gH (5.32)

B kQg {H*+ 1 }
gH* \4(1+ )2~ H2(VgH* +V*) | Q ~ 2VgH"] |’

Therefore o .0
. ag 2
1 = . .
Similarly we can obtain:
bgH* C
li - = - 5.34
w—l>r-iI-loc |A2| 4Cy ( )
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Therefore there exists z1 € (0,00) such that for all x > x4

a CQC
— > —— 5.35
A1 - 5gH*, ( )
b C
— > = .
‘AQ ~ 5CygH* (5.36)

Let L > x1, by assumption equation (5.28) has a solution 7 defined on [0, L] and from (5.35) and (5.36), for
all x > 4

2
( 77)>03C

n > Cat ) 2 5o (1+77), (5.37)

5gH*

where C3 = min (Cg, C%) From (5.27) right-hand side and (5.37) we have

, o (1 42)
n < CsC S gHy

5.38
o) 250l = () (5:3%)
5(x + ~—5>gHp)
hence )
v

X / x 03 1 —_— %
/ e > / ( gH) da. (5.39)

x1 (1 + n ) T (17;/}_’;)

51z+ %QHS
Thus

CS ‘/'0*2 T
arctan(n(x)) — arctan(n(z,)) > — |1 - — | In — (5.40)
5 gH; (1—%)
1 + %QHS
Note that the right-hand side does not depend on 7 and L and that
- vg? )
%2 ( 9§ H*
i (1o Y\ | 2R et (5.41)
z—+oo 5 gHj ( _%)
r + ~—F—+gH;
Therefore, as this is true for any L > 0 we can choose L such that
v*2
03 Vix2 L+ @g}[* T
= (1-=2L_ ) ¢ 70>, (5.42)
5 gHg (1_ ;/};* ) 2
o1+~ gH;

By hypothesis, there still exist a function 7 that verifies (5.40), is positive and defined on [0, L] with this
choice of L. Hence, arctan(n(L)) < w/2. But, as 7 is positive, arctan(n(z1)) > 0 so we have from (5.40) and
(5.42)

arctan(n(L)) > (5.43)

vol 3

Hence we have a contradiction. Therefore there exists Ly > 0 such that for any L > Ly there do not exist a
basic C! Lyapunov function whatever the boundary conditions are. This ends the proof. O
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6 Numerical estimation

From Theorem 3.4 when kV;2/H; > C there exists explicit static boundary controls under which the general
Saint-Venant equations are exponentially stable for the C! norm, whatever the length of the channel. When
kVg2/HE < C no such explicit result exists but in practice we can however use Theorem 3.2 to find the
limit length under which stability can be guaranteed. We provide here some numerical estimations under
reasonable conditions (Q* = 1 m2.s™1, V5 = 0.5 m.s™!, k = 0.002). On Figure 1, one can see that for a
50km channel with a constant slope such that C' = 2kV;2/H{, n exists and there is no problem. In Figure
2, we extended the channel until the limit length L,,,, for this system and it appears that L., > 10%*km
and that H*(Lyqe.) > 100m which is quite unrealistic in current hydraulic applications. This suggest that
for nearly all hydraulic applications it will be possible to design boundary conditions such that there exists
a basic C' Lyapunov function that ensures the stability of the system for the C! norm.

4 100

Height H of the water /’/',/” eta
(inm) e (no unit)

. — I I L I L 1 L
0 5 10 15 20 25 30 35 40 45 50

Length L of the canal (in km)

Figure 1: In the z-axis is represented the length of the water channel, in blue the height of the water for the
stationary state and in red the value of 7.

7 Further details

The previous results were derived for the C' and the H? norm but they can actually be extended to the CY
and the HP norm with the same conditions, for any p € N* \ {1} and ¢ € N*. To show that, one only needs
to realize that Theorem 3.1 and 3.2 in [13] and Theorem 4.1 (and therefore Theorem 4.2) are true for the
C? and the HP norm with the same conditions, for any p € N*\ {1} and ¢ € N*.

In conclusion we gave explicit conditions on the gain of the feedbacks to get exponential stability for the C*
norm for 2 X 2 quasilinear hyperbolic systems with propagation speeds of the same sign. In the general case
we derived a simple criterion for the existence of basic C!' Lyapunov functions and a practical way to derive
admissible static feedback gains when this criterion is satisfied, simply by solving an ODE. We showed that
under some conditions on the coefficients of the source term the existence of a HP and C? basic Lyapunov
function for any p € N* \ {1} and ¢ € N* are equivalent and that, in the general case, the existence of a C'?
Lyapunov function for any ¢ € N* for some appropriate boundary controls implies the existence of a basic
quadratic H? Lyapunov function for any p € N*\ {1} for some appropriate boundary controls. Finally we
showed that when the friction is larger than the slope the general nonlinear Saint-Venant equations can be
stabilized for the C'' norm by means of simple pointwise feedback, and we gave explicit conditions on the
feedbacks. When the the slope is larger than the friction no such general result can be shown. However, we
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(in m)
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o 5000 10000 15000
Length L of the canal (in km)

Figure 2: In the z-axis is represented the length of the water channel, in blue the height of the water in
stationary state and in red the value of 7, one can see the limit length L,,., at which 1 explodes.

showed that for nearly all applications the Saint-Venant equations can be stabilized by means of such simple
feedbacks.
8 Explicit form of B and regularity of A and B
Applying the transformation (2.3) on the system (2.8), B is given by:
B(u,z) = N(@)(F(Y)(Y; + (N~} (2))w) + D(Y)). (8.1)
As Y* is a steady-state, it verifies the equation:
F(Y")0,Y"=-G(Y"). (8.2)

Thus if we suppose that ' and G are C? on By- ,,, where p € N*, as F' is strictly hyperbolic with non-
vanishing eigenvalues, Y* is CP*! on [0, L]. Therefore, using (2.5) and (8.1), A and B are also C? on
Bomo X [O,L]

9 Counter exemple of the converse of Corollary 1 in general

As mentionned earlier, from [14] we know that for any L > 0 the system (5.4) corresponding to the Saint-
Venant equations with boundary conditions (4.5) admits a basic quadratic H? Lyapunov function. However
from Theorem 3.5 we know that there exists L,,,, such that for L > L,,q, the system does not admit a C*
Lyapunov function whatever the boundary control is. This is a counter exemple of the Corollary 1 when one
cannot ensure that M1, and Ms; have the same sign.

10 Proof of Theorem 3.1

In this Theorem we rely mainly on Theorem 3.1 of [13]. Let a quasilinear 2 x 2 hyperbolic system of the
form (2.8)—(2.9) be with A; Ay > 0. Without loss of generality we can assume that A; > 0 and A > 0. As
previously this system is equivalent to the system (4.2), (4.5) (see Section 4) and the existence of a basic C!
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(resp. basic quadratic H?) Lyapunov function for this system is equivalent to the existence of a basic C*
(resp. basic quadratic H2) Lyapunov function for the system (2.8)—(2.9). Let us suppose that

G'(0) = (%1 IS) such that
2

k§<exp< P00y (10 B

0 Ay A A ) ’ (10.1)
L
M2(0, 5) la(s)| [b(s)l
k3 2= 2 d
5 < exp < ; Ay max AL A, s,

then from (4.1) we have

G1(0) = (% ZO) such that
2

17 <exp (—2 /OL max (laﬁ”, |bj(é) ) d8> ; (10.2)

2 < oxp (_2/0L - <|GA(T)|’ |b$)l) ds) |

where G is defined in (4.5). Let us define f; = fo = f by

F(z) = exp <—2 /O"L max <f1(fs))| KJQ(ZD ds) vz € [0, L]. (10.3)

Then f is positive and C* on [0, L] and

) la(z)| f22

F==Nwrm o
df < 2|b(m)| f3/2 ( . )

an f S — Az(x)m

Besides, as G (0) is diagonal, if we define poo : M — min(|[AMA™Y|» : A € DJ) where DJ is the space of
diagonal 2 x 2 matrix with positive coefficients we have from (10.2):

Poo(G1(0)) = max(ly,la) < | === (10.5)

Therefore, from (10.4) and (10.5) and Theorem 3.1 in [13], there exists a basic C! Lyapunov function and
therefore the system (2.8)—(2.9) is stable for the C!' norm.

Let us now show the stability for the H? norm by showing that there exists a basic quadratic H? Lyapunov
function for the system (4.2), (4.5). From (10.5) and by continuity we know that there exists o > 0 such
that

9(L)
max(ll, lg) < g(O) s (106)
where g is defined by
g(z) = exp <—2 /0z max <|[;11(2)|, ijf;;) ds> —o,Vz €0, L] (10.7)
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We want now to be able to apply Theorem 6.6 in [3] which would give the result. Note that if we now define
g1 = g/A1 and g3 = g/As we have

~((Mq) 0 +¢]10 0a+0aTQ1O
0 (AQQQ)/ 0 q2 b 0 b 0 0 q2

e
o(h+t)

and this matrix is positive definite as ¢’ < 0 and:

2 2 £+12> 4mXM@2_ £+12 2> (10.9)
g -9 Ay Ay @ A7 A Ay Ay 7 =0 .

(10.8)

)

Besides
q1 (L)AL (L) 0 v q1(0)A1(0) 0 /
( 0 q2<L>A2<L>> @O ( 0 q2<o>A2<0>> 1(0) o0
_ (9(L) -(1—-o)} 0 ) .
B 0 g(L) = (1= 0)i3

is positive semi-definite from (10.6). Therefore from Theorem 6.6 in [3] we know that the system admits a
basic quadratic H? Lyapunov function and is stable for the H? norm. This ends the proof of Theorem 3.1.

Remark 10.1. Although the existence of a basic quadratic H?> Lyapunov function is not stated directly in
Theorem 6.6 in [3] one can easily check that the theorem actually proves the H? stability by showing that
there exists a basic quadratic H* Lyapunov function as defined in Definition 2.4 (see in particular Lemma
6.8 in [3]).
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