N
N

N

HAL

open science

Weighted Hilbert spaces for the Stationary exterior
Stokes problem with Navier slip boundary conditions
Anis Dhifaoui, Mohamed Meslameni, Ulrich Razafison

» To cite this version:

Anis Dhifaoui, Mohamed Meslameni, Ulrich Razafison. Weighted Hilbert spaces for the Stationary
exterior Stokes problem with Navier slip boundary conditions. 2018. hal-01788047v2

HAL Id: hal-01788047
https://hal.science/hal-01788047v2

Preprint submitted on 4 Jun 2018 (v2), last revised 23 Mar 2019 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01788047v2
https://hal.archives-ouvertes.fr

Weighted Hilbert spaces for the Stationary exterior Stokes
problem with Navier slip boundary conditions

Anis Dhifaoui'? Mohamed Meslameni>* Ulrich Razafison!

1 - Laboratoire de Mathématiques de Besancon CNRS UMR 6623,
Université Bourgogne Franche-Comté,

16 route de Gray, 25030 Besan¢on Cedex, France

2 - Laboratory Stability and Control of systems,
Faculty of Sciences of Sfax-Tunisia
Route de Soukra, km 3.5, BP 1171

3000 Sfax - Tunisia

3 - Preparatory Institute for engineering Studies of Sfax
University of Sfax - Tunisia

4 - College of Arts and Science in Al-Mandaq
AL Baha University - Kingdom of Saudi Arabia

Email adresses: anis.dhifaoui@univ-fcomte.fr, medmeslameni@yahoo.fr,
ulrich.razafison@univ-fcomte.fr

Abstract

In this paper, we analyse the exterior Stokes problem with the Navier slip boundary conditions,
describing the flow of a viscous and incompressible fluid past an obstacle where it is assumed that
the fluid may slip at the boundary. Because the flow domain is unbounded, we set the problem
in weighted spaces in order to control the behavior at infinity of the solutions. This functional
framework also allows to prescribe various behaviors at infinity of the solutions (growth or de-
cay). Existence and uniqueness of solutions are shown in a Hilbert setting which gives the tools
for a possible numerical analysis of the problem. Weighted Korn’s inequalities are the key point in
order to study the variational problem.

Keywords: Fluid Mechanics, Stokes equations, Navier slip boundary conditions, exterior domain,
weighted spaces, Korn’s inequalities.

AMS Subijets Classification: 76D07, 35J25, 76D03, 35]50.

1 Introduction

It is well-known that the motion of a viscous and incompressible fluid past an obstacle is governed by
the Navier-Stokes equations. In the stationary case, the system can be written as follows:

—vAu+u-Vu+Vrn=f in Q,

. . (1.1)
divu=0 in Q.

In (1.1), the flow domain Q is an exterior domain, namely the complement of a bounded domain
which represents the obstacle, the unkowns are u the velocity of the fluid and its pressure 7= and the
data are v the viscosity of the fluid and f the external forces acting on the fluid.
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Due to the fact that the flow domain Q is unbounded, we need to add a condition at infinity. Here we
assume that the fluid is at rest at infinity, therefore we append the following condition:

lim wu(x)=0. (1.2)
| x| —+00
In order to close the system, we also need a condition at the boundary I' of Q. Usually, the no-slip
condition is prescribed for (1.1):
u=0 on T. (1.3)

One essential step in order to investigate the Navier-Stokes equations is to start by studying linearized
problems. Here, due to the condition at infinity (1.2), the linearization leads to the Stokes equations:

—vAu+Vrn=f in Q,

. . (1.4)
divu=0 in Q.

Problem (1.4)—(1.3) in three-dimensional exterior domains has been studied by many authors. Among
the works, we can mention [5, 24, 25, 26, 29, 30, 32, 38, 39, 49, 50] and references therein. Note that
the approach developed in [5, 29, 30, 32, 49, 50] is the same as the one we use in this paper.

However, in many applications, obstacles may have rough boundaries. This is the case, for instance,
for the skin of sharks ([22, 23]) or golf balls. Another application of interest can also be found for in-
stance in aerodynamics in drag control of aircraft wings. In order to reduce the drag, small injections
jets are introduced over the wings of the plane ([3]).

In the case where the obstacles have a rough boundary, the no-slip condition (1.3) is no longer valid
(see for instance [47]). Therefore, another approach was introduced where it is assumed that, due to
the roughness of the boundary and to the viscosity of the fluid, there is a stagnant layer of fluid close to
the boundary allowing the fluid to slip (see for instance [19]). To overcome the complicate description
of the problem, the Navier slip boundary conditions are commonly used. These conditions, proposed
by Navier [45], can be written as

u-n=0, 2Dwn]l; +au; =0 on T, (1.5)
where
1 T
D(u):E(Vu+Vu ) (1.6)

denotes the rate-of-strain tensor field, « is a scalar friction function, nis the unit normal vector to T’
and the notation [-]; denotes the tangential component of a vector on I'. The first condition in (1.5) is
the no-penetration condition and the second condition expresses the fact that the tangential velocity,
instead of being zero as in the slip condition (1.3), is proportional to the tangential stress.

The Navier slip conditions have been extensively studied, see for instance [1, 2, 12, 19, 27, 35, 36, 48]
and references therein.

The purpose of this paper is to study the exterior problem composed by the Stokes equations (1.4)
and the Navier slip boundary conditions (1.5), with a positive friction function @ and where we also
include the non homogeneous case. Although the Stokes problem set in bounded domains with con-
ditions (1.5) has been well studied by various authors (see for instance [10, 13] or [11, 48] for the case
a = 0 and references therein), to the best of our knowledge, it is not the case when the domain is un-
bounded and a > 0. We can just mention [46] where (1.5) was used for the stationary Navier-Stokes
equations in exterior domains with also the assumption that the velocity tends to a non zero con-
stant vector at infinity instead of (1.2). For the case of Navier boundary conditions without friction
(a =0), let us mention [9], where the following boundary conditions (also known as Hodge boundary
conditions) were used:

u-n=0, carlu=0 on T, 1.7
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where curl uis the vorticity field. These conditions coincide with (1.5) on flat boundaries when a = 0.
They were also used in [14] for the study of the non stationary Navier-Stokes equations in half-spaces
of R3. We finally refer to [43, 44] for the study of the non stationary problem of Navier-Stokes with
mixed boundary conditions that include (1.5) without friction.

This paper is the starting point of our investigation of problem (1.4)-(1.5). The study is based on a L?-
theory and, because the domain Q is unbounded, we choose to set the problem in weighted spaces.
The weight functions are polynomials and enable to describe the growth or the decay of functions
at infinity which allows to look for solutions of (1.4)—(1.5) with various behavior at infinity and this
is one of the main advantages of the weighted spaces. Moreover, a numerical method, the so-called
inverted finite elements method, that uses weighted spaces as functional framework has been devel-
oped in the pioneer work [16]. Hence, this method allows to approximate the various solutions found
in the weighted spaces framework. Note that the finite elements method has been efficiently applied
to many elliptic problems set in unbounded domains (see for instance [15, 17, 18]).

Our analysis of problem (1.4)—(1.5) follows the same lines as in [33] for the study of the exterior Laplace
problems or [32] and [29] for the exterior Stokes problem with no-slip boundary conditions: we first
look for the variational solution. The key point here is the proof of variant weighted Korn’s inequal-
ities in order to get the coercivity of the bilinear form associated to the variational formulation. To
establish these inequalities, we follow the approach introduced in [21], where the authors proposed
another proof of Korn’s inequalities in bounded domains based on the fact that symmetric tensor
fields that satisfy the so-called Saint-Venant compatibility condition (see (2.22)), can be written as
the rate-of-strain tensor of a vector field. Let us mention that other variant weighted Korn’s inequal-
ities can be found for instance in [37]. Next, we look for solutions that have a different behavior at
infinity from the variational solution. To that end, we combine results on the Stokes problem set in
the whole space to catch the behavior at infinity and results in bounded domains to take into account
the boundary conditions. We start by looking for solutions that grow at infinity or decay weaker than
the variational solution. But afterwards, unlike the exterior problem of Laplace with Dirichlet bound-
ary or problem (1.4)—(1.3), duality arguments can not be applied in our context to find solutions that
decay faster than the variational solution. Instead we use arguments that are similar as proving regu-
larity results. Here, the arguments are based on adequate extensions of solutions to (1.4)—(1.5) that we
already have at hand. These techniques were previoulsy applied in [33] (see also [42]) for the exterior
Laplace equation with Neumann boundary condition.

The paper is organized as follows. In Section 2, we introduce the Notation, the functional framework
based on weighted Hilbert spaces. We shall precise in which sense, the Navier slip boundary condi-
tions are taken. We recall the main results on Stokes problem that we shall use and we establish the
Korn'’s inequalities. In Section 3, we solve problem (1.4)-(1.5) by following the same lines described
above.

2 Notation and preliminaries

2.1 Notation

Throughout this paper we assume that ' < R? is a simply connected bounded domain that has at
least a Lipschitz-continuous boundary I'. Let Q be the complement of Q in R%, in other words an
exterior domain. We will use bold characters for vector and matrix fields. A point in R? is denoted by
x= (x1, X2, x3) and its distance to the origin by

172
r=lx = (x5 + x5+ x3)
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Let N denote the set of non-negative integers and Z the set of all integers . For any multi-index A € N3,
we denote by 4* the differential operator of order A,

- y |A|:A/]+A/2+A,3_

For any k € Z, 27 stands for the space of polynomials of degree less than or equal to k and 3?’,? the
harmonic polynomials of 2. If k is a negative integer, we set by convention 2%, = {0}. We denote by
2(Q) the space of €™ functions with compact support in Q, 2(Q) the restriction to Q of functions
belonging to 2(R3). We recall that 2'(Q) is the well-known space of distributions defined on Q. We
recall that L” (Q) is the well-known Lebesgue real space and for m = 1, we recall that H”(Q) is the well-
known Hilbert space W™2(Q)). We shall write u e H erc (Q) to mean that u € H™(0), for any bounded
domain @, with @ c Q. For R > 0, we denote by B the open ball of radius R centered at 0. We assume
that the origin of the coordinates is placed in the obstacle Q'. We set Qg = Q N Bg. The notation (:,-)
will denote adequate duality pairing and will be specified when needed. If not specified, {-,-)r will
denote the duality pairing between the space H~'/2(I') and its dual space H'?(I'). Given A and B
two matrix fields, such that A= (a;)1<;, j<3 and B= (b;)1<;,j<3, then we define A: B= (a;b;})1<i,j<3-
Finally, as usual, C > 0 denotes a generic constant the value of which may change from line to line
and even at the same line.

2.2 Weighted Hilbert spaces

We introduce the weight function

px)=(1+ rz)llz.

For k € Z, we introduce
W@ ={ue '@, p*ue 2},

which is a Hilbert space equipped with the norm:
lulwoq = 10 ul 2-

Let m = 1 be an integer. We define the weighted Hilbert space:
W) ={ue ' @; vaeN*: 0< Al < m, p* Mot ue 12 @),

equipped with the norm

1/2
_ k—m+|A|qA 12

0<|Alsm

We define the semi-norm s
_ kaA
|U|WI:"(Q)—( Y llp“o u||L2(Q)) .
[Al=m

Let us give an example of such space that will be often used in the remaining of the paper. For m =1,
we have
W) = {u €2'(Q), p" lue 12(Q), p*Vue LZ(Q)}.

For the sake of simplicity, we have defined these spaces with integer exponents on the weight func-
tion. But naturally, these definitions can be extended to real number exponents with eventually some
slight modifications (see[7] for more details).

We shall now give some basic properties of those spaces:

Properties 2.1.
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1. Thespace2 (Q) is dense in ka Q).
2. Forany A € N3, the mapping
ue W@ —otue w @) 2.1)
is continuous.

3. For m e N\ {0} and k € Z, we have the following continuous imbedding:

W Q) — W Q). (2.2)

4. The space 2y, > is the space of all polynomials included in W} (Q) and the following Poincaré-
type inequality holds:

Yue W' (Q), inf |lu+ulwmq) < Clulwmq), 2.3)
p&@jr k k

where j' = min(m—2-k, m—1). In other words the semi-norm | ‘lwpm isanormon W (Q) /2.
In particular, | - |W01 @ Isanormon WO1 Q).

For more details on the above properties and the ones that we shall present in the following, the
reader can refer to [7, 8, 34, 40] and references therein.

Note that all the local properties of the space W,"(Q) coincide with those of the standard Hilbert
space H™(Q). Hence, it also satisfies the usual trace theorems on the boundary I'. Therefore, we can
define the space

W,;"(Q) = {ue W (), you =0, yluzo,---,ym_luZOOHF}.

If O is the whole space R?, then the spaces W™ (R®) and W, (R®) coincide. The space 2(Q) is dense
in V'Vkm (Q). Therefore, the dual space of Wk’” (©), denoted by W™ (Q) is a space of distributions. For
meN and k € Z, we have the continuous imbedding

W™ Q) e W), (2.4)
Moreover, we have the following Poincaré-type inequality:
Vue W'Q), lulwrq < Clulwnq. 2.5)

We now introduce some weighted Hilbert spaces that are specific for the study of the Stokes prob-
lem (1.4) with the Navier boundary conditions (1.5). We start by introducing the following space for
kez:

Hi(div; ) = {ve WP(©@), divee WP, (@)},

This space is endowed with the norm

, ool 1/2
12l . (divi) = (“ ””W,S(Q) *ldivl W,?H(Q)) '

Observe that 2(Q) is dense in Hy(div;Q). For the proof, one can use the same arguments as for the
proof of the density of 2(Q) in W (Q)(see [34]). Therefore, denoting by n the unit normal vector
to the boundary I' pointing outside , if v belongs to Hy(div;Q), then v has a normal trace v- n in
H~Y2(I') and there exists C > 0 such that

Vve Hk(diV; Q), |v: n||H—1/2(r) < CIIvIIHk(diV;Q). (2.6)
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Moreover the below Green’s formula holds. For any v € Hy(div;Q) and ¢ € W_1 k(Q), we have

<”'""P>r:f v~V(pdx+f pdivvdx. 2.7)
Q Q
The closure of 2(Q) in Hy(div; Q) is denoted by Hj(div; Q) and can be characterized by

Polk(div;Q) = {ve Hi(div;Q), v-n=0 on F}.

Its dual space is denoted by H:]i (div; Q) and is characterized by the below proposition.

Proposition 2.2. Assume that Q) is of class €' and let k € Z. A distribution f belongs to H;  (div; Q) if
and only if there exist W € W,? (Q)andy € W]?_l (Q), such that f= w + Vy. Moreover

Iwlwo +IXlwe @ = Clflg divioy-

The proof of Proposition 2.2 can be found in [9, Proposition 1.3]. A consequence of this proposition
and the imbedding (2.4) is that, for any k € Z, we have the imbedding

H ' (div; Q) c W (). (2.8)

2.3 The Stokes equations in the whole space R3

We recall here some basic results concerning the Stokes problem in R3:

—Au+Vr=f and divu=y in R>. 2.9)

These results can be found in [28] (see also [4] for an extension to weighted L” spaces). Let us first
introduce the kernel of the Stokes operator

Ne®) = {(,m) € WERY) x WPRY), ~Au+Vr=0 and divu=0 in R*}
and the space of polynomials
Ne={A,wePx P, ~AA+Vp=0 and divA=0}.

Recall that by agreement on the notation £, the space Ny = {(0,0)} when k < 0 and Ny = % x {0}.
The next proposition characterizes the kernel of (2.9).

Proposition 2.3.

o Ifk =0, then /(R = {(0,0)}.

o Ifk <0, then N.(R3) = N__;.
The next theorem states an existence, uniqueness and regularity result for problem (2.9).

Theorem 2.4. Assumethatke Z. If (f,x) e W, L(R3) x W,? (R3) satisfies the compatibility condition:
V(A,u) € Nk_l, (ﬁA'>W];1(R3)XWEk(R3) - <X’H>W£(R3)XW?IC(R3) = 0, (210)

then problem (2.9) has a solution (u, ) € W,!(R*) x W2(R®) unique up to an element of N_y_, and we
have the estimate

i + + |+ < - + .
m,u??zg_k_l(”” Al sy + 17+ il e ) < C(IF oy + 1oy

Furthermore, if (f, ) € wo (R3).

0 R x W (®), then (u,m) € W7, | (R) x W

+1
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2.4 The Navier boundary conditions and related properties

Let us introduce some notations related to the boundary. First, for any vector field v on I', we can
write
v=v;+(v-nn, (2.11)

where v; is the projection of v on the tangent hyper-plan to I'.
We need now to give a sense to the second condition in (1.5). To that end, we first introduce the
spaces:

V, (@) ={ve Wy (@, dive=0inQand v-n=00n T} 2.12)

and
Q) = {ve W (@), Ave H; ' div; )}, 2.13)

equipped with the norm of WO1 (Q) and
vl g = | V”WOl ot lAv ”Hl_l(diV;Q)

respectively. We recall that the space 2(Q) is dense in E(Q) (see [9, Lemma 5.1]). As a consequence,
we obtain the following trace result.

Lemma 2.5. The linear mapping © : u— [D(u)nl; defined on 2(Q) can be extended to a linear and
continuous mapping

0:EQ) — H 2.

Moreover, we have the Green formula: For any ue E(Q) and ¢ € V5, 1(Q),
—(Au, @)y = 2[9 D(u) : D(¢p) dx—2{[D(w)nl;, ). (2.14)

Where (-,-)q denotes the dualities between H; L(div; Q) and H_; (div;Q).

Proof. It is a standard proof that follows the ideas of [41]. The goal is to prove that the mapping ©
defined on 2(Q) is continuous for the norm of E(Q). Let us first observe that if u € 2(Q) and ¢ €
WO1 (Q) with ¢ -n=0o0nT, then thanks to the following identity

Au=2divD(u) —Vdivu (2.15)
and the Green formula (2.7), we have
-(Au,p)g= ZfQD(u) :Vpdx—2(Du)n, p)r — fQ divudivedx.
Next, the fact that ¢p- =0 on I' also implies that
D@n, p)r ={([D@n|-n)n+ [D@nl;, ), = ((D@)nl;, P)r. (2.16)
It follows that, for any u € 2 (Q) and @ € Vy 7(Q), we have

~(8u)g =2 [ D@ :Vpdr-2(IDunl. g}

Finally, since we have

fD(u):V(pdx=[D(u):D(¢p)dx,
Q Q

we arrive at
- (Au,p)q = ZfQD(u) :D(p)dx—2([DWnl;, Q). (2.17)
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Let now pu be any element of H 1/2(T). Then there exists an element @in WO1 (Q) such that diveg =0 in
Q and ¢ = p, on I' with the estimate

Consequently, using (2.17), we can write

(Dl )| = |2(D@n ), | = |2 (D@, @),

IA ull H{' (div,Q) Il g, div,0) + 21D @) | 12 ID(@) | 12

1A w2 2@ 120 )" x (19121 +2ID@12 )
Hy'(div,Q) 2(Q) Pl P2

Clule@ el -

N

N

N

Using inequalities (2.18) we deduce that

[2(D o, )y | < Cllul sl ey
which implies that

D@ nl |l -2y < Cllull -

Therefore, the linear mapping © : u — [D(w)n], defined in 2(Q) is continuous for the norm of E(Q).
Since 2(Q) is dense in E(Q), ® can be extended by continuity to a mapping still called © defined on
E(Q) to HV2(I') and formula (2.14) holds for all u€ E(Q) and ¢ € V, 7(Q). O

2.5 Weighted Korn’s inequalities

This part is devoted to the proof of weighted Korn’s inequalities by following the approach proposed
by Ciarlet and Ciarlet in [21]. Let us first introduce some notations. For any vector fields # and v of
R3, we define

Ux v=(UpU3 — V3lUp, UsV1 — U1 U3, Uy V2 — Up V1)

and
curl u=V x u.

We start with a first lemma on a specific existence of vector potential.
Lemma 2.6. Suppose thatQ is of class €' and let k € Z. Assume that u belongs to Wkl (Q) and satisfies
divu=0in Q. Then, there exists W € V'V]f (Q) satisfying

u=curly in Q.

Proof. Denote by u the extension of u by zero in Q. Then & belongs to W,i (R3) and satisfies divit =0
in R3. Thanks to [28, Theorems 3.2 and 3.5] there exists # that belongs to W,f (R3) such that

#i=curlw in R>.

Denote now by w’ the restriction of w on Q'. Then curl w’= 0 in Q' and as a consequence w’ = V®’,
where ®' € H3(Q') (see for instance [31]). Let ® € W} (R%) be an extension of @' in the whole space R®
and let % € WZ(R®) be defined by ¥ = w— V®. We have

¥, =iy, -~ VO =w-Vo' =0. (2.19)

As a consequence, denoting by ¥ the restriction of 9 to Q, then ¥ belongs to W]f (Q). Furthermore,
in view of (2.19), we have
curly =curliwv=u in R

which implies that
u=curly in Q.
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The second lemma is a result on a variant of de Rham’s theorem.

Lemma 2.7. Suppose thatQ is of class€"! and let k € Z. Assume that f belongs to W, 1(Q) and satisfies
curlf=0 in Q. (2.20)

Then, there exists p € WI? (Q) such that f = Vp.

Proof. Letus introduce the space
Dy (Q) = {¢pe@(9), diwp:o}. 2.21)

It is clear that if ¢ is in 24(€2), then it also belongs to W_l k(Q). Thus, according to Lemma 2.6, there
exists W € W_Zk(Q) such that ¢ = curl ¥. We can now write

i Py @xw (@ = {f, curl Yow@xi @ = (curl f, Yow2@xiz, o = 0

Hence, thanks to de Rham’s theorem, there exists g € 2'(Q) such that f= Vgq. It follows from [29,
Theorem 2.7] that there exists a constant c such that p=g+ce W,? (Q) which ends the proof. O

Let us now introduce the spaces
WY (sym; Q) = {e= (e;;) € W2(Q), e;j = ej; in Q}
and
H(Q) = {ve P, vx)=a+bxx,a be R3}.

The theorem below gives conditions that have to satisfy symmetric matrix fields to be identified as
the rate-of-strain tensor of a vector field.

Theorem 2.8. Suppose that Q is of class €' and let k € Z. Assume that e belongs to W,?(sym; Q) and
satisfies the so-called Saint-Venant compatibility conditions

Vi, j,k,¢=1,23, Rijre(e) = 6gje,~k+6k,~ejg —agiejk—akjeig =0. (2.22)

Then, there exists ve Wk1 (Q) such that e= D(v). The vector field v is unique if k = 0 and unique up to a
an element of # (Q) ifk < —-1.

Proof.

e UNIQUENESS : If v belongs to 2'(Q) and satisfies D(v) = 0, then v belongs to % (Q) (see for
instance [20]). If in addition v belongs to Wk1 (Q) with k = 0, then necessarily v = 0 because in
this case, there are no polynomials in the space Wk1 (Q) (see Proposition 2.1). Observe that if
k = —1, then the space £ (Q) is reduced to Z.

« EXISTENCE : Let e be in W) (sym; Q) and for any i, j = 1,2,3, let f;; be defined by
fijk = ajeik —aie]-k, Vk= 1,2,3.

Then clearly f;; belongs to W~ 1(Q) and one can observe that we have curl f; j =0in Q. Thanks
to Lemma 2.7, there exists p;; € W]? () such that f;; = Vp;;. Observe also that V(p;j + p;i) =0
with p;; +pji € W,?(Q). We deduce that, if k = -1, p;j + p;; = 0 and if k < -2, there exists
a unique constant c;; such that p;; + p;; = ¢;; and so we can choose the functions p;; such
that p;; + pj; = 0. Setnow q;; = e;; + p;j € W)(Q) € W, !, (Q). One can verify that curl g; = 0.
Therefore, using again Lemma 2.7, there exists v; that belongs to W,?_I(Q) such that q; = Vuv;.
This shows that Vv; belongs to W]?(Q). Consequently v; belongs to W,i (Q). Besides, since
pij+pji =0, we have

1 1 1
S 0jvi+0ivy) = 2(qij+qji) = eij+ 5 (pij+ pij) = €ij,

which shows that e= D(v).
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We are now in a position to state variant weighted Korn’s inequalities.

Theorem 2.9. Suppose that Q is of class €' and let k = 0 be an integer. Then, there exists C > 0 such
that

Proof. Letus introduce the space
Er(Q) = {ee W (sym; Q), Z; jke(€) = 0}.
Theorem 2.8 allows to introduce the following linear mapping
F 1 E(Q) = WHQ),

defined for each e< &;(Q) by & (e) = vthe unique element of W,i (Q) that satisfies e= D(v).

The mapping & is injective since % (e) = 0 implies that v = 0 which implies that e=D(0) = 0. Next, for
anyve Wk1 (Q), then clearly D(v) belongs to & (Q2) and this implies that the mapping . is onto. Finally
the inverse mapping %! : W/ (Q) — &;(Q) defined for each ve W(Q) by ' (v) = D(v), is clearly
continuous. Hence from the closed Range Theorem of Banach, the mapping % is an isomorphism.
As a consequence, there exists a constant C > 0 such that

Vee & (Q)), [F(e) ”Wkl(Q) =Cle ”WI?(Q);
which imples (2.23). O

When k < -1, we have similar result in a quotient space because the uniqueness of the vector field v
in Theorem 2.8 is up to an element of £ (Q).

Theorem 2.10. Suppose that Q is of class €' and let k < —1 be an integer. Then, there exists C > 0
such that

Yv e WO, v+ q 1w ) = CID® llwoq)- (2.24)

inf
qeX (Q)
3 The exterior Stokes problem with Navier boundary conditions
In this section we consider the Stokes problem with Navier slip boundary conditions:

() -Au+Vrn=f and divu=yx in Q,
g u-n=g and 2[D(wnl;+au;=h on T.

Our aim is to investigate the existence and the uniqueness of a solution (u, 7) to (&) that belongs at
least to W,i Q) x W]? (Q2). We begin by looking for the variational solution which corresponds to the
case k = 0. From now on, we assume that «a is a positive function that belongs to L*°(I').

3.1 Variational solution

As usual the existence and the uniqueness of a variational solution to (%r) rely on the Lax-Milgram
theorem. The proposition below gives a variational formulation for (7).

Proposition 3.1. Suppose that Q is of class €"'. Assume that y = g =0, let fe H;'(div;Q) and h e
H-Y2(T) such that

h-n=0 on T. 3.1)
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Then, finding (u,n) € WO1 (Q) x L2(QY) satisfying (&r) in the sense of distributions, is equivalent to the
problem:

findue Vy; 1(Q) such that,
(3.2)
ZfQD(u) :D(p)dx+ alur, @)r = @)+ (h@), Ve V;r(Q),

where we recall that the space V;,1(X2) is defined in (2.12).

Proof. Let(u,m) € WO1 (Q) x L?(Q) be a solution of (#r). Thanks to the characterization given in Propo-
sition 2.2, —Au = f—Vr belongs to H; 1(div; Q) and thus, uis in the space E(Q) defined in (2.13). Then
we can write

Ve Vyr(Q) c H (div;Q), (~Au+Vr,@)q={(-Au,@)q+(Vr,@)a={f @a 3.3)

where (-, -)q denotes the dualities between H; 1(div;Q) and F_ 1(div; Q). Due to the density of 2(Q) in
Pol,l (div; Q), we have

Vi, p)q = —f ndivpdx, Ve H_,(div; Q).
Q

Particularly
(Vm,@)qo=0 if @V, Q).

Now using the Green formula (2.14) in (3.3), we deduce that every solution of (1) also solves (3.2).

Conversely, let u € V; 7(Q) be a solution of (3.2). Then for all ¢ € 2,(Q) (defined in (2.21)), we have
on the one hand

ZfQD(u) :D(p)dx= (f,w)Q,(Q)X@(Q)
and on the other hand
ZIQD(H) :D(p)dx=—(Au,@)o )x2@Q)-

As a consequence, we obtain

(~Au=f,0)0 0o =0 YPED:(Q).

Hence, by de Rham’s theorem, there exists g € 2'(Q2) such that

-Au—-f=Vqg in Q. (3.4)

Thanks to (2.8), we have f € H; ' (div; Q) ¢ W; 1(Q) and thus —Au—f € W, 1(Q). It follows from [29,
Theorem 2.7], that there exists a constant c suchthatz = g+ce L%(Q). Because u belongs to V;, 7(Q),
we havedivu=0inQand u-n=0onT.

It remains to prove that the second boundary condition 2[D(u#)n]; + au; = hon I' holds. To that end,
let us multiply (3.4) by ¢ € V5, 17(Q) © I;I_l (div; Q). This yields

(~Au+Vr,p)a={f9)q.

Observe now that u also belongs to E(Q2). Hence, using the Green formula (2.14), we obtain:

ZfQD(u) :D(p)dx— 2DWnl;, @)r = (f,@)q- (3.5)
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Therefore, from (3.2) and (3.5) we deduce that

Ve Vor(Q),  (2D@nl; +au, @) =(h o).

Let now p be any element of the space H'/2(I). So, there exists ¢ € WO1 (Q) such as divep =0in Q and
@ =pronl. Itis clear that ¢ € V; 7(Q2) and

(2(D@nl; + au; —hpr )
(2DWnl; + au; — h,@);
0.

(2DWnl; + au; — h, p),

This implies that
2D(wnl; +au; =honT.
O

Proposition 3.2. Suppose that Q) is of class €. Assume that y = g =0 and let f € H; ' (div,Q) and he
HY2(T) satisfying (3.1). Then, the Stokes problem (#r) has a unique solution (u,) € W} (Q) x L*(Q).
In addition, we have the following estimate:

2ty + 171 220 < C(IF N iy * 1 -y - (3.6)

Proof. Due to the equivalence between problem (#7) and the variational formulation (3.2), it is enough
to solve (3.2). This is done by the use of Lax-Milgram’s theorem. Consider the bilinear form

AV Q) x Vyr(Q) =R

defined by

,szi(u,v)=f D(u) :D(w)dx+ alu;, v;)r.
Q

The mapping &/ (-, ) is clearly continuous and thanks to the Korn’s inequality (2.23), it is also coercive
in V5 7(€). Moreover, the linear form ¢ : V; 7(Q2) — R, defined by

) ={f,wa+(hvr,

is continuous on V; 7(Q2). Hence, using Lax-Milgram’s theorem, we deduce that problem (3.2) has a
unique solution #in V;, 7(Q).

Let us now prove estimate (3.6). On the one hand, using the variational problem and Korn’s inequal-
ity (2.23), we obtain

2l = C{IF N iy + 1l -y ) (3.7)
On the other hand, we have
||V7T||WO-1(Q) = ”f”Hl_l(diV;Q) + |Aul Wil
< C(”f”H;l(div;Q) +lu ||W01(Q))
= C(”f”H;l(div;Q) +h ||H—1/2(r))~
Combining this estimate, (3.7) and the fact that (see [32, Corollary 3.3])
I7ll 20y = CIVTllyy1 )

allows to obtain (3.6). O
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We are now in a position to prove the existence and uniqueness of a variational solution to the com-
plete Stokes problem (7).

Theorem 3.3. Suppose thatQ is of class V1. Assume thatf € Hl_1 (div;Q), y € L2(Q), ge HY2() and
h e H™V2(I) satisfies the compatibility condition (3.1). Then, the Stokes problem (Fr) has a unique
solution (u, ) € WO1 (Q) x L2(Q). Moreover, the following estimate holds:

2ty + 11200 < C(IF o iy * 1220 + 181 ey + Wl vy ) (3.8)

Proof. Let us first solve the below exterior Neumann problem:

00
A6=y in Q and El:g on T. (3.9

Thanks to [33] (see also [29, Theorem 3.9]), this problem has a unique solution 8 € Wo2 (Q)/R satisfying
the estimate:

”0”W02(Q)/R < C(”X”LZ(Q) + ||g||H1/2(r))-

Next we look for a pair (z,7) € WO1 (Q) x L?(Q) satisfying

-Az+Va=f+Vy and divz=0 in Q,
(3.10)
z-n=0 and 2[D(@)n]l;+az;=h on T,

where W’= h—-2[D(VO)n],; — a(V0),.

Observe that in view of the assumption on f and Proposition 2.2, f + Vy belongs to H; ldiv; Q). Be-
sides, as 8 belongs to W02 (Q), then V6 belongs to WO1 (Q) (see (2.1)). As a consequence, kb’ belongs to
H~Y2(T") and satisfies

11 vy = C (I oy + 1002y 3.11)
and clearly satisfies - n=0 on I'. According to Proposition 3.2, problem (3.10) has a unique solution

(z,m) € WO1 Q) x L2(Q) satisfying

llz ||W01(Q) +7l 2y =C (”f”Hl’l(div;Q) +lxlz + (18 ”H*I/Z(Q)) . (3.12)

Thus setting u = z+ V0, the pair (u,7) € (W (Q) x L*(Q)) is the unique solution of (&) and esti-
mate (3.8) follows from (3.11) and (3.12). O

Remark 3.4. Let us mention that due to Proposition 2.2, the statement of Theorem 3.3 remains valid
if we assume that fbelongs to W10 (Q). This space is much more convenient for applications and for the
numerical approximation of the Stokes problem (&r).

3.2 Strong solutions

In this part, we investigate the well-posedness of strong solutions in W]f 1 (Q)x W,: @ withkeZ. In

the behavior at infinity point of view, we are looking for solutions (u, ) that grow or decay weaker at
infinity (k < 0) than the variational solution or decay faster at infinity (k > 0) than this latter solution.
In order to deal with the uniqueness issues, we first need to characterize the kernel of problem (7).

For k € Z, we introduce:

N Q) = {(u,n) € W Q) x WO(Q); ~Au+Vr=0,dive=0in Qand u-n=0, 2[D(@nl, + au, =0 on r}.

The characterization of the kernel 4% (Q)) is given by the following proposition:

Proposition 3.5. Suppose that Q is of class €' and assumek € Z.
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o Ifk=0, then /.(Q) = {(0,0)}.

o Ifk <0, then /(Q) ={(v-A,0 —p); (A, ) € N_y_1}, where (v,0) € W, (Q) x L*(Q) is the unique solution
of the following problem:

—-Av+VO=0 and divv=0 in Q,
(3.13)

vn=A-n and 2[DWnl; +av; =2[DA)n]; +aA; on T.

Moreover, the space N (Q) is a finite-dimensional space and dim N (Q) =dim N_j_; =dim &_j._; x g’fkfz.

Proof.

e If k=0, because Wk1 (Q) x W,?(Q) — WO1 (Q) x L?(Q), we have A4 (Q) < A (Q). Now thanks to Theorem 3.2,
we have A5(Q) = {(0,0)} which ends the proof for this case.

o If k <0, then let us assume that (u, ) belongs to A%(Q2). The pair (u,7) has an extension (#, ) that
belongs to W} (R®) x W) (R®). Set now

F=-Au+V7 and e=divu.

Then the pair (F, ) belongs to W' (R*) x W} (R®) and has a compact support. Therefore (F, e) also be-
longs to W ! ®®) x L?(R®). Tt follows from Theorem 2.4, that there exists a solution (v,0) € W (R*) x L?(R®)
such that

—Av+VO=-Au+V7 and dive=diviz in R

The fact that k < 0 implies that (v—u,0 — ) also belongs to ng (R3) x W]?([R%3). It follows from Proposi-
tion 2.3 that v=u+ A and 6 = 7 + y, where (A, y) € N_j_,. We deduce that the restriction of v and 6 to Q
satisfy (3.13).

Let us now prove that the kernel 44 (Q) has a finite dimension. Thanks to Theorem 3.3, we can introduce the
linear mapping
T i N_j1— M)

defined for each (A, ) € N_g_1, by I (A, p) = (W(A)—A,60(A) - ), where (v(A,0(A)) € W (Q) x L*(Q) is the unique
solution of (3.13).

Using the first part of the proof, this mapping is clearly onto. It is also injective, since I (A, p) = {(0,0)}, implies
that the pair (v (A),0(A)) € W (Q) x L*(Q) is a pair of polynomials of 2_;_; x 2%, _,. But the space Wy (Q) x
L*(Q) does not contain polynomials, which implies that (v (1),0(A)) = {(0,0)} which in turn also implies that
(A, ) = {(0,0)}. Finally, thanks to (3.8), I is continuous. Hence the operator J~ is an isomorphism from N_;_;
to A (Q). Since the dimension of N_._; is finite and is equal to the dimension of &2_j._; x ’@—Ak—z’ this ends the
proof. O

We start by looking for strong solutions for the case k < 0.

Theorem 3.6. Suppose that Q is of class €>' and let k < 0 be an integer. Assume that fe W18+1 (Q), ye W,i
ge H3'2(I) and h e H'2(I) satisfying (3.1). Then the Stokes problem (&r) has a solution (u,7) € W,f

+1
Wk1 +1(Q) unique up to an element of N (Q) and we have:

L@,
(Q) x

it o 1+ Az o+ I+l (@) < C(IFIwp i+ 1Kl + 1€ ey + Bl gy )
Proof. The uniqueness result follows immediately from Proposition 3.5. The proof of the existence result is
made of two steps.

» We first establish the existence of a solution in Wk1 (Q) x W]? Q).

The main idea is to use the results on the Stokes problem in the whole space R3. To that end, let]P denote
the extension by zero of f. Then f belongs to WIS 1 (R3). Besides, by lifting the trace of y on T to Q', we
have an extension ¥ of y that belongs to ng 1 (R%). Thanks to Theorem 2.4, the following Stokes problem
in R3

~Au+Vi=f and divik=7 in R,

has a solution (i, ) that belongs to W]? +1([R3) x WIS (R3).

+1
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Let us now consider the following problem:

-Az+VO=0 and divz=0 in Q,
(3.14)

z-n=u-n+g and 2[D@)nl;+az; =2[D(Wnl;+au;+h on T.
The fact that e W72, | (R®) and he H'(T') imply that 2[D@)nl, + att, + he H'*(T) — H™/2(Q). More-
over, from (3.1), we clearly have
(2[Dwnl; +au; +h)-n=0 on T.

Therefore, thanks to Theorem 3.3, Problem (3.14) has a unique solution (z,0) € WO1 (Q) x L*(Q). Since
k <0, then the pair (z,60) also belongs to Wk1 (Q) x W,? (). Setting now u=z—ug and 7 = 0 — 7|, then
the pair (u, ) belongs to Wli (Q) x W,? (Q) and satisfies (Sr).

We shall now prove that the pair (&, 7) belongs to W, (Q) x W, k 1 Q).

Here we use regularity arguments on the Stokes problem set in bounded domains and in the whole
space R3. To that end, let us introduce the following partition of unity:

P YEEC®), 0<py<l, @+y=1 in R’ 3.15)
®=1 in Bg, suppc Bgs1. '
Let (&, 7) € W (R®) x W,?(Rs) be an extension of (u, 7) to the whole space R3. We can write:

u=¢@u+yu and 7T=@QT+Ym.

Then it is enough to show that the pairs (¢, ¢7) and (v&, w7) belong to
end, consider first

W2, (R%) x W, (R%). To that

AW +V(yd) =f and div@=y; in R’ (3.16)
where
fi=fv-Q@Vuvy+uAy)+aVy and y1=yy+u-Vy.

We easily see that f, and y; have bounded supports and belong to L2 (Rs) x H, ! (Rs) As a conse-
quence, v )(1) belongs to W, (R3) x R3). Therefore, thanks to Theorem 2. 4 there exists (w, q) €
(R%) x W,

k+1 k+1(

W2, (R3) satisfying

e
-Aw+Vqg=f, and divw=y; in R3.

Letv=vwu—wand 6 =v7 — g, then (v,0) belongs to W,i (R3) x WI(C)([RS) and satisfies

~Av+V0=0 and dive=0 in R>.

It follows from Proposition 2.3 that (v,6) € N_;_;. Since N_;_; < (R3) x Wl (R3), we deduce that

the pair (yu, w) also belongs to R3) x R3).

k+1 k+1

k+1( k+1(

Consider now the system
-A ((pﬁ) +V ((,077) =f2 and le((pﬁ) =X2

where f, and y, have similar expressions as f; and y; with ¢ remplaced by ¢. It is easy to check that
(f, x2) belongs to L?(Qg+1) x H! (Qg+1). Since Q' is of class 6!, then similar arguments as in [10], allow
to prove that the following Stokes problem with mixed boundary conditions
-Av+Vn=f, and divv =y, in Qg4
v-n=@u-n and 2[DW)nl; +av; =2[D(9wnl; +apu, on T, (3.17)
v=0 on O0Bgyi,
has a unique solution (v,1) € H?(Qg+1) x H' (Qg41). The uniqueness of (v,1) implies that (v,) is equal
to (¢, 7) and therefore (@i, p7) € H*>(Qg+1) x H' (Qr+1) which also implies that (¢, ¢7) belongs to
Ic+1([R3)>< k+1(R3)
Consequently, the pair (u, ) belongs to W,f () x Wli 1@ and this ends the proof.
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O

We now look for strong solutions for the case k > 0. Note that so far, the use of Theorem 2.4 was straightforward
because when k < 0 the compatibility condition (2.10) does not appear since Ny_; is reduced to {0,0}. This
is not anymore the case when k > 0. Thus, to be able to still apply Theorem 2.4, we need to find appropriate
extensions of the functions of interest.

Theorem 3.7. Suppose that Q is of class €21 and let k > 0 be an integer. Assume that f € W18+1 (Q), ge H3'2(D),
X € Wk1 (@) andh € H V2(T) satisfying (3.1). Assume moreover that the following compatibility condition is
satisfied

V(&M € Nk (), fﬂf‘fdx—fﬂﬂmdx=(g,Z[D(f)n]'n—TI)r—(h,f)r- (3.18)

Then, problem (r) has a unique solution (u, ) € W]f (Q) and we have the following estimate:

1
) x W

+1

”u”WI?-H(Q] + ”n”WIgH(Q) = C("f”w]?ﬂ Q) + ”h”Hl/Z(I‘) + ”X”W;iﬂ(ﬂ) + ||g||H3/2(r))- (3.19)

Proof. Observe first that the uniqueness is a straightforward consequence of Proposition 3.5. We now divide
the proof of the theorem into several parts.

+ COMPATIBILITY CONDITION. In this part, we prove that (3.18) is a necessary condition. Let (§,7) be in
N_i(Q). For any (@, ¥) € 2(Q) x 2(Q), using identity (2.15) and the Green formula (2.7), we have

fﬂ[(—Atp+Vw)-{—ndiV(p]dxzzfQD((p):Vfdx—Z(D((p)n,E)r+thp-Vndx—((p-n,n>r. (3.20)

Observe that we have

fD((p):Vfdx:f V@ :D(&)dx
Q Q
and using again (2.7), we get
Z.LD((p):V{dx: —L(p-Ade+2(D(£)n,¢p>r.

Combining this equality with (3.20) and recalling that the pair (£,7) belongs to A_(Q), we obtain
fQ [(-A@+Vy)-&—ndive] dx=-2D@)n {1 +2DEn@)r — (@ nn)r. (3.21)

Now, on the one hand, because & -n =0 on I', we can write
2(D(@)n, &)1 =2([D(@)n|,,&)r = 2[D@)n| +ap,, &)r—alp,,&;). (3.22)
On the other hand, because 2[D(&)n]; + a&, = 0, we can first write
2(DE@)n,@)r = 2D nl, @,)r +2{([DE&)n] n)n, (@ -nn);
=—al&n,@)r +2(([D&n]-n)n, (@-myn);.

Next, because n is normalized and belongs to WL (I), we have the relation

2(([DE@)n]-n)n, (@-mn). =2([DEn| -n,¢-n),. (3.23)

As a result, we have

2D n@)r =—al,,@)r+2[DEn| -ne- nr. (3.24)

Plugging (3.22) and (3.24) in (3.21) leads to

fQ[(—AqHW) &—ndivep|dx=(p-n,2[DEnl-n—n)r - 2D(P)nl; +a,, ). (3.25)

@

Then, for each (£,7n) € /_;(Q), the Green’s formula (3.25) holds for any pair (¢, y) € W,?

Q) x W}
+1 k
by density. In particular, if (u,7) € W72, | (©Q) x W, | (Q) is a solution of (#7), then (3.18) holds.

+1
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¢ EXISTENCE. Here we prove that problem (%) has a solution (u, 7) that belongs to € ng (Q) x WI? (Q). The
proof is made of two steps.

Step 1. The case g =0.
Since k > 0, then (f, y) belongs to WIO(Q) X W11 (Q). Thanks to Theorem 3.6, problem (<) has a
solution (u,7) € W2(Q) x W} (Q). It remains now to prove that (&, 7) belongs to W,i (Q) x ng Q).
To that end, we shall use again properties of the Stokes problem in the whole space R3. As we
mention before, we first need appropriate extensions of u and 7 defined in R3. So let us consider
the following Stokes problem in the bounded domain Q':

—-Aw+Va'=0 and divi’=0 in
(3.26)

w=u on TI.

Since u- n=0, problem (3.26) has a solution («’,7’) € H2(Q') x HY(Q) (see for instance [6] or [24]).
Set now

' in Q.

_ u in Q, ~ 7 in Q,
u= . , and 7=,
w in Q,

Then clearly, the pair (i, 7) belongs to WO1 (R3) x W11 (R3). The goal is now to identify (i, ) with a
solution of the Stokes problem in R® that belongs to Wk1 (Q) x W]? (). Let us set

F=-Au+Va and e=diva. (3.27)

In order to apply Theorem 2.4 with data Fand e, we need to show that (F, e) belongs to Wk_ L(R3) x
W (R®) and satisfies (2.10) . For any ¢ € 2(R?), we have:

<E (p>@’(IR3)><@([R3) = <—Aﬁ+ Vﬁ, (p>@’(IR3)x@(R3) = _‘A‘Qs ﬁA(pdx_jl;S ﬁle (pdx

=—f u-A(pdx—f mdiv (pdx—f u"A(pdx—f 7' div @ dx.
_Ja Q Q Q'

~~ ~~

5L I

On the one hand, in Q, using identity (2.15) and the Green formula (2.7), we can write:

I fu-(V(diV(p)—ZdiVDUp))dx—f ndiv @dx
Q Q

—f divudiV(pdx+(u-n,diV(p)r+2f Vu:D((p)dx—Z(DUp)n,u)r—fﬂdiv @pdx.
Q Q Q

Using the relation
f Vu:D(g) dx:f D(uw):Vepdx
Q Q

and again (2.15), (2.7) and recalling that g = 0, we arrive at:
L= fﬂf-(pdx+ 2DWn,@)r —{@p-n,y)r —2(D(@)n, w)yr — (@ -n,7)r.

On the other hand as previously, in Q', we can write;

L f w- (V(div @) —2div D(tp))dx— f 7' div @ dx
(% (%

- divi’ divp dx— (w’- n,dive)r + 2[ Vu':D(p)dx+2(w,D(@)n)r —f ndiv @dx
o Q Q'

—2(D(W)n, )1 +2(D(P)n, Wr + (- n,7)r.

Therefore, denoting by f € W,? (R%) the extension of f by zero in Q' , we deduce that for any

+1
pcDR,

(F, P9 @3)xa®3) = A;Sf-(pdx+2<D(u)n—D(u’)n, @ r+{p -na —mr—{(p -nyr. (3.28)
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Since 2(R3) is dense in W_1 k([l'\P3) andj~r belongs to W,? o
Ww! (R%) which implies that F belongs to W' (R®).
Now for any ¢ € 2(R3), we have

(R3), then (3.28) is still valid for any ¢ €

<e, ¢>@’(R3)x@(R3) = <diVﬁ’¢>@’(R3)x@(R3) = _‘A‘QS ﬁV(/)dx
=f divu (/)dx+f divi’ ¢pdx—(u-n,o)r + (W -n,d)r
Q Q'

= L}((pdx.

Due to the density of 2(R®) in W°, (R%), we obtain

(e, ) = fQ xodx, Vpe W, ®R%), (3.29)

which implies that e belongs to W,?([Rs).

As a result, we have proved that (F, e) belongs to w. 1(R3) x W,? (R3). Let us now prove that Fand e
satisfy (2.10), which in view of (3.28) and (3.29), amounts to prove that for any (A, ¢) in Ny_;

fsf-)ldx—f )(pdx+2(D(u)n—D(u’)n,A>r+(/1-n,n’—n)r—(A-n,x)r:O. (3.30)
R Q

So let (A, ) € Ni_; and let (»(A),6(A)) be in W (Q) x L*(Q) such that the pair (1(A) — A,6(A) — )
belongs to A_(Q2). Note that thanks to Theorem 3.6, the pair (v(A1),0(A)) also belongs to le (Q) x
wl Q.

Now, for any (v,6) € WZ(Q) x W} (Q) such that dive = 0, computations in Q yield

ff'vdx:f —Au+Vn)-vdx
Q

Al

=2f Vu :D(w)dx +{(v-n,y)r—2Dw)n,v)r+{v-n,mr

Q

:—f Av-udx+{v-n,p)r+2DW)n,u)r-2DW)n,v)r+(v-n,mr
Q

:f (-Av +VO)-udx +f x0dx +(v-n,)r+2DW)n,u)r-2Dm)n,v)r+{v-n,mr.
Q Q
In particular we have

fo-v(A)dx—fgxem)dx—<vm)~n,x>r—2<n(vm»n,u>r+2<D(u)n,vm»r—ww-n,mr 0.
(3.31)

Now making the difference between (3.31) and (3.18) with & = »(1) - A and n = 6(A) — i and recall-
ingthatv(A)-n =A-n onT, yields

fo-Adx —fQ udx—(v A=A, hyr—(A-n, Pr—2D@ A, wr+2D)m v (A)r—A-n, Ty = 0.
(3.32)
Next, computations on Q' yield

fQ/(—Au’+V7:')~/'ldx=0

= _fQ, w-AAdx+2(DW)n, Ay —2(DA)n, w)r —(A-n,7')r.
The fact that u = «’ on T, implies

fQ’ w-AAdx :f’u’-Vudx = —fQ,pdivu’dx +(W-n,u)r=0

and we deduce that
2DW)n, A1 —2DA)n, wyr — (A -n,n')r =0. (3.33)
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Combining (3.32) and (3.33) yields

ff-]tdx—f yudx—(A-nr+{A-n a1’ —mr—-2DW)n, A)r
R Q (3.34)

+2(DA)n-D@(A)n ur +2(D(w)n, v(A)r — (v(A) — A, h)r =0.

Let us now compute the terms of the second line of (3.34). Due to the fact that g = 0 on I' and using
the Navier boundary condition in (3.13), we have

2(DA)n-D@A)n,wr =2([D(A)n], - [D@A)n| , u:);
=a{v(A); — Ay, )T,

Next, using the fact that v(1)-m =A-n onT,

2D w)n,v(A)r = 2([D@)n],, v(A); ) +2(([D@)n]|-n)n,(v(A)-n)n ),
=2([Dw)n|,v(A); ) +2((D(w)n)-n,A-nr.

Finally, from (3.1), we clearly have
@A) = A, h)r =(WA);— A, B)r.
Combining these three expressions, we obtain
2(D(A)n-D@A)n, wr +2(Dm)n,v(A)r — (W(A) - A, h)r
=a(v(A)r—Ag,ur)r +2{[D)n]| ,vQ); ) +2((D@)n)-n,A-myr — (w(Ad); - A, h)r
=a(v(A)r—Ag,u)r +2([D@)n] ,v(d); = Ar ) +2(Dw)n, Ay — (0(A); — Ay, h)r
=(v(A); = A, 2[Dw)n|, + aur ) +2D@)n, Ay — (W(A);r — Ar, h)r
=@ = A, h)r +2(DW)n, A)r — (v(A); — Ar, h)r
=2D(u)n, A)r.

Plugging this in (3.34) allows to get (3.30).

Therefore it follows from Theorem 2.4, that there exists a unique solution (z, ) € (Wk1 (R3) x W,? [(259)
satisfying the following Stokes problem:

—AZ+VG=F and divZ=e in R’
Using (3.27), we obtain
~-AZ-W+V(§-7)=0 and divE-@w)=0 in R

It follows that (Z— &, § — 7) belongs to (W} (R%) + W (R%)) x (W] (R®) + L*([R%)) and since k >0 then
(z—u, g — 1) also belongs to WO1 (R3) x L2(R?). Thanks to Proposition 2.3, we deduce thatz— =0
and § — 7 = 0 which imply that the solution (u, 7) belongs indeed to Wk1 (Q) x W]? Q.

The case g # 0.

0
Let w be in W,? 1 (Q) be such that 6—1:: = gonT. Consider now the following problem:

-Az+Vr=f+A(Vw) and divz=y—-Aw in Q,
(3.35)

z-n=0 and 2[D@nl;+az; =K on T,

where
K=h-2D(Vw)nl; —-a(Vw);.

It is clear that K € H'/?(I), K-n=0onT, f+A(Vw) belongs to W, | (Q) and y — Aw belongs to
ng 1 (Q). According to step 1, problem (3.35) has a solution in Wk1 Q) x W]? (Q) if and only if

V&) € AL, fQ (f +A(Vuw)-Edx— fﬂ (x - Aw)ndx = —(K, E)r. (3.36)
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But if (&,n) is in A_(Q), then since Vw € Wlfﬂ(Q), we can write (3.25) for the pair (-Vw,0) and
we obtain

fQA(Vw)‘fdx+fQAwndx=—(g,Z[D(Z)n]-n—n>r+<2[D(Vw)n],+a(Vw)T,E)r. (3.37)

Combining (3.18) and (3.37) allows to obtain (3.36). Thus settingu=z+Vw € ng (Q), then the pair
(u,m) € W (Q) x W(Q) is a solution of (7).

e REGULARITY. Finally, to prove that the solution (u, ) € W,i Q) x W]?(Q) of (r) established previously,

actually belongs to W,fﬂ (Q) x Wli (Q), we can proceed as in the proof of Theorem 3.6 with the use of

the partition of unity (3.15).

+1

O

Conclusions

In this paper we solved the exterior Stokes problem with the Navier slip boundary conditions with a positive
friction term. In order to describe the behavior at infinity of the solutions, we set the problem in weighted
spaces. Our study is based on a L?-theory. We first established the existence and the uniqueness of the vari-
ational solution to the problem. The weighted Korn’s inequalities that we proved are the cornerstone of this
part. Then we proved existence and uniqueness (possibly up to elements of the kernel) of strong solutions to
(<r) that may have different behaviors at infinity than the variational solution.

In a forthcoming work, we will study (%) in weighted L” spaces in order to be able to tackle the nonlinear
problem of the Navier-Stokes equations in exterior domains with the Navier slip boundary conditions.
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