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In this article, we consider flat and curved Riemannian symmetric spaces in the complex case and
we study their basic integral kernels, in potential and spherical analysis: heat, Newton, Poisson
kernels and spherical functions, i.e. the kernel of the spherical Fourier transform.

We introduce and exploit a simple new method of construction of these W-invariant kernels by
alternating sum formulas. We then use the alternating sum representation of these kernels to obtain
their asymptotic behavior. We apply our results to the Dyson Brownian Motion on R

Copyright line will be provided by the publisher

1 Introduction and notations

Analysis on Riemannian symmetric spaces of Euclidean type, also called flat symmetric spaces, continues
to develop in recent years ([21, 23, 45, 46]). Its importance is due to its relationship with Dunkl analysis
([9, 12, 42]) together with the correspondence of the complex case with the parameter k = 1, in which
symmetric spaces of Euclidean type constitute the “geometric case”, frequently used as a model case
in most challenging open problems of Dunkl theory. The analysis on flat complex symmetric spaces
coincides with Weyl group invariant Dunkl analysis associated with multiplicity & = 1, see [9]. In
particular, the heat kernel pl’V (X,Y) is a special case of the heat kernel in the Weyl group invariant
Dunkl setting. We employ this intimate connection to Dunkl theory in our paper in Section 3 as one of
main tools of the proof of main theorems. This connection appears also in Proposition 2.8.

Another important aspect of this paper is to apply analysis on symmetric spaces of Euclidean type
to potential theory and to stochastic analysis of Dyson Brownian Motion, one of the most important
models of non-colliding particles, see the recent survey [29]. We expect further applications of our
results and techniques to other non-intersecting stochastic path problems related to root systems and to
multivariate stochastic processes related to Laplace-Beltrami operators on symmetric spaces, to Dunkl
Laplacians and to Schrodinger operators, see the discussion in Section 5. We thank an anonymous
referee for pointing out to us such further stochastic applications.

The objective of this paper is to study basic integral kernels, in potential theory and spherical analysis:
heat, Newton, Poisson kernels, Green function and spherical functions (i.e. the kernel of the spherical
Fourier transform), in the set-up of flat and curved symmetric spaces of complex type.

Our main results on the exact form and asymptotics of the heat, Poisson and Newton kernels (Theo-
rems 2.2, 3.11, 3.13 and Corollaries 5.6 and 5.7) are crucial for the future development of the potential
theory on flat and curved symmetric spaces of complex type, and for the potential theory of the Dyson
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Sudbury. The second author thanks LAREMA for its hospitality and the Région Pays de la Loire for its financial support
on several occasions via the projects Matpyl, Géanpyl and Défimaths.
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2 Sh. First Author and Sh. Second Author: INTEGRAL KERNELS ON COMPLEX SYMMETRIC SPACES

Brownian Motion. These results are a starting point of research and a source of conjectures for the
corresponding kernels in the Weyl-invariant Dunkl setting (for the rank one case, refer to [19]).

The main result on asymptotics of the spherical functions contained in Theorem 4.5 is important
from the point of view of spherical analysis on symmetric spaces, because it generalizes significantly the
results of Helgason in [23], of Narayanan, Pasquale and Pusti in [36] and of Schapira in [44], for the flat
and curved symmetric spaces in the complex case, cf. Remark 4.9.

We recall now some basic terminology and facts about symmetric spaces associated to Cartan motion
groups.

Let G be a semisimple Lie group and let g = ¢ ® p be the Cartan decomposition of G. We recall the
definition of the Cartan motion group and the flat symmetric space associated with the semisimple Lie
group G with maximal compact subgroup K. The Cartan motion group is the semi-direct product 5

Go = K x p where the multiplication is defined by (k1, X1) - (ka, X2) = (k1 ko, Ad(k1)(X2) + X71).
The associated flat symmetric space is then M = p ~ Gy/K (the action of Gy on p is given by
(k, X)-Y =Adk)(Y) + X).

We tacitly identify K-invariant measures, functions, differential operators on M with W-invariant
measures etc. on a.

The spherical functions for the symmetric space M are then given by

Ua(X) = /K HAdB) g (1)

where ) is a complex linear functional on a C p, a Cartan subalgebra of the Lie algebra of G. To extend
Ato X € Ad(K)a = p, one uses A(X) = A(mq(X)) where 7, is the orthogonal projection with respect
to the Killing form (denoted throughout this paper by (-,-}). Note also that the spherical function for
the symmetric space G/K is given by

or(9) = /K (O (H R g @

where ) is a complex linear functional on a and the map H is defined via the Iwasawa decomposition
of G, namely g = ke @ n e K AN and p = (1/2) 3_ ., ma . Note that in [23, 24, 25], X is replaced
by i A.

Throughout this paper, we suppose that G is a semisimple complex Lie group. The complex root
systems are respectively A,,_q for n > 2 (where p consists of the n x n hermitian matrices with trace
0), By, for n > 2 (where p = iso(2n + 1)), C), for n > 3 (where p = isp(n)) and D,, for n > 4 (where
p =1is0(2n)) for the classical cases and the exceptional root systems Eg, E7, Eg, Fy and Gs.

Let A be the Laplace-Beltrami operator on M and AW its restriction to W-invariant functions on a
where W is the corresponding Weyl group. Recall the formula

AW f = VAR (z ), (3)

where 7(X) =[], @(X) (see [25, Chap. II, Theorem 5.37]) in the Euclidean case.

In Section 2, we introduce and exploit a simple new method of construction of important K-invariant
kernels on the space M.

We show in Theorem 2.2 that if IC(X,Y") is an Euclidean kernel (heat kernel, potential kernel, Poisson
kernel, ...) for the Laplacian ARd, then the corresponding kernel acting on W-invariant functions on
M is given by the alternating sum

KW (X,Y) = m w%jv (W)X, w-Y). (4)

Here and in Theorem 2.2 below, (X,Y) is an Euclidean kernel on the Cartan subalgebra a which
is isomorphic to R? where d is the dimension of a and with the underlying scalar product being the
Killing form on a.
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The proof of Theorem 2.2 is short and easy and uses the simple form of the operator A" given in

It is well-known that the spherical functions of the space can be written explicitly as such alternating
sums ([25, Chap. IV, Proposition 4.10]).

The alternating sum formulas (4) also include determinantal formulas for transition probabilities
plV (z,y) (equivalently, for heat kernels) of Karlin-McGregor type, proven for Dyson Brownian Motions
in Weyl chambers [18] and exploited in stochastic analysis (refer to [31, 32]).

The fact that alternating sums formulas (4) are true for many further analytic and stochastic kernels
beyond spherical functions and heat kernels, was surprisingly not published or exploited (we asked
experts of the field for an existing reference).

The approach with formulas (4) will allow us to provide asymptotics for kernels K", using our
knowledge of the kernels (X,Y) on R¢ as given in Table 1.

In Section 3, we discuss the asymptotic behaviour of the Poisson kernel especially when one or both
arguments are singular. These results translate well to the Newton kernel.

In Section 4, we compute asymptotics for the spherical functions v, (Y) which can prove challenging
when either A or Y are singular (i.e. such that at least one of the nonzero root vanish on X or Y).
Our results depend on a property we call “Killing-max” namely the property that for X, Y € at,
(X,w-Y)=(X,Y) if and only if w € Wx Wy where Wx = {w € W: w-X = X}. It is known that
this property is verified when either X or Y is non singular [23]. We prove in Appendix A, using the
classification of Lie algebras, that the Killing-max holds in almost all cases (only in the cases related to
the root systems Eg, F7 and Eg is the question left unanswered).

We conclude with Section 5 where we apply the previous results to the heat kernel and Poisson and
Newton kernels for the Dyson Brownian Motion.

Acknowledgements. We thank M. Denkowski for advice with Lemma 2.3 and J.-J. Loeb for useful
discussions. We are grateful to both anonymous referees for their insightful comments and remarks that
greatly helped to improve the paper.

2 Kernels on flat symmetric spaces in the complex case

2.1 Definitions

We first recall the classical integral kernels on R? in Table 1.

The integral kernels on the flat symmetric space M are considered with respect to the invariant
measure ;(dY) = 72(Y)dY on M. Their definition is analogous to the classical R? and Riemannian
manifold case, with the W-invariance imposed on the operator, boundary problem and solutions. The
Dunkl-Poisson, Newton and Green kernels and their W-invariant versions were introduced and studied
in [16] and [19].

Definition 2.1 We define a kernel X" (X,Y) for the operator A" and a boundary problem P
as the fundamental solution of this PDE problem, which is W-invariant in X-variable, for each Y.
Equivalently, K" (X,Y) is an integral reproducing kernel for the W-invariant solutions of the problem
P and this kernel is W-invariant in X.

The uniqueness of X' (X,Y) may be deduced, as in the classical case, from the uniqueness of the
spherical Fourier transform. Another approach for the existence of Poisson, Newton and Green kernels
is available from the point of view of stochastic diffusion processes [7]. Note that W-invariant Dunkl
processes are diffusions.

2.2 The method of alternating sums for constructing kernels on M
This method will be introduced and used in the proof of Theorem 2.2 below.

Theorem 2.2 Let M be a symmetric space of Fuclidean type with G a complex simple Lie group of
rank d. Then the following formulas hold for X, Y € a, a Cartan subalgebra associated with M .
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PDE Kernel Solution
AR u(X, 1) = G u(X, 1 e
e ) = ot et X,Y) = : th/ Y)p(X,Y)dY
{hmt_m+ w(X,t) = f(X) p(X,Y) (A 1)i/? u(X,1) - fY)p(X,Y)
XeRYt>0

on R?,

{ AR y(X) = f(X)
[u(X)] = 0as X — o0

f € C.(RY) N(X,Y)=®(X -Y), u(X) = FY)N(X,Y)dY
Rd
ARdu(X):O on B(Xy,r) _ r? — X — X/ u _
{ u(X) = f(X) on 9B(Xo,r) PEY) = @ =vl | ") = g [ P& Y

{ AR (X)) = f(X) on B=B(0,1)
u(X)=0 on 0B

Gp(X,Y)=®(X -Y)
—( X[ (Y - X/|X[*)

u(X) :/B fY)Gp(X,Y)dY

where wy = 27%2/T(d/2) (the surface area of a sphere of radius 1 in R?) and ®(X)

{217rm|X| ifd=2

b (X[ ifd >3

Table 1 The heat kernel p;, the Newton kernel N, the Poisson kernel P and the Green kernel Gp for R?

1. The heat kernel on M 1is given by
1

p/ (X,Y)

W @m )R r(X) (V)

2. The Newton kernel on M is given by

N XY) = zﬂwml(x)wm g;v olw) X~ ¥] when d =2,
_ 1 e(w)
NW(X’Y)_\W|(27d)wd7r(X)7r(Y) Z X —w-v]ie when d > 3.

weWw

3. The Poisson kernel of the open unit ball B is given for X € B andY € OB by

PY(X,Y)

e(w)

1-|X]?
~ Wwam(X) 7 (Y) 2

| X —w-Y|?
weW

4. The Green function of the unit ball is given by

_ 1

GY(X,Y)

Wr(X) 7 (Y)

Z e(w)Gp(X,Y),

weWw

where Gp(X,Y) is the classical Green function of the unit ball B in R® (refer to Table 1).

Proof. It is based on the following steps:

1. Write a kernel on R where d is the rank of M;

2. Exploit formula (3);

3. Apply the W-invariance (the kernels on M must be W-invariant).
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We give the proof in the Poisson kernel case; the other proofs are similar. The Poisson kernel of
B(0,1) in the Euclidean case is

1-|XJ?

If w is harmonic with respect to A" then 7 u is harmonic with respect to AR’ Hence

(X) u(X) = /83 mwmﬂm qy.

This is equivalent to

0 L ) vy
u = o :
o wam(X)w(Y) | X = Y|4
The reproducing kernel wa }T(_)lg)fﬁ(y) I X_1Y|d is not W-invariant. We write the last equation || times,
replacing X by w - X
1-|XJ? 1 ,
A =utw - X) = Y)n(Y)2dY
w(X) =u(w - X) /83 war(w - X) 7 (Y) ‘U%X—Y‘df( Ym(Y)
1-|X]? e(w) )
- Y)m(Y)2dY
/aB wagm(X)w(Y) | X —w-Y|d FY)n(Y)

and we sum up the |IW| equations. We obtain

__1 1-|XP e(w) .
u(X) = |[W | wqy /BB m(X)7(Y) w;{/ X —w-Y|d fY)=x(Y)*dY.

The formula for the Newton kernel requires more care. Let 4 be the solution of the inhomogeneous
Laplace equation on R?, then

2wew €(w) a(wX)

X ==

solves the corresponding problem for A". We need however to show that limx o |u(X)| = 0. It is
useful to note that the function 4(X) =3, .y €(w) @(wX) is skew-symmetric.

For J C {1,2,...,n},les Ay = {z € R": |z;| > 1/2 fori € J, |z;| < 1 for i € J°}. Note that R is
the union of the open sets A;. Now, on A; with |J]| > 1 (so that X — 00),

lim IC, ST lim _axy) | W((1/xi)ier, (i)iese)
X—o0 7T($17...,5L'd) (x3)icg—00 ’/T(il’l,...,xd) JieJ,x; —0 W((l/xi)i€J7(xi)i€JC)
= lim H |42 W((1/xi)icg, (Ti)iese) .
e <2jellel>1ie 7 Jie S a0 o m((zi)ies) 7((@i)icse) [iesjese (1 — @iz))

Observe that 4((1/x;)icr, (;:)ice) is continuous since limy oo @(X) = 0 and skew-symmetric in
(:)ics and in (x;);c . We remark also that it is zero when 1 —z; z; =0, ¢ € J, j € J°. Using Lemma
2.3 below, we can conclude that the term

W((1/2i)ieg, (%i)iee)
m((xi)ies) m((@i)iese) [icsjese (1 — iz))

is an analytic function so that it remains bounded and that the limit is 0. We are grateful to the
anonymous referee for pointing out the need for additional justification in the Newton kernel case. [

Copyright line will be provided by the publisher
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Lemma 2.3 Let f: R2 — R, h: R? = R two analytical functions such that h=1({0}) C f=1({0}).
Suppose that for each zy = (2o,y0) € h=1({0}), the order of yo as a zero of h(zq,-) is one (i.e.

h(wo,y) = (y — yo)h(y), h analytical, h(yo) #0).
Then there exists an analytical function g : R?> — R such that f = hg.

Proof. We apply the Weierstrass division theorem ([8, Th. 0.43(2)], [33, Th.6.1.3(1)]). For each
20 = (z0,y0) € h~1({0}) there exists a neighbourhood V,, and analytical functions v, (z,y) and b (z)
such that

f(@,y) = h(z,y)vz, (2,y) + bi(2).
For all (z,y) € h=1(0) NV, the last equality gives 0 = 0 + by (z), so that

f(x,y) :h(xvy)vzo(xvy)v (I,y) € VZU'
An application of the principle of identity ends the proof. O

Remark 2.4 The properties of factorization of analytical functions of several real variables are not
as straightforward as one might hope. For example, consider f(x,y) = 3® which is zero whenever
2% 4+ y? = 0. However, it is not true that f divided by z? + 32 is analytic or even defined.

For the root systems of type A, we obtain the following determinantal formula for the heat kernel
on M. This formula may be also deduced from the formula for the transition function of the Dyson
Brownian Motion, based on the Doob transform and Karlin-MacGregor formula, see Section 5.

Corollary 2.5 Consider the flat complex symmetric space M with the root system ¥ = Ag_1. Let

gi(u,v) = \/41? e~1u=vI*/4t be the 1-dimensional classical heat kernel. The heat kernel on M is given by

1
P (X,Y) = W= (X) =) det (g¢(zi, y5)) (9)
where x1, ..., xq are the coordinates of X and y1, ..., yq are the coordinates of Y.
Proof. Formula (9) follows from Theorem 2.2 (1) and the definition of determinant. O

Remark 2.6 In [18], Grabiner computes determinant formulas for the transition probabilities of the
Dyson Brownian motion in the Weyl chambers of A,,_1, B,,C, and D,.
Note that the alternating sum formula (4) reduces to a determinant if and only if the kernel X(X,Y)

has a multiplicative form
d

K(X,Y) =[] ki v)-

i=1

This holds true for the transition probabilities of the Brownian Motion on R? or, more generally, of any
multidimensional stochastic process X (¢) with independent identically distributed components X;(t).

Let us resume the method of alternating sums, applied in the proof of Theorem 2.2. An Euclidean
kernel £(X,Y) (heat kernel, potential kernel, Poisson kernel, ...) for the Laplacian AR" is transformed
in the following way into the kernel X" acting on W-invariant functions on M:

KV (X,Y) = m w;V e(w)K(X,w-Y). (10)

Formula (5) is immediate from the explicit form of the heat kernel in Dunkl theory (refer to [40])
together with Proposition 2.7 below. The formulas (6)-(9) are new.

However, in the harmonic analysis of flat symmetric spaces of complex type, the alternating sum
formula (11) for a spherical function on M given below is well known (see [25, Chap. IV, Proposition
4.8 and Chap. II, Theorem 5.35]). Dunkl had provided a proof for the root system A,_; in [10] using
a similar approach as ours.

Copyright line will be provided by the publisher
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Proposition 2.7 Given A € af (the dual of the complezification of a), the spherical function ¥ (X)
on M is given by the formula

m(p) Z (Aw-X)
X = ’ 11
¥AX) 27w (N) m(X) = e(we ’ (11)
where p = % D aest Mal =Y ooy a and y = |ST| is the number of positive roots.

We finish this section with a relation between the heat kernel and spherical functions which will
be useful in stochastic applications of our results, see Proposition 4.10 and Corollary 5.8. Proposition
2.8 is an immediate consequence of well-known results by Résler in Dunkl theory (see for instance [40,
Lemma 4.5]) and of [9], ensuring that heat kernel and spherical functions on flat complex symmetric
spaces coincide with their Weyl group invariant analogues in Dunkl analysis when the multiplicity k£ = 1.

Proposition 2.8 Let M be a flat symmetric space of complex type. The following formula holds

1 d —1x12-y]|? Y
w _d_, ZIXIP-IYT
XY)=—7———1t2 e ] — | . 12
by ( ’ ) ‘”r|2d d/2 () 4t QZ)X (2t> ( )

Remark 2.9 We provide here a simple explanation for the constant occurring in (12). From (5) and

(11)7

1 | X —w-Y |2
W(X,Y)= T
Dt ( ) ) ‘W| (47Tt)d/27T(X)7r(Y) w;/v C(w)e 1
1 a4 W(p) (X,wY)
N v 2t
|W |24 /2 7t(p) 27 m(X) T (%) w;/V e

_ 1 R e L
T W24 72 1 (p) N\at )

Note that the constants in [40] lead to the same constant as in (12) even though the functional p is not
used in the context of Dunkl theory. The same phenomenon will appear for the constant for the Poisson
kernel, see Remark 3.5.

3 Asymptotic behavior of the kernels

To simplify the notation, we will write f X g if limx_,y, % =1.

The main results of this Section are Theorems 3.11 and 3.13 which give asymptotics of the Poisson
and Newton kernels of the flat complex symmetric space M. In their proofs, we need some knowledge
of Dunkl analysis on R¢.

Consider R? with a root system ¥. The basic information on the Dunkl analysis in this context can
be found in [42]. Denote the Dunkl Laplacian by Ay and the intertwining operator by V.

Recall now the formula of Dunkl ([11, 12]) for the Dunkl-Poisson kernel of the unit open ball B =

B(0,1).

22 (d/2), |, 1-|X|?
7(p) [Wlwa [ (1 —2(X,-) + |X[2)r+d/2

Py(X,Y) = (Y), X€B, Y€OB, y=) ka
aEX

(13)

The constant in (13) is different from the one given in [11, 12]. Our constant is explained below in
Remark 3.5.

The flat complex symmetric spaces M correspond to the formula (13) in the W-invariant case and
with ko, = 1. Then v = |X| expresses the number of positive roots.

A formula for the Dunkl-Newton kernel Ny (X,Y"), analogous to (13), was proven in [16].
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8 Sh. First Author and Sh. Second Author: INTEGRAL KERNELS ON COMPLEX SYMMETRIC SPACES

3.1 Poisson kernel of the flat complex symmetric space

The following technical results will prove useful further on.

Lemma 3.1

() |X|d—2VH —d/2 - k)m(X) | X[
I(m) log | X| = (- )71(7—1'7T X)1x|727.

Proof. We see easily that |X|9727 9(r) |X|~? is a skew polynomial of degree at most . It must
therefore be a constant multiple of 7(X). Note from the definition of J(7) that

=11 at FX+Y ta Hy)

a>0 ta=0 a>0

(03

where H, is defined by the relation (X, H,) = a(X) for X € a. Hence,

SR

a>0

(X4 taHa X+ to Ha)™"2.

@ lta=0 a>0 a>0

1e)

After applying the operators g—
aly

o we will be left with the term
(=d/2) (=d/2=1) - (d/2 = (y = D)) (X, X)" > T] 2a(X))
a>0

and other terms which do not have the right form. This tells us that desired constant is 27 Hz;é (—=d/2—

A similar reasoning applies for the computation of 9(r) log|X]. O
oy e(w 27 (d —d—
Proposition 3.2 Let T(X,Y) = m Y wew ﬁ Then T(0,Y) = % |Y|=4=27.
Proof. Note first that O(w ) \X Y|~ =2"I]}_ ( d/2 —k)m(X —Y)|X - Y|~927. Consider
B(X,)Y)=n(X)T(X,Y) = w €(w) [ X —w- Y| . We apply the differential operator ()| y_,
to B. We find
1
A(m)(m) T OY—Q’VH —d/2 k) —— Y ew)m(X —w-Y) X —w- Y[
( ) weWw X=0
~y—1
= (-2 [T (=d/2= k) W[y 427.
k=0
Finally,
—1)7 2 T[Zs (—d/2 — k) |W —1)727 [[)Z8 (—d/2 — k) [W
T(O,Y) _ ( ) Hk:O ( / ) | ‘ |Y|7d72'y _ ( ) Hk:o ( / ) | ‘ |Y|7d72'y
A(m)(m) m(p) (W|/20
_ 22’\{ (d/Q)"/ |Y|_d_27.
(p)
O
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Corollary 3.3 We have

w _ 227(d/2),
PO = ) W wa
W =227l (y = 1) ~2y g
(0 Y) 27 ((d 2)/2) |Y|27d72'y Zfd Z 3

W[ (2~ d)war(p)

Proposition 3.4 The Poisson kernel of the unit ball on the flat complex symmetric space M is given

_ 27(d)2)y . - |XP?
PY(X,Y) = T g A <(1 EEYS |X|2)v+d/2) (Y), (14)

where A* denotes the dual Abel transform on M.

Proposition 3.4 will be essential to establish (17) in Theorem 3.11. Recall that the dual of the Abel
transform can be defined by the equation

X) = /K f(ma(Ad(k) X)) dk

where, as before, m, is the orthogonal projection from p to a with respect to the Killing form. Note in
particular that A*(e*))(X) = 1,(X). Note also (see [25, Ch. TV, Theorem 10.11]) that unless C'(X)
reduces to { X}, there exists a density K (H, X) such that

by

A(NX) = e f(H)K(H,X)dH.

Proof of Proposition 3.4. It should be noted that for Weyl-invariant f, A*(f) = Vi(f) (refer to [9]).
Since the argument of A* in (14) is not Weyl-invariant, some proof is needed. Let K(Z,Y") be the kernel
of the dual Abel transform. Using (13), we have

Zw7’w0€W Py(w- X, wy-Y)

w _ . _
PY(X,Y) = WP (with k= 1)
22Af (d/2)~ / 1—|w- X2
|W‘3wd wwz;W (wo-Y) 172<w X, Z>+|w X|2) y+d/2 H oY( )
227 (d/2), . B
= e 11X / dpy (wy* - Z)
7(p) W ? wq COY) o eW (1-2(w-X,Z) + |X|2)v+d/2 0
Weyl-invariant
227 (d/2),y 1
= 20 WBwy, X duy (Z
7T(p)IW\?’wdz X / W;W (1—2(w-X,wp - Z) +|X|[2)rtd/2 ny(2)
227 (d/2)’y / 1
= ) WBw, X K(Z,Y)dZ
7(p) [W|? wq (=X w;W (1—-2(w-X,wo-Z)+ | X|?)7+d/2 (Z,Y)
227 (d/2)7 1
= T B w, X K(Z,Y)dZ
7T(P)|W\3wuz X / wwzogw (1—-2(X,wlwg - Z) + | X|2)7+d/2 (2,Y)
227(d/2), / 1 .
- K Z,Y)dZ
7(p) W3 wq )|W\3Wd CY) o ew (1—2(X,Z) + [X[2)r+d/2 (wy " wZ,Y)
0o

B 22 7(d/2)7 B 1
= 2 wwe - >/cm 1 2(X.2) + X+

K(Z,Y)dZ.

O
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Remark 3.5 Note that our normalizing constant is different from what is found in [11, 12]. We ex-
plain here how they correspond in the complex case. In [11], the Poisson kernel P" (X,Y") is normalized
in the following manner:

, Y

u(X) = ¢, / f(y) PY (X,Y) n(¥)
8B(0,1) Wq

where ¢ is such that

dy
1=, / r(v)2 2L
8B(0,1) Wq

where, reading through [11, Page 1215],

=2, I (5 Cansial+n)

a>0

Our different normalizations come down to the equality
221(d/2), _ ¢
m(p) Wlwa  wq

which gives the interesting equality

O - T (19 o pal +1)

27
a>0

This equality is easily verified directly for the classical Lie algebras and for g (the other exceptional
Lie algebras require more work). It should be noted that in [11], Dunkl used the notation v}, instead of
p but refers to the fact that Opdam uses p in [38].

Corollary 3.6 The Newton kernel of the flat complex symmetric space M is given by
227 ((d - 2)/2),
(W[(2=d)war(p

NY(X,Y) = FAT (V=200 |XP)E202) (),

Proof. We apply the same computations as for the Poisson kernel to formula [16, (6.1)] (the constant
has been adjusted to follow our conventions as per Remark 3.5). O

We now start to study the asymptotic behavior of the Poisson kernel PV (X,Y). Let us introduce
some notations. We define

e(w) R(X,Y)
X,Y)= ————~—— and T(X,)Y)= ———
L) w;v Xy T =00
and therefore,
1—|X)?
PY(X,Y)= ———T(X,Y).
( ) |W ] wq ( )

The function R(X,Y) is defined for X,Y € a such that X ¢ WY = {w - Y| w € W}. We will denote
this domain by

D={X,Y)ea®| XgW- Y}

The function T'(X,Y) is, for now, defined for non-singular X, Y € a (i.e. such no nonzero root vanish
on X or on Y) such that X ¢ WY. We will see in Proposition 3.10 that the function T'(X,Y") extends
by continuity to an analytic function on the domain D.

Studying the properties of P (X,Y) is equivalent to studying the properties of T'(X,Y) and R(X,Y).
We will give some of them in Proposition 3.10. We start by introducing two auxiliary results.

Copyright line will be provided by the publisher
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Lemma 3.7 Assume ay, ..., aq are not all 0 and let U be an open set. Let q be an analytic function
on U which is 0 whenever ZZ=1 apx = 0. Then ¢(X) = (Zzzl ak a:k) r(X) where r is a analytic

function on U.

Proof. The Lemma follows from Lemma 2.3. We give here an elementary proof.

Using a change of variable, we can assume that a; = 1 and a; = 0 for ¢ > 1. It is also enough to show
that for every Xg = (b1,...,bq) € U, there exists € > 0 such that the result holds in the ball B(Xj,¢).
If Xo # 0, then pick € > 0 small enough so that (x1,...,24) € B(Xp,€) implies 1 # 0. Then we can

pick r(X) = ¢(X)/x;.
r(X)

1
0
Suppose now that by = 0. We then have ¢(z1,...,z4) = z1 / 8—q(t:c1, Xoy...,xq)dt for (z1,...,2q) €
0 011
B(Xg,e) C U. O
Proposition 3.8 Let p(X) = H?:l (0, X) where no «;’s is a multiple of another o and let U

be an open set. If q is an analytic function on U which is 0 whenever «a;(X) = 0 for some i then
q(X) = p(X) r(X) where r is an analytic function on U.

Proof. We use induction on n. Lemma 3.7 shows that the result is true for n = 1. Assume it is
true for n — 1, n > 2 and write ¢(X) = ]_[:.:11 (a;, X)r(X). Since ¢(X) = 0 when (o, X) = 0, we
conclude that 7(X) = 0 on the set {X|{ayp, X) =0 and {(a;, X) # 0, i < n}. By continuity, we deduce
that 7(X) = 0 when (a,, X) = 0 and, using Lemma 3.7 once more, we can conclude. O

Remark 3.9 We thank the referee for pointing out that Lemma 3.7 and Proposition 3.8 can be also
be proven with the help of the Weierstrass division theorem, via Lemma 2.3.

Proposition 3.10
1. (Symmetry in X andY) R(X,Y)=R(Y,X) and T(X,Y) =T(Y, X).
2. (Skew-symmetry) R(woX,Y) = e(wo) R(X,Y) and R(X,woY) = e(wp) R(X,Y).
3. (Nullity of R on singular arguments) R(X,Y) is zero whenever at least one of X orY is singular.
4

. (analytic factorization of R, analytic extension of T to D.) There exists a function f analytic on D
such that R(X,Y) = n(X)7n(Y)f(X,Y) on D. Equivalently, the function T extends to an analytic
function on D.

5. (Non-nullity of T and P"') When X € B andY € OB then T(X,Y) > 0 and PY(X,Y) > 0.
Proof. The proof of (1) and (2) is straightforward.

(3) Suppose a(Y) = 0. We use Property 2 and €(o,) = —1 where o,, is the reflection with respect to
the hyperplane {« = 0}. Since R(X,Y)/n(Y) is analytic, the statement follows.

(4) This follows from Proposition 3.8.

(5) This follows from Proposition 3.4. The dual Abel integral transform of a strictly positive function
is strictly positive.

O
Theorem 3.11 Let Yy € 0B, ¥’ = {a € 3| o(Yy) =0} and X/, =X N, Then

227 (d/2) 1-|XJ?

PV (X.Y,) 2
EY0) ™ i waw(0) (" ()2 X — Vo[ +4

(15)

where ' = |¥! | is the number of positive roots annihilating Yy, ©'(Y) = Han; (,Y) and 7"(Y) =
Ha€E+\E'+ (a,Y).
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Proof. Let W = {w € W|w-Y = Y}. In this proof, we consider X € V = B(Yy, €) with € > 0 fixed
and chosen in such a way that

a(V) C (0,00) for a € £4\ X, and wV NV =0 for every w € W\ W'.

Using Theorem 2.2, we have

1 1—]X)? e(w)
PY(X,Y) = :
(X, Y) [Wwg m(X)m(Y) ngv | X —w-Y|?
We consider X € V' \ {Y;} and we deal with
Wlwg w 1 e(w) R(X,Y))
T X, Yy)=—=P" (X, Yy) = = . 1
= e PO = Ty & el - rmsoe (0

weWw

By Proposition 3.10 applied to the root systems ¥ and ¥', all the expressions in (16) are well defined
for X € V'\ {Yo}, if needed in the limit sense.

We decompose the sum )y, into two terms, the first being the sum over the subgroup W’ = {w €
Wiw - Yy = Yy} which is the Weyl group of the root subsystem ~’. We obtain

Ywew €)X —w Yo~ 3,y €)X —w - Yo| D wenwr €(w)|X —w - Yo~
m(X) 7(Yo) m(X) 7 (Yo) m(X) 7 (Yo)

T(X,Yy) =

By Proposition 3.10, all the expressions in the last formula are well defined for X € V'\ {Yy}, if needed
in the limit sense. Denote

S wews ()| X —w- g~
7(X) 7(¥0)

Zwew\wl e(w)| X —w - Yp|

TilX, Yo) = (%) (Yo)

and T‘Q(AXV7 Yo) =

Let n'(X) = Haez; a(X) and 7"(X) = Haez+\2’+ a(X). Observe that by Theorem 2.2,

Dwews €)X —w Yo" W wg

m'(X) 7' (Yo) T 1o X2 PV (X,Yy)

7TN(X) 71'”(Y0) T1 (X, Yo) =

where PY'(X,Y) is the Poisson kernel for the flat symmetric space (R%,%’) corresponding to the
complex root system ¥’. The convex hull C’(Yy) = conv(W'Yy) = {Yu}, so by Proposition 3.4 and the
properties of A*,

1 ' 227 (d/2)y 1
—— PV (XY :7V/ Sior s (dZ
T=xp " M = S W en Joe G205 2+ Py 00 ()
227 (d/2) 1

— 17
7 (0) W7 wq X — o[+ a7)

where X e BNV.
We now prove that the function X — T5(X,Y}) is bounded on V, which, together with (17), will
conclude the proof. We denote by

NXY)= Y ew)lX—-w-Y|*
weEW\W’

the numerator of T5. Observe that N(X,Y) is an analytic function on V' x V. The function

Lwewywr €)X —w- Y|4
m(X)m(Y)

T2(X7 Y) =

Copyright line will be provided by the publisher
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is well defined and analytic for (X,Y) € V x V\ D with D = {(X,Y) € axa: X =Y}, since T(X,Y)
and T7(X,Y’) have these properties by Proposition 3.10 and 7o =T — T7.

This implies that if X’ € V or Y’ € V are singular (i.e. a(X’) =0 or a(Y’) =0 for some a € ¥/,)
and X’ # Y’ then the numerator N(X’,Y’) = 0 since otherwise the limit N(X,Y)/7n(X)7(Y) could
not exist when (X,Y) — (X', Y").

We deduce that if X’ € V or Y € V and o(X’) = 0 or a(Y’') = 0 for some a € ¥/, ) then
N(X',Y'") = 0. This is also true for X’ = Y” since such points are limits when ¢ tends to 1 of (¢t X', Y”)
with singular ¢ X’ # Y’ and N(t X', Y”") converges to N(X',Y").

By Proposition 3.8, there exists a function F(X,Y") analytic on V' x V such that

NX,)Y)=7a"(X)n"(Y)F(X,Y), X, YeV
and, finally,

F(X,Y)

B ey

X YeV

(we have minycy 7/(X) > 0 since #”/(V) C (0,00)). In particular, the function X — T5(X,Y)) is
bounded on V. O

Remark 3.12 For the asymptotic properties of PV, besides the alternating sum formula, the ap-
proach via the Dunkl formula (13) and dual Abel transform, i.e. Proposition 3.4 is needed. We use it
to compute the leading term 77(X,Y) in T(X,Y).

3.2 Asymptotic behavior of the Newton kernel on flat complex symmetric
spaces

Using the same approach as in the proof of Theorem 3.11 together with Corollary 3.6, we conclude that
Theorem 3.13 Let Yy € at. Ifd =2 and o, § are the simple roots then

92yl (y 1)l
N0 = =gy X (case Yo =0),
—227" 1 (y — 1)

NY(X,Yp) kS |X — Yy| ™2 where Yy # 0, a(Yy) # 0 and B(Yy) = 0.

27 |[W|n"(Yy)? (o, )
Ifd>3

227 ((d — 2)/2) |
W@ = d)war (p) (7 ()2 |X — Yol +a2"

NY(X,Yy) B

Here v = |¥', | is the number of positive roots annihilating Yy and ©"(Y) = » {o,Y).
+ Q€Z+\Z+

Remark 3.14 In the paper [20] exact estimates of the Poisson and Newton kernels P and NW
were proven complementing the results of Theorem 3.11 and Theorem 3.13. For the Poisson kernel it is
proven that

PRY(X,Y)
[loes+ X —0aY ]

PY(X,Y) =

where o, is the symmetry with respect to the hyperplane perpendicular to c.
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4 Asymptotic behavior of spherical functions on flat complex sym-
metric spaces

In this section we consider spherical functions on M, satisfying the formula

Pa(Y) = mz;()pzr(y) w;V e(w)eMv Y X ea€ v edl (19)

Note that our notation is different from that of Helgason (in his notation the function given by (19) is
denoted 1_; »).

The following technical lemma will prove useful later in this section.

Lemma 4.1 Suppose Gy and Go are subgroups of the finite group G. Then |Gy Gz||G1 N Ga| =
|G1] |Gl

Proof. The group G; x Gy acts on the set G; G2 C G via (g1,92)(9) = g1 995 ' Clearly the action
is transitive. The stabilizer of e € G1 G2 (e being the identity) is easily seen to be isomorphic to G1NGs.
The orbit-stabilizer theorem ([43, Theorem 5.8]) implies then that |G Ga| |G1 N Ga| = |G1] |Gl O

We introduce here some notation. If X € a, we denote by E} the positive root system ©F = {a €
¥*: a(X) = 0} and by Wx the Weyl group generated by the symmetries s, with a € £% (consequently,
Wx ={w e W:w-X = X}). We also write mx(Y) = Haez} a(Y) and cx = O(mx)(mx) (this
derivative is constant on a).

For X € a we define the polynomial 7% (Y) by 7(Y) = nx (Y )7 (Y). Denote

W()\()7Y0> = {’LU ew: </\07’LU . Y0> = <>\0,Yb>}

Remark 4.2 We conjecture that the property W (g, Yp) = W), Wy, is valid for all root systems. In
Appendix A, we provide a series of proofs that cover all cases except for the exceptional root systems of
type E. We also point out that if one of Ag or Y} is regular then this property is also verified, see [23].

Denote the Weyl subgroup Wy, y, = Wi, N1 Wy, = {w € W:w-Xg = X and w-Y = Y}. The
group Wy, y, corresponds to the root system E;\ro,Yo = E;\ro N E;ZO. We write mo(Y) = mx,,v,(Y) =
Haezi . a(Y) and cxy vy, = O(Tr,v0) (Tre,v,)- Denote by M the set of positive roots that are neither

0-10
in X3 nor in Z;D, ie. M =%T\ (Z;\*'O U XY, ). We also write maq(X) = [Taenq @(X).
Proposition 4.3
(i) If w € Wy then my (w - X) = e(w) my (X).
(ii) If w € Wy then my (0)[f(w - Y)] = e(w)(my (0) f)(w - Y).

Proof. The property (i) is well known [24]. The property (ii) is straightforward for f(X) = (%X

and extends by linear density. O

Proposition 4.4 Let Ao, Yo be singular. The asymptotics of 1y, (tYo) when t — oo is given by the
following formula:

+ _|n+ .
¥2a(tY0) ~ CO0 Vo)t T ST ey (9Y) (mag(w - ¥)ePom ) [,y (20)
wEW (Xo,Y0)

where C(Xo, Yo) = (cx, v, T, (Ao) Ty, (Y0)) ™
When W (Ao, Yo) = Wy, Wy,, the last formula simplifies to

T=
g (LY0) ~ C1 (o, Yo)t ™5 = ey (07) (o (V) |, (21)

where Cl()‘o’ }/0) = C()‘Oa Y0)|W>\0| |WYO|/|W)\O7YO|'
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Proof. We start with the alternating sum formula for the spherical function ¥, written in the
following way

TNT(Y)A(Y) = Y e(w)e™ ) (22)

weW
We write w(X) = m, (A)mh, (A) and w(Y) = 7y, (V)7 (Y). We apply the operator L = y, (0% )7, (8*)
to both sides of (22). Using the fact that my, (0*) M Y) = 7y, (w - Y)eN®Y) | we obtain

Cro v Thy (o) 5, (0) iy (1Y) = D €() 7y (0) (mag(w - ¥) B0 )|
weWw

In order to get the exact asymptotics of ¥y, (tYy), we only need to deal with w € W such that (Ao, w -
Ys) = (Ao, Yo). This gives the asymptotics (20).

We now assume that W (Ao, Yy) = Wi, Wy,. The asymptotics (20) simplify, since by Proposition 4.3,
we obtain for w = w; we with w; € Wy, and wa € Wy,

Ty, (0Y) (77,\0 (w-Y) e<>\0,w<Y)) = e(w)my, (Y) (7")\0 (wsY) €<A0,w2y>>
e(wy) e(wo)my, (OY) (7T>\0 (V) e<’\°=y>>

= e(w) Ty, (8Y) (mo (Y) e<A0’Y>) .

Using Lemma 4.1, we have |[Wx, Wy, | = Wi, [|Wyy|/|Who,v, |- We obtain the formula (21). O

Theorem 4.5 Let N\, Yy be singular. Assume that W (Ao, Yy) = Wy, Wy,. Then the asymptotics of
¥, (tYy) when t — oo are given by the following formula:

Uy (EY0) ~ D(Ag, Yp) £~ e! Ro¥o) (23)
where m is the number of positive roots that are neither in ZIO nor in E?}O ie.
m = cardM = S|t — (=] |+ =% | - =1 Nz )

and

oo Wil Wy 1
Cxo €Yy |WY0 N W)\O‘ M ()‘0) 7T./\/I(YEJ)

D(Xo, Yo) =

Remark 4.6 When Y is regular, the method of proof used in Theorem 3.11 for the asymptotics of
the Poisson kernel could have been used here. When both Ag and Y are singular, that approach fails

to apply.
Proof. Using Leibniz formula, we have
7TY0 (8Y) (7T/\0 (Y) 6<A07Y>) ‘Y:t Yo
=m@) [I 04 (me™e® M) |,

+ Ayt
aery \2*0

=m@) [ TI  Qoa) m(¥) o) 4 P(v) o)

+ ot
aEEYo\ZXO

Y=tYo
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The number of factors in each term P(Y) of the form (n,Y") where 7 is a root, is strictly less than
the number of factors in 7y, i.e. less than |X7 |.

In the expression in the last line, all derivatives involving the term ef*0:Y)

Bexi Nzt
In the derivatives of my,(Y'), any term that contains (3,Y) with 5 € E;ﬁo N E;\FO will be zero when

Y is replaced by ¢ Y. Thus, for a nonzero result, the operator mo(d¥ ) must be applied to mo(Y), what
gives cy,,v, > 0. We obtain

7, (07) (mag (V) XY |,
= I Gea I GntYahenm e DM 4 mp(@)P(t Yp)e! ot

+ ot + ot
a€sy \ZF e\,

give 0 since B(Ag) = 0 for

+ 1 nt Axt .
= Cro Yo HER0 17125, Mg | H (Mo, @) H (v,Yy) et AoYo) 4 pegligible terms.
a€SY \=F) e\,

We labeled as “negligible terms” the terms with the derivatives involving P(Y). They have the
number of factors of the form (7, ¢Yp) strictly less then |E;\FO| — |Ej\'0y0 [, so strictly less than the term
H’YEE;T \=F (7,tYo). The rest follows from the definition of C(Ag, Yp). O

0 0

Remark 4.7 We can give a more explicit expression for the constant D, using the formula

_ Win(p)
(m)m = Ty
where p =1 3 o5 Mo =3 s @ and v = [ET] is the number of positive roots.
For X € a, denote px = mx(px). Analogously, we define px, x, for the root system annihilating
both elements X1, X5 € a. We have

270, Yo VAo ~ VYo Dro.Yo
s

T (Ao) T (Yo) Pag Pyy

D(Xo, Yo) =

and therefore

lim on (t YO) B 2V20,Y0 ~ VA0 " VYp Do Yo

{00 t—m et{Xo,Yo) WM()\O) T M (YO) Do PYo

Remark 4.8 As a quick application of Theorem 4.5, we find, in the flat complex case, a simple
proof of a general result of Vogel and Voit: for symmetric spaces with subexponential (here polynomial)
growth, the set of bounded spherical functions coincides with the support of the Plancherel measure of
the associated Gelfand pair (Go, K), Go the Cartan motion group. See for instance Sections 3.2 and
3.3. of [41] for details. A proof in the flat complex case was also proposed by Helgason in [23].

Remark 4.9 Taking into account the relationship between the spherical functions in the flat case
and those in the curved case for the complex Lie groups, the estimates of spherical functions in [36, 44]
extend to the flat case.

In this case, Theorem 4.5 completes the estimates of [36, 44] providing the exact asymptotics. We
conjecture that asymptotics with appropriate constants and not only estimates hold in the results of
Narayanan, Pasquale and Pusti [36] and Schapira [44].

The asymptotic expansion given in [2, Proposition 3.8] for regular Ay and Y, implies asymptotics of
spherical functions in this case. Theorem 4.5 strengthens this result to singular A\g and Yj.

Proposition 4.10 Let X and Y be singular and m' = |S% UX{|. With the same notation as in
Theorem 4.5, we have

DX, Y)2m=d . ., xovp
- 7 2 e

V(X Y) ~ m :
P ) 4

ast — 07,
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Proof. From Theorem 4.5, we have for ¢ > 0 close to 0,
bx(Y/(21) ~ D(X,Y) (28)" eXY/20),

Combined with (12), this leads us to

PW(X,Y) ~ 2m 4 e—\xwit—mz D(X,Y) ™ XY/20)
e W g a2 () ’
D(X, Y) 2m tigi(’yim)e_l}l_typ

~ W28 xd2x(p)

O

5 Applications to the Dyson Brownian motion and stochastic anal-
ysis

5.1 Definition and transition density of the Dyson Brownian motion

When a probabilist looks at formula (3), he or she sees in it the generator of the Doob h-transform (refer
0 [39]) of the Brownian Motion on R? with the excessive function h(X) = m(X). For the root system
Ag on R%, the operator AW restricted to functions on a*, is the generator of the Dyson Brownian
Motion on a* C R ([14]), i.e. the d Brownian independent particles Bt(l), Cee Bt(d) conditioned not to
collide. More generally, for any root system ¥ on R¢, the construction of a Dyson Brownian Motion as
a Brownian Motion conditioned not to touch the walls of the positive Weyl chamber, can be done ith a
starting point X € at ([18]).
Let us recall basic facts about the Doob h-transform and the Dyson Brownian Motion. Let 3 be a
root system on R? and 7(X) = [~ (o, X). It is known that 7 is Aga-harmonic on R? ([18]), so in
particular 7 is excessive.

Definition 5.1 Let ¥ be a root system on R? and m(X) = [],., (o, X). The Dyson Brownian

Motion D} on the positive Weyl chamber a* is defined as the h-Doob transform of the Brownian
Motion on R?, with h = m, i.e. its transition density is equal to

a>0

V) L. .
PP(X)Y) = ;:EX))p?‘”ed(KY% X €at,Y cat, (24)

where pfill*d(XY) is the transition density of the Brownian Motion killed at the first strictly positive
time of touching da™t.

The infinitesimal generator of D is given by the formula ([39])
APf=a"'A®(xf),  suppfCa’, (25)

which coincides on at with formula (3) for A". The only differences with the symmetric flat complex
case are that the domain of kernels K (X,Y) is restrained to X € a*,Y € a™, and that no invariant
measure 72(Y) dY appears for the integral kernels in the Dyson Brownian Motion case. Consequently,
we obtain

Corollary 5.2 The transition density and the heat kernel of the Dyson Brownian Motion DY on
at c R? is given by the formula

m(Y)

D —
pt (X? Y) - 7T(X)

> ew)h(X —w-Y), Xea,Yeah
wew

x-v|?

where hy(X —Y) = WGJT is the Euclidean heat kernel on R?.
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In the case ¥ = A, we have

m(Y) —
pP(X)Y) = 00 det (g¢(z,y;)), X €at,Yeah,

2
1 e—|u—v| /4t

where g (u,v) = Tt is the 1-dimensional classical heat kernel.

Proof. We use Theorem 2.2 (1) and Corollary 2.5. O

Comparing the formulas from Corollary 5.2 with formula (24), we obtain the following formulas for
the heat kernel of the Brownian Motion killed at the first strictly positive time of touching a wall of the
positive Weyl chamber.

Corollary 5.3 The transition density for the Brownian Motion killed when exiting the positive Weyl
chamber is given by the formula

pENXY) = Y e(w) (X —w-Y). (26)
wew

In the case ¥ = Ay_1 we have

ptUX,Y) = det (gi(x,y5)) (27)
Remark 5.4 Karlin and McGregor [28] showed formula (27) by different methods. In [18], formulas
for p%ﬂued(X ,Y) for the root systems By, Cyq and D, are proven. Our method of alternating sums

provides a simple proof of formula (26) valid for any root system X.

5.2 Poisson and Newton kernels for the Dyson Brownian Motion

The Poisson and Newton kernels PP (X,Y) and NP (X,Y) are central objects of the potential theory
of the Dyson Brownian Motion D} and this is a first reason of studying them. However, these kernels
have stochastic interpretation and, consequently, are useful in stochastic analysis of the Dyson Brownian
Motion.

Denote by th,x the Dyson Brownian Motion starting from X. Let X € B(0,1) and

T(X) =inf{t > 0| D~ ¢ B(0,1)}.

By the mean-value theorem for harmonic functions of general strong Markov processes (see [13, 26]),
called sometimes Kakutani’s Theorem ([7]), the Poisson kernel PP (X,Y) is the density of the random
vector

Dirix)
on the sphere. This is the Dyson Brownian Motion starting from X inside the unit ball and stopped at
the first time T'(X) of exiting the ball. If dY denotes the Lebesgue measure on the unit sphere, then
PP(X,Y)dY is called the harmonic measure of the Dyson Brownian Motion on the unit sphere.

The Newton kernel NP (XY is related to the transition probability pP (X, Y) of the Dyson Brownian
Motion by the formula ([7])

NP(LY) = [Py
0
The alternating sum formulas for the integral Poisson and Newton kernels P” and NP of the Dyson

Brownian Motion D} can be easily deduced from their counterparts (see Theorem 2.2) for the flat
complex symmetric spaces M, just by multiplying P and NW by 7(Y)2.
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Remark 5.5 We have
PP(X,Y) = [W|r(¥)2 P (X,Y),
NP(X,Y) = |W|7(Y)*) NV(X,Y) and
pe(X.Y) = [W[n(Y)?p/ (X, Y).
The Poisson kernel of the Dyson Brownian Motion extends continuously to X € at, Y € at. In
particular, PP(X,Y) = 0 when Y is singular. The same remarks apply to the Newton kernel NP (X,Y")
and to the heat kernel.

These observations allow us to consider the ratios PP (X,Y)/m(Y)?, NP (X,Y)/n(Y)? and pP (X, Y) /7(Y)?
even when Y € da™.

Theorems 3.11 and 3.13 imply asymptotics for the Poisson and Newton kernels for the Dyson Brow-
nian Motion. For completeness and for their applications in the potential theory and in the stochastic
analysis of the process D, we state these results here.

Corollary 5.6 The following formulas hold for X,Y € at

o,y = LX) 5~ cw)

war(X) S X —w Y
NP(X,v) = ) S e(w) n|X —w- Y| when d =2
’ 27 7(X) ,
wew
Y) (w)
N(xy) e ™)  dw) »
(X,Y) (2 —d)wgm(X) Z X —w- Y2 when d > 3

weWw

Keeping in mind Remark 5.5, equations (15) and (18) lead us to the following result.
Corollary 5.7 Let Yy € at, ¥ = {a € 3| a(Yp) = 0}, ¥, = ' N¥F, o/ = |¥,| and 7' (X) =
Haez'+ (o, X).

(i) Let Yy € OB. Then

PP(X,Yy) v, 227 (d/2), 1—|X|?
™ (Yp)? wgm(p') | X — Yot

(ii) Ifd =2, «a, B are the simple roots, a(Yy) # 0, B(Yy) =0, then

NP(X,Y0) v, =227 71 (v = 1!

S X - Yo%
(V)2 oy ol
(iii) Ifd > 3, then
ND(X7Y0) Yo 227/((d_2)/2)v’ 1
™(Yp)? 2—d)wam(p') [X — Yo' Hd=2

5.3 On the transition probability of the Dyson Brownian Motion
The heat kernel pP(X,Y) of the Dyson Brownian Motion is nonzero for X € at and Y € a* and zero
if Y € 0at as per Remark 5.5. By Proposition 4.10 we then have the following asymptotic result:
Corollary 5.8 Let X andY be singular and m' = |SLUSY|. With the same notation as in Theorem
4.5, we have
pP(X)Y) DX Y)2md a4 cixovi
@) WIx (o)

ast— 07,
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Remark 5.9 In [31, 32] an asymptotic formula in terms of Schur functions was used to analyze the
heat kernel of Dyson Brownian Motion.

We are grateful to one of the anonymous referees for suggesting that an asymptotic result for Dyson
heat kernel was a natural extension of our results. It lead us to Corollary 5.8.

5.4 Remarks on relations to stochastic analysis

At the beginning of Section 5.2 and in the asymptotic formulas for the Poisson and Newton kernels in
Corollary 5.6, the factor m(Y)? appears as a common feature. In the context of random matrix theory
and non-colliding diffusive particle problems (the original Brownian motion models), this factor is very
important as follows.

(i) This factor m(Y)? appearing in the probability density becomes zero if z; = x;. Then the system
has some “repulsive” interaction and it will be regarded as a determinantal (Fermion) point process.

(i) The squared Vandermonde determinant 7(Y)? can be written as the determinant of a matrix whose
entries are given by orthonormal polynomials. This opens the way to applications to reproducing
kernels of Hilbert spaces spanned by these orthonormal functions.

iii) The factor m(Y)? is a special case with 3 = 2 in the general setting N: r; —x;)” important in
Jj=1\""J
the theory of random matrices.

It is natural to ask whether it is possible to discuss the O’Connell and Macdonald stochastic processes
studied in [5, 30, 37] from the viewpoint of the present paper. The multivariate processes studied
there are related to the representation theory (e.g. Gelfand-Zetlin patterns), the symmetric functions
and special functions (e.g. Whittaker functions, Macdonald polynomials), and integrable systems (e.g.
quantum Toda lattice). This question is best left to another paper.

5.5 Curved case and relations to Schrodinger operators

The alternating sum formulas given in Section 2.2 have analogs in the curved complex case, considered
in this section. To underline the difference with the flat case, we denote the spherical and potential
analysis objects on M with a tilde (7). The kernels in this section are with respect to the invariant
measure §(Y) dY where

oY) = H sinh? a(Y).
a>0

The following method of construction of kernels is similar to the one presented in Section 2.2.
1. Exploit the formula for the Laplace-Beltrami operator on M (|25, Chap. II, Theorem 5.37]):
AW =572 (A% — )62 )
2. Apply the W-invariance.
In this way, the Euclidean kernel ICARd*|P|2(X ,Y) (heat, potential, Poisson, ...) for the operator

AR _ |p|2 is transformed into the kernels K for G/K:

RXY) = sy 5w 2 ()™ o (X w - v). (28)

The estimates of the Newton kernel N(X,Y) for all curved Riemannian symmetric spaces G/K were
obtained in [1]. In the case when G is complex, it would be possible to apply our methods based on

formula (28), using the knowledge of the Newton kernel N(X,Y) of the Schrodinger operator AR _ Ip|?,
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i.e. the |p|2-potential (|p|?-resolvent) of AR*. The Newton kernel N(X,Y) may be expressed with the
Bessel function of third type Kg/o.

For the Poisson kernel for A", we need to know the Poisson kernel for the Schrédinger operator
AR? _ |p|?. This kernel is not known explicitly. However much intensive work was and is presently
being done in the analytic and stochastic theory of heat and other kernels for Schrodinger operators,
see e.g. [3, 4, 7]. In a further work, we plan to study thoroughly these results and apply them to the
estimates of the Poisson kernel on curved complex symmetric spaces.

A The Killing-max property

The aim of this appendix is to find precise conditions on w € W under which

Definition A.1 Let W) = {w € W: w- A = A} (similarly for Wy ). We will say that the property
Killing-max is satisfied if (29) is verified if and only if w € Wy Wy-.

Remark A.2 It is clear that the condition w € W) Wy is sufficient. Property Killing-max is also
satisfied whenever at least one of A or Y is regular (refer to [23]). We observe also that this property only
depends on the action of the Weyl group on the Cartan subalgebra a. Given that (A\,w-Y) = (w™1\Y),
this problem is symmetric in A and Y.

In Table 2, we describe the action of the Weyl group on the Cartan subalgebra in the case of the
noncompact and complex simple Lie algebras. Note that in the case of (f4(_26),50(9)), which is not in
the table, the Killing-max property is trivially true since the rank of the space is 1.

A.1 Type A, (sl(n+1,F))

Lemma A.3 (“max principle” for permutations) Let A, Y € R™ with their entries in decreasing
order and let w € S, be a permutation. Suppose that the block of A1 in X has length jo > 1 and that the
block of Y1 in'Y has length io > 1. If minw= ({1,...,i0}) > jo then (\,w-Y) < (\,Y).

Remark A.4 The lemma states that if (A\,w-Y) = (\,Y) then the permutation w is such that
“max Y meets max \”, i.e. there exists i < jo such that (w-Y); = y1.

Proof. Without loss of generality, we may assume that A # A\ 1" and ¥ # y;1". Let i =
minw~({1,...,i0}). By assumption, the first y; appears in w -Y at the i-th position with i > jo.
Let w(1) =k, i.e. w-Y begins with yi. We have yr < y1 and \; < ;. Consider wg = (1¢ ) w; we then
have

<)\,w0 Y> — <)\,w Y> = ()\1 — >\z) (yl _yk) > 0.
By the standard property of the Weyl group, (A, wg - Y) < (A, Y). Hence, (\,w-Y) < (\,Y). O
Corollary A.5 Property Killing-maz is verified in the case of the root system A,,.

Proof. We use the same notation as in Lemma A.3 and in its proof. Suppose (\,Y) = (A, w - Y).
We use induction on n. The result is clear for n = 1. By Lemma A.3, there exists i < jgp such that

We now apply the induction hypothesis to A = (Ag,...,A,) and to Y = (y2,...,yn). Let X =
(A2, An), Y = (y2,...,yn) and note that [yu (1), Yw()s - - - Yw(n)) 1S & permutation of Y’ (say
w - Y'). We have (\,w-Y) = \jy1 + D1 _o Ak Yur (k) Where w' is a permutation of {2,...,n}. We
then have (N,Y’) = (\,w’ - Y”') since \; = A;. By the induction hypothesis v’ = wy wy: € Wy Wy-.
We extend wy: and wys to wy € Wy and wy € Wy by having them fix 1 in both cases. With the
permutation wg = (1 ¢) € Wy, we have w = (1 i) wy wy € Wy Wy. O
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Symmetric space Description of X € a™ Action of w € W, | Underlying
the Weyl group root, system
SL(n,F)/SU(n,F), X = diaglzy,. .., zn], w € S, permutes | A,_1
F=R,C , H n>2, S xi =0, the entries ;
F:O7Tl:3(’l€E6/F4) X1 > >y
0 Dx O

SO(p,q)/SO(p)xSO(g),1<p<gq, | X=| Dx 0 0 [, w permutes the z;’s | B,
SU(p,q)/SU(p) x SU(q) and . 0 0 0 and changes any
Sp(p,q)/Sp(p) xSp(q), 1 <p<gq, | Dx = diag[z1,...,zp), number of signs

1> >, >0

X = DOX DOX , w permutes the | D,

x;’s and changes

Dx = diag[z1,...,x
X gles, -, any even number

>
SO(p,p)/SO(p) x SO(p), p > 2 Ty > >y > |1y

of signs
Onxn gX 5
X = {_5 0 ] , w permutes the z;’s | B,
SO*(2n)/U(n), n >3 [n/);] nxn and changes any
Ex =Dkt Tk Far2k+1 | number of signs

$1>-~->.¢L’n/2>0

Sp(n,R)/U(n) and { _Z.% ng J, w permutes the z;’s | C),
Sp(n, C)/Sp(n), n > 1 X and changes any

Dy = diaglzy,..., 2], number of signs
Ty > > T >3 >0
SO(2n,C)/SO(2n), n >3 X =i>, @k Fok_125, | w permutes the | D,
T1 > > Tpog > [T z;’s and changes
any even number
of signs

SO(2n+1,C)/SO2n+1),n>2 | X =i Y ,_; @k Fox_12k, | w permutes the z;’s | B,
x1 >+ >Tp_1 >x, >0 | and changes any
number of signs

F$/Fy, (Faa),s0(3) + su(2)) X = [z1, 22, %3, T4], Refer to [6] F,
To > x3 > x4 > 0, 1 >
T2 + T3+ X4

GS/Ga, (92(2),5u(3) + su(2)) X = diag[zy, 22,21 — | Refer to [35] Go
552;07:52 - C1317_:627_‘%1]7
Ty > To > .231/2

Table 2 Action of the Weyl group (except for Eg, E7 and Es)

A.2 Type B, (so(2n+1,C)) and C,, (sp(n,C))
Proposition A.6 Property Killing-maz is verified in the case of the root systems B,, and C,,.

Proof. Recall that B, is the root system of so(2n+ 1, C). The positive Weyl chamber is defined by
the condition

AM>A>--> A0, >0

The Weyl group is W = S,, x {£1}"; its elements are called “signed permutations”. It is straight-
forward to see that sign changes in w - Y strictly decrease (\,Y’) unless the negative terms in w - Y are
in front of \; = 0.

More precisely, if w - Y has strictly negative terms in positions where A; > 0, then (\,w-Y) <
(A wow - Y)Y < (N Y) where wy changes the negative signs in w - Y into positive ones.
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Thus, if (29) holds, all negative terms in w-Y are in front of A\; = 0. Then wy € W) and (A\,w-Y) =
(M wow - Y). All the terms of wow - Y are non-negative and the result for A,, applies.

To conclude, it suffices to recall that C, is the root system for sp(n, C). We have W (C,) = W(B,,),
the only difference is in the relative length of roots ([15, p. 227]). O

A.3 Type D, (s0(2n,C))

The Weyl group W is composed by permutations and the signs change by pairs, i.e. of two terms
simultaneously. The positive Weyl chamber a* is given by the condition

AL > > > A1 >

Lemma A.7 (The “max principle” for W(D,,)) Suppose that \, Y € aT and that A\ # a (1,...,1,—1).
Suppose that the block of A1 in A has length 1 < jo < n. Suppose also that min{k : (w-Y)r =vy1} > jo
orthat {k: (w-Y)g=vy1} =0. Then M\ w-Y) < (\,Y).

Proof. Suppose A and Y are as in the statement of the lemma. If y; appears in w-Y then (A, w-Y) <
(A\,Y) by Lemma A.3 so we can assume that only —y; appears.

Using the standard property of the Weyl group over 4,, (\,w-Y) < (M wow-Y) where wy € S,
re-orders the entries of w - Y in decreasing order. The last entry of wpw - Y has to be —y;.

We first assume n = 2, or n > 3 and jo < n — 2. As +y, > —y; for all i < n, we can suppose that
the (n — 1)-entry is —y; for some i. Using the element wy of the Weyl group which changes signs and
permutes the last two entries, we have (A, wjwow-Y) — (A wow-Y) = (A1 + ) (y1 +v:) > 0. Tt is
easy to check that the last inequality is strict if n = 2. Finally, by another application of Lemma A.3,
A wrwow - Y) < (A, Y) and the result follows.

We next handle the case jo > n — 1, with n > 3. Let A = (a,...,a,b) with b € (—a,a]. and
n > 3. We will show that A = (\)Y) — (\,wow - Y) > 0. If —y,, appears in wow - Y, we have, using
Dot OYi 2 D i 0 (i),

A=(\NY)=(MNww-Y)>ay +by, —[a(—yn) +b(=y1)] = (@ +b)(y1 + yn) >0

where we used the hypothesis b # —a and the fact that y; + y,, > 0 (otherwise —y,, = y; appears in
wow - Y). If —y, does not appear in wow - Y, another —y; appears among the n — 1 first entries of
wow - Y. This time, we obtain A > (a +b)y1 + a (yx — yn) + ayx + by, > 0, where we used y; > 0 (as
Y #0), the hypothesis a + b > 0, and the inequalities yx > yn, ayr > |bynl- O

Lemma A.8

Proof. Note that (\,Y) = (n—1)ab+ab=mnab. The only way that (\,w-Y) =nabisifw-Y =Y
.e. w e Wy =W,. ]

Proposition A.9 Property Killing-maz is verified in the case of the root system D,,.

Proof. We proceed by induction on n > 2. Given Lemma A.8, if both A and Y € R(1,...,1,-1)
then there is nothing to prove. Given the symmetry of the problem, if A € R(1,...,1,—1) and Y ¢
R(1,...,1,—1), we can switch their roles and suppose that A ¢ R(1,...,1,—1).

The base case n = 2, in which, by Lemma A.8, we can assume that A = (A, \s) € R(1,—1), is clear
by inspection.

Assume the result true for n—1, n > 3. As explained above, we may assume that A € R(1,...,1,—1).
By Lemma A.7, the equality (29) implies that “max A meets maxY”. As in the case A,, it follows
that there exist permutations o € W) and v € Wy such that (cwvy-Y); = y1. We consider 5\1 =
A2y Azy ey An)s Y, = (Yz,...,Y,) and wn = owy|z where @ = {(z2,...,2,)| X = (2;)i>1 € a} and we
use the induction hypothesis or Lemma A.8 depending on the situation. O
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A.4 Type F,
We use Helgason [24] and some simple facts about the Weyl group W = W (Fy) from [6]. We consider
the simple roots a; = es —e3, s = e3—ey, a3 = e4 and oy = (€1 —e3—e3—ey)/2 and the corresponding
reflections s,, = s;. It follows that a™ = {(z1, 72, 3, 24): 1 > T3 + T3 + T4, T2 > T3 > T4 > 0}
Denote a12 = €1 —eg and s12 = 54,,. Note that a1z = as + 2 a3 + oy is a positive root. It is easy to
check that

S3 84 812 = S2 83 54 (30)

by inspection or using [6, Table 1] on the basis (e;).
Let X = (21, %2, 23,24) with 21 > @9 > 25 > 24 >0, i.e. X € at(By). We define W£4 C W(By) as
the subgroup generated by a subset of the symmetries s € {s12, 51, S2, 83} such that s(X) = X.

Lemma A.10 Let A € at(By4). Then Wf“ C Wiy.

Proof. Clear from the definition of Wf“. O

Let a, 3, v denote the three sets of roots of Fy defined in [6, p. 85], with a = (+e;): ;. Let ,
n € {a, 8,7} and W5, = {w € W: w(d) = n}. By [6], we have W = Woq U Wop U We,. In order to
describe the action of w € W, we define w§ = id, wg = s34 and w] = s4. Then, by [6, Table 1], we
have wi(a) = & with 6 € {a, 8,7}

The following result is proven in [6]. Recall that W (By) is the group of signed permutations of 4
elements.

Lemma A.11 Letd € {«, 8,7} and w € Wy5. There exists 0 € W(By) such that if Y = Z?:l Yi €,

1

thenw-Y = Z?=1 Yo (i) wi(e;). Equivalently, (wd)~' w is a signed permutation with respect to the basis

(ei).

Proposition A.12 Property Killing-max is verified in the case of the root system Fy.

Proof. Suppose that A = Zle Aie, Y = Zle y; e; € at(Fy) are singular. Our objective is to
solve the equation (29). We will assume from now on that (29) holds. We consider the three cases
w € Wys, where § = a, 5,7.

If w € Wy, we note that a™(F,) C a*(By). Lemma A.11, Proposition A.6 and Lemma A.10 imply
that w € W WP € W\ Wy.

In the case w € W,g, we use wy = wg = 5384. If A\ = Z?:l Aie; € at(Fy) then N = wo_l A=
2?21 N e; with Aj > A, > A5 > N} > 0 since

1
N = O+ da g = Aa) @1 (o = dg+Aa) ea+ (o +Ag+As) €5+ (A Ao = A= As) 4]
(31)
Using (29), Lemma A.11 and the standard property of the Killing form for By, we have
ANY)=Nw-Y) = (wy' - Nwgtw-Y) < (wgt - A Y) = (\wp - Y) < (\Y).

This means that (N, wy ' w-Y) = (XN, Y) and therefore that w € wo Wi* W4 by Proposition A.6.
We reason similarly if w € W, with wo = wg = 54 and

1
/\/ :.54()\) = 5[()\1+)\2+)\3+)\4)e1 +()\1+>\2 7)\3 7)\4)eg+(>\1 7)\24’)\3 7)\4)63
+ (M = A= A3+ ) eq].

It therefore follows that w € wo WH* WP* with N = wg ' - .
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It is important to note that a feature of both cases w € W,g and w € W, implies that the respective
wy satisfy (A, Y) = (A, wp - Y). It follows that these cases do not occur if ay € ¥y U Xy. Indeed, using

the formula s;(X) = X — 2 %ai, we have for wg = 5354 and for w] = sy,

</\, Y> — </\, 8384 Y> =2 0(4()\) (a7 (Y) +2 Oég()\) Oé3(Y) + 2 043(/\) a4(Y) (32)
NY) = (N s Y) =2a4(N) ayg(Y)

Thus (A, Y) # (A wo-Y) if ay € ¥\ UXy and w € Wy or w € W,,. We showed above that in the case
w € Wya, formula (29) implies that w € Wy Wy . The Proposition is thus proven for ay & 3y U Xy.
It remains to treat the cases ay € Xy or ay € ¥y. By symmetry of the problem (29), it is sufficient
to treat the case ay € Xy, for any singular Y. We assume henceforth that ay € Xy.
We showed above that in the case w € W4, formula (29) implies that w € W Wy
If w € Wy, we have wy = w] = s4 and therefore \' = s4- A = X since oy € . Since s, € Wy, we
have w € 54W£4W54 = S4W)]\34 Wf“ C Wy Wy.
Suppose that w € W,z and recall that wy = wg = 83 84. By (32), we have the following two cases:
(A) ag(A) =0 or (B) asz(A)#0,a3(Y)=0and as(Y) =0.
In the case (A), we have wo_l A= Xie. XN = X and s3s4 € Wy. Therefore, we have w €
S3 S4W54 W}§4 — 83 54 W>\B4 W54 - W)\ Wy.
In the case (B), we compute using (31), A = (A2 + A3, Ao + Mg, A3 + Ay, 0), where Ay > 0. We will
be using s3 defined by s3(x1, 22, x3,24) = (21,22, 3, —24). Note that s3-Y =Y since y4 = a3(Y) =0,
and that s3 commutes with s; and s15. We consider the following mutually exclusive cases (B1)—(B4):
(B1) ¥y = {au}: in that case, W3* = {id, s3} and w € s3 s4 W W € Wy
(BQ) iy = {0417044}, i.e. A2 = A3 > A4 > 0: in that case, WBizl = {id,Sl} {Zd, 53}.
Since s; commutes with s3 and sy, we have w € {id, s1} s3 s4 {id, s3} W;,B“ C Wy Wy.
(B3) ¥y = {az,a4}, i.e. A3 = Ay > 0: in that case, W* = {id, s12} {id, s3}. Using (30), we find
that w € {id, s2}s3 s4{id, s3} W54 C WyWy .
(B4) Z,\ = {041, a9, 014}, i.€e. /\2 = )\3 = )\4 > 0: in that case, WB,)4 = {Zd, $12, 81, 51281, S1512, 8181251} {Zd, 83}.
Similarly as in (B2) and (B3), we verify that s3 saWEs © W\ Wy. For example, s3 s4(8181281) =
$1 83 8451281 = S1 82838451 = 8182818384 € W) Wy. Thus (29) implies that w € s34 Wf4 Wf‘* C
Wy Wy. O

A.5 Type G,

The Cartan space is given by a(G2) = {Hap = (A,B,A— B,0,B—A,—B,—A)| A, B € R} and two
simple positive roots are a(Ha,p) = A— B and f(Ha,p) = B— (A — B) = 2B — A. Consequently, the
positive Weyl chamber is given by a* = {Hs 5| A> B > A— B > 0}.

Note that it is sufficient to work on the space a = {hap = (4,B,A — B): A,B € R} which is
isomorphic to a(G2). We will work on this space a from now on. Observe also that the Weyl group
W is generated by s, which interchanges the first two entries and changes the sign of the third and
sg = (2,3), so it is included in S3 x {1, —1}3. This inclusion is strict: the group W has 12 elements and
S5 x {1, —1}> has 6 x 23 = 48 elements.

Proposition A.13 Property Killing-mazx is verified in the case of the root system Gs.

Proof. Given that the root system is of rank 2, we only need to consider three cases of singular A
and Y:

(C1) a(N) = a(Y) = 0: We have A = (1,1,0), Y = (y,4,0), I, y > 0and M\ w-Y) = (\Y) =21y. Tt
follows that 0 in Y cannot change position in w - Y and no y can become —y, so w-Y =Y and
w € Wy.

(C2) a(A) = B(Y) = 0: We have A = (1,1,0), Y = (2y,y,9), I, y > 0 and (A\,w-Y) = (A Y) = 3ly.
Then no minus sign is possible in the first two terms of w-Y and 2y cannot go to the third position.
Consequently, using the fact that (ha,g)s = (ha,B)1 — (ha,B)2, we find that w-Y = (2y,y,y) =Y
(sow € Wy)orw-Y = (y,2y,—y) = oY, which implies that sqw € Wy and w € s, Wy C W) \Wy.
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(C3)

[1]
2]
3]
[4]

[5]
[6]

(7]

B(A) = B(Y) =0: We have A = (21,1,1),Y = (2y,y,y), I, y > 0. Then 2y must remain in the first
position in w - Y and no sign change can happen, thus w-Y =Y and w € Wy

O
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