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INTEGRAL KERNELS ON COMPLEX SYMMETRIC SPACES AND FOR THE DYSON
BROWNIAN MOTION

P. GRACZYK AND P. SAWYER

ABSTRACT. In this article, we consider flat and curved Riemannian symmetric spaces in the complex case and we
study their basic integral kernels, in potential and spherical analysis: heat, Newton, Poisson kernels and spherical
functions, i.e. the kernel of the spherical Fourier transform.

We introduce and exploit a simple new method of construction of these W-invariant kernels by alternating sums.
We then use the alternating sum representation of these kernels to obtain their asymptotic behavior. We apply our
results to the Dyson Brownian Motion on R9.

1. INTRODUCTION AND NOTATIONS

Analysis on Riemannian symmetric spaces of FEuclidean type, also called flat symmetric spaces, continues to
develop in recent years ([12, 14, 26, 27]). Its importance is due to its relationship with Dunkl analysis ([6, 23]),
in which symmetric spaces of Euclidean type constitute the “geometric case”, frequently used as a model case in
most challenging open problems of Dunkl theory. A much less known application of symmetric spaces of Euclidean
type is stochastic analysis of Dyson Brownian Motion, one of the most important models of non-colliding particles
(see e.g. [19]).

The objective of this paper is to study basic integral kernels, in potential theory and spherical analysis: heat,
Newton, Poisson kernels, Green function and spherical functions (i.e. the kernel of the spherical Fourier transform),
in the set-up of flat and curved symmetric spaces of complex type.

Our main results on the exact form and asymptotics of the heat, Poisson and Newton kernels (Theorems 2.1, 4.9,
4.11 and Corollaries 6.5 and 6.6) are crucial for the future development of the potential theory on flat and curved
symmetric spaces of complex type, and for the potential theory of the Dyson Brownian Motion. These results are
a starting point of research and a source of conjectures for the corresponding kernels in the Weyl-invariant Dunkl
setting (for the rank one case, refer to [11]).

The main result on asymptotics of the spherical functions contained in Theorem 5.5 is important from the point
of view of spherical analysis on symmetric spaces, because it generalizes significantly the results of Helgason in
[14], of Narayanana, Pasquale and Pusti in [21] and of Schapira in [25], for the flat and curved symmetric spaces
in the complex case, cf. Remark 5.9.

We recall now some basic terminology and facts about symmetric spaces associated to Cartan motion groups.

Let G be a semisimple Lie group and let g = £®p be the Cartan decomposition of G. We recall the definition of
the Cartan motion group and the flat symmetric space associated with the semisimple Lie group G with maximal
compact subgroup K. The Cartan motion group is the semi-direct product Gg = K x p where the multiplication
is defined by (k1, X1) - (k2, X2) = (k1 k2, Ad(k1)(X2)+ X1). The associated flat symmetric space is then M = p ~
Go/K (the action of Gy on p is given by (k, X) - Y = Ad(k)(Y) + X).

The spherical functions for the symmetric space M are then given by

(1.1) U (X) = / M AAE (X)) g
K

where A is a complex linear functional on a C p, a Cartan subalgebra of the Lie algebra of G. To extend A to
X € Ad(K)a = p, one uses A(X) = A(mq(X)) where 74 is the orthogonal projection with respect to the Killing
form (denoted throughout this paper by (-,-)). Note also that the spherical function for the symmetric space G/ K
is given by

(1.2) ba(g) = / (A=A (R g
K
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2 P. GRACZYK AND P. SAWYER

where A is a complex linear functional on a and the map H is defined via the Iwasawa decomposition of G, namely
g=ke'Wne KAN and p = (1/2) Y., ma . Note that in [14, 15, 16], A is replaced by i A.

Throughout this paper, we suppose that G is a semisimple complex Lie group. The complex root systems are
respectively A, for n > 1 (where p consists of the n x n hermitian matrices with trace 0), B,, for n > 2 (where
p=iso(2n+1)), C, for n > 3 (where p = isp(n)) and D,, for n > 4 (where p = iso(2n)) for the classical cases
and the exceptional root systems Fg, Fr7, Fg, Fy and Ga.

Let A be the Laplace-Beltrami operator on M and AW its restriction to W-invariant functions on a where W
is the corresponding Weyl group. Recall the formula

(1.3) AW =L AR (1 f),

where 7(X) =[], @(X) (see [16, Chap. II, Theorem 5.37]) in the Euclidean case.

In Section 2, we introduce and exploit a simple new method of construction of important W-invariant kernels
on the space M. This approach will allow us to provide asymptotic for these kernels. This method uses the simple
form of the operator AW given in (1.3) and our knowledge of the counterparts of the kernels on R as given in
Table 1.

We also apply our method to provide a new derivation of the formula for the spherical functions (1.1) in the
complex case. We conclude Section 2 by discussing other formulas for the heat kernel in the flat case.

In Section 3, we discuss the corresponding formulas in the curved case still based on the method of alternating
sums. This approach lends itself well in the case of the heat kernel and for the spherical functions. For the Newton
kernel, the formulas are more complicated and in the case of the Poisson kernels, the answer does not seem to be
known.

In Section 4, we discuss the asymptotic behaviour of the Poisson kernel especially when one or both arguments
are singular. These results translate well to the Newton kernel.

In Section 5, we compute asymptotics for the spherical functions ¢, (Y') which can prove challenging when either
A or Y are singular. Our results depend on a property we call “Killing-max” namely the property that for X,
Y €at, (X,w-Y)=(X,Y) if and only if w € Wx Wy where Wx = {w € W: w-X = X}. It is known that this
property is verified when either X or Y is non singular [14]. We prove in Appendix A, using the classification of
Lie algebras, that the Killing-max holds in almost all cases (only in the cases related to the root systems Eg, E7
and Fjg is the question left unanswered).

We conclude with Section 6 where we apply the previous results to the heat kernel and Poisson and Newton
kernels for the Dyson Brownian Motion.

2. KERNELS ON FLAT SYMMETRIC SPACES IN THE COMPLEX CASE

2.1. Definitions. We first recall the classical integral kernels on R? in Table 1.
The integral kernels on the flat symmetric space M are considered with respect to the invariant measure p(dY’) =
72(Y)dY on M. Their definition is much the same as in the first column of Table 1 except that the operator AW

in (1.3) is used in place of AR’ and that the measure dY in column 3 of that table is replaced by the measure
w(dY). We will use the superscript W to distinguish these operators from their Euclidean counterparts given in
Table 1. Recall also the formula

(2.1) NYXY) = [y a
0
which has a counterpart in the Euclidean case.

2.2. The method of alternating sums for constructing kernels on M. This method will be introduced and
used in the proof of Theorem 2.1 below.

Theorem 2.1. Let M be a symmetric space of Euclidean type with G a complex simple Lie group of rank d. Then
the following formulas hold.
(1) The heat kernel on M is given by
1 X —w-Y|?
4t
W7 0w 2,

weWw

(2.2) p(X,Y) =
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PDE Kernel Solution
IX—v|?
w(X,t) = Fru(X,1) ¢ T " =
{ Y iy PXY) = (e (0= [ S0 )y
XeR4t>0
AR y(X)=f(X)  onR? B B
{ |—>0abX—>oo NXY)=o(X -Y), uw(X) = - fY)N(X,Y)dY
*0 on B(zo, ) I T
{ X) on 0B(zo,r) P(X,Y) wyr|X — Y|d (X) /c93(¢0, ) fY)P(X,Y)dY
{ u(X = f(X) gi 8BB: B(0,1) Gp(X,Y)=®(X -Y) w(X) = . FY)Gp(X,Y)dY
—O(X[ (Y - X/|X[*)

where wg = 2742 /T(d/2) (the surface area of a sphere of radius 1 in R?%) and

= 1n|X|

B(X) = {

(2d

ifd=2

X[ ifd >3

TABLE 1. The heat kernel p;, the Newton kernel N, the Poisson kernel P and the Green kernel

Gpg for R®

1
w _ —w- =
(2.3) NY(X,Y) = ) ;V e(w) n|X —w Y| when d =2,
1 e(w)
NY(X,Y > 3.
( ) |W|(27 )wdﬂ(X)ﬂ(Y) w;v |X7w,y|d—2 when d > 3
(3) The Poisson kernel of the open unit ball B is given for X € B andY € 0B by
1—]X? e(w)
(2.4) PY(X,Y) = —_
W (X)) 2 X —w VT
(4) The Green function of the unit ball is given by
1
(2.5) GE(X)Y) = e(w)Gp(X,Y),
(Wm(X)m(Y) 2

The Newton kernel on M is given by

weWw

where Gp(X,Y) is the classical Green function of the unit ball B in R (refer to Table 1).

Proof. Tt is based on the following steps:

(1) Write a kernel on R? where d is the rank of M;
(2) Exploit the formula (1.3);
(3) Apply the W-invariance (the kernels on M must be W-invariant).

We give the proof in the Poisson kernel case; the other proofs are similar. The Poisson kernel of B(0,1) in the

Euclidean case is

1—]X?

PXY)= ————.
(X.¥) wgq | X =Y

If f is harmonic with respect to AW then 7 f is harmonic with respect to AR’ Hence

1—|X|?
#(X) F(X) = /8 e |X'_ 'Y|d

m(Y) f(Y)dY.
This is equivalent to
1—|X? 1
X =
100 [ ety -7

(¥) (¥)? Y.
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2
The reproducing kernel w0 ;}‘())(lr(y) I X_ly|d is not W-invariant. We write the last equation |W| times, replacing

X byw-X

(Y)7m(Y)?dY

B B 1- X[ 1
f(X)_f(w'X)_/aB war(w- X)7(Y) |w-X—Y|df

_ 1—|X? e(w) .
_/83 wegm(X)m(Y) | X —w-Y|d fY)m(Y)"dY

and we sum up the |IW| equations. We obtain

-1 1—|XP? e(w) .
T = [ wg /aB m(X) 7 (Y) w%:v X oy /)Y

For the root systems of type A, we obtain the following determinantal formula for the heat kernel on M.

Corollary 2.2. Consider the complex flat symmetric space M with the root system X = Ag. Let gi(u,v) =
1
Vart

e~1u=vI*/4t b the 1-dimensional classical heat kernel. The heat kernel on M is given by

1
(2.6) Pl (X,Y) = W(X) 7 (Y) det (g¢ (i, y5)) -

Proof. Formula (2.6) follows from Theorem 2.1(1) and the definition of determinant. O

Let us resume the method of alternating sums, applied in the proof of Theorem 2.1. An Euclidean kernel
KR! (X,Y) (heat kernel, potential kernel, Poisson kernel, ...) for the Laplacian AR is transformed in the following
way into the kernel K" acting on W-invariant functions on M:

W = ; clw d w - .

The formulas (2.2)-(2.6) are new. However, in the harmonic analysis of flat symmetric spaces of complex type
the alternating sum formula (2.8) for a spherical function on M given below is well known (see [16, Chap. IV,
Proposition 4.10]). Our method leading to formula (2.7) will allow us to give a new simple proof of formula (2.8)
given below.

We preface the result by a technical lemma which gives the values of alternating sums of the powers of the scalar
product (A, X).

Lemma 2.3. Let v be the number of positive roots and k € N.
(i) Whenk=0, 1, ...y — 1, we have 3y €(w) (A, w-X)* =0 for all X and z.
(i) Dpew €(w) (N w-X)T = 72:(3)' m(A) w(X) for all X and z.

(i) If k>~v+1 and A\ =0 or X =0 then

Cuew €(w) \w- X8
m(A) (X) '

Proof. The polynomial Sp(A, X) =3 o €(w)(A,w - X)* is skew-symmetric in A and X and therefore it can be
factorized as Si(A, X) = w(A\) 7(X) Ri(\, X) where Ry (A, X) is a polynomial.

When k < v — 1, the degree of Si(A, X) is at most k in A and k in X, whereas the degree of m(\) w(X) equals
v in A and v in X. Thus Sip(A, X) =0.

When k£ > v+ 1 and s, t > 0, the numerator Si,(\, X) satisfies Sy (s, t X) = s*t*S(\, X), so Ri(s\,t X) =
sk~ =Y Ry (X, X) and thus Ry(0, X) = 0, Ri(),0) = 0 and (iii) follows.

When k = v we have Sy (A, X) = C7(A\) 7(X). We use the differential operator 0(m) verifying

()|, e = 7(X)eMX)
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By comparing the terms which are constant in A on both sides of this equality and using an argument by
homogeneity, we obtain

(), (LX) =A1m(X) and Ay (A X) =41 3 e(w)w(w-X) = 1[W|w(X) £ 0.
weW

In order to determine the constant C', we apply the operator d(w) to both sides of the last equality and use the
formula,

_ [Win(p)
(m)m = Ty
see [16, Chap. II, Cor. 5.36] (note that a different normalization of p is used in Helgason’s book). O
Proposition 2.4. A spherical function ¥\(X) on M is given by the formula
m(p) Mw-X)
2.8 X)=——"—"= ’

where p =73 Y cx+ Mot = s o and v = |ST| is the number of positive roots.

Proof. We give a new simple proof of formula (2.8), based on the method of alternating sums. We start with the
property
A%d X)) ‘/\|26()\,w-X)

Similarly as in the proof of Theorem 2.1, we obtain that

w ZwGW e(w) e X) 2 ZwEW e(w) e X
Ay = |)‘| = :

m(X) (X)
By Lemma 2.3,
e(w) X 27 7w(N)
M;V w0 | we)
Thus (X) = #%X) S wew €(w)erX) i a W-invariant function such that AWy = |A[%¢ and ¥(0) = 1.
This means that ¢ = . O

2.3. Relations between the heat kernel and spherical functions. In this section we give formulas relating
the heat kernel p;¥ (X,Y’) with the spherical functions on M.

Proposition 2.5. Let M be a flat symmetric space of complex type. The following formula holds

(29) (X Y)—;t_g_yeww X
. pel A, ¥ ) = (W24 wd/2 7(p) x(5)-

Proof. We start with formula (2.2), in which we write

_X—wy)? —I1X12-1Y)2 (X,wy)
e 4t = e 4t [ 2t
By formula (2.8) we obtain
1 (X,w-Y) 1 (X,w-Y) 1 Y
_— e(wye 2 = e(w)ye 2= =¢t77 Uvx <> .
m(X)m(Y) W;V 2t (X)) (%) w;‘/ 7(p) 2t
and formula (2.9) follows. O

Let us finish by pointing out other formulas relating the heat kernel p;(X,Y") with the centered heat kernel
ht(X) = p:(X,0), with the product formula kernel k(H,x,y) and with the spherical functions .

The density h:(X) = p:(X,0) is well known when G is a semisimple complex Lie group; we can simply deduce
it from formula (2.9)

1 d 2
2.10 hi(X) = X 0)= — =577 o~ IXIT/(48)
( ) t( ) pt( ) ) |W|2d7rd/27r(p) 2 Ve
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Remark 2.6. The passage from hy(X) to p(X,Y) is well understood at the group level:
pe(g.h) = he(h7"g),
which is equivalent to
p(X,Y) = / he(e Y k=t eX) dk
and to "
(2.11) p(X.Y) = / he(H) k(H, ~Y, X) n(H) dH,

a

where the last formula contains the product formula kernel k which is defined by
/ Ua()k(H, X,Y)7(H)dH = () hr(e’) = / Ya(eX ke¥)dk.
a K

Although we provide a more direct proof, the preceding remark was instrumental in obtaining the next result.

Proposition 2.7. The following formula holds:
(2.12) p(X,Y)=C / A\ (X) g A (V) (V)% dA
a

where C > 0.

Proof. We show that the right hand side of equation (2.12) satisfies the definition of the heat kernel. For a test
function f, consider

u(X,t) =C [ [ e PP 0 b (V) K r VRN S r(YV)PdY

where K m(A\)? d\ is Plancherel measure.

The fact that AW u(X,t) = %U(X, t) follows easily from the fact that AW ¢,y (X) = —|\?;A(X) and
g e~ Mt = ¢=IM** Now, using Fubini’s theorem,

uX0) = OK [ e [ [ a0 S0 P ay | (6 702 ax

—CK / e PPEFN) i A (X) T(N)% dA
a
which tends to f(X) as ¢ — oo by the dominated convergence theorem. O

Remark 2.8. In the above reasoning, the constant C' depends on the normalization of the various measures (refer
to [16, Theorem 7.5]). In order to be consistent with our previous formulas for p;, we need
(1o
~ WR2drda(p)?
To see this, it suffices to let Y =0 in (2.12), integrate with respect to A and compare the result with (2.10).

C

Formula (2.12), after necessary adaptations, is true in the whole generality of Riemannian symmetric spaces
(the proof is essentially the same as for Proposition 2.7):

Proposition 2.9. The following formula holds

(213) POGY) = C [P g () i (v)

(M)

Remark 2.10. The heat kernel estimates on symmetric spaces ([1] and references therein) are based on the inverse
spherical Fourier transform formula
X

h(X)=C /Cl e—(\)\|2+\p\2)t¢i)\(X) EOE

which is a special case of (2.13) when Y = 0. Thus one may hope that estimates of p(X,Y) can be deduced from
(2.13).
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3. CURVED SYMMETRIC SPACES X = G/K WITH G COMPLEX

The alternating sum formulas given in Section 2.2 have analogs in the curved complex case, considered in this
section. To underline the difference with the flat case, we denote the spherical and potential analysis objects on X
with a tilde (7). The kernels in this section are with respect to the invariant measure 6(Y) dY where

= H sinh? a(Y)
a>0
The following method of construction of kernels is similar to the one presented in Section 2.2.
(1) Exploit the formula for the Laplace-Beltrami operator on X ([16, Chap. II, Theorem 5.37]):

AW f =572 (AR~ |p?)(8"2 )
(2) Apply the W-invariance.
In this way, the Euclidean kernel ICARd_‘pIQ(X,Y) (heat, potential, Poisson, ...) for the operator AR _ Ip|? is

transformed into the kernels K for G/K:

(3.1) K(X,Y)= 51/2()151/2(1/) Y W) pna_ (X w-Y),

weWw
3.1. The heat kernel.
Proposition 3.1. The following formula holds for the heat kernel of symmetric spaces of non-Euclidean type with
G complex
e—lol’t

_xX—wy)?
|W| (47”5)11/2 51/2(X) 51/2(Y) UZ;V e(w) e e .

(3-2) n(X,Y) =

Proof. Let ps(X,Y) be the Euclidean heat kernel. Then the heat kernel for AR _ |p|? is
e 1P, (X, V).
We apply the construction (3.1) to the kernel e*|p|2tpt(X, Y). a
For the root systems of type A, we obtain the following determinantal formula for the heat kernel on X.

Corollary 3.2. Consider the complex curved symmetric space X with the root system ¥ = Ag. Let gi(u,v) =

\/41? e~1u=vI*/4t b the 1-dimensional classical heat kernel. The heat kernel on M is given by

e—lol’t
3.3 X,y det (gs(z, 1)) -
( ) ( ) ‘W|51/2( )61/2(Y) € (gt(x y]))
Proof. Formula (3.3) follows from Proposition 3.1 and the definition of determinant. O

Proposition 3.3. Relation between heat kernels in the flat and curved cases. We have

m(X)m(Y)
5T72(X) 512 (V) P (X, Y).

Proof. We compare the formulas (3.2) and (2.2). O

(3.4) (X, Y) = eIt

Proposition 3.4. Relation between heat kernel and spherical functions in the curved case. Let X be
a curved symmetric space of complex type. Let ¢y denote a spherical function on X. The following formula holds

v—d 4 X2y

(3.5) p(X,Y) = Wt_i_ve QSX( )f(t,ac,y)

where the correction factor f(t,x,y) equals

(X))t 612 (2%)

S12(X)612(Y)

ft,z,y) =
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Proof. We use formulas (2.9), (3.4) and the formula relating spherical functions in the flat and curved cases (refer
to [12, 16)). O

The density b (X) = p(X,0) is well known (refer to [9]). We can deduce it from formula (3.5), taking the limit
asY — 0

hi(X) = pi(X,0) = Wn() 7 :(pj 373 T 55(2‘?()
The passage from hy(X) to p¢(X,Y) is well known at the group level:
Be(g,h) = he(h™"g),
which is equivalent to
B(X,Y) = / Fo(e=Y k=1 eX) dik
and to 3
(3.6) Pp(X,Y) = / h(H) k(H,-Y,X)§(H)dH,
a

where the last formula contains the product formula kernel k& which is defined by
/ o™ K(H, X,Y)5(H)dH = ¢r(e™) pr(e¥) = / pr(eX ke¥) dk.
a K

3.2. Other kernels. In order to express the potential kernel N(X,Y) by the formula (3.1), we need to know the

Newton kernel of the Schridinger operator AR" — |p|2, i.e. the |p|*>-potential (|p|?-resolvent) of AR” This can be
computed, and the answer contains the Bessel function of third type K, o (refer to [1])

For the Poisson kernel, we need to know the Poisson kernel for the Schrédinger operator AR’ _ |p|?. This result
does not seem to be known, despite the fact that the analytic and stochastic theory of Schrodinger operator is very
well developed [3].

4. ASYMPTOTIC BEHAVIOR OF THE KERNELS

To simplify the notation, we will write f X g if imx_,y, % =1.

The main results of this Section are Theorems 4.9 and 4.11 which give asymptotics of the Poisson and Newton
kernels of the flat symmetric complex space M. In their proofs, we need some knowledge of Dunkl analysis on R,

Consider R? with a root system X. The basic information on the Dunkl analysis in this context can be found
in [23]. Denote the Dunkl Laplacian by Ay and the intertwining operator by V.

Recall now the formula of Dunkl ([5, 6]) for the Dunkl-Poisson kernel of the unit centered open ball B = B(0, 1).

227 (d/2), 1-|X|2
7(p) [Wlwa © [ (1 —2(X,-) + |X[2)r+d/2

1
(4.1) Pu(X,Y)= (Y), X€B, Y€IB, y=3 > ka-

a€ER

The complex flat symmetric spaces M correspond to the formula (4.1) in the W-invariant case and with &k, = 1.
Then v = |X4| expresses the number of positive roots.

A formula for the Dunkl-Newton kernel Ny (X,Y’), analogous to (4.1), was proven in [8].

4.1. Poisson kernel of the flat symmetric complex space. The following technical results will prove useful
further on.

Lemma 4.1. 9(r) |X|~¢ =27 [[}Z} (—d/2 — k) 7(X) | X|~9"27 and 8(r) log | X| = (=2)7~1 (y — 1) (X)) | X|~27.

Proof. We see easily that |X|¥279(7) |X|~¢ is a skew polynomial of degree at most . It must therefore be a
constant multiple of 7(X). The rest follows easily. A similar reasoning applies for the computation of 9(r) log|X].

Proposition 4.2. Let A(X,Y) = e(w) 7. Then A(0,Y) = 722777((%2)7 Y |42,

1
(X)) w(Y) ZwEW | X —wY
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Proof. Note first that d(m)x |X — Y|~ = 27 HZ;(I) (—d/2 — k)m(X —Y)|X — Y|7927. Consider B(X,Y) =
m(X)AX,Y) = W(ly > wew €(w)|X —w-Y|~% We apply the differential operator 7(9d)|y_, to B. We find

A(m)(m) A0,Y) =27 H (—d/2 — L > ew)m(X —w-Y)[X —w- Y[
<Y) weW X=0

nr2 H —d/2 = k) W[y |74

Finally,

_227(d/2)y yma2y
)

Corollary 4.3. For X ¢ W .Y,

PYo,y)= 212 ;%2)7
e e v

27 (=22, paa
YO = =D v Y] jdz3

Proposition 4.4. The Poisson kernel of the unit ball on the flat symmetric complex space M is given by

), - |xp
2 PYOY) = Tt 4 (e s ) 0

where A* denotes the dual Abel transform on M.

Recall that the dual of the Abel transform can be defined by the equation

— [ #tmal Adlh) X))
K

where, as before, 7, is the orthogonal projection from p to a with respect to the Killing form. Note in particular
that A*(e*))(X) = ¥5(X). Note also (see [16, Ch. IV, Theorem 10.11]) that unless C'(X) reduces to {X}, there
exists a density K (H, X) such that

A (F)(X) = /C K X) i

Proof of Proposition 4.4. It should be noted that for f Weyl-invariant, A(f) = Vi(f) (refer to [23]). Since the
argument of A* in (4.2) is not Weyl-invariant, some proof is needed. Let K(Z,Y) be the kernel of the Abel
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transform. Using (4.1), we have
Zw,woew Plw-X,wy-Y)

PY(X,Y) = WP
22” 227(d/2)y 1—|w- X2
= ditwyy (Z
m(p) W3 wq wz /C(wgy 1—2(w-X,2) +|w-X|2)+arz N 0y (2)
(d/Q)'y 1 .
= ST B X[? d - Z
7r(,0) \W|3wd ~ | CY) o eW (1—2(w-X,2Z)+ |X|2)r+d/2 fy (wo )
Weyl-invariant
_ 227(d/2) / 1 Gy (2)
= ) W oy wOew A—2(w- X, w2+ [ X2z Y
227(d/2)7 1
= Nt 1 —|X K Z7Y dz
ﬂ(p)\lewd XP) /c(y oty (L=2(w- X wo - Z) + [ X[2)7+d/2 (2,7)
227 (d/2), 1
= g X K(Z,Y)dZ
w(p) \W|3wd | | /C(y) oW (1 —2(X,wlwg - Z) + | X|2)7td/2 (Z2,Y)
227(d/?% 1 i
=SB X K Z,Y)dZ
7(p) [W1]? wq - IXP) /C(Y i (1-2(X,Z) + |X|2)r+d/2 (wg w 2,Y)

2 (df2), 1
= 20 Wiwg D) /cm 1 —2(X,2) 1 Xy

Note that Corollary 4.3 explains the origin of our normalizing constant which is different from what is found in
[5, 6] (note that Vi (1) =1). O

K(Z,Y)dZ.

Corollary 4.5. The Newton kernel of the flat symmetric complex space M is given by

NYEY) = o oy AT (V1 =206+ X207 ),

Proof. We apply the same computations as for the Poisson kernel to formula [8, (6.1)] (the constant has been

adjusted to follow our conventions as per Corollary 4.3). (|

We now start to study the asymptotic behavior of the Poisson kernel P" (X,Y). Let us introduce some notations.
We define

RX,Y)= Y p(_e(;‘]’)w[ and T(X,v) = 2&Y)
weW

and therefore,
1—|XP?
|W| wWq

The function R(X,Y) is defined for X,Y € a such that X ¢ WY = {w-Y| w € W}. We will denote this domain
by

PY(X,Y) = T(X,Y).

D={X,Y)ead® | X gW Y}

The function T'(X,Y") is, for now, defined for non-singular X, Y € a such that X ¢ WY . We will see in Proposition
4.8 that the function T'(X,Y’) extends by continuity to an analytic function on the domain D.

Studying the properties of P (X,Y) is equivalent to studying the properties of T(X,Y) and R(X,Y). We will
give some of them in Proposition 4.8. We start by introducing two auxiliary results.
Lemma 4.6. Assume ay, ..., a, are not all 0 and let U be an open set. Let q be an analytic function on U which

is 0 whenever Egzl axy =0. Then ¢(X) = (22:1 axk> r(X) where r is a analytic function on U.
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Proof. Using a change of variable, we can assume that a; = 1 and a; = 0 for ¢ > 1. It is also enough to show that
for every Xog = (b1,...,b,) € U, there exists ¢ > 0 such that the result holds in the ball B(Xy,e¢). If Xy # 0, then

pick € > 0 small enough so that (z1,...,24) € U implies x1 # 0. Then we can pick r(X) = ¢(X)/z;.
r(X)

1
0
Suppose now that b; = 0. We then have q(z1,...,24) = a1 / T(txl,x27...7:rn)dt for (z1,...,2,) €
0o 011

B(Xo,r) C U. O

Proposition 4.7. Let p(X) = H?zl (0, X) where no o;’s is a multiple of another o; and let U be an open set.
If q is an analytic function on U which is 0 whenever o;(X) =0 for some i then ¢(X) = p(X) r(X) where r is an
analytic function on U.

Proof. We use induction on n. Lemma 4.6 shows that the result is true for n = 1. Assume it is true for n — 1,
n > 2 and write ¢(X) = H?:_ll (v, X) r(X). Since ¢(X) = 0 when {(a,, X) =0, we conclude that #(X) = 0 on the
set {X|{ay, X) =0 and (o;, X) # 0, i < n}. By continuity, we deduce that r(X) = 0 when (o, X) = 0 and, using
Lemma 4.6 once more, we can conclude. O
Proposition 4.8.
(1) (Symmetry in X andY ) R(X,Y)=R(Y,X) and T(X,Y) =T(Y, X).
(2) (Skew-symmetry) R(woX,Y) = e(wo) R(X,Y) and R(X,woY) = e(wp) R(X,Y).
(3) (Nullity of R on singular arguments) R(X,Y") is zero whenever at least one of X orY is singular.
(4) (analytic factorization of R, analytic extension of T to D.) There exists a function f analytic on D such
that R(X,Y) = n(X)n(Y)f(X,Y) on D. Equivalently, the function T extends to an analytic function on
D

(5) (Non-nullity of T and P"') When X € B and Y € OB then T(X,Y) > 0 and PY(X,Y) > 0.

Proof. The proof of (1) and (2) is straightforward.

(3) Suppose a(Y) =Y. We use Property 2 and e(o,) = —1 where o, is the reflection with respect to the
hyperplane {a = 0}. Since R(X,Y")/n(Y) is analytic, the statement follows.

(4) This follows from Proposition 4.7.

(5) This follows from Proposition 4.4. The dual Abel integral transform of a strictly positive function is strictly
positive.

g
Theorem 4.9. Let Yy € 9B, X' = {a € X| a(Yy) =0} and X/, = X' N+, Then
27 (d/2) 1-|XJ?
(W wan'(p") (7" (Y0))? |X — Yo[*'*¢
where v = |X! | is the number of positive roots annihilating Yo, W' = {w € W|w-Y =Y}, 7'(Y) = HaeE; (a,Y)
and 7' (V) = Haez+\2’+ (a,Y).
Proof. In this proof, we consider X € V = B(Y), ¢) with € > 0 fixed and chosen in such a way that
a(V) C (0,00) for a € 4\ X, and wV NV =0 for every w € W\ W'

Using Theorem 2.1, we have

w _ 11— XP €(w)
P (X’Y)_|W|wd 7T(X)7T(Y) wze‘:/V ‘X—w~Y‘d'

We consider X € V' \ {Yy} and we deal with

Ww B 1 ew) —_ R(XYp)
(4.4) (X Yo)=1—xp P (X0 Y0) = 5y m) E;V X w000

By Proposition 4.8 applied to the root systems 3 and ¥/, all the expressions in (4.4) are well defined for X € V\{Yy},
if needed in the limit sense.

(4.3) PV (X,Yy) N
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We decompose the sum )y into two terms, the first being the sum over the subgroup W' = {w € W{w-Yy =
Yo} which is the Weyl group of the root subsystem X’. We obtain

Swew €)X —w- Yol Sy c@)X —w- Yol | Tewiwr c(w)lX —w- o[
w(X)7(¥0) w(X) 7(¥0) w(X) 7(¥0)

By Proposition 4.8, all the expressions in the last formula are well defined for X € V' \ {Yy}, if needed in the limit
sense. Denote

T(X,Yp) =

> wew €(W)|X —w - Yo 74 Pwew\w (W)X —w- Yo| ¢
m(X) 7 (Yo) m(X) m(Yo)
Let 7'(X) = Haem a(X) and 7"(X) = Ha€2+\2,+ a(X). Observe that by Theorem 2.1,

Tl(X,Yo): and TQ(X,YE)):

S wews €lw)|X —w Yo W],
(%) (¥0) 1= X

7(X) 7 (Yo) Th (X, Yo) = (P")™ (X, Yo)

where PV’ (X,Y) is the Poisson kernel for the flat symmetric space (R?, %) corresponding to the complex root
system Y. The convex envelope C'(Yy) = conv(W'Yy) = {Yo}, so by Proposition 4.4 and the properties of A*,

1 / 227 (d/2)~ 1
— PV (X,)Y)) = —— A
1— |X|2 ( ’ 0) 7T(,0’) |W’| Wy /C(Yo) ( ) <X, Z) I \X|2)’Y'+d/2 5{Yo}(d )
227 (d/2) 1

4.5 —
(45) () W wa X — Yo7

where X € BNV.

We now prove that the function X — T5(X,Y}) is bounded on V', which, together with (4.5), will conclude the
proof. We denote by

NXY)= Y ew)lX—-w-Y|™*
weW\W’

the numerator of T;. Observe that N(X,Y) is an analytic function on V' x V. The function

Dwewwr W)X —w- Y|
m(X)m(Y)

is well defined and analytic for (X,Y) € VxV\D with D = {(X,Y) €axa: X =Y}, since T(X,Y) and T1(X,Y)
have these properties by Proposition 4.8 and To, =T — T7.

This implies that if X’ € V or Y’ € V are singular (i.e. a(X’) =0 or a(Y') =
X" # Y’ then the numerator N(X',Y’) = 0 since otherwise the limit N(X,Y)/n(X)n
(X,Y) = (X, Y).

We deduce that if X’ € Vor Y’ € V and a(X’) =0 or a(Y’) =0 for some a € ¥/, ) then N(X’,Y") = 0. This
is also true for X’ = Y’ since such points are limits when ¢ tends to 1 of (¢ X', Y’) with singular t X’ # Y’ and
Nt X',Y’) converges to N(X',Y").

By Proposition 4.7, there exists a function F(X,Y") analytic on V' x V such that

N(X,Y) = (X)n(Y)F(X,Y), X, YeV

TQ(Xa Y) =

0 for some a € ¥/, ) and
(Y) could not exist when

and, finally,
F(X,Y)
m(X)m"(Y)’

(we have minycy 7”(X) > 0 since (V) C (0,00)). In particular, the function X ~ T»(X,Yp) is bounded on
V. O

X,Yev

Remark 4.10. For the asymptotic properties of PV, besides the alternating sum formula, the approach via the
Dunkl formula (4.1) and dual Abel transform, i.e. the Proposition 4.2 is needed. We use it to compute the leading
term T1(X,Y) in T(X,Y).
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4.2. Asymptotic behavior of the Newton kernel on flat complex symmetric spaces. Using the same
approach as in the proof of Theorem 4.9 together with Corollary 4.5, we conclude that

Theorem 4.11. Let Yy € at. Ifd =2 and o, § are the simple roots then

NY(X,0) = _221_7:7:&))_1)' | X727 (case Yo = 0),
_ov—1
NY(X,Yy) % 427777"((5/0) <)' IW;I |X — Yo |72 where Yy # 0, a(Yy) = 0 and B(Yo) # 0.
Ifd>3
(4.6) NY(X,Yy) = 227 ((d = 2)/2)y L

W2 = d) war (o) (7" (Yo))2 [X — Yo[27/F-2
where ~' = |X!.| is the number of positive roots annihilating Yo, W = {w € Wlw-Y =Y} and 7"(Y) =
Ha62+\2’+ (o, Y>

5. ASYMPTOTIC BEHAVIOR OF SPHERICAL FUNCTIONS ON FLAT COMPLEX SYMMETRIC SPACES

In this section we consider spherical functions on M, satisfying the formula

(5.1) %Oﬂ:2wigky)§:emk“”w,Aea Y € a®
weW

Note that our notation is different from that of Helgason (in his notation the function given by (5.1) is denoted

Vi)

The following technical lemma will prove useful later in this section.
Lemma 5.1. Suppose Gy and Go are subgroups of the finite group G. Then |G1 G| |G1 N Ga| = |G1]||G2l.

Proof. The group G x Gy acts on the set Gy Gy C G via g1,92)(9) = 91995 ' Clearly the action is transitive.
The stabilizer of e € G1 G2 (e being the identity) is easily seen to be isomorphic to G; N G2. The orbit-stabilizer
theorem ([24, Theorem 5.8]) implies then that |G1 G| |G1 N Ga| = |G1] |Gal. O

We introduce here some notation. If X € a, we denote by X% the positive root system X% = {a € X+ a(X) =
0} and by W the Weyl group generated by the symmetries s, with s, € X% (consequently, Wy = {w € W: w-X =
X1}). We also write nx(Y) = Haez; a(Y) and cx = 9(wx)(nx) (this derivative is constant on a).

For X € a we define the polynomial 7% (Y) by 7(Y) = nx (Y )7’ (Y). Denote

W (Ao, Yo) = {w € W: (Ao, w - Yo) = (Ao, Yo) }-
Remark 5.2. We conjecture that the property W (Ao, Yo) = W, Wy, is valid for all root systems. In Appendiz A,

we provide a sertes of proofs that cover all cases except for the exceptional root systems of type E. We also point
out that if one of Ny or Yy is reqular then this property is also verified, see [14].

Denote the Weyl subgroup Wy, y, = Wi, "Wy, = {w € W:w X = X and w-Y = Y}. The group
Wy,,v, corresponds to the root system Z:\Z}YO = Z;\"O N E;}. We write mo(Y) = 7, v, (Y) = Haezio,vo a(Y)
and ¢y, = O(Tay,v,)(Try,v,). Denote by M the set of positive roots that are neither in EXO nor in Z;O, i.e.
M =3\ (] UXT ). We also write mup(X) = [Then (X).

Proposition 5.3.
(i) If w € Wy then my (w - X)—e( )y (X).
(i) If w e Wy then my (O)[f(w - Y)] = e(w)(my (9) f)(w - Y).

Proof. The property (i) is well known [15]. The property (ii) is straightforward for f(X) =e and extends by
linear density. O

(2,X)
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Proposition 5.4. Let g, Yo be singular. The asymptotics of x,(tYo) when t — oo are given by the following
formula:

+ st ]
(5.2) Uag (L Y0) ~ OO, V)Pl 37wy (07) (g (- Y)e Do) |y
wEW (Xo,Y0)
where C(Xo, Yo) = (€x, v, T, (Ro) Ty, (Y0))
When W (g, Yo) = Wy, Wy,, the last formula simplifies to

+ o nt
(5.3) g (£Y0) ~ C1 g, Yo)t 55075 iy (97 (m, (1))
where Cl(A()?YO) = C()\O? YO)|W)\0‘ |WYO‘/|W)\07Y0|'
Proof. We start with the alternating sum formula for the spherical function v, written in the following way
(5.4) TNT(YV)YA(Y) = D e(w)ery)

weWw
We write m(A) = mx,(A)7}, (A) and 7(Y) = 7y, (Y)7y, (Y). We apply the operator L = my, (9¥)mx,(8*) to both
sides of (5.4). Using the fact that my,(9*) e Y) = 7y (w - Y)eMY) | we obtain
Cro v Thy () 5, (£ 0) i, (1Y) = D () 7y (0) (mag(w - ¥) ePow ) |
weW

In order to get the exact asymptotics of 1y, (¢ Yp), we only need to deal with w € W such that (Ao, w-Yo) = (Ao, Yo).
This gives the asymptotics (5.2).

We now assume that W (g, Yy) = W), Wy,. The asymptotics (5.2) simplify, since by Proposition 5.3, we obtain
for w = wy wy with wy € W)y, and wy € Wy,

73, (07 (ag (w0 ¥) €00 ) = ewn )y (9 (ma (waY) €072 ) = ) elu)my, (97) (ma, (1) €207

= e(w) 7y, (%) (g (V) €017 )
Using Lemma 5.1, we have |Wx, Wy, | = Wi, ||[Wy,|/|Wao,v,|.- We obtain the formula (5.3). O

Theorem 5.5. Let N\, Yy be singular. Assume that W(\g,Yy) = Wy, Wy,. Then the asymptotics of 1y, (tYy)
when t — oo are given by the following formula:

(5.5) Py (tY0) ~ D(Ng, Yo) t ™ et (Mo Y0)
where m is the number of positive roots that are neither in Eio nor in E;CO ie.

m = cardM = |S|T — (|E;o\ + |EJ§D| — |Ej{0 N E;L,OD

’Y:t Yo

and

oYo Wil Wy 1

o v Wy, N Wl ma(Xo) maa (Vo)

Remark 5.6. When Yy is reqular, the method of proof used in Theorem 4.9 for the asymptotics of the Poisson
kernel could have been used here. When both Ao and Yy are singular, that approach fails to apply.

D(Xo, Yo) =

Proof. Using Leibniz formula, we have

Ty, (0Y) (TD\() (Y) €<)\07Y>> |Y:t Yo
= Fo(ay) H 8Y(Aoc) (ﬂ-)\o (Y)eO\O,Y)) ‘Y:t Yo

+ \yt
aEZYO\ZAO

no@) [ TT P ly) e+ by e

+ Ayt
aery \E/\o

Y=tYo
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The number of factors in each term P(Y) of the form (n,Y) where 7 is a root, is strictly less than the number
of factors in 7y, 4.e. less than |E;\"O |

In the expression in the last line, all derivatives involving the term ef*oY? give 0 since B(No) =0for 8 € E)to ﬁEj{O.
In the derivatives of m),(Y’), any term that contains (8,Y") with 5 € 2;) N E;\"O will be zero when Y is replaced

by tYy. Thus, for a non-zero result, the operator mo(9¥) must be applied to m(Y), what gives cy,y, > 0. We
obtain

Yy (aY) (71—)\0 (Y) e(N),Y)) |Y:t Yo
= H (Ao, ) H (1, £ YD) xg,y, € 100 4 o (0 ) P(t Yp)e! oo ¥o)

+ ot +\ypt
aexy \5f, yez{ \TF,
=f |—|1=f n=t ‘o
= Cxo,Yo #1553 17125, By | H (Ao, @) H (7, Yo) et PoYo) 4 negligible terms.
+ ot + ot
aexy \nf, yes{ \TY,

We labeled as “negligible terms” the terms with the derivatives involving P(Y). They have the number of factors
of the form (n,tYp) strictly less then |2;\FO| - \E;\FU v, |» s0 strictly less than the term HWGZI \=t (7,tYo). The rest
’ 0 0

follows from the definition of C'(Ag, Yp). O
Remark 5.7. We can give a more explicit expression for the constant D, using the formula
_ [Win(p)
o(m)m = oy

where p =13 3 cx Mot =3 s o and v = |ST| is the number of positive roots.
For X € a, denote px = nx(px). Analogously, we define px, x, for the root system annihilating both elements
X1,X5 € a. We have

VA0, Yo ~ VAo ~VY
D()\()’}/O) _ 0:Y0 0 0 p/\O;YO ,
T (Ao) T (Yo) pag PYo
and therefore
w>\0 (th) _ 270:Yo ™ A0 ™Mo Pro,Yo

li =
tr00 £ ¢t (30.Y0) T (Ao) Tt (Yo) Prg Py

The following corollary may be found in [14]. Our method is simpler and proves the stronger result given in
Theorem 5.5.

Corollary 5.8. (Helgason-Johnson theorem in the flat complex case) The spherical function 1y is bounded
on a if and only if A € ia.

Proof. If X\ is purely imaginary then v, is bounded by one by equation (1.1). The rest follows from Theorem
5.5. |

Remark 5.9. The reader will want to compare Theorem 5.5 with those of [21, 25] taking into account the rela-
tionship between the spherical functions in the flat case and those in the curved case for the complex Lie groups.
In these cases, Theorem 5.5 strengthens the estimates of [21, 25] providing the exact asymptotics. We conjecture
that asymptotics with appropriate constants and not only estimates hold in the results of Narayanana, Pasquale
and Pusti [21] and Schapira [25].

6. KERNELS OF THE DYSON BROWNIAN MOTION

6.1. Definition and transition density of the Dyson Brownian motion. When a probabilist looks at formula
(1.3), he or she sees in it the generator of the Doob h-transform (refer to [22]) of the Brownian Motion on RY
with the excessive function h(X) = m(X). For the root system A4 on R?, the operator AW is the generator of the
Dyson Brownian Motion on R¢ ([4]), i.e. the d Brownian independent particles Bgl), cee Bt(d) conditioned not to
collide. More generally, for any root system ¥, on R the construction of a Dyson Brownian Motion as a Brownian
Motion conditioned not to touch the walls of the positive Weyl chamber, can be done ([10]).
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Let us recall basic facts about the Doob A-transform and the Dyson Brownian Motion. Let ¥ be a root system
on R? and m(X) =[], (o, X). It is known that 7 is Ags-harmonic on R ([10]), so in particular 7 is excessive.

Definition 6.1. Let & be a root system on R? and 7(X) = [, (o, X). The Dyson Brownian Motion D} on
the positive Weyl chamber at is defined as the h-Doob transform of the Brownian Motion on R®, with h = 7, i.e.
its transition density is equal to

_ )

(6.1) PXY) =

P Y),

where pf"®d(XY) is the transition density of the Brownian Motion killed at the first strictly positive time of
touching da™t.

The infinitesimal generator of D} is given by the formula([22])
AV f =7 AR (nf)

which coincides with formula (1.3). The only difference with the symmetric flat complex case is that no invariant
measure 72(Y) dY appears for the integral kernels in the Dyson Brownian Motion case. Consequently, we obtain

Corollary 6.2. The transition density and the heat kernel of the Dyson Brownian Motion D on RY is given by
the formula
m(Y)

D = T o e(w) ny —w -

|X-Y|2

where p(X,Y) =h(X -Y) = T s the Buclidean heat kernel on R,

In the case ¥ = A, we have

1 _
@ntyarz®

pPx.¥) = ) et (gy(anyy))

(W (X)
where g¢(u,v) = 417” e~lu=vP*/4t s the 1-dimensional classical heat kernel.
Proof. We use Theorem 2.1(1) and Corollary 2.2. O

Comparing the formulas from Corollary 6.2 with formula (6.1), we obtain the following formulas for the heat
kernel of the Brownian Motion killed at the first strictly positive time of touching a wall of the positive Weyl
chamber.

Corollary 6.3. The transition density for the Brownian Motion killed when exiting the positive Weyl chamber is
given by the formula

; 1
(6.2) pilled(X v = il > e(w)he(X —w-Y).
weW
In the case ¥ = A, we have
; 1
(63> piqlled(Xa Y) = W det (gt(xi7 y])) )

Remark 6.4. Karlin and McGregor [18] showed formula (6.3) by different methods. In [10], formulas forplgilled(X, Y)
for the root systems B, and D,, are proven. Our method of alternating sums provides a simple proof of formula
(6.2) wvalid for any root system ¥.
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6.2. Poisson and Newton kernels for the Dyson Brownian Motion. The alternating sum formulas for the
integral Poisson and Newton kernels PP and NP of the Dyson Brownian Motion D} can be easily deduced from
their counterparts (see Theorem 2.1) for the flat symmetric complex spaces M, just by multiplying P and NW
by 7 (V)2

Similarly, Theorems 4.9 and 4.11 imply asymptotics for the Poisson and Newton kernels for the Dyson Brownian
Motion. For completeness and for their applications in the potential theory of the process D;, we state these
results here.

Corollary 6.5.

PP(x,y) < Lo XA 5w

(Wlwgn(X) = X—w- Y[
ND(XY):ﬂ Z e(w)ln|X—w.Y| when d = 2
’ 47 m(X) )
wew
Y) e(w)
NP(XY) = a hen d > 3.
( ) ) |W| (2_d)1Ud7T(X) Z |X_w'Y|d_2 wnen _3

weWw
Corollary 6.6. Let Y € at ¥ ={a € X| a(Yy) =0}, X, =S NEH, o/ = [E |, W ={weWw-Y =Y} and
m'(X) = Haez’+ (a, X).

(i) Let Yo € 0B. Then

pD(x vy Yo 2042y 7 (X)P 1 |X]?
’ Wlwaw'(p) X =Yo7+

(ii) Ifd =2, a, B are simple roots, a(Yy) = 0, B(Yy) # 0, then NP (X, Yp) Yo -2t (7_18! IV[;‘”/(X)z | X — Y| 2.

47 (o,
Yo 227 ((d—2)/2). 7' (X)2
(111) ]fd Z 3, then ND(X, Yo) ’\9 ‘Wll(z_d) w’; Tr(p’) \X—Y0\12’Y/+d*2 .

APPENDIX A. THE KILLING-MAX PROPERTY

The aim of this appendix is to find precise conditions on w € W under which
(A1) MNw-Y)=(\Y).

Definition A.1. Let W\ ={w € W: w- X = A} (similarly for Wy ). We will say that the property Killing-maz is
satisfied if (A.1) is verified if and only if w € Wy Wy-.

Remark A.2. It is clear that the condition w € Wy Wy is sufficient. Property Killing-maz is also satisfied
whenever at least one of A or'Y is reqular (refer to [14]). We observe also that this property only depends on the
action of the Weyl group on the Cartan subalgebra a. Given that (\,w-Y) = (w™\,Y), this problem is symmetric
mAandy.

In Table 2, we describe the action of the Weyl group on the Cartan subalgebra in the case of the noncompact
and complex simple Lie algebras. Note that in the case of (f4(—26),50(9)), which is not in the table, the Killing-max
property is trivially true since the rank of the space is 1.

A.l. Type 4, (sl(n+1,F)).

Lemma A.3 (“max principle” for permutations). Let A, Y € R"™ with their entries in decreasing order and let
w € S, be a permutation. Suppose that the block of A1 in A has length jo > 1 and that the block of Y1 in Y has
length ip > 1. If minw™*({1,...,ip}) > jo then (\,w-Y) < (\Y).

Remark A.4. The lemma states that if (\,w-Y) = (\,Y) then the permutation w is such that “maxY meets
max A7, i.e. there exists k < jo such that (w-Y ), = y1.
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Symmetric space Description of X € a™ Action of w € W, | Underlying
the Weyl group root system
SL(n,F)/SU(n,F), X = diag[zy, ..., x5, w € S, permutes | A,
F=R,C H,n>2, S xi =0, the entries x;
F=0,n=3 (i.e. Eg/Fy) Ty > > Ty,
0 Dx 0
SO(p,q)/SO(p)xS0O(g),1<p<gq, | X=| Dx 0 0|, w permutes the x;’s | B,
SU(p,q)/SU(p) x SU(q) and | 0 0 0 and changes any
Sp(p, q)/Sp(p) x Sp(q), 1 <p<gq, | Dx = diag[z1,...,zp), number of signs
1> >z, >0
X = 0 Dx , w permutes the | D,
Dx O ,
Do — diagz1 2] z;’s and changes
SO(p,p)/SO(p) x SO(p), p > 2 X v bk any even number
T > > Tpo1 > T )
of signs
0n><n gX 5
X = —e. 10 , w permutes the x;’s | By,
SO*(2n)/U(n), n >3 X | Hnxn and changes any

_ y[n/2) )
Ex =25ty Tk Far2k41, | number of signs
T1 > > T2 >0

Sp(n,R)/U(n) and { 0 iDx J , w permutes the z;’s | C),

Sp(n,C)/Sp(n), n > 1 B D).( 0 and changes any
Dx = diag[zq,...,zp), )
number of signs
Ty > > Tp1 >Tp >0
SO(2n,C)/SO(2n), n >3 X =i, ok Fop_12k | w permutes the | D,
Ty > > Tpo1 > X x;’s and changes
any even number
of signs

SO(2n+1,C)/SO(2n+1),n>2 | X =i > ,_, xx Far_12k, | w permutes the z;’s | B,
21>+ >Tp_1 >x, >0 | and changes any
number of signs
F$/F4, (Faa).50(3) + 5u(2)) X = [x1, 22,3, 24), Refer to [2] Fy
Ty > x3 > 24 > 0, 27 >
To + T3+ X4

G /G2, (92(2), 5u(3) + su(2)) X = diag[zy, 20,21 — | Refer to [20] G-
332,0,.232 — xl,—xg,—xl],
Tl > To > 1‘1/2

TABLE 2. Action of the Weyl group (except for Eg, E7 and Eg)

Proof. Without loss of generality, we may assume that A # A\; 1" and Y # y; 1™, Let i = minw ™' ({1,...,i0}). By
assumption, the first y; appears in w - Y at the i-th position with ¢ > jo. Let w(1) =k, i.e. w-Y begins with y.
We have y;, < y1 and \; < A;. Consider wg = (1 ) w; we then have

<)\,U)0 : Y> — </\,wY> = (/\1 — /\z) (yl — yk) > 0.
By the standard property of the Weyl group, (A, wp - Y) < (A, Y). Hence, (\,w-Y) < (\,Y). O
Corollary A.5. Property Killing-max is verified in the case of the root system A,.

Proof. We use the same notation as in Lemma A.3 and in its proof. Suppose (A, Y) = (A w-Y). We use induction
on n. The result is clear for n = 1. Then by the lemma, there exists i < jy such that w(i) < ig. We apply the
induction hypothesis to A = (Ag,...,A,) and to Y = (ya,...,y,) the result follows.

Let X = (A2,...,An), Y = (y2,...,¥n) and note that [y,(1),- .~ Yw(i)s - - Yw(n)] 15 @ permutation of Y’ (say
w -Y'). We have (\,w-Y) = XNjy1 + D ;5 Yur(s) Where w' is a permutation of {2,...,n}. We then have
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(NY"y = (A w' - Y'). By the induction hypothesis w' = wy wy: € Wy Wy,. We extend wy and wy’ to
wy € Wy and wy € Wy by having them fix 1 in both cases. With the permutation wg = (1 ¢) € W), we have
w=(11)wywy € Wy Wy. O

A.2. Type B, (so(2n+ 1,C)) and C,, (sp(n,C)).

Proposition A.6. Property Killing-mazx is verified in the case of the root systems B, and C,.

Proof. Recall that B,, is the root system of s0(2n + 1, C). The positive Weyl chamber is defined by the condition
A>XA > >N, >0

The Weyl group is W = S, x {£1}"; its elements are called “signed permutations”. It is straightforward to see
that the sign changes in w - Y strictly diminish (A, Y") unless if negative terms in w - Y are in front of A; = 0.

More precisely, if w-Y has strictly negative terms in positions where \; > 0, then (A, w-Y) < (A, wow-Y) < (\,Y)
where wy changes the negative signs in w - Y into positive ones.

Thus, if (A.1) holds, all negative terms in w-Y" are in front of \; = 0. Then wy € W) and (A, w-Y) = (A, wow-Y).
All the terms of wow - Y are non-negative and the result for a,, applies.

To conclude, it suffices to recall that C,, is the root system for sp(n, C). We have W(C,,) = W(B,,), the only
difference is in the relative length of roots ([7, p. 227]). O

A.3. Type D, (s0(2n,C)). Suppose that \, Y € at are singular. The Weyl group W is composed by permutations
and the sign changes by pairs, i.e. of two terms simultaneously. The positive Weyl chamber a™ is given by the
condition

A > Ao > o> A1 > A

Lemma A.7 (The “max principle” for W(D,,)). Let A\, Y € at. Suppose that the block of A in X has length
1 < jo < n. Suppose also that min{k : (w-Y)r =y1} > jo orthat {k: (w-Y), =y1} = 0. Then (M, w-Y) < (A\Y).

Proof. Suppose A and Y are as in the statement of the lemma. If y; appears in w-Y then (\,w-Y) < (\,Y) by
Lemma A.3 so we can assume that only —y; appears.

Using the standard property of the Weyl group over a,,, (\,w-Y) < (A wpw-Y) where wy € S,, re-orders the
entries of w - Y in decreasing order. The last entry of wow - Y has to be —y;.

We first assume n = 2, or n > 3 and jo < n—2. Asy, > —y; for all i < n, we can suppose that the (n —1)-entry
is —y;. Using the element w; of the Weyl group which changes signs and permutes the last two entries, we have
Awrwow YY) — (AMwow - Y) = (Ap—1 + An) (y1 + v:) > 0. Tt is easy to check that the last inequality is strict if
n = 2. Finally, by another application of Lemma A.3, (\,w; wow -Y) < (\,Y) and the result follows.

We next handle the case jo > n—1, withn > 3. Let A = (a,...,a,b) with b € (—a,a]. and n > 3. We will show
that A =(\Y) — (A, wow -Y) > 0. If —y,, appears in wow - Y, we have, using Z#l,n ay; > Z#Ln a (L£y;),

A=\Y) = Aww-Y) =ay +byn —[a(—yn) +b(—y1)] = (a+b)(y1 + yn) >0

where we used the hypothesis b # —a and the fact that y; + y, > 0 (otherwise —y,, = y1 appears in wow - Y). If
—1y», does not appear in wow - Y, another —y;, appears among the n — 1 first entries of ow-Y. This time, we obtain
A>(a+by1+a(yr —yn) +ayr + by, > 0, where we used y; > 0 (as Y # 0), the hypothesis a + b > 0, and the
inequalities yr > yn, ayr > |bynl- O

Lemma A.8. Suppose A\=a(1,...,1),a>0 and Y € at. Then (A.1) is satisfied if and only if w € Wy Wy-.

Proof. Note that (A\,Y) =(n—1)abx +abx =nabzx. The only way that (\,w-Y) =nabzisifw -Y =Y i.e.
w € Wy = W,. O

Proposition A.9. Property Killing-max is verified in the case of the root system D,,.

Proof. We proceed by induction on n > 2. Given Lemma A.8, if both A and Y € R(1,1...,1,—1) then there is
nothing to prove. Given the symmetry of the problem, if A € R(1,1...,1,—-1)and Y ¢ R(1,1...,1,—1), we can
switch their roles and suppose that A ¢ R (1,1...,1,—1).

The base case n = 2, in which, by Lemma A.8, we can assume that A = (A, A2) € R(1,-1), is clear by
inspection.
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Assume the result true for n — 1. As explained above, we may assume that A € R(1,...,1,—1). By Lemma A.7,
the equality (A.1) implies that “max A meets maxY”. As in the case A,, it follows that there exist permutations
o € Wy and v € Wy such that (cwy-Y); = y1. We consider A = (A2, Az, .oy An), Y, = (Ys,...,Y,) and
Wy = owyl|g where @ = {(z2,...,2,)] X = (2;)i>1 € a} and we use the induction hypothesis or Lemma A.8
depending on the situation. O

A.4. Type F;. We use Helgason [15] and some simple facts about the Weyl group W = W(F}) from [2]. We
consider the simple roots a; = es —e3, vy = €3 —ey, a3 = €4 and oy = (€1 —es —e3 —e4)/2 and the corresponding
reflections s,, = s;. It follows that a™ = {(z1, 72, %3, 24): x1 > T2 + 3 + T4, T2 > T3 > 14 > 0}

Denote a12 = €1 —e2 and s12 = 54,,. Note that aj2 = as + 2 a3 + a4 is a positive root. It is easy to check that
(A.2) 5354812 = 5253 54

by inspection or using [2, Table 1] on the basis (e;).
Let X = (21, 22,23,24) With 21 > @9 > 23 > x4 > 0, i.e. X € at(By). We define W£4 C W(By) as the
subgroup generated by a subset of the symmetries s € {s12, 51, $2, 83} such that s(X) = X.

Lemma A.10. Let \ € at(By). Then W* C Wy.
Proof. Clear from the definition of Wf 4 a

Let a, 3, v denote the three sets of roots of Fy defined in [2, p. 85], with o = (£e;): ;. Let 8, n € {a, 3,7} and
Wiy = {w € W: w(d) = n}. By [2], we have W = Wyq U Wog U W,,. In order to describe the action of w € W,
we define wg = id, w) = s3s4 and w] = s4. Then, by [2, Table 1], we have w(c) = & with & € {a, 3,7}

The following result is proven in [2]. Recall that W (Bjy) is the group of signed permutations of 4 elements.

Lemma A.11. Let § € {«a,8,7} and w € Wys. There exists o € W(By) such that if Y = 2?21 y; €;, then
w-Y = Z?Zl Yo(i) wH(€;). Equivalently, (wl)™ w is a signed permutation with respect to the basis (e;).
Proposition A.12. Property Killing-maz is verified in the case of the root system Fj.
Proof. Suppose that A = E?Zl Aie;, Y = Z?Zl y; €; € at(Fy) are singular. Our objective is to solve the equation
(A.1). We will assume from now on that (A.1) holds. We consider three cases w € W5, where 6 = «, 5, 7.

If w € Wya, we note that a™(Fy) C a™(Bg). Lemma A.11, Proposition A.6 and Lemma A.10 imply that
we WP Wi c wy wy.

In the case w € W,g, we use wy = wg =5384. If A= Z?:l Aie; € at(Fy) then X = wal A= Z?Zl A, e; with
A >, > A > N, >0 since

1
(A3) N = 5[(/\1 + Ao+ A3 — /\4) e + (/\1 + Ao — A3 + /\4) es + ()\1 — Ao+ A3+ /\4)83 + ()\1 — Xy — A3 — /\4)84].
Using (A.1), Lemma A.11 and the standard property of the Killing form for By, we have
ANY)=Nw-Y) = (wy' - Nwytw-Y) < (wgt - A Y) = (N wo - Y) < (N Y).

This means that (N, wy ' w-Y) = (N, Y) and therefore that w € wo W3* W* by Proposition A.6.
We reason similarly if w € W, with wy = w] = s4 and

1
N =s4(N) = 5[(/\1—|—)\2+/\3—|—)\4)e1+(/\1+)\2—/\3—)\4)e2+(/\1—)\2+/\3—)\4)e3+(/\1—)\2—/\3+)\4)e4].

It therefore follows that w € wq VVAB,’4 WP with N = wg ' - A
It is important to note that a feature of both cases w € Wys and w € W, implies that the respective wy
satisfy (\,Y) = (A, wp - Y). Tt follows that these cases do not occur if ay € ¥y U Xy. Indeed, using the formula

si(X)=X -2 %ai, we have for wg = s3 54 and for w] = sy,
(A4) <)\, Y> — <)\, 83 84 Y> =2 044(/\) 044(Y) +2 (13()\) 0&3(Y) + 2043()\) Oé4(Y)
LYY — (A 52 Y) = 2a5(A) as(Y)

Thus (A, Y) # (A wo-Y) if oy € L\ UXy and w € Wyp or w € W,,. We showed above that in the case w € Waq,
formula (A.1) implies that w € Wy Wy . The Proposition is thus proven for ay € ¥ U Xy
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It remains to treat the cases ay € ¥ or ay € Xy. By symmetry of the problem (A.1), it is sufficient to treat
the case ay € Xy, for any singular Y. We assume henceforth that ay € Xy.

We showed above that in the case w € Wy, formula (A.1) implies that w € Wy Wy-.

If w € Wy, we have wg = w] = s4 and therefore \' = s4 - A = X\ since ay € ). Since s4 € W), we have
w € syWiHWE = s, WP Wi ¢ Wy, wy..

Suppose that w € W, and recall that wg = wg = 53 84. By (A.4), we have the following two cases:

(A) as(\) =0 or (B) az(A\) #0, az(Y) =0 and ay(Y) = 0.

In the case (A), we have wo_l A= Xde N = Xand s3s4 € Wy. Therefore, we have w € s3 54W/\Ef4 Wf“ =
s380 WA WPt C Wy Wy

In the case (B), we compute using (A.3), N = (A2 + A3, A2 + Mg, A3 + \g, 0), where Ay > 0. We will be using s3
defined by s3(x1, za, 23, 24) = (21, 22,23, —24). Note that s3-Y =Y since ys = a3(Y) = 0, and that s3 commutes
with s1 and s15. We consider the following mutually exclusive cases (B1)—(B4):

(B1) Xy = {au4}: in that case, Wj* = {id, s3} and w € s3 s4 W W2 € Wy

(B2) Zy = {a1,a4}, i.e. A2 = A3 > Ay > 0: in that case, Wff“ = {id, s1, 3,51 83 = s3s1} X {id, s3}. Since s;
commutes with s3 and s4, we have w € {id, s1} 53 s4 {id, s3} WZ* C Wy Wy

(B3) £ = {az2, a4}, i.e. A3 = Ag > 0: in that case, )1\3,4 = {id, s12, $12} x {id, s3}. Using (A.2), we find that
w € 83 84{1d, s12} x {id, 53}W54 C WyWy .

(B4) Xy = {a1, a2, 4}, i.e. A = A3 = Mg > 0: in that case, Whs = {id, 12, S1, $1251, 81812, S181281} X {id, s3}.

Similarly as in (B2) and (B3), we verify that s3 541/1/)]\5,’4 C Wx Wy For example, s3 54(5151251) = $1 83 8481281 =
$182 838481 = S1 8281 8384 € W) Wy. Thus (A.1) implies that w € s3 s4 Wff“ Wf“ C Wy Wy. O

A5. Type Gjy. The Cartan space is given by a(G2) = {Ha,p = (A,B,A—B,0,B—A,—B,—A)| A,B € R} and
two simple positive roots are a(Ha p) = A— B and 8(Ha,p) = B— (A— B) = 2B — A. Consequently, the positive
Weyl chamber is given by at = {Hap| A> B > A— B> 0}.

Note that it is sufficient to work on the space a = {ha p = (A, B, A — B): A, B € R} which is isomorphic to
a(G2). We will work on this space a from now on. Observe also that the Weyl group W is generated by s, which
interchanges the first two entries and changes the sign of the third and sg = (2, 3), so it is included in S5 x {1, —1}3.
This inclusion is strict: the group W has 12 elements and S3 x {1, —1}3 has 6 x 23 = 48 elements.

Proposition A.13. Property Killing-maz is verified in the case of the root system Gs.

Proof. Given that the root system is of rank 2, we only need to consider three cases of singular A and Y:

(C1) a(N) = a(Y) = 0: We have A = (1,1,0), Y = (y,4,0), I, y > 0 and (\,w-Y) = (\,Y) = 21y. It follows
that 0 in Y cannot change position in w - Y and no y can become —y, so w-Y =Y and w € Wy.

(C2) a(N) =pB(Y) =0: We have A = (1,1,0), Y = 2y,y,y), {, y > 0 and (\,w-Y) = (\,Y) = 3ly. Then no
minus sign is possible in the first two terms of w-Y and 2y cannot go to the third position. Consequently,
using the fact that (ha,g)s = (hap)1 — (ha,B)2, we find that w-Y = (2y,y,y) =Y (so w € Wy) or
w-Y = (y,2y,—y) = s4Y, which implies that s,w € Wy and w € suWy C W) \Wy.

(C3) B(A) =pB(Y)=0: Wehave A = (21,1,1),Y = (2y,y,y), [, y > 0. Then 2y must remain in the first position
in w-Y and no sign change can happen, thus w-Y =Y and w € Wy-.

O
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