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1. Introduction

Conformable derivatives are nonlocal fractional derivatives. They can be called fractional since we
can derive up to arbitrary order. However, since in the community of fractional calculus nonlocal
fractional derivatives only are used to be called fractional, we prefer to replace conformable fractional
by conformable (as a type of local fractional). Conformable derivatives and other types of local
fractional derivatives or modified conformable derivatives in [7] can gain their importance by the
ability of using them to generate more generalized nonlocal fractional derivatives with singular
kernels (see [4, 23, 27]). Fractional calculus is the study of derivatives and integrals of non-integer
order and is the generalized form of classical derivatives and integrals. It is as dated as classical
calculus, but it acquires more importance in recent two decades, this is due to its applications in
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various fields such as physics, biology, fluid dynamics, control theory, image processing, signal
processing, and computer networking. See [5, 11–18, 25, 26, 31, 32, 34, 58, 63–66]. In recent years, the
research has been proceeded to generalize the existing inequalities through innovative ideas and
approaches of fractional calculus. One of the most popular approaches among researchers is the use
of fractional integral operators. Due to their potentials to be expended for the existence of nontrivial
and positive solutions of several classes of fractional differential equations, the integral inequalities
involving fractional integrals are considerably important.

A large bulk of existing literature consists of generalizations of numerous inequalities via fractional
integral operators and their applications [9, 37, 42, 59, 62]. Mubeen and Iqbal [38] contributed the
ongoing research by presenting the improved version of generalized Grüss type integral inequalities
for k-Riemann–Liouville fractional integrals. Agarwal et al. [8] obtained certain Hermite–Hadamard
type inequalities for generalized k-fractional integrals. Set et al. [52] presented an integral identity and
generalized Hermite–Hadamard type inequalities for Riemann–Liouville fractional integral. Mubeen et
al. [39] established integral inequalities of Ostrowski type for k-fractional Riemann–Liouville integrals.
Sarikaya and Budak [50] utilized local fractional integrals to derive a generalized inequality. Khan
et al. [35] produced some important generalized inequalities for a finite class of positive decreasing
functions for fractional conformable integrals. Jleli et al. [28] determined a Hartman–Winter type
inequality involving fractional derivative with respect to another function. In the papers [6, 24, 56, 57,
61] and closely related references therein, there are more information on this topic.

The main object of this paper is to develop a new notion “generalized k-fractional conformable
integral” which is the generalized form of fractional operators reported in [27]. Hereafter, we also
generalize some integral inequalities given in [35] for a finite class of positive and decreasing
functions to ones involving our newly introduced k-fractional conformable integrals. For details of
those inequalities, their applications, and their stability, we refer readers to [2, 3, 33, 36, 54, 55].

2. Notations

The notion of left and right fractional conformable derivatives for a differentiable function f ,
introduced by Abdeljawad [1], can be expressed as

T
α
a+ f (t) = (t − a)1−α f ′(t) and T

α
b− f (t) = (b − t)1−α f ′(t).

Correspondingly, left and right fractional conformable integrals for 0 < α < 1 can be represented by

Hα
a+ f (t) =

∫ t

a

f (x)
(x − a)1−α d x and Hα

b− f (t) =

∫ b

t

f (x)
(b − x)1−α d x.

Let Γ(z) for <(z) > 0 denote the classical gamma function [43, 45]. The left and right fractional
conformable integral (LFCI and RFCI) operators of order β ∈ C for <(β) > 0 can be defined [27]
respectively by

βHα
a+ f (x) =

1
Γ(β)

∫ x

a

[ (x − a)α − (t − a)α

α

]β−1 f (t)
(t − a)1−α d t

and
βHα

b− f (x) =
1

Γ(β)

∫ b

x

[ (b − x)α − (b − t)α

α

]β−1 f (t)
(b − t)1−α d t.
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Dı́az and Pariguan [19] generalized the classical Pochhammer symbol (λ)n, the classical gamma
function Γ(z), and the classical beta function B(u, v) respectively as

(λ)n,k =

1, n = 0;
λ(λ + k) · · · (λ + (n − 1)k), n ∈ N,

Γk(x) = lim
n→∞

n!kn(nk)x/k−1

(x)n,k
,

and

Bk(u, v) =
1
k

∫ 1

0
tu/k−1(1 − t)v/k−1 d t.

See also [40, 41, 44, 46, 47]. It is not difficult to see that the k-gamma function Γk(x) and the k-beta
function Bk(u, v) satisfy

Γk(x) =

∫ ∞

0
ux−1e−uk/k d u, Γ(x) = lim

k→1
Γk(x), Γk(x) = kx/k−1Γ

( x
k

)
, Γk(x + k) = xΓk(x),

and

Bk(u, v) =
1
k

B
(u
k
,

v
k

)
, Bk(u, v) =

Γk(u)Γk(v)
Γk(u + v)

.

3. Generalized k-fractional conformable integrals

In this section, we introduce the generalized left and right k-fractional conformable integrals which
generalize the Riemann–Liouville fractional integrals [49, p. 44], Hadamard fractional integrals [10],
Katugampola fractional integrals [29], and generalized fractional integrals [51].

Definition 3.1. Let f be a continuous function on a finite real interval [a, b]. Then the generalized
left and right k-fractional conformable integrals (k-FCI) of order β ∈ C for <(β) > 0 are respectively
defined as

β
kH

α
a+ f (x) =

1
kΓk(β)

∫ x

a

[ (x − a)α − (t − a)α

α

]β/k−1 f (t)
(t − a)1−α d t

and
β
kH

α
b− f (x) =

1
kΓk(β)

∫ b

x

[ (b − x)α − (b − t)α

α

]β/k−1 f (t)
(b − t)1−α d t,

where k > 0 and α ∈ R\{0}.

Some features of those concepts defined in Definition 3.1, such as the semi-group property, the
derivative of functions, the Laplace transforms of functions using this derivative and the solution of
IVP, can be found in [1].

Theorem 3.1. Let f ∈ L1[a, b], α ∈ R\{0}, and k > 0. Then both β
kH

α
a+ f (x) and β

kH
α
b− f (x) exist for all

x ∈ [a, b] and<(β) > 0.

Proof. Let ∆′ = [a, b] × [a, b] and P′ : ∆′ → R such that

P′(x, t) = [(x − a)α − (t − a)α]β/k−1(t − a)α−1.
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It is clear that P′ = P′+ + P′−, where

P′+(x, t) =

[(x − a)α − (t − a)α]β/k−1(t − a)α−1, a ≤ t ≤ x ≤ b;
0, a ≤ x ≤ t ≤ b

and

P′−(x, t) =

[(t − a)α − (x − a)α]β/k−1(x − a)α−1, a ≤ t ≤ x ≤ b;
0, a ≤ x ≤ t ≤ b.

Since P′ is measurable on ∆′, we can write∫ b

a
P′(x, t) d t =

∫ x

a
P′(x, t) d t =

∫ x

a
[(x − a)α − (t − a)α]β/k−1(t − a)α−1 d t =

αk
β

(x − a)αβ/k.

Therefore, we obtain∫ b

a

[∫ b

a
P′(x, t)| f (x)| d t

]
d x =

∫ b

a
| f (x)|

[∫ b

a
P′(x, t) d t

]
d x =

αk
β

∫ b

a
(x − a)αβ/k| f (x)| d x

≤
αk
β

(b − a)αβ/k
∫ b

a
| f (x)| d x =

αk
β

(b − a)αβ/k‖ f (x)‖L1[a,b] < ∞.

So, by Tonelli’s theorem for iterated integrals [21, p. 147], the function Q′ : ∆′ → R such that Q′(x, t) =

P′(x, t) f (x) is integrable over ∆′. Hence, by Fubini’s theorem, it follows that
∫ b

a
P′(x, t) f (x) d x is

integrable over [a, b] as a function of t ∈ [a, b]. This implies that βkH
α
a+ f (x) exists.

The existence of the right k-fractional conformable integral β
kH

α
b− f (x) can be proved in a similar

manner. The proof of Theorem 3.1 is complete. �

4. Inequalities for generalized k-fractional conformable integrals

Fractional integral inequalities have been analyzed for many useful purposes. One of the most
useful applications of such inequalities is the existence of nontrivial solutions of fractional differential
equations. Many applications find in the literature for the existence of nontrivial solution eigenvalue
problems by inequalities, see [42, 62]. Generalizing pre-existing inequalities by applying fractional
integral operators is becoming a popular trend in the research field, see, for example, [22, 46, 48].

In this section, we present some k-analogues of inequalities in [53, 59, 60] for generalized
k-fractional conformable integrals.

Theorem 4.1. Let h(x) be a continuous increasing function and {gi, 1 ≤ i ≤ n} be a sequence of
continuous positive decreasing functions on the interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for
1 ≤ p ≤ n. Then the left k-FCI operator β

kH
α
a+ satisfies the inequality

β
kH

α
a+

(∏n
i,p gγi

i gξp(x)
)

β
kH

α
a+

(∏n
i=1 gγi

i (x)
) ≥ β

kH
α
a+

(
hη(x)

∏n
i,p gγi

i gξp(x)
)

β
kH

α
a+

(
hη(x)

∏n
i=1 gγi

i (x)
) . (4.1)

Proof. Under given conditions, we have

[hη(ρ) − hη(τ)]
[
gξ−γp

p (τ) − gξ−γp
p (ρ)

]
≥ 0.
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Let us define a function

β
kJ

α
a+(x, ρ, τ) =

1
kΓk(β)

[ (x − a)α − (τ − a)α

α

]β/k−1
∏n

i=1 gγi
i (τ)

(τ − a)1−α [hη(ρ)− hη(τ)]
[
gξ−γp

p (τ)− gξ−γp
p (ρ)

]
. (4.2)

Accordingly, the function β
kJ

α
a+(x, ρ, τ) is positive for all τ ∈ (a, b]. Integrating on both sides of the

above equation (4.2) with respect to τ from a to x shows

0 ≤
∫ x

a

β
kJ

α
a+(x, ρ, τ) d τ =

1
kΓk(β)

∫ x

a

[ (x − a)α − (τ − a)α

α

]β/k−1

×

n∏
i=1

gγi
i (τ)[hη(ρ) − hη(τ)]

[
gξ−γp

p (τ) − gξ−γp
p (ρ)

] d τ
(τ − a)1−α

= hη(ρ)
[
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]
+ gξ−γp

p (ρ)
[
β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)]

−hη(ρ)gξ−γp
p (ρ)

[
β
kH

α
a+

( n∏
i=1

gγi
i (x)

)]
−

[
β
kH

α
a+

(
hη(x)

n∏
i,p

gγi
i (x)

)]
.

(4.3)

Multiplying on both sides of the relation (4.3) by

1
kΓk(β)

[ (x − a)α − (ρ − a)α

α

]β/k−1
∏n

i=1 gγi
i (ρ)

(ρ − a)1−α . (4.4)

and integrating on both sides with respect to ρ from a to x give

0 ≤
[
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)]

−

[
β
kH

α
a+

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

( n∏
i=1

gγi
i (x)

)]
.

(4.5)

Dividing on both sides of (4.5) by

β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)[
β
kH

α
a+

( n∏
i=1

gγi
i (x)

)]
leads to (4.1). The proof of Theorem 4.1 is complete. �

Corollary 4.1. Let {gi, 1 ≤ i ≤ n} be a sequence of continuous positive decreasing functions on the
interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for 1 ≤ p ≤ n. Then the left k-FCI operator β

kH
α
a+

satisfies the inequality

β
kH

α
a+

(∏n
i,p gγi

i gξp(x)
)

β
kH

α
a+

(∏n
i=1 gγi

i (x)
) ≥ β

kH
α
a+

(
(x − a)η

∏n
i,p gγi

i gξp(x)
)

β
kH

α
a+

(
(x − a)η

∏n
i=1 gγi

i (x)
) . (4.6)

Proof. This can be derived from taking h(x) = x − a in Theorem 4.1. The proof of Corollary 4.1 is
complete. �
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Corollary 4.2. Let {gi, 1 ≤ i ≤ n} be a sequence of continuous positive decreasing functions on the
interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for 1 ≤ p ≤ n. Then the left k-FCI operator β

kH
α
a+

satisfies the inequality [
θ
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)]

≥

[
θ
kH

α
a+

(
(x − a)η

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
a+

( n∏
i=1

gγi
i (x)

)][
β
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)]
.

(4.7)

Proof. Multiplying on both sides of the relation

0 ≤
∫ x

a

β
kJ

α
a+(x, ρ, τ) d τ =

1
kΓk(β)

∫ x

a

[ (x − a)α − (τ − a)α

α

]β/k−1

×

n∏
i=1

gγi
i (τ)[(ρ − a)η − (τ − a)η]

[
gξ−γp

p (τ) − gξ−γp
p (ρ)

] d τ
(τ − a)1−α

= (ρ − a)η
[
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]
+ gξ−γp

p (ρ)
[
β
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)]

−(ρ − a)ηgξ−γp
p (ρ)

[
β
kH

α
a+

( n∏
i=1

gγi
i (x)

)]
−

[
β
kH

α
a+

(
(x − a)η

n∏
i,p

gγi
i (x)

)]
by

1
kΓk(θ)

[ (x − a)α − (ρ − a)α

α

]θ/k−1
∏n

i=1 gγi
i (ρ)

(ρ − a)1−α (4.8)

and integrating on both sides with respect to ρ from a to x arrive at

0 ≤
[
θ
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)]

−

[
θ
kH

α
a+

(
(x − a)η

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

−

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)]
.

(4.9)

Dividing on both sides of (4.9) by[
θ
kH

α
a+

(
(x − a)η

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]
+

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
(x − a)η

n∏
i=1

gγi
i (x)

)]
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leads to (4.7). The proof of Corollary 4.2 is complete. �

Corollary 4.3. Let h(x) be a continuous increasing function and {gi, 1 ≤ i ≤ n} be a sequence of
continuous positive decreasing functions on the interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for
1 ≤ p ≤ n. Then the left k-FCI operator β

kH
α
a+ satisfies the inequality[

θ
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)]

≥

[
θ
kH

α
a+

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
a+

( n∏
i=1

gγi
i (x)

)][
β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)]
.

(4.10)

Proof. Multiplying on both sides of the relation (4.3) by (4.8) and integrating on both sides with respect
to ρ from a to x derive

0 ≤
[
θ
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)]

−

[
θ
kH

α
a+

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]

−

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)]
.

(4.11)

Dividing on both sides of (4.11) by[
θ
kH

α
a+

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)]
+

[
θ
kH

α
a+

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
a+

(
hη(x)

n∏
i=1

gγi
i (x)

)]
reveals (4.10). The proof of Corollary 4.3 is complete. �

Theorem 4.2. Let {gi, 1 ≤ i ≤ n} be a sequence of continuous positive decreasing functions on the
interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for 1 ≤ p ≤ n. Then the right k-FCI operator β

kH
α
b−

satisfies the inequality

β
kH

α
b−
(∏n

i,p gγi
i gξp(x)

)
β
kH

α
b−
(∏n

i=1 gγi
i (x)

) ≥ β
kH

α
b−
(
(b − x)η

∏n
i,p gγi

i gξp(x)
)

β
kH

α
b−
(
(b − x)η

∏n
i=1 gγi

i (x)
) . (4.12)
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Proof. Under given conditions, we have

[(b − ρ)η − (b − τ)η]
[
gξ−γp

p (τ) − gξ−γp
p (ρ)

]
≥ 0.

Let us define a function

β
kJ

α
b−(x, ρ, τ)

=
1

kΓk(β)

[ (b − x)α − (b − τ)α

α

]β/k−1
∏n

i=1 gγi
i (τ)

(b − τ)1−α [(b − ρ)η − (b − τ)η]
[
gξ−γp

p (τ) − gξ−γp
p (ρ)

]
. (4.13)

Consequently, the function β
kJ

α
b−(x, ρ, τ) is positive for all τ ∈ (a, b]. Integrating on both sides of the

above equation (4.13) with respect to τ from x to b gives

0 ≤
∫ b

x

β
kJ

α
b−(x, ρ, τ) d τ =

1
kΓk(β)

∫ b

x

[ (b − x)α − (b − τ)α

α

]β/k−1

×

n∏
i=1

gγi
i (τ)[(b − ρ)η − (b − τ)η]

[
gξ−γp

p (τ) − gξ−γp
p (ρ)

] d τ
(b − τ)1−α

= (b − ρ)η
[
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]
+ gξ−γp

p (ρ)
[
β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)]

−(b − ρ)ηgξ−γp
p (ρ)

[
β
kH

α
b−

( n∏
i=1

gγi
i (x)

)]
−

[
β
kH

α
b−

(
(b − x)η

n∏
i,p

gγi
i (x)

)]
.

(4.14)

Multiplying the relation (4.14) by

1
kΓk(β)

[ (b − x)α − (b − ρ)α

α

]β/k−1
∏n

i=1 gγi
i (ρ)

(b − ρ)1−α (4.15)

and integrating on both sides with respect to ρ from x to b produce

0 ≤
[
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)]

−

[
β
kH

α
b−

(
(b − x)η

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i=1

gγi
i (x)

)]
.

(4.16)

Dividing on both sides of (4.16) by

β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)[
β
kH

α
b−

( n∏
i=1

gγi
i (x)

)]
yields (4.12). The proof of Theorem 4.2 is complete. �

Corollary 4.4. Let {gi, 1 ≤ i ≤ n} be a sequence of continuous positive decreasing functions on the
interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for 1 ≤ p ≤ n. Then the right k-FCI operator β

kH
α
b−
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satisfies the inequality [
θ
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)]

≥

[
θ
kH

α
b−

(
(b − x)η

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
b−

( n∏
i=1

gγi
i (x)

)][
β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)]
.

(4.17)

Proof. Multiplying the relation (4.14) by

1
kΓk(θ)

[ (b − x)α − (b − ρ)α

α

]θ/k−1
∏n

i=1 gγi
i (ρ)

(b − ρ)1−α (4.18)

and integrating on both sides with respect to ρ from x to b procure

0 ≤
[
θ
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)]

−

[
θ
kH

α
b−

(
(x − a)η

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

−

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)]
.

(4.19)

Dividing on both sides of (4.19) by[
θ
kH

α
b−

(
(b − x)η

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]
+

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
(b − x)η

n∏
i=1

gγi
i (x)

)]

demonstrates (4.17). The proof of Corollary 4.4 is complete. �

Theorem 4.3. Let h(x) be a continuous increasing function and {gi, 1 ≤ i ≤ n} be a sequence of
continuous positive decreasing functions on the interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for
1 ≤ p ≤ n. Then the right k-FCI operator β

kH
α
b− satisfies the inequality

β
kH

α
b−
(∏n

i,p gγi
i gξp(x)

)
β
kH

α
b−
(∏n

i=1 gγi
i (x)

) ≥ β
kH

α
b−
(
hη(x)

∏n
i,p gγi

i gξp(x)
)

β
kH

α
b−
(
hη(x)

∏n
i=1 gγi

i (x)
) . (4.20)

AIMS Mathematics Volume 4, Issue 3, 343–358



352

Proof. Under given conditions, we have

[hη(ρ) − hη(τ)]
[
gξ−γp

p (τ) − gξ−γp
p (ρ)

]
≥ 0.

Let us define a function

β
kJ

α
b−(x, ρ, τ) =

1
kΓk(β)

[ (b − x)α − (b − τ)α

α

]β/k−1
∏n

i=1 gγi
i (τ)

(b − τ)1−α [hη(ρ) − hη(τ)]
[
gξ−γp

p (τ) − gξ−γp
p (ρ)

]
. (4.21)

Thus, the function β
kJ

α
b−(x, ρ, τ) is positive for all τ ∈ (a, b]. Integrating on both sides of the above

equation (4.21) with respect to τ from x to b results in

0 ≤
∫ b

x

β
kJ

α
b−(x, ρ, τ) d τ =

1
kΓk(β)

∫ b

x

[ (b − x)α − (b − τ)α

α

]β/k−1

×

n∏
i=1

gγi
i (τ)[hη(ρ) − hη(τ)]

[
gξ−γp

p (τ) − gξ−γp
p (ρ)

] d τ
(b − τ)1−α

= hη(ρ)
[
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]
+ gξ−γp

p (ρ)
[
β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)]

−hη(ρ)gξ−γp
p (ρ)

[
β
kH

α
b−

( n∏
i=1

gγi
i (x)

)]
−

[
β
kH

α
b−

(
hη(x)

n∏
i,p

gγi
i (x)

)]
.

(4.22)

Multiplying the relation (4.22) by (4.15) and integrating on both sides with respect to ρ from x to b
yield

0 ≤
[
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)]

−

[
β
kH

α
b−

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i=1

gγi
i (x)

)]
.

(4.23)

Dividing on both sides of (4.23) by

β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)[
β
kH

α
b−

( n∏
i=1

gγi
i (x)

)]

leads to (4.20). The proof of Theorem 4.3 is complete. �

Corollary 4.5. Let h(x) be a continuous increasing function and {gi, 1 ≤ i ≤ n} be a sequence of
continuous positive decreasing functions on the interval [a, b]. Let a < x ≤ b, η > 0, ξ ≥ γp > 0 for
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1 ≤ p ≤ n. Then the right k-FCI operator β
kH

α
b− satisfies the inequality[

θ
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)]

≥

[
θ
kH

α
b−

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
b−

( n∏
i=1

gγi
i (x)

)][
β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)]
.

(4.24)

Proof. Multiplying the relation (4.22) by (4.18) and integrating on both sides with respect to ρ from x
to b give

0 ≤
[
θ
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

+

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)]

−

[
θ
kH

α
b−

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]

−

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)]
.

(4.25)

Dividing on both sides of (4.25) by[
θ
kH

α
b−

(
hη(x)

n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)]
+

[
θ
kH

α
b−

( n∏
i,p

gγi
i gξp(x)

)][
β
kH

α
b−

(
hη(x)

n∏
i=1

gγi
i (x)

)]
concludes (4.24). The proof of Corollary 4.5 is complete. �

5. Conclusions

In this paper, we have presented the left and right k-fractional conformable integrals and generalized
some important integral inequalities to ones for our newly introduced k-FCI operators related to a finite
sequence of positive and decreasing functions. Our work produces k-analogues of many pre-existing
results in the literature. Further, many special cases for other integral operators can be derived from our
generalizations. The results obtained can be employed to confirm the existence of nontrivial solutions
of fractional differential equations of different classes. The k-FCI operators in this paper are different
from those introduced by Katugampola [30] as their kernels depend on the boundary points a and b and
need a different convolution theory under conformable Laplace. Our k-fractional conformable integrals
in this paper generalize well-known fractional integral operators such as Caputo integral operators [49,
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p. 44], Riemann–Liouville integral operators [49, p. 44], Hadamard integral operators [10], and their
k-analogues.

Finally we state that possible future works can be in proving new inequalities in the frame of new
generalized integrals. The integrals correspond to certain fractional derivatives with nonsingular
kernels, for example. See the papers [4, 23].

Remark 5.1. This paper is a slightly revised version of the preprint [20].
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16. D. Băleanu, O. G. Mustafa, and R. P. Agarwal, On the solution set for a class of sequential
fractional differential equations, J. Phys. A 43 (2010), no. 38, 385209, 7 pp. Available online at
https://doi.org/10.1088/1751-8113/43/38/385209.

17. A. Bolandtalat, E. Babolian, H. Jafari, Numerical solutions of multi-order fractional differential
equations by Boubaker polynomials, Open Phys. 14 (2016), no. 1, 226–230; available online at
https://doi.org/10.1515/phys-2016-0028.

18. A. Debbouche and V. Antonov, Finite-dimensional diffusion models of heat transfer in fractal
mediums involving local fractional derivatives, Nonlinear Stud. 24 (2017), no. 3, 527–535.

19. R. Dı́az and E. Pariguan, On hypergeometric functions and Pochhammer k-symbol, Divulg. Mat.
15 (2007), no. 2, 179–192.

20. S. Habib, S. Mubeen, M. N. Naeem, and F. Qi, Generalized k-fractional conformable integrals
and related inequalities, AIMS Math. 4 (2019), no. 3, 343–358; available online at https://
doi.org/10.3934/Math.2019.3.343.

21. P. R. Halmos, Measure Theory, D. Van Nostrand Company, Inc., New York, N. Y., 1950.

22. C.-J. Huang, G. Rahman, K. S. Nisar, A. Ghaffar, and F. Qi, Some inequalities of the Hermite–
Hadamard type for k-fractional conformable integrals, Austral. J. Math. Anal. Appl. 16 (2019),
no. 1, Article 7, 9 pages; available online at http://ajmaa.org/cgi-bin/paper.pl?string=
v16n1/V16I1P7.tex.

AIMS Mathematics Volume 4, Issue 3, 343–358

https://doi.org/10.1016/j.cam.2016.10.009
https://doi.org/10.1186/s13662-015-0686-1
https://doi.org/10.1186/1687-2770-2013-112
https://doi.org/10.1186/1687-2770-2013-112
https://doi.org/10.1186/s13662-015-0651-z
https://doi.org/10.1186/s13662-015-0651-z
https://doi.org/10.1016/j.camwa.2009.08.028
https://doi.org/10.1016/j.aml.2010.04.049
https://doi.org/10.1016/j.aml.2010.04.049
https://doi.org/10.1088/1751-8113/43/38/385209
https://doi.org/10.1515/phys-2016-0028
https://doi.org/10.3934/Math.2019.3.343
https://doi.org/10.3934/Math.2019.3.343
http://ajmaa.org/cgi-bin/paper.pl?string=v16n1/V16I1P7.tex
http://ajmaa.org/cgi-bin/paper.pl?string=v16n1/V16I1P7.tex


356

23. F. Jarad, T. Abdeljawad, and J. Alzabut, Generalized fractional derivatives generated by a class
of local proportional derivatives, Eur. Phys. J. Special Topics 226 (2017), 3457–3471; available
online at https://doi.org/10.1140/epjst/e2018-00021-7.

24. F. Jarad, Y. Adjabi, D. Baleanu, and T. Abdeljawad, On defining the distributions δr and (δ′)r by
conformable derivatives, Adv. Difference Equ. 2018, Paper No. 407, 20 pp. Available online at
https://doi.org/10.1186/s13662-018-1865-7.

25. H. Jafari, H. K Jassim, S. P. Moshokoa, V. M. Ariyan, and F. Tchier, Reduced differential
transform method for partial differential equations within local fractional derivative operators,
Adv. Mech. Eng. 8 (2016), no. 4, 1–6; available online at https://doi.org/10.1177/
1687814016633013.
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65. X.-J. Yang, J. A. T. Machao, and D. Băleanu, Anomalous diffusion models with general fractional
derivatives within the kernels of the extended Mittag-Leffler type functions, Roman. Rep. Phys. 69
(2017), Article no. 115, 20 pp.

66. X.-J. Yang, H. M. Srivastava, and J. A. T. Machado, A new fractional derivative without singular
kernel: Application to the modelling of the steady heat flow, Therm. Sci. 20 (2016), no. 2,
753–756; available online at https://doi.org/10.2298/TSCI151224222Y.

c© 2019 F. Qi, S. Habib, S. Mubeen, M. N. Naeem, licensee
AIMS Press. This is an open access article distributed
under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 4, Issue 3, 343–358

https://doi.org/10.3233/FI-2017-1479
https://doi.org/10.3233/FI-2017-1479
https://doi.org/10.2298/TSCI161216326Y
https://doi.org/10.2298/TSCI151224222Y
http://creativecommons.org/licenses/by/4.0

	Introduction
	Notations
	Generalized k-fractional conformable integrals
	Inequalities for generalized k-fractional conformable integrals
	Conclusions

