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We propose a simple and efficient approach to study Wigner localization in one-
dimensional systems using ab initio theory. In particular, we propose a suitable basis
for the study of localization which consists of equally spaced overlapping gaussians.
We illustrate our approach with full-configuration interaction which yields exact re-
sults for a given basis set. With our approach we were able to study up to 8 electrons
with full-configuration interaction. Finally, we propose the total-position spread ten-
sor and the total electron entropy as convenient quantities to obtain signatures of

Wigner localization.
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I. INTRODUCTION

When electrons are confined to one dimension (1D) they exhibit remarkable physics.
Well-known examples are the quantization of the conductance!'2, fractional conductance®*,
spin-charge separation®®, and the enhanced localization of electrons at low densities®’. Due
to the latter property these 1D systems have been shown to be interesting candidates for

applications in quantum computation!®!

. When only few electrons are involved, these 1D
systems are often referred to as Wigner molecules owing to the similarity with Wigner crys-

tallization'?!3. Recently, a 2-electron Wigner molecule has been observed experimentally!®.

To treat Wigner molecules numerically two problems have to be overcome: i) The non-
integrable singularity of the 1D Coulomb potential in the origin’®'8. ii) The lack of a
suitable basis in which to express the many-body wave function. In particular, the two
most common types of basis sets, i.e, atom-centered basis functions and plane waves, are
not convenient. The first problem can be circumvented by modeling the system in three
dimensions, in which there is no problem to integrate the Coulomb potential, as a cylinder
of infinite length and a radius so small that the transverse motion of the electrons is frozen

in the lowest energy state!?. In this work we will address the second problem.

Theoretically, Wigner localization can be studied either through phenomenological effec-

tive Hamiltonians!*

, or by using the non-relativistic electronic ab initio Hamiltonian. In
almost all studies on finite Wigner systems the former option is chosen, (see, e.g., Ref.?0:1)
and the phenomenological effective Hamiltonian contains an external potential, often having
a harmonic component, to confine the system. The molecular orbitals (MO) of the system
are then obtained by diagonalizing a one-electron Hamiltonian, given by the kinetic energy
plus the confining potential. This is an appropriate strategy for few electrons in a harmonic
well. However, it can lead to computational difficulties if the number of electrons (and hence
the number of MO’s) is large, or if the electrons are confined in a spatial region by a very
steep potential. This is the case of electrons in boxes of different shapes. In fact, the MO’s

quickly become strongly oscillating (in 1D systems, the n-th excited state has n nodes),

which can be a source of numerical instabilities.

Therefore, in this work we propose to study the non-relativistic electronic ab initio Hamil-
tonian without any explicit external potential. Instead, we use a set of equidistant localized

orbitals, that are distributed in the region of the space where the electrons are confined.



This induces an implicit confining potential, which originates from the basis set itself. We
choose the localized orbitals as simple 1s gaussian orbitals with a unique exponent and elec-
tric neutrality is guaranteed by a background of equidistant fractional positive charges. The
main advantage of our approach is that, with minor modifications, all standard quantum-
chemistry codes can be used to study Wigner localization, since they all deal with gaussian
MO and the positive background can be realized by placing fractional point charges in the
region occupied by the orbitals. Any quantum chemistry approach can thus be used to
study Wigner localization. However, since Wigner molecules of few electrons can be treated
exactly, we will illustrate our approach mainly with full-configuration interaction (FCI).
Finally, in this work we propose several indicators for the study of localization. Apart
from the electron density, we find signatures of Wigner localization also in the total-position
spread tensor, which is linked to the conductivity, as well as the total electron entropy.
The manuscript is organized as follows. In section II we describe the formalism of our
approach, while in section III we discuss the computational details. In section IV we show

and discuss our results and we draw our conclusions in section V.

II. FORMALISM

In this work we make use of quantum-chemistry approaches to study the localization of
electrons confined in one dimension. In particular, we use the restricted open-shell Hartree-
Fock (ROHF) method and Full Configuration Interaction (FCI) in order to expand the wave
function. The FCI expansion is obtained by considering all the Slater determinants that can
be generated within a given set of one-electron functions (spinorbitals). The Hamiltonian
is the ab initio non-relativistic electronic operator describing the kinetic energy and the
Coulomb interactions which consists of the electron-background attraction, and the electron-
electron repulsion.

We choose the orbitals to be equally spaced s-type gaussian orbitals with a unique expo-
nent, and whose equally spaced centers are placed in the region of space where the electrons
are confined (in our particular case we choose the z axis). We note that such a 1D arrange-
ment of gaussian orbitals realizes the regularization procedure that is required to treat a
1D Coulomb potential®®. In fact, the transverse (i.e. orthogonal to the z axis) part of the

wavefunction has a gaussian form, as it happens for an electron confined in a harmonic radial



potential. It should be noticed that the present approach is able to recover the (analytical)
high-density results of the Fermi-gas region, showing the viability of this quantum-chemistry

treatment of a set of confined electrons.

The most straightforward way to investigate electron localization in a system with open
boundary conditions (OBC), i.e., a system without translational invariance, is by comput-
ing its electron density, given by the diagonal part of the one-body reduced density matrix.
Besides the density, we study two other quantities that give information about electron
localization and correlation: the total-position spread (TPS) tensor A, and the total elec-
tronic entropy S. The TPS is defined as the second moment cumulant of the total position

operator R according to

A = (V[R’T) — (V[R|V)® (1)

where R is defined as N
R=Yr, )

p=1
with IV the number of electrons. We note that the purpose of the second term in Eq. (1) is
to ensure gauge invariance. The per-electron TPS tensor is the localization tensor A = A/N
which was introduced by Resta and co-workers?>? following an original idea of Kohn?* (see
also Ref.?). The localization tensor differentiates the behavior of conductors and insulators:

in the limit N — oo it diverges for conductors while it remains finite in the case of insulators.

For this reason, a qualitatively different behavior of the localization tensor is expected in
the Fermi-liquid and Wigner-crystal regimes of the electron gas. The localization tensor has

26—28 and

been used to investigate the metallic behavior of finite clusters, both at ab initio
semi-empirical®®3* level.

Electron correlation can be related to the natural occupation numbers®. Therefore,

the electron entropy has been proposed as a measure of the presence of correlation in a

36,37

system In the case of a pure state described by a wavefunction W, the particle-hole

entropy is defined as:

S = —Z[njlnnj+(1—nj)ln(1—nj)] (3)

M
Jj=1

where the sum runs over the M natural spinorbitals of ¥, and n; is the occupation number
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of spinorbital j. The first and second terms in the summation are the electron and hole
contributions, respectively, to the total entropy. While the entropy of a single determinant
is zero, the entropy has its maximum value when all the spinorbitals have equal occupation
numbers. For this reason, we expect a very small entropy for the Fermi gas and a much
larger entropy in the Wigner regime. In particular, this will be the case for the S, = 0 wave
functions, because of the large number of Slater determinants that contribute to the wave

function with similar weight.

In analogy with standard quantum-chemistry notation, we will use the expressions
“atomic orbital” and “molecular orbital” in order to indicate, respectively, the primitive
non-orthogonal orbitals that are used as a basis set in which we expand the wave function,
and the orbitals that result from the diagonalization of the Hamiltonian of the system. As
is common practice in quantum chemistry, we will use gaussian orbitals for the primitive
basis set. In this work, the primitive atomic orbitals (AO), which we use to expand the
molecular orbitals (MO), are normalized three-dimensional s-type gaussian functions, all

having a single common exponent «:

Garo(t) = (20/m)1 exp(—ar — ro|?) (4)

where r( is the position of the center of the gaussian orbital.

In order to describe a smoothly varying function in an accurate way, two gaussians must
be relatively close together. Therefore, the overlap between two normalized gaussians plays a
crucial role in defining a suitable expansion basis set. The overlap S between two normalized
gaussians having a common exponent « and with a distance § between their two centers

depends on the dimensionless quantity £ = «d? only. It is given by the expression

S(a,d) = S(&) = exp(=£/2). ()

A set of sufficiently overlapping gaussian orbitals is able to describe a smoothly varying func-
tion in a very accurate way. In order to obtain an accurate description of the wavefunction,
two neighbouring gaussians must have a large overlap and, therefore, £ must be small. In
particular, if £ > 2 the sum of two gaussians which have the same weight yields a function

with two peaks, which is unsuitable to provide a smooth description of a wave function. On



the other hand, if ¢ is too small, and hence the overlap too large, one runs into the problem
of a quasi-linear dependent basis set, which can lead to numerical instabilities. In this work
we choose to work with a fixed value for £&. This means that the width of the gaussian is
proportional to the distance between two neighboring centers. More precisely, we we will use
the value £ = 1. Previous investigation have shown that this value can recover the energy

levels of, for example, a harmonic oscillator with a very high accuracy?®.

IIT. COMPUTATIONAL DETAILS

In this work, we used g+ 1 equally spaced gaussians in order to describe a single electron
confined in a 1D region of the space. If the electron is placed in a region of the 2z axis of
length L, namely —L/2 < z < L/2, the first gaussian will be placed at z = —L/2 and the
last one at z = L/2. In such a way, the distance between two centers is given by § = L/g.
In Fig. 1, the gaussians used to describe a single electron are shown for the case g = 12 and
¢ = 1. We note that, since we choose £ to be a constant, the length units on the bottom
axis in Fig. 1 are arbitrary. By analogy, a total of Ng + 1 orbitals is needed to describe N
electrons in a region of length VL. In numerical calculations the choice of g plays a crucial
role, since the size of the FCI space becomes quickly unmanageable for large values of Ng.
In this work, we performed benchmark FCI calculations for two and four electrons with
g = 12. These calculations were used to assess the quality of results obtained with g = 4.
We verified that by going from g = 12 to g = 4, the numerical differences are negligeable
and the qualitative overall picture is left unchanged. In this way, by using such a small value
of g, we were able to study systems with 2 to 8 electrons within the FCI method.

We used a set of pointlike fractional positive charges, uniformly distributed on the z axis,
in order to simulate the jellium uniform background. The first and last charges of the set
coincide with the centers of the first and last gaussian. The pointlike charges have been
chosen with the same procedure as the gaussian centers. In particular, we used a number of
q + 1 charges for a segment of length L, and hence N¢q + 1 for the N-electron system. The
value of these charges are chosen in such a way to have a system that is globally neutral.
This means that each charge has a value of +N/(Ng+1) in atomic units. We verified that a
value of g of the order of ten is needed in order to have a converged electronic wavefunction.

For this reason, and to have a maximum number of the point charges coincide with the



gaussian centers for the case g = 12, all the calculations presented in this work have been
obtained by setting ¢ = 12.

All the calculations reported in this work have been performed with the packages Nep-

39-41 42,43

tunus and Molpro The former is an FCI algorithm that uses the MO integrals
computed by the DALTON software package**. It has been used for calculations with
m = 2,3,4 and g = 12. For larger number of electrons, the FCI wavefunction was obtained

by using the CAS-SCF algorithm of the Molpro package®®5.

IV. RESULTS AND DISCUSSION

We express all our results as a function of the formal mean distance d between two
electrons, d = L/N. We note that d should not to be confused with the mean value of the
interelectronic-distance operator. The mean distance d is the inverse of the electron density
and twice the Wigner-Seitz radius 7 of the 1D system. We investigated the behavior of the
system from an extremely high-density regime (d = 0.01 Bohr) to a very low-density regime

(d = 100 Bohr).

In this work, we focus on the following two spin wave functions,

1. the high-spin (HS) solution, S, = N/2, having a maximum spin multiplicity equal to
N+ 1.

2. the low-spin (LS) solution (S, = 0 for an even number of electrons, having spin

multiplicity equal to one

To verify our computational approach, we first consider the high-density limit. Since the
electron-electron repulsion, and more generally all the Coulomb interactions present in the
system, scale as 1/d, while the kinetic energy of an individual electron scales as 1/d?, in the
high-density limit, d — 0, the Coulomb interaction becomes negligeable with respect to the
kinetic contribution. Therefore the electrons behave as a gas of free non-interacting particles
and the wavefunction of the system becomes the wavefunction of a set of free fermions in a
1D box, whose behavior is analytically known. For this reason, it is possible to check the
quality of our computational approach by comparing our numerical results with analytical

expressions.



In Fig. 2 the energy difference per electron between the HS and LS solution as a function
of the mean distance d is reported on a bilogarithmic scale. The energy of the LS wave
function is below the HS wave function for all values of d in the considered interval. At high
density, where the system is well described by a Fermi gas, an analytical expression for the
gap can be derived from the energy levels of a particle in a 1D box of length L. They are
given by the expression ¢, = n?mr?/2L% By summing the levels of the occupied orbitals in
the HS and LS cases, and using the identity S n* = N(N +1)(2N 4 1)/6 ~ N?/3 for

large N, we obtain, for large values of n, the following asymptotic expression
AE/N = (EHs—ELs)/JV = 7T2/8d2. (6)

We see that in the high-density limit, d — 0, our numerical results agree with the analytical
result. We note that the differences between the various curves for different values of N are

not appreciable due to the logarithmic scale.

Now that we have validated our approach we will study the electron localization in the
low-density regime. In Figs. 3-6 we report the FCI electron density of the system with six
electrons, for both the LS and HS wavefunctions, and for four different values of d: 0.1, 1.0,
10.0, and 100.0 Bohr. We see that for d = 0.1 and d = 1.0, the density is almost a constant,
and similar to the density of six non-interacting electrons in a one-dimensional box. Indeed,
six peaks are shown in the HS case, and only three (because of the double occupation of
the orbitals) in the LS case. Between d = 1.0 and d = 10.0 Bohr, the charge distribution
completely changes: In the latter case there are six peaks in both the HS and LS cases,
separated by deep valleys. At the largest distance shown, d = 100.0 Bohr, the density at
the bottom of the valleys is almost vanishing, and there is no noticeable difference between

the HS and LS densities.

Instead of studying the density for various values of d it would be more practical to study
a single function of d that contains similar information about the electron localization. In
Fig. 7 we report the values of the HS localization tensor A for both ROHF and FCI. In order
to compare results related to different box sizes, the localization tensor has been divided by
d*>. We note that \/d? is a dimensionless quantity. There are two important conclusions
that can be drawn. First, Fig. 7 shows a striking decrease of A\/d* in the region between

d = 1.0 and d = 10.0 Bohr, which corresponds to the localization that we observed for the
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electronic density. Therefore, the sudden decrease of \/d? can be considered a signature of
Wigner localization. Second, Fig. 7 demonstrates the importance of the accurate treatment
of electron correlation in the low-density regime. At high densities, the ROHF and FCI
results coincide and become equal to the free-electron high-density limit, as they should.
Moreover, in the high-density regime, d < 1.0 Bohr, the value of A\/d* for both ROHF
and FCI is roughly proportional to N, as one would expect for a conducting electron gas.
Instead, in the low-density regime the ROHF and FCI results are completely different. The
ROHF localization tensor becomes independent of the number of electrons for large d, which
would indicate an insulating behavior. However, the FCI localization tensor, i.e., A/d?, is
proportional to N also in the low-density regime, indicating the presence of conduction.
Therefore, despite the fact that the electrons are localized, the localization tensor shows a
behavior that corresponds to a conducting state at least up to d = 50.

In Fig. 8 the LS and HS FCI values of the localization tensor are compared. For high
densities, the LS values are considerably larger than the HS ones, since for the latter case
the electron mobility is reduced due to Pauli repulsion. Beyond d = 10 Bohr, however, the
two sets of curves become perfectly superposed, as one would expect for localized electrons
that differ only in their spin coupling.

In Fig. 9 we report the electronic total, i.e., particle+hole, entropy per electron as a
function of the number of electrons for the lowest HS and LS states. We note that, since the
entropy, in general, depends on the spin projection, for the HS state we report the values for
the S, = 0 and S, = max components. In all cases the entropy increases between d = 1.0
and d = 10.0 Bohr, corresponding to the region in which the electrons become localized.
Therefore, the sudden increase of the total entropy can also be considered as a signature
of Wigner localization. As mentioned before, the entropy of a single Slater determinant
is identically zero, while a nonzero value for S/N means that some kind of correlation is
present.

Electron correlation is traditionally split into a dynamical and a non-dynamical (or static)
part. Although there is not a clear-cut distinction between the two components, several
definitions have been proposed*”°. We do not want to give an additional definition here.
However, broadly speaking, one can say that non-dynamical correlation is a phenomenon
associated to the presence of many roughly equivalent Slater determinants in the zero-order

description of the wave function. The dynamical part, on the other hand, is related to the



huge number of determinants (each one giving a small contribution) that are needed for a
correct description of the Coulomb hole in the wave function. In the following discussion we

will use this qualitative distinction between dynamical and non-dynamical correlation.

It is interesting to relate the entropy, as shown in Fig. 9, to the presence of the two types
of correlation. Both the LS and HS(S, = max) FCI entropies vanish for small values of d,
i.€., in the Fermi-gas regime, since in both cases the wave function is well represented by
the ROHF Slater determinant. This situation corresponds to the absence of both types of
correlations. The HS(S, = max) entropy, on the other hand, goes to a relatively large finite
limit when d — 0. This is due to the fact that many Slater determinants are needed to
describe the wave function despite the fact that we are in the large-density limit where the
Coulomb interactions become negligible with respect to the kinetic energy. This corresponds
to the presence of non-dynamical correlation, since dynamical correlation is absent. It can
be verified from Eq. (3) that the total entropy of N electrons evenly distributed into 2N
spinorbitals is given by 2N In 2. Therefore, the entropy of the HS(S, = 0) state converges
towards 2N In 2 in the limit d — 0 and the entropy per electron converges to S/N = 2In2 =
1.386294 in this limit. From Fig. 9 we see that the entropies for the LS and the HS(S, = 0)
state become identical for medium-large distances, when each electron tends to be well
localized in space. In this case, the S, = 0 wave functions are dominated by determinants
with localized electrons having an equal probability of o and g spins, and the value of
21n 2 can be interpreted as the entropy per electron due to non-dynamical correlation. The
difference S/N — 21In2 can therefore be interpreted as the contribution to the entropy per

electron that is due to dynamical correlation.

Because of the D, symmetry of the systems we study here, the natural orbitals are partly
delocalized symmetry-adapted pairs, having ¢ and u symmetries. However, by performing
a simple combination of the orbitals that correspond to g and u symmetries, we obtain
completely localized orbitals. The localized orbitals that account for the overwhelming part
of the occupation numbers are symmetric (the most important ones) and antisymmetric
orbitals. In the language of three-dimensional atomic orbitals, they correspond to s- and
p-type orbitals, respectively. In Fig. 10, localized orbitals corresponding to the four largest
occupation numbers are shown. They are s-type orbitals, and account for more than 90%
of the total orbital occupation numbers. In Fig. 11, localized orbitals corresponding to the

four next-largest occupation numbers are shown. They are p-type orbitals which are located
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in the same region as the s-type orbitals.

V. CONCLUSIONS

We studied the behavior of a small number of electrons confined to a quasi-1D arrange-
ment by the basis set used to expand their wave function. At high density the wave function
of the system is similar to the one of a free-electron system. However, by lowering the density
there is a complete change of the wave function structure. The electrons change from a state
where they are essentially delocalized, and well described by a single Slater determinant, to
a state where they are localized at fixed space positions. This is true for both the high-spin

and low-spin states.

We obtained a deeper insight on the nature of electron localization by studying the
localization tensor and the electron entropy. Indeed, by lowering the electron density we
observe a sudden growth of the entropy, and a corresponding drop of the position spread in
the density regime where the electrons localize. The drop of the position spread indicates a
reduced mobility of the electrons with respect to the Fermi-gas solution. This behavior is a
signature of Wigner localization and is reminiscent of that of the Wigner crystallization in

finite systems (Wigner atoms).

The increase of the electronic entropy also indicates that the low-density state is much
more correlated than the Fermi-gas state, which tends to a single determinant (zero corre-
lation) in the limit of very high densities. This behavior is not surprising for the low-spin
state, since a large amount of non-dynamical correlation is needed to account for the multi-
determinant singlet wave function. The picture is less obvious in the case of the high-spin
solution, that is strongly dominated by the high-|S,| single determinant. Nevertheless, a
relatively large amount of dynamical correlation is still present in the localized state, essen-
tially carried by a single p-type orbital located on top of each localized s orbital, even at

relatively large distances.

The present investigation shows the usefulness of a quantum-chemistry approach to treat
a collection of interacting particles confined to a region of space. Finally, we stress that our
method is not restricted to the n-D jellium model, but could be used to treat electrons in

different confining potentials such as quantum dots.
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Figure 1. (color online) Example of the tiling of a segment of length L = 1 with gaussians to
describe 1 electron (¢9=12). Continuous lines (black): the gaussian functions; plus symbols (red):
positions of the fractional positive point charges.
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Figure 2. The natural logarithm of the HS-LS energy-difference per electron obtained within FCI
as a function of the mean distance d (please note the logarithmic scale).
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Figure 3. The electron density for d = 0.1 Bohr.
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Figure 5. The electron density for d = 10.0 Bohr.
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Figure 6. The electron density for d = 100.0 Bohr.
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Figure 7. The scaled HS localization tensor \/d? as a function of the mean distance d (please note
the logarithmic scale).
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Figure 8. The scaled FCI localization tensor A\/d? as a function of the mean distance d (please
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Figure 10. Four localized orbitals having the largest occupation numbers for the case N = 4.
Pairs of corresponding orbitals having ¢ and u symmetries have been combined in order to obtain
completely localized combinations.
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Figure 11. Four localized orbitals having the 5 to 8" largest occupation numbers for the case N
= 4. Pairs of corresponding orbitals having g and u symmetries have been combined in order to
obtain completely localized combinations.
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