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Abstract

Continuous time Feynman-Kac measures on path spaces are central in applied probability,
partial differential equation theory, as well as in quantum physics. This article presents a new
duality formula between normalized Feynman-Kac distribution and their mean field particle
interpretations. Among others, this formula allows us to design a reversible particle Gibbs-
Glauber sampler for continuous time Feynman-Kac integration on path spaces. We also provide
new Dyson-Phillips semigroup expansions, as well as novel uniform propagation of chaos es-
timates for continuous time genealogical tree based particle models with respect to the time
horizon and the size of the systems. Our approach is self contained and it is based on a novel
stochastic perturbation analysis and backward semigroup techniques. These techniques allow
to obtain sharp quantitative estimates of the convergence rate to equilibrium of particle Gibbs-
Glauber samplers. To the best of our knowledge these results are the first of this kind for
continuous time Feynman-Kac measures.

Keywords : Feynman-Kac formulae, interacting particle systems, genealogical trees, ances-
tral lines, Gibb-Glauber dynamics, propagation of chaos properties, contraction inequalities,
Dyson-Phillips expansions.

Mathematics Subject Classification : 60K35, 60H35, 37L05, 47D08.

1 Introduction

Feynman-Kac measures on path spaces are central in applied probability as well as in biology and
quantum physics. They also arise in a variety of application domains such as in estimation and
control theory, as well as a rare event analysis. For a detailed review on Feynman-Kac measures
and their application domains we refer to the books [24], 25| [37, [42], see also the more recent
articles [22, [55] on branching processes and neutron transport equations and the references therein.

Their mean field type particle interpretations are defined as a system of particles jumping a
given rate uniformly onto the population. From the pure numerical viewpoint, this interacting
jump transition can be interpreted as an acceptance-rejection scheme with a recycling of rejected
particles by duplicating the selected ones. Feynman-Kac interacting particle models encapsulate a
variety of algorithms such as the diffusion Monte Carlo used to solve Schrodinger ground states, see
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for instance the series of articles |14}, [16) 4], [74] [75], 58], [59] as well as section 23.5 and chapter 27
in [42] and the references therein.

Their discrete time versions are encapsulated a variety of well known algorithms such as particle
filters [26] (a.k.a. sequential Monte Carlo methods in Bayesian literature [17, 24] 25, [37, [47]), the
go-with the winner [I], as well as the self-avoidind random walk pruned-enrichment algorithm by
Rosenbluth and Rosenbluth [76], and many others. This list is not exhaustive (see also the references
therein). The research monographs [24, 25] provide a detailed discussion on these subjects with
precise reference pointers.

The seminal article [2] by Andrieu, Doucet and Holenstein introduced a new way to combine
Markov chain Monte Carlo methods with discrete generation particle methods. A variant of the
method, where ancestors are resampled in a forward pass, was developed by Lindsten, Schon and
Jordan in [60], and Lindsten and Schon [61]. In all of these studies, the validity of the particle
conditional sampler is assessed by interpreting the model as a traditional Markov chain Monte
Carlo sampler on an extended state space. The central idea is first to design a detailed encoding of
the ancestors at each level in terms of random maps on integers, and then to extend the "target"
measure on a sophisticated state space incapsulating these iterated random sequences.

In a more recent article [34], the authors provide an alternative and we believe more natural
interpretation of these particle Markov chain Monte Carlo methods in terms of a duality formula
extending the well known unbiasedness properties of Feynman-Kac particle measures on many-body
particle measures. This article also provides sharp quantitative estimates of the convergence rate to
equilibrium of the models with respect to the time horizon and the size of the systems. The analysis
of these models, including backward particle Markov chain Monte Carlo samplers has been further
developed in [30), [31].

The main objective of the present article is to extend these methodologies to continuous time
Feynman-Kac measures on path spaces.

The first difficulty comes from the fact that the discrete time analysis [30, 311, [34] only applies
to simple genetic type particle models, or equivalently to branching models with pure multinomial
selection schemes. Thus, these results do not apply to discrete time approximation of continuous
time models based on geometric type jumps, and any density type argument cannot be applied.

In contrast with their discrete time version, continuous time Feynman-Kac particle models
are not described by conditionally independent local transitions, but in terms of interacting jump
processes.

The analysis of continuous time genetic type particle models is not so developed as their dis-
crete time versions. For instance, uniform convergence estimates are available for continuous time
Feynman-Kac models with stable processes [37, 40l 41, [74]. Nevertheless, to the best of our knowl-
edge, sharp estimates for path space models and genealogical tree based particle samplers in con-
tinuous time have never been discussed in the literature. These questions are central in the study
the convergence to equilibrium of particle Gibbs-Glauber sampler on path spaces.

In the present article we provide a duality formula for continuous time Feynman-Kac measures
on path-spaces (cf. theorem [1.1]). This formula on generalogical tree based particle models that
can be seen as an extension of well known unbiasedness properties of Feynman-Kac models to their
many body version (defined in section . The second main result of the article is to design and to
analyze the stability properties of a particle Gibbs-Glauber sampler of path space (cf. theorem |1.2]).
Our approach combines a perturbation analysis of nonlinear stochastic semigroups with propagation
of chaos techniques (cf. section . Incidentally these techniques also provide with little efforts new
uniform propagation of chaos estimates w.r.t. the time horizon (cf. corollary .



1.1 Statement of the main results

Let (X, V;) be a continuous time Markov process and a bounded non negative function on some
metric space (S, ds). We denote by D;(S) the set of cadlag paths from [0, ¢] to S. Unless otherwise
is stated, as a rule in the further development of the article

Xt = (Xs)sgt € g = Ut>0 Dt(S)

stands for the historical process of some process X;. In this notation, we extend V; to D.(S) by
setting V;(X;) = Vi(Xy).

The Feynman-Kac probability measures Q; on the path spaces Dy(S) associated with (X, V;)
are defined for any bounded measurable function F' on D;(S) by the path integration formula

~

¢
Qu(F) := f F(w) Qdw) :=Z;' E <F(Xt) exp [—J VS(XS)dsD (1.1)
0
where Z,; stands for the normalizing constant.
We also let 1 be the terminal time marginal of the measures ;. In this notation, for any
bounded measurable function f on S we have

1) o= [ 160 o) = 200 B (1050 exp |- | tv;<xs>ds]) (12)

0

In addition, the normalizing constant Z; is given by the easily checked free energy formula

Z,=E (exp [— f; %(Xs)ds]) — exp [— fot m(vs)ds]

For a more thorough discussion on these Feynman-Kac models we refer the reader to section [3.2]
and section A selected list of application areas are also discussed in section

The path integration formulae can rarely be solved analytically and their numerical solving
often require extensive calculations. One strategy is to interpret these probability measures on path
space in terms the occupation measures of the ancestral lines of a genetic type interacting jump
process |30} [37, 41, [42].

These particle interpretations are defined as follows:

Consider a system of N particles & = (£))1<i<n € S™ evolving independently as X; with jump
rate V4; at each jump time the particle jumps onto a particle uniformly chosen in the pool.

This jump can be interpreted as the death of the particle and the instantaneous birth of an
offspring of a particle uniformly chosen in the pool. After this birth each offspring evolves as
independent copies of the process Xj.

When the i-th particle duplicates it becomes the parent of two offsprings. Running back in time
we can trace the whole genealogy of each particle.

Let As+(i) € [N] be the index of the ancestor of of the i-th particle & at level s < t. In this

notation, the i-th ancestral line X! := (ffs’t(i))ogsgt € Dy(S) of the i-th particle & at time ¢ is
represented in a synthetic way by the following backward ancestral path

Ao, (4) As,e(i ;
0 e ()<—...<—§z

In this interpretation, the genealogical tree of the N particles & = (£)1<i<n is defined by the N
ancestral lines X; = (Xi)1<;<n € D(S)V.



We underline that the N ancestral lines X; = (X)1<;<n € D¢(S)" of length t of the N individ-
uals & = (&)1<i<n is also defined forward in time by a system of N path-valued particles evolving
independently as the historical process Xt, with jump rate ‘//\} on S. At each jump time an ancestral
line jumps onto another uniformly chosen ancestral line in the pool. Between jumps the ancestral
lines evolves as independent copies of the historical process )’(\}.

Let Z be an uniform random variable on the index set [N] := {1,..., N}, independent of particle
model discussed above.

Given X; the distribution of a randomly chosen ancestral line X7 is given by the occupation
measure of the genealogical tree. In addition, in some weak sense we have the convergence

m(x) = O By —no @ and m(E) = O by v e (13)
ZE[N] ZG[N]

For a more detailed discussion and precise estimates, we refer to [37, 39, 41l [74], as well as to
theorem [I.3] and section [5.3] in the present article.

The historical process § = (£5),<, € Di(S )V encapsulates the ancestral lines at any time horizon,
including ancestors at any time level s with no currently living descendants at a time horizon t > s
The process & has the same jump rate as &. When a jump occurs, we keep and extend all historical
trajectories from the randomly selected particles at that time.

For a more detailed description of the processes (&, &, Xy), we refer to section dedicated to
historical and genealogical tree evolutions, see for instance figure [§| and the complete genealogical
tree presented in figure [0 ~

Given Z, the dual process X; € Dy(S)N is defined as & but the Z-th ancestral line is a frozen
path with the same law as the historical process X;. More precisely, the jump of the Z-th particle
onto the j-th one is replaced by the jump of the j-th particle onto the Z-th frozen one. In addition,
at these jumps times we flip the j-th and Z-th row historical path up to the present time horizon.
A schematic picture of this jump and historical permutation at time ¢ is given below

T J
° ° N . e————Oe
= X¢_ —_— Xy = :
J T \
° ° ——— o

The duality terminology comes from the fact that X; coincides with the conditional stochastic
process ét given a frozen ancestral line, under some many-body Feynman-Kac measure (cf. theo-
rem u and the Bayes’ formula ) We also underline that X; := (X;(s))s<t € D¢(S)V is not
necessarily the historical path of an auxiliary Markov process.

For a more detailed description of X; in terms of generators we refer to section dedicated to
particle models with a frozen ancestral line, see for instance , the evolution diagrams given in
figure |11) as well as the graphical description of the process Xy provided in figure

The genealogical type tree Y; = (Y)1<i<n € Di(S)" of the dual process discussed above is also

defined as X;. The main difference is that the Z-th ancestral line is frozen and YI faw )A(t

The remaining (N 1) path-valued particles Y; := (Y ) j+1 are defined as above with a rescaled
jump rate (1—1/N )Vt, and including an auxiliary jump rate 2V, /N at which the path-particle jump
onto the first frozen ancestral line.

For a more detailed description of these dual ancestral lines, we also refer to section [£.3] see for

instance the graphical description of the dual genealogical tree provided in figure [13| as well as the
generator of the process in path space defined in (4.16]).



A realization of the genealogical tree associated with N = 3 particles with 2 interacting jumps
and the first frozen ancestral line is illustrated below in figure |2 .
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Figure 2: A genealogical tree associated with N = 3 particles with 2 interacting jumps. The couple
of arrows stands for the interacting jumps, the dotted line represents the frozen ancestral line with
7 = 1. The vertical axis stands for the state space S.

The first main result of the article is the following duality formula.

Theorem 1.1 (Duality formula). For any time horizon t > 0, any N > 2 and any bounded
measurable function F on Dy(S)2N) := (Dy(S)N x Dy(S)N) we have the almost sure formula

0

E <F(§t,xt) exp [— Jt m(xs)(ffs)ds] ) -E (F(fct,m) exp [— Ltﬁ's(yf)ds} |I> (1.4)

The proof of the above theorem is provided in section [6] see for instance theorem [6.2] and
corollary We obtain the normalizing constant Z; by choosing the unit function F' =1 in ((1.4).
Observe that for any F on D;(S) we have

t
() — 5 (FOE) oxp |- [ i) (Ppas| ) =20 < Qur) (1.5
0

The last assertion yields the rather well known unbiasedness property of the occupation measure of
the ancestral lines; see for instance [37] and references therein. Formula can also be interpreted
as a Bayes formula for many body probability measures on the product space D¢(S )(2N ). Therefore,
using the conditional distributions we can design a Gibbs sampler. Nevertheless to target Q;, we do
not need to store the complete ancestral tree. A more judicious target measure is the probability
measure IT; on D;(S)N*! defined by

1

M(F) = 5 & (PO o - t ) (Tds| )

Let m; be the marginal of II; w.r.t. the variable X;. Theorem yields the Bayes formula
I (d(z1, 22)) = me(dz1) Ae(z1,dze) = Qi(dza) Byi(22,dz1) (1.6)
with the Markov transitions A; and B; defined by
Ay(z1,dz) == P(XT e dzy | Xy = 2z1) = m(21)(dzo) and By(zo,dz1) := P(Y; € dzy | YE = 29)

The detailed proof of the above assertion is provided in section [6.2} on page[#4l Equivalently, under
the probability measure II;, any randomly chosen ancestral line is distributed with Q;. In addition,



under II; the conditional distribution of the genealogical tree X; given a selected ancestral line
coincides with the one of the genealogical tree Y; given the frozen selected ancestral line.

Next we provide an analytic description of the Bayes formula ([1.6)). Integrating (1.6 w.r.t. the
first coordinate for any z; € D;(S)" we have

Ay(z1,dz2) < (mhAy)(dzg) := Jm(dyl) Ai(y1,dza) = Qu(dz2)

Thus, we can define the dual operator A; , from Lj(m;) into L1(Q;) given for any F' € Ly(m) by
the Radon-Nikodym formula

N drf' A )
A} (F) = dﬁ@tt with 7/ (dy) := m(dy) F(y)

For a more thorough discussion on dual Markov transitions, we refer the reader to [35, [72]. In
addition, for any conjugate integers 1/p + 1/q = 1 with p,q = 1 we have

(F,G) € (Lp(m) x Lg(Qr)) Q¢ (Al (F) G) = m (F A(G))
We define in the same way the dual operator B} o, from L;(Q;) into Li(m) by

_ dQf'B,

10, (G) dr

with QF(dy) := Quldy) F(y) — 7t (F Big,(G)) = Qi (B(F) G)
Let P;; be the Markov semigroup of the reference process X;, that is
Pyy(z,dy) :=P(Xy edy | Xs = )
We consider the following regularity condition
(Hp) 3Fh>0 st. Vt=0 VYzeS ph) wn(dy) < Pn(z,dy) <p(h)™' wen(dy) (1.7)

for some constant p(h) > 0 and some collection of probability measures j p, on S indexed by h > 0
and ¢ > 0 whose values do not depend on the parameters (z,y). A discussion on the above condition
is provided at the end of this section.

Let osc(F') and |p1 — p2|t be the oscillation of a function F' on Dy(S) and the total variation
distance between probability measures 1 and pg (cf. section for a more precise definition).

In this notation, the second main result of the article can be stated basically as follows.

Theorem 1.2 (Particle Gibbs-Glauber dynamics). For any time horizon t = 0 the measure Q¢ is
reversible w.r.t. the Markov transition K; := B Ay on Dy(S) defined for any bounded measurable
function F' on Dy(S) and any path x € Dy(S) by the formula

Ki(F)(z) :=E (m(Y,)(F) | Y{ = 2)

In addition, when (Hy) is satisfied, for n = 1, any probability measure u on D¢(S) and any bounded
function F' on Dy(S) we have the contraction inequality

[WKE = Qellew < (e (8 v D/N)™ i — Qi (1.8)

with the n-th iterate K of the Markov transition K; defined sequentially by the integral formula
K?(:L’l,dxg) = f K?_l(xl,dl’g) Kt(xg,dl’g)

In the above display, ¢ stands for some explicit finite constant whose value doesn’t depend on the
parameters (F,t,n, N).



The proof of the above theorem is provided in section [6.2}
For any given time horizon ¢ > 0, the integral operator K; is the probability transition of a
discrete generation Markov chain Xgn) taking values in the path space D;(S) and indexed by the

integer parameter n € N; that is we have
P (XEHH) €dz | Xgn) = a:) = K¢(z,dz) := J By(z, dy) Ay, dz)

Initially, we can sample a genealogical tree X; = (X%)ie[m, then we pick randomly an ancestral line

X7 and set Xgo) = X7.
For any given 2 € Dy(S) and y € D;(S)", we summarize the overlapping transition of the particle
Gibbs sampler graphically as follows:

v o=y | s YV = g~ (Y =) | YY) = g '
X,E") = x Xgn) = z XE”H) = T~m(y)

A realization of the overlapping transition Xgn) ~ X,E"“) for a genealogical tree with N = 3

ancestral lines is illustrated by the following schematic diagram:

XinJrl)
o / o_—o
o / \ )
. <
o
time axis [0, ¢]

Figure 3: A realization of the transition Xgn) ~ Xgnﬂ) of a particle Gibbs sampler on an genealogical
tree with N = 3 ancestral lines. The dotted and plain lines account together for the three paths in
the genealogical tree Y§n+1); the frozen ancestral line is represented by the dotted line X,En) selected
at rank (n). The sequence of arrows stands for the selected ancestral line X§"“) at rank (n + 1).

The vertical axis stands for the state space S.

As shown in , under the many-body measure II; a randomly selected ancestral line X:,;Z is
unbiased but this random path is biased w.r.t. the distribution of the interacting particle system.
Propagation of chaos type estimates allow to quantify this bias, see [37, 4], as well as chapter 15
in the monograph [25] for discrete time generation particle systems.

In this connexion, we underline that the Particle Gibbs-Glauber dynamics presented in theo-
rem [I.2] allows to improve the precision of the conventional particle interpretations of Feynman-Kac
measures by sampling sequentially a series of particle Gibbs samplers on path spaces with frozen
trajectories. Each iteration of the sampler reduces the distance between the distribution of the
ancestral path and the desired target measure. For instance, whenever (Hp) is met and XEO) = X7,
the propagation of chaos property presented in and yield the following theorem

Theorem 1.3. For any n > 1 we have the inequalities

|Law (th) - Qt”tv <ct/N and HLaw (Xlg")) —Q

< (¢ t/N)" x |Law (XF) — Qi

tv

7



We end this section with some comments on our regularity assumptions.

Condition is satisfied for jump-type elliptic diffusions on compact manifolds S with a
bounded jump rate, see for instance the pioneering work of Aronson [5], Nash [69] and Varopou-
los [81] on Gaussian estimates for heat kernels on manifolds. The estimates (1.8) are also met
under weaker regularity assumptions such as conditions (H;) and (Hz) stated in and .
Nevertheless these conditions depends on the stability properties of the semigroup of the unknown
Feynman-Kac measures 7;; thus this type of condition is difficult to check in practice.

Also recall that Feynman-Kac semigroups for time homogeneous models equipped with a re-
versible reference process X; can also be turned into conventional Markov semigroups of h-processes,
see for instance [37, [41} [74] as well as chapter 27 in [42] and references therein. In this context, the
long time behavior of Feynman-Kac semigroups can be discussed in terms of the spectral properties
of the h-process. For quadratic potential functions and Ornstein-Uhlenbeck reference processes the
Feynman-Kac model discussed above reduces to the harmonic oscillator. In some situations, the
potential function can be chosen so that the exponential weight in is an exponential change
of measure, see for instance section 4.2 in [37], as well as chapter 18 in [42]. In this context the
corresponding Feynman-Kac semigroup also coincides with the semigroup of a conventional Markov
process. In more general cases, the spectral properties of the h-processes are unknown.

1.2 TIllustrations and comments

This section gives some comments on the impact of the above results on some application domain
areas. We also provide a detailed discussion on some numerical aspects of the particle Gibbs-Glauber
dynamics introduced above as well as some comparisons with existing literature on interacting
particle systems.

1.2.1 Some application domains

As mentioned in the introduction, the Feynman-Kac measures and their mean field particle
interpretations appear in wide variety of applications including in biology, physics, as well as in
signal processing and mathematical finance.

Continuous time models arise when the process X; is derived from physical or natural evolu-
tion principles, such as continuous time signals in target tracking filtering problems [7§|, stochas-
tic population dynamics describing species competition and populations growths [56], Langevin
gradient-type diffusions including their overdampted versions describing the evolution of a particle
in a fluid [57], as well as Brownian fluctuations of atomic structures in molecular chemistry [54],
and many others.

The potential function V; depends on the problem at hand. In nonlinear filtering, it represents
the log-likelihood of the robust optimal filter. In population dynamics, V; can be interpreted as
a killing rate of a branching process. In statistical physics and quantum mechanics, it represents
the ground state energy (a.k.a. local energy) of a physical system, including molecular and atomic
systems. It is clearly out of the scope of the present article to enter into the details of all of
these models. For a more thorough discussion on these application domain areas, we refer to the
books [24], 25] 37, [42] and the reference therein.

In most cases we are mainly interested in computing the final-time marginal of the Feynman-
Kac measures . For instance, in nonlinear filtering these measures represent the robust optimal
filter, while the path space measures represents the full conditional distributions of the random tra-
jectories of the signal w.r.t. the observation process. Thus, they also solve the smoothing problem
by estimating the signal states at any given time using observations from larger time intervals.



Apart from few notable exceptions such as for linear-Gaussian models in Kalman-Bucy filtering
theory and for the harmonic oscillator in the spectral theory of Schréodinger operators, the flow of
final-time marginal measures has no finite recursion and cannot be solved analytically.

In signal processing literature, the interacting particle system &; discussed above is also known
as a particle filter on path space.

In Quantum Monte Carlo literature, the particle system &; discussed above is also known as the
population Monte Carlo algorithm and the particles ¢ are often referred as walkers or replica.

This class of processes can be interpreted as Moran type interacting particle systems [67, [68].
They can also be seen as Nanbu type interpretation of a particular spatially homogeneous generalized
Boltzmann equation |36}, [66].

1.2.2 Practical and numerical aspects

In some particular instances, the random paths of the process X; can be sampled exactly on any
time discretization mesh. This class of models includes linear-Gaussian and geometric-type Brow-
nian models, as well as some piecewise deterministic processes and some classes of one-dimensional
jump-diffusion processes [10], [1T], 12} 13}, 15]. Discretization-free simulation procedures for general
diffusion processes based on sequential importance sampling techniques have also been developed
in [50]. Using these discretization-free simulation procedures the interacting jump particle systems
discussed in this article, including the particle Gibbs-Glauber dynamics can be sampled perfectly
using conventional Poisson thinning techniques (a.k.a. Gillespie’s algorithm [51]). The resulting
particle sampler provides an estimate of the marginal of the Feynman-Kac measures on the
random paths w.r.t. any time discretization mesh.

More generally, the simulation of the random trajectories of X; requires to discretize the time
parameter. For a more thorough discussion on the time discretization of stochastic processes we
refer to the seminal book by Kloeden and Platen [53].

This additional level of approximation may also corrupt some statistical properties of the contin-
uous time process. For instance, the reversible properties of overdampted Langevin diffusions are lost
for any Euler-Maryuama discretization of the underlying diffusion. In this context, a Metropolis-
Hastings type adjustment (a.k.a. MALA) is required to recover the reversibility property w.r.t.
some prescribed target invariant measure [73]. From the physical viewpoint, the random paths sim-
ulated by MALA algorithms are based on auziliary non physical rejection-type transitions so that
they loose their initial physical interpretation. Therefore, in physics and statistics, the unajusted
Langevin algorithm (a.k.a. ULA) is often preferred to describe the "true" random trajectories of the
system. Under appropriate global Lipschitz conditions on the gradient of the confinement potential
function several bias-type estimates can be found in 23], 49].

In the same vein, the sampling of the particle Gibbs-Glauber dynamics described in theorem
requires some Euler-type discretization as soon as the underlying process X; cannot be directly
sampled. In this situation, one natural strategy is to consider the discrete time version of the
Feynman-Kac measures 7; defined as in by replacing X; by some discrete time approximation
(see for instance chapter 5 in [25] and the references therein). In this context, several discrete time
approximations of the particle Gibbs-Glauber dynamics discussed above can be designed using the
discrete time particle Gibbs samplers discussed in [2, 34]. In contrast with MALA algorithms the
reversible-type properties of the resulting Gibbs samplers in discrete time are preserved w.r.t. to
the discrete-time version of the target Feynman-Kac measures. In addition, these discrete time
approximations are not based on any type of auxiliary Metropolis-Hasting rejection so that they
preserve their physical interpretations.

Several bias-type estimates between continuous and discrete time Feynman-Kac measures can



be found in [25, [32, 33]. Most of these estimates are concerned with the time discretization of
the terminal-time marginal of the Feynman-Kac measures , including uniform estimates w.r.t.
the time horizon. The extension of these results to path space models remains an important open
research question.

1.2.3 Comparisons with diffusion type particle models

The interacting particle systems discussed in the present article differ from nonlinear and interacting
diffusion processes arising in fluid mechanics and granular flows |7, [8, 64}, [65] [79, [80]. In this context,
the interaction mechanism is encapsulated in the drift of diffusion-type particles. One common
feature of these interacting processes is the nonlinearity of the distribution flow associated with
these stochastic processes.

One natural idea is to interpret the mean field particle systems associated with these processes
as a stochastic perturbation of a nonlinear process. This interpretation allows to enter the stability
properties of the nonlinear process into the convergence analysis of these particle algorithms. This
technique has been developed in [28, 29, [37] for discrete time Feynman-Kac models and further
extended in [74] to continuous time models. The extension to stochastic diffusion flows and McKean-
Vlasov type nonlinear diffusions are developed in [4], [44].

Theorem[5.7]in the present article also provides a novel backward stochastic perturbation formula
which simplifies the stability analysis of these models and provides sharp propagation of chaos
estimates.

We underline that the stochastic perturbation techniques discussed above and in the present
article differs from the log-Sobolev functional techniques [62, [63], entropy dissipation approaches [I8],
20], as well as gradient flows in Wasserstein metric spaces, optimal transportation inequalities [9}
18], 19, [70}, [71] and the more recent variational approach [3] currently used in the analysis of gradient
type flow interacting diffusions.

In this connection, we mention that the backward perturbation analysis developed in the present
article relies on weak Taylor expansions of the evolution semigroup of Feynman-Kac measures. We
project to extend these expansions to nonlinear diffusions in a forthcoming article.

The duality formula and the particle Gibbs-Glauber dynamics introduced in this article open
up a whole new avenue of research questions.

Recall that the Feynman-Kac measures can be interpreted as the distribution of the random
paths of a non absorbed particle evolving as X; and killed at rate V;. This class of models are often
referred as particle models in absorbing medium with soft obstacles |27, [37, 41]. A natural research
project is to extend this framework to absorbing medium with hard obstacles [45] 46, [82].

Another important question is to extend the Taylor expansions of the Gibbs sampler developed
in [34] to continuous time models. One possible route is to combine the weak Taylor expansions
developed in [43] for particle approximating measures with the backward analysis developed in the
present article.

We mention that the perturbation analysis developed in [34] allows to destimate the L,-decays
rates to equilibrium in terms of the norm of integral operators. In this connection, one important
question is to quantify with more precision the exponential convergence rates to equilibrium of the
Particle Gibbs-Glauber dynamics stated in theorem [I.2]

10



2 Some preliminary results

2.1 Basic notation

Let B(F) be the Banach space of bounded functions f on some measurable space (E, ) equipped
with the uniform norm | f|| := sup,cp |f(z)|. Also let Osc(E) < B(E) be the subset of functions f
with at most. unit oscillations; that is s.t. osc(f) := sup, , |f(z) — f(y)| < 1.

We also let M(FE) be the set of finite signed measures on E, M (FE) ¢ M(E) the subset of
positive measures and P(E) € M (E) the subset of probability measures. Given a measure y on
E we write p(f) the Lebesgue integral given by

u(f) = f u(dz) f(z)

The total variation norm on the set M(FE) is defined by

lpllew := sup {|u(f)] - f€OSC(E)}=% sup{|u(f)l : feB(E), [f| <1} (2.1)

We denote by [s,t], the collection Weyl chambers defined for any n > 1 by
[s,t]n == {(r1,...,rn) €[s,t]" : s<ri<...<r, <t} (2.2)

We denote by dr = dry x ... x dr,, the Lebesgue measure on [s,t],.

For a given N > 1, we let (N) be the semigroup of mappings from [N] := {1,..., N} into itself
equipped with the composition of mappings and the neutral element e(i) = i. Also let [IV ](2) c [N]?
be the subset of indices

[N]§ :={(i,j) e [N]* : ie[N] & je[N]—{i}}

2.2 Integral operators

We introduce some integral operator notation needed from the onset. For any bounded positive
integral operator Q(z,dy) and any (u, f,z) € (M(FE) x B(E) x E) we define by u@ € M(FE) and
Q(f) € B(E) by the formulae

(4Q)(dy) := f W(d)Q(r,dy) and  Q(f)(x) ::jcz@e,dy) )

By Fubini theorem we have pQf := u(Q(f)) = (uQ)(f). Given a pair of operators (1 and Q2 we
denote by Q1Q2 := @1 o Q2 the composition of the operators defined for functions f on S by

(Q10Q2)(f) := (Q1Q2)(f) = Q1(Q2(f)) (2.3)

We also write Q" the n iterate of Q defined by the recursion Q"(f) = Q(Q"'(f)) = Q" 1(Q(f)).
When Q(1) > 0 we let @ be the Markov operator

Q : feBE)~ Q) - Q)/Q) € BE)
We also let ¢ be the mapping from P(FE) into itself defined by
i = 762 = = n =Q
¢(n) =nQ" with Q" := 00 nQ"(1) =1 and ¢(d.)(f) = Q(f)(x) (2.4)

11



Notice that
Q"(1) = pQ"(1) Q"(1) = (nQ"(1))™" = nQ"(1)
The Dobrushin ergodic coefficient B4,,(M) of a Markov transition M (x,dy) from E into itself
is defined by

Baon(M) := sup |M(z,.) — M(y,.)|t = sup{osc(M(f)) : fe€ Osc(E)}

z,ye

For any p1, p2 € P(F) and any pair of Markov transition Mj, My from E into itself we have

/Bdob(Mle) < /Bdob(Ml) Bdob(M2) and HMlM - MQMHtv < /Bdob(M) HNl - ,U«2Htv (2~5)

2.3 Taylor expansions

The Feynman-Kac semigroups discussed in section have the same form as the map ¢ discussed in
(2.4)) (see for instance (3.7)). The stochastic perturbation analysis developed in section |5 is mainly
based on a second order Taylor expansion of these maps (see for instance the proof of proposition
as well as the perturbation semigroup equation presented in theorem and the Aleeksev-Grobner
interpolation formula stated in theorem |5.7]).

To describe in some details these Taylor expansions, consider the collection of first order integral
operators 0,¢ indexed by 1 € P(F) and defined by

On¢ : feB(E) = yo(f) = Q"[f — o) (f)] € B(E) = noy¢ = 0 = dyo(1) (2.6)

Rewritten in integral form, we have
00(1)(a) = | 0y0a.dy) y) with 2y0(a,dy) i= @(a.dy) ~ Q(1)(x) o) (dy)
For any 7, € P(E) we have the first order Taylor expansion
60) — o) = MQW) x (=0 with (v -m)a,6(dy) = | (v = m)(dn)2,0w,dy)
Also observe that

Ond(f)(x) = Q"(1)(x) f n(dy) Q"(M)(y) (RN (=) — QN )

(2.7)
= |030() < |QT(D)] 0sc(Q(f)) and [d(v) — ¢t < Buy(@) v — nllev
with B
Bun(@) == [1Q"()I A QM)] Baan (@)
More generally, using the identity
= 0;@ (1-2)" + ——— (2.8)
which is valid for any = > 0 and n > 1, we check the Taylor with remainder expansion
1 1 nal) =N
o) = o+ Y g = et gy =P AN (29)
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In the above display, 62(;5 stand for the collection of integral operators

oho(f) = (~DF R QS @a,0()| and )0 0 = nQv(1) 0o
For any p,n € P(E) we have the decomposition

Od(f) = Q"f — o) fl = pQ"(1) (0ue(f) +Q*(1) [o(n) — d()1(S))

2.4 Carré du champ operators

The generator L of a stochastic process X; on some measurable space (E, £) provides a simple and
natural way to define the evolution of the random path of the process.

These operators are also the stepping stone of stochastic calculus. They play the same role as
the vector fields associated with a dynamical system and they allow to derive integration by parts
formula; see for instance section [4.1] in the context of mean-field particle processes. The carré du
champ operator I';, associated with the generator L characterizes the predictable quadratic part of
these integration by parts formula (see for instance and .

In this section we review some basic inequalities that allows to quantify the first order fluctuation
term as well as the second order bias term in the Aleeksev-Grébner interpolation formula stated in
theorem [5.71

The carré du champ operator I';, acts on an algebra of functions D(L) < B(FE) and it is defined
by the quadratic form

(f.9) € D(L)* = T'L(f,9) = L(fg) — fL(g) — gL(f) € B(E)

When f = g sometimes we write I'z(f) instead of I'z(f, f). We also have the Cauchy-Schwartz
inequality

TL(f,9)l < V/Ti(f, /)TLlg,9) and Tr(cf) = Tr(f) (2.10)
The above inequality yields the estimate

Po(f + ) = T2 (f) + Telo) + 202(f,9) < [VIL() + VIn(o)| (211)
Let L% be some bounded jump-type generator of the following form
L) = M) [ (10~ Fw) T,
for some bounded rate function A and some Markov transition J on E. In this case, we have
Ca(fog)) = | Lwdo) (6, - 5% (f @19

The convergence analysis of the particle measures (|1.3)) developed in section is also based on the
n-th order operators given by the formula

T (i fu)(w) = J L, dv) (65 — 6)°" (1 ®...® f») (2.12)
Applied to mappings of the form , for any p,n € P(E) we have the carré du champ formula
(nQ*(1))? T (Q"(1), 0é(f))

=T (Q"(1), 0uo(f)) + [o(n) — d)](f) T (@"(1))
for any f € D(L) as soon as Q"(1), 0,¢(f) € D(L).

(2.13)
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2.5 Historical processes

The article discusses several classes of particle models evolving in path spaces, such as the complete
ancestral tree models and the genealogical tree based evolutions discussed in section [L.1]

In this short section, we review some basic facts on the concatenation of paths and the description
of historical semigroups.

For any s < t, we denote by Ds(S) the set of cadlag paths from [s,?] to the metric space
(S,ds). Fo any given « = (2,)s<r<t € Ds+(S) we let z_ € Dy (S) the stopped path given by

z_(u) = { x, if we s, t]

T if u=t

For any r < s <t and any © = (y)r<u<s € Dr s(S) and y = (yu)s<u<t € Ds+(S) the concatenate
path (z v y) € D, +(S) is defined by

(@ v i) = |

The set D, 4(S) can be embedded into D,.;(S) by considering the stopped process extension

xy if welrs|

Yy if we s, t] o EVy=I-VY

T = (zy)r<u<s € Drs(S) = Trs = (Tuns)r<us<t € Drs(S) with u A s:=min {u, s}

When s = t, the set Ds4(S5) reduces to S and for any z = (2y)r<u<s € Drs(S) and y € S the
concatenate path (z v y) € D, 4(5) is given by to the cadlag path
T, if welrs
(xvy)(u):z{ Z " u=[s [ = zr=xvz, and T_ =V T, (2.14)
Let X, (y) be the stochastic semigroup of the process X; starting at X, = y at time s < t. The
stochastic semigroup Xs; : Dg(S) — Dy(S) of the historical process X; := (Xs)s<¢ is defined for
any x € Dg(S) and s <t by the stop-and-go formula

Xoi(@) =2 v Xou(z) = 2_ v Xoy(x) € Dy(S) (2.15)
with the mapping
)}st = (l‘u)0<u<s € DS(S) — X t(x) = (Xs,u(xs))sgugt € Ds,t(S)

) )

2.6 Coalescent operators

The complete ancestral as well as the genealogical tree evolutions (é,Xt) discussed in section
belong to the class of interacting jump processes in the space of cadlag paths.

When a jump occurs in a genealogical tree evolution, a path-particle is killed and instantaneously
other path-particle duplicates. When a jump occurs in a complete ancestral tree evolution, a path-
particle restarts its evolution from a new selected state. In this situation, the jump of the historical
particle is characterized by the concatenation of the stopped process of the historical particle with
a new terminal state, from which the particle restarts its free evolution. The dual process X; of the
historical process incorporates an additional permutation of the historical paths.

To describe with some precision these jumps, we need to introduce some new objects.

We denote by T and € the set of transpositions o, and coalescent maps ¢, indexed by ¢ = (3, j) €
[N ]3 and given for any k € [N] by

koif k¢ {i,j) . .
oij(k) =4 j if k=i and (k) ;_{k. i Z: (2.16)
i if k=3 J
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Definition 2.1. For any a,be (N) and x = (z,)s<r<t € Ds1(S)V we set
z® = (@ D)ic vy € Dsa (S Cop(w) :=2" val and C,:=Coy (2.17)
Observe that for any aj, b; and any ag,bs € (N) we have
Car by © Cag by = Cagoay pooby  and  Cqy(z) = 2
We also mention that for any (i,5) € [N]2 we have

Ce,; 0Cs,, =Cqj 00, = Ce;; and therefore C = Cey;,; 0 Cy, (2.18)

Cij i, +Cji

Observe that for any index k € [IN] we have the partition

[NT5 := {(3,4) € [N]§ : i€ [N]—{k}} v {(k,j) € [N]§ : je[N]—{k}}
Definition 2.2. For any k € [N] and any (i, j) € [N]? we let

. L (Ce,ci7jacci,j) if i€ [N] - {k}
(Ce,ci,j,cci,j) = (2.19)
(CopjucjnrCeyp) if 0=k

k

A schematic picture of the jumps x ~ Ce, , (z) =z v z;"" and z ~ C

is given below

. Cik
— 100k i,
04,k+Ci k (33) =TV xt

k k 7
. . oo ———o0e
=z = Cevci,k(x) = A and Cai,kvci,k (z) = :
7 i : k A
° . —————Oe ———— o

We underline that the jump in Cc, , () occurs on the k-th row trajectory while the jump in
() occurs on the i-th row trajectory.

C

0i,ksCi,k
A schematic picture of the path-valued jump z ~ C, , (¥) = x* is given below

k k

=r = (Cci,k (z) =

Between jumps all the particle models discussed in this article evolve independently as inde-
pendent copies of the reference process X; introduced in section . Let X;yt with i € [N] be N
independent copies of the stochastic semigroup X,;. We extend the stochastic semigroups intro-
duced to product spaces and we let X ;, XAS¢ and .9?37,5 the stochastic semigroups with the i-th
coordinates mappings defined for any for any z € S and any z € D,(S)" by the formulae

;,t(z) = ;t(zz) ét(l’) = ét(xz) and /’\?ét(x) = Nét(xz)
(2.20)
=  Xu(v) =2 v Xeg(x) = 2 v Xsi(z) € D(S)N

We also denote 587,5 and )A(S,t the stochastic evolution semigroup of the processes Et and )A(t; that
is, for any s <t we have the stochastic evolution semigroup formulae

é\s,t(é\s) = é\t and is,t(is) = X; with the initial condition Eo =& =Xo
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We define in the same vein the stochastic evolution semigroups X, ; and Y ; of the genealogical tree
processes X; and Y.

At jump times, these path-space interacting jumps stochastic flows are described by the com-
position of the coalescent operators presented in and with the stochastic evolution

semigroups ([2.20)).
Definition 2.3. For any a € € and any s <t and k € [N] we define

~ ~ Ska E S
Xsu;t = Ca o Xs,t Xs,t = (Ca o X&t

(2.21)
Ta . v Tka . ~k v
Tscft = CeqoXsy Ts,t = (Ce,a o Xt

Observe that
) = CalFoale)) = (X)) o= (R (#9)) oy,

This yields for any r < s < t and any a,b e (N) and = € D,.(S)" the composition formula

(20 22,) (@) = Bey (B (@) = (Ko (R (o000} ))

More generally, for any sequence of mappings a,, € (N) any = € Dy, (S)N and any non decreasing
time steps t,, we have the formula

. .
(B0 000 Bm) (@)

1€[N]

— ((xe® g an—1,n(0) ga1n (i) a1,n (%) : .
= ((th_l,tn oX, o oXy Y thn V] with apn:=apoapi10...0a,

Finally observe that for any ay,...,a, € € and any k € [N] and = € Dy (S)" we have

Ck =14 C

Ci,j

Ci’j + 1i=k: (C’Cj,k

(2.22)
— (x’f»an o...0 Xt’;;‘;;) (0)F = XE, (a5

th—1,tn

The composition of the stochastic flows ’t"t is slightly more involved. For instance, for any

s<r<tandanyabe€and ze Dy(S)Y we have the concatenate path formulae
To(e) = Xop(a) v Xgy(as) € Dy(S)™

S,

In addition, we have the composition rule
(T 078) (@) = Berl@) v (R0 T2 ) @) v (20 2L, ) (@)

The proof of the first assertion is immediate. To check the second, observe that

o (Th@) = & (Br@) v XL, (0) v X (AL, (2,)
= (@) v B (Th(@) v X (XL, () (by @20))
This ends the proof of the lemma. ]

16



A graphical description of these compositions is given below in figure [6]

° [
J2 .
. . ‘ A
j J2 J2 jo
J2 N R o
0 s
0 s r t

Figure 6: Genealogical tree associated with the composition ﬁf?h o 7A'SB o1

) J
The dotted lines (.7.) represent the paths associated with x, the plain lines (—) represent
the paths associated with the stochastic semigroup X7. A synthetic description of the composition
associated with the graph in figure [6] is given below in figure [7]

k k

***** . oe k k k
***** . oe L]
TCh,j1 S e T-Cig.d1 o Cka1 I S S S
s _ ’ i — A

Sh@= T T ad (Tee i )@=
— = ° ° - - - - L] oe
0 s r t

0 s r
Figure 7

2.7 Empirical measures

We fix some integer N > 2 and for any 1 <i < j < N and 2 = (2%);<;<n on some N-fold cartesian
product EV of some measurable space (E, &) we set

x " (ml,...,xz_l,x”l,...,a:N)EEN

P ) (z!,.. . 2 ...,a:jfl,m”l,...,a:N) e EN72

For any 1 <i < N and = = (2°)1<i<n € EV we consider the functions

Opi  UEE — @ i(u) = (xl,...,mi_l,u,xiﬂ,...,x]v)EEN
1
. N — .
m:zeSY — m(z)= N EE[N] d,i € P(E) (2.23)

In this notation, the generator £; of the stochastic flow z € SV — st(T) € SN introduced in
(2.20) is given for any F € D(L) and x € Dy(S)" by the formula

Lo(F)(x) = Y] Le(Fpi)(')

i€[N]

In the above display, D(£) = B(SY) stands for the set of functions F' € B(S™) s.t. for any x € SV
we have
Fwﬂ' =Fo Pp—i € D(L)
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Let X = (X%)1<;<n be N independent random samples from some distribution € P(S). Using
(2.9) we have the first order expansion

¢(m(X)) — o(n)

= (m(X) = mpd — n(Q™X) (1)) x (m(X) —m)(Q"(1)) x (m(X) —1)0po

Several estimates can be derived from the above decomposition. For instance using Cauchy-Schwartz
inequality we have the bias estimate

(2.24)

log (Q(1)(2)/Q(1)(y)) < ¢ = N [E[o(m(X))(f)] — o(n)(f)] < e 0sc(Q(f))

The stochastic perturbation analysis discussed above will be used repeatedly in section 5.2 dedicated
to the convergence analysis of the empirical measures associated with the genetic particle models
discussed in section [1.1] For instance, theorem is the extended version of the second order
expansion to interacting particle occupation measures.

3 A brief review on Feynman-Kac measures

3.1 Exponential maps

For any s <t and N > 1 we let Z,; be the exponential map defined by

Zst  x = (Tr)o<r<t € Dt(S)N — Zg () 1= exp (—f m(z,)(V;) dr) € [0,1] (3.1)

To simplify notation, when s = 0 sometimes we write Z; instead of Zp;. When N = 1, the map
Z, reduces to the exponential map Z,; defined by

z=@%@@emww»sﬂa:wm(—fwwnw)emu (32)

Observe that for any s < t we have
Zy = Zpy —> Zt()/ft) = ZS(XS) Z57t()2t) with the historical process )2,5 = (Xs)o<s<t

To clarify the presentation when there are no possible confusions we write Z;(X) and Z, ;(X) instead
of Zt(Xt) and Zs,t(Xt>-

3.2 Evolution semigroups

Consider the flow of Feynman-Kac measures (v,7) : t € Ry := [0,0[— (v, ) € (M4(S) x P(S5))
defined for any f € B(S) by the formulae

ne(f) = %(f) /(1) with v(f) :=E(f(X:) Z«(X)) (3.3)

Observe that .

1%Mauw=—mem8

This shows that

Zy(X) = Zy(X)/E(Zy(X)) = exp [—L Vs(Xs)ds] with V=V, — (V) (3.4)
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We also consider the Feynman-Kac semigroup
Qst(f)(x) = E(f(Xt) Zs4(X) | Xs =) with  Z,(X) := Z24(X)/Zs(X) (3.5)
When V' = 0 the semigroup @, resumes to the Markov semigroup P ; of the reference process X;.

Definition 3.1. The mathematical model (¢, mt, Qst) defined above and the measure Qq defined
n 1s called the Feynman-Kac model associated with the reference process and the potential
function (X, V4).

We further assume that the (infinitesimal) generators L; of X; are well defined on some common
sub-algebra D(S) < B(S), and for any s < t we have Q,+(B(S)) < D(S5).

We let V;(f) = Vif the multiplication operator on B(S). We also let L; = L + L¢ be the
decomposition of the generator L; in terms of a diffusion-type operator L{ and a bounded jump-
type generator of the following form

L{(f)(u) = M(u) f (f(v) = f(u)) Je(u, dv)

for some bounded rate function A\; and some Markov transition J; on S.
In this notation, for any f € D(S) and s < t we have

0re(f) = w(LY (f)) with L} =Ly =V, = 7 = 7:Qss (3.6)

The semigroup associated with the normalized Feynman-Kac measures 7; is given for any s < ¢
by the formula

nst,t
nst,t(l)

with the collection of functional linear operators
Ai(n) = feD(S) = A()(f) = n(LY (f)) +n(Ve) n(f) e R

Finally we recall that 1, = Law(Y;) can be interpreted as the law of a nonlinear Markov process
Y; associated with the collection of generators Ly, defined for any (n, f,z) € (P(S), D(S) x S) by

M= @s,t(1s) 1= = aumn(f) = M) (f) = me(LY () + 1 (V2) me(f) (3.7)

Liy(f)(@) := Li(f)(2) + Vi(2) j (f(y) = f(@)) n(dy) = Au(n) = nLey (3.8)

3.3 Path space measures
3.3.1 Historical processes

Consider a Feynman-Kac model (74, 7, Q% ;, Q) associated with some auxiliary Markov process X;
on some metric space (S’,dg/), and some bounded non negative potential functions V;/ on S’. For
instance, for any function f on S’ and any function F on D;(S’) we have

i) & (1) e |- [ Vixas] ) and 0i(e) ok (PR o |- [ 0105

0

with the historical process

X! = (X5),o; and the potential function v/ ()’(\'é) = V/(X]).

s
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Assume that the process X; discussed in (3.3 is given by the historical process
X; = X/ e Dy(S") andset Vi(Xy):= V/(X)) (3.9)

In this situation, we have Q; = n;, with the measure 7; defined in (3.3); that is we have

() 5 (F(x) e |- [ t Vs ) o ()

0

In the reverse angle, consider a collection of Feynman-Kac measures (%,ﬁt,@&t) defined as
(7¢,me, Qs,¢) by replacing in (3.3) and (3.5)) the pair (X, V;) by the historical process

X, = (Xs)eet € S = Ue=0D¢(S) and the potential function ‘A/t(f(t) = Vi(Xy) (3.10)

For instance, replacing (X, ;) by ()2,5, ‘A/t) in (3.3) and (3.5) for any F on D;(S) we have the formula

¢
)« 8 (F(%) x| - [ VuRois|)
This shows that 7y = Q;, with the measure Q; introduced in . We underline that Q; differs
from the law of the the historical process }A/t := (Y})s<¢ of the nonlinear process Y; discussed in the
end of section [3.2]
To avoid unnecessary technical discussions we distinguish these models with the following ter-
minology.

Definition 3.2. The Feynman-Kac model associated with the historical process )?t and the potential
function ‘7} 1s called the path-space version of the Feynman-Kac model associated with the process Xy
and the potential function Vi. In the reverse angle the Feynman-Kac model associated with the > pair
(Xt, Vi) is called the marginal model of the Feynman-Kac model associated with the pair (Xt, V})

Let L; be the generator of X; defined on some common sub-algebra D(L) < B(S). In this
situation, the generators lA/t of the historical process f(t can be defined on some common domain
D(L) < B(S) in two different ways:

The more conventional approach is to consider cylindrical functions

f(j&t) = QO(XSU"WXSn)Xt) (311)

that only depend on a given finite collection of time horizons s; < s;41 < t, with 1 <7 < n, and
some bounded functions ¢ from S™"*! into R. The regularity of the "test" function ¢ depends on the
process at hand. For jump-type processes, no additional regularity is required. For diffusion-type
processes the function is often required to be compactly supported and twice differentiable.

Another elegant and more powerful approach is to use the functional It6 calculus theory devel-
oped by B. Dupire in an unpublished article [48] dating from 2009, and further developed in [211, 52].
This path-dependent stochastic calculus allows to consider more general functions such as running
integrals or running maximum of the process X;. It also allows to consider diffusion-type processes
with a drift and a diffusion term that depends on the history of the process.

These path space models and their applications in the context of genealogical tree based particle
models and historical processes were also presented in the early 2000s in previous work of one of
the authors with Miclo [37, 38 139].

The path space S is equipped with a time-space metric dg so that (S da ) is a complete and
separable metric space (cf. for instance proposition 1.1.13 and theorem 1.1.15 in [77]). The smooth-
ness properties of continuous function f on S are defined in terms of time and space functional
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derivatives. Thus, for diffusion-type historical processes )A(t, the generator Et is defined on functions
F € D(L) which a differentiable w.r.t. the time parameter and, as before twice differentiable with
compactly supported derivatives (cf. for instance theorem 1.3.1 in [77], as well as the pathwise

change of variable formula stated in theorem 5.3.6 in [0]). For instance, for the cylindrical functions

discussed in (3.11)) we have
LX) = Li (p(Xay, - X)) (X)

as soon as the section y — ¢(x1,...,2y,y) belongs to D(L). In the same vein, for path-integral
functionals, we have

F(Xe) = g(Xe) +L WXs)ds = Li(f)(Xs) = Li(9)(Xe) + h(X)

as soon as g € D(L) and h € B(S). We also have the jump formula
AF(Xy) o= f(X0) = F(Xio) = f(Xie v Xp) = F(X0)

It is clearly not the scope of the article to describe in full details the functional It6 calculus on
path space. We rather refer the reader to the article [52] and the Ph.D thesis of Saporito [77]. The
discrete time version of these historical processes calculus in the context of path-space interacting
particle systems can be found in [38], see also [24], 25] and references therein.

In the further development of the article we shall use these ideas back and forth. We already
mention that the mean field particle interpretation of the Feynman-Kac measures associated with
an historical process )?t coincides with the genealogical tree-based particle evolution of the marginal
model.

Let D(L) be the set of functions F on 8V := U0 D, (S)N s.t. for any z € Dy(S)Y we have

~

FE,i:=Foyp,.eD(L)

T

The generator £; of the historical stochastic flow )?s,t(x) is given for any F € D(EA) and z € Dy(S)N
by the formula

Lo(F)(x) = Y] Le(Fpi)()

€[N
We choose a generator [12) on some domain D(E(Z)) for a coupled stochastic flow 2?5(? of the
following form

~

X (2,y) == (Xa(2), Xg(y))  with (z,y) € Ds(S)N) := (Dy(S)N x Dy(S)).

~

For instance, we can define XAS(? (x,y) == (Xsp(x), /'?St(y)) firstly when x4 = ys by

~

XAs,t(@ =TV )?8,15(*77) XAS,t(y) =yVv ‘)?S,t(y) with Q?s,t@) = Xs,t(y)

When x5 + ys, the processes /‘237,5(@6) and /'?S,t(y) are chosen independent.

3.3.2 McKean measures

Definition 3.3. The McKean measure My is the distribution on Dy(S) of the historical process
Y: := (Ys)s<t of the nonlinear process Yy discussed in .
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Observe that the t-marginal of My coincides with 7, that is we have
F(Y;) = f(¥) — JF(y) M (dy) = E(F(Y;)) = E(f(V1)) = ff(Z) m(dz)

The generator Etﬂ?t of f/t only depends on the marginal probability n; on .S and it is given for any
function F' € D(L) and any x = (x5)s<t € D¢(S) by the formula

~ ~

Ly (F)(@) = Li(F) (@) + Vi) j (F(x v 2) — F(x)) ni(dz)

where f/t stands for the generator of the historical process )A(t = (Xs)s<t and f}t is the potential
function on path epace given in

Following (3.10)), the Feynman Kac measures Q; = N associated with the historical process and
the potential functlon (Xt7 Vt) on path space S satisfy for any F' € D(L ) the evolution equation

0:Qu(F) = Qi(Le,g. (F))
with the generator L g, defined for any F' € D(L ) and x € D¢(S) by the formula

Liq,(F)(z) = Li(F)(z) + Vi(2) j (F(y) = F(x)) Qi(dy) (3.12)

Arguing as above, Q; = Law(Y;) can be interpreted as the law of a nonlinear Markov process
Y, € Dy(S) associated with the collection of generators Lt q,. Here again, besides the fact that Y,
is a random path, we underline that Y is not the historical path of an auxiliary Markov process.

The historical process }A/t is a jump type process taking values in the path space S = U0 Di(S).
Let (T},)n=0 be a collection of jump times occurring at a rate V;(Y;) := Vi(Y}:) that only depends on
the terminal value of the historical process. We use the convention Ty = 0 when n = 0. Also let
(Y/")n=0 be a collection of Dy(9)-valued independent random variables with common law Q;. The
terminal time variables Y, : Yt (t) are independent random variables with common law 7;.

Between the jump times T;,, the process Yt evolves as the historical process Xt of the reference
process X;. At each jump time T;, the predictable path YTn— jumps onto the cadlag path YTn given
by the concatenate path

}A/Tn = )A/Tn, v YP

In the above display, Y7: stands for a random sample from 77, independent of }A/Tn,. Thus, for any
T, <t <T,+1 we have

Yi = Xrp,4(Yr,) = Vi, v X1, o(Y72) and Yy, =V, , v X1, 1, (V21
We summarize the above discussion with the following proposition.

Proposition 3.4. For any time horizon t = 0 we have

=2 (Rnn () v Xnn (V) v oov X (V) Uncier,y

n=0

The McKean measure My is given for any measurable function F on D(S) by

Z jot { [ ZTpﬂ”p-H (erﬂ”p+1 (K"Z)) ‘/;"p+1 (er7rp+1(y',11;))
n=0 0<p<n

% Zrpa (R0na02) F (Zars O v v Kot (F2))
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When the function F()A(t) = f(Xy) only depends on the terminal time, we recover the fact that
M(F) = 3u(f) el & — E (f(x) e” 00X R(£(v)) = m(f)  (3.13)

The detailed proof of the above assertion is provided in the appendix, on page

3.4 Some regularity conditions

This section discusses in some details the two main regularity conditions used in the further devel-
opment of the article.

Firstly, observe that the semigroup Ps; associated with the historical process X; = (X)) s<t
discussed in never satisfies the regularity condition (Hy) stated in . Nevertheless it may
happen that the semigroup P;t associated with X7 satisfies condition (Hp). In this situation, to
avoid repetition or unnecessary long discussions we simply say that (H{) is met.

We also use the following weaker conditions:

(Hy)) dJa<ow 36>0
st. Vs<t VfeB(S) osc(Q,(f)) <« e P79 ose(f) (3.14)

(Ho) dg< oo st Vs<t Vx,ye S log (Qs,:(1)(2)/Qs(1)(y)) < ¢ (3.15)

As before when the semigroup @lst and le,t of associated with a marginal Feynman-Kac model
satisfy condition (H;), to avoid repetition or unnecessary long discussions we simply say that (H))
is met. We mention that

(Ho) = (H1) = (H2)

The proof of the Lh.s. implication can be found in [40] (see for instance remark 2.2 and the
contraction inequalities stated in proposition 2.3). In this context, the parameters («, ) do not
depends on the measure y j, discussed in (1.7). To check the second implication observe that

log (Qs.¢(1)(2)/Qs(1)(y)) = f [@5,u(6y) (Vi) = Ds5,u(62) (Var)] due (3.16)

S

This implies that

(H)) = (Hy) with ¢=af ! osc(V) with osc(V):=suposc(V})
t=0

Using (2.7 we also have

(Hz) = [0s:(f)
(H1) = [0y0s:(])

We return to the historical process X; = (X;)sgt discussed in 1} In this case, for any z; =
(x/(u))ués € DS(S/) we have

<elosc(f) (since osc(Q,,(f)) < osc(f))
<re P9 ose(f) with r=ae! and ¢q=af " osc(V) (3.17)

Qst(f)(@s) = QL (f)()

in the above display, f and f’ stand for some bounded measurable functions on the path space
D;(S’) and on S’ such that

Yy = (Yo)us<t € De(S")  f(ye) = f'(w1)
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This implies that
(H}) = (H3) is met with ¢ = af™! osc(V) and [0,¢s:(f)] < e osc(f) (3.18)

In the reverse angle, the Feynman-Kac semigroups on path space @s,t discussed in 1) is
defined for any s < t, and any x € D4(S) and f € B(D.(S)) by the formula

Que(N)@) = E (F(R) Zes (R2) | X = 2) (3.19)

with the exponential map Z; defined in (3.2). The above semigroup never satisfies the regular-
ity condition (Hp) stated in (1.7). Nevertheless arguing as in (3.18) permuting (Q};, Qs¢) and

(Qs.t, Qs.) we have )
(H1) = (H) (3.20)

In the above display, (H3) stands for the condition defined as (Hz) by replacing Qs+ by @s,t and
the state S by the path space Ds(.S).
3.5 Forward and backward equations

Proposition 3.5. For any s <t and n € P(S) we have the Gelfand-Pettis forward and backward
differential equations

atﬁbS,t(US) = At(¢$¢(ﬁ8)) and 5s¢s,t(77) = _AS(n)an¢s,t (3.21)
In addition, for any mapping ¢ of the form we also have
019 (ds(n)) = Ae(0)0p, )@ and 05 (9s,4(n)) = —As(0)0g, ()9 (3.22)

Proof. The Lh.s. assertion in is a direct consequence of .

The r.h.s. differential formula in as can be checked using brute force and lengthy
calculations from the backward evolution equations associated with Feynman-Kac semigroups.

A more judicious and more direct approach is to apply a second oder perturbation approach.
For instance, applying the second order Taylor with remainder expansion to the mapping ¢, ¢

given in (3.7)), for any s + h <t we find that

Gst(n) = Gsint (N + [Dsstn(n) —n)

1 1
= Gstht(n) + [Ds,s4n(N) — N)Onbsint +

e @) 2 [Penn) = 1% G

On the other hand we have

¢s,s+h(77) =N+ As(n) h + O(hz) and ¢s,s+h(n)Qn(1) =1+ O(h)

This yields
G5t (M) = Gsyni(m) + As(1)0ydsine h+ O(hQ)

from which we check the backward evolution formula

hil [¢s+h,t (77) - ¢s,t(n)] ——h—0 as¢s,t(n) = _As(n)an¢s,t
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For any mapping ¢ of the form (2.4), applying the third order Taylor with remainder expansion
(2.9) we also have

¢ (Dstnt(n) = ¢ (D6 (M) = (Pstni(n) = D5,6(1)0g, ()¢

1 1 L
5 (Dstne(n) = G5 ()05, oy + Berna(n) QP00 (1) 3

Arguing as above we check ([3.22)). This ends the proof of the proposition. |

(Ps+h,t(N) — Dot (77))®3635S7t(77)¢

4 Interacting genetic type particle systems

4.1 Mean field particle processes

Definition 4.1. The N-mean field particle interpretation of the nonlinear process discussed in (@
is defined by the Markov process & = (5’;) e SN with generator G; given for any F € D(L)

and any v = (z')1<i<n € SV by

gt(F)(x) = Z Lt,m(x)(Fx—i)(xi) (4'1)
i€[N]

1<i<N

with the collection of generators Ly, indexed by probability measures p1 on S defined in (@

Let F := (F)i=0, with F; = (& : s < t) be the filtration generated by the mean field particle
model defined in (4.1). Also let D([0,T], SY) be the set of functions

F i (ta)e([0,T] x SV) — F(z) eR

with a bounded derivative w.r.t. the first argument and s.t. F; € D(L), for any ¢ € [0,T]. For any
F e D([0,T],SV), and any T > 0, applying the It6 integration by part formula (see for instance
section 15.5 in [42]) we have

dF,(&) = [6:F, + Ge(F)] (&) dt + dMy(F) (4.2)

In the above display M, stands for a martingale random field on D([0, 77, SY) with angle bracket
defined for any functions F,G € D([0,T],S") and any time horizon ¢ € [0, 7] by the formula

OM(E), M(G))r = Tg,(Ft, Gi)(&) (4.3)
Choosing functions of the form

Fi(z) = m(x)(fr) and  Gi(z) = m(x)(g:) = Tg,(Fy, Gt) (&) = m(&)TLy e, (fr:91)  (4.4)

for some f,g € D([0,T],S), we also check that the occupation measure m(&;) € P(S) satisfies the
stochastic equation

1
dm (&) (fe) = [m(&) (0 fe) + Ae(m(&))(fe)] dt + N dM;(f) (4.5)
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with a martingale random field M; on D([0,T], S) with angle brackets by the formula

(M (f), M(g))t

= m(&)(Tr, (fi, 9¢)) +f m(&:) (du) m(&r)(dv) Vi(u) (fe(v) = fe(w))(g:(v) — g (u))

With a slight abuse of notation we also write M; the extension of the random field M; to F-
predictable functions D([0,T7],S).

In the further development of the article we write (Mf, M§) and (Mg, M¢) the continuous and
the discontinuous part of the martingales (M, M;); as well as

Liy=L{,+L{, with L7 :=L§

The angle bracket of M is given for any functions F,G e D([0,7],S") and any time horizon
t € [0,T] by the formula

OMAUF), MGy

= 3 [ R 0) = Fi)] [ G (o) = Gul&0)] [Vi(€)) m(&(@o) + Ml€h) (6i, )]
i€[N]

4.2 Historical and genealogical tree evolutions

The generator G, of the N-mean field particle process & = (fi)l <i<N € SN discussed in 1} can
be rewritten for any F € D(£) and = = (2%);<;<ny € SV in terms of the interacting jump operator

G(F)(z) = )] {Lt(Fw)(xi) + Vi(2') J (Fy-i(y) — F(x)) m(w)(dy)] (4.6)

i€[N]

The process & is called the N-mean field particle interpretation of the Feynman-Kac measures
7 defined in .

The process & = (f})ie[N] e SV can be interpreted as a genetic type particle system with
mutation associated with the generator L; and selection dictated by the potential function V;.
Between the jumps the particles & evolve independently as independent copies of a process with
generator Ly. At rate V;(&}) the particle is killed and instantly a particle randomly selected in the
pool duplicates. R

The historical process & = (&), <t € SN coincides with the N-mean field interpretation of the
historical process }A’t = (Ys)s<t € S of the nonlinear process Y; defined in , with the path space
S defined in .

The generator G; of the process é given for any function F' € D(E) and any x = (z5)s<t € D¢(5)
by the operator

N

Gi(F)(x) = ) [ft(Fz—i)(wi) + V(') f (Fp-ia’ v 2) = F(2)) m(xt)(dZ)] (4.7)

i€[N]

The genealogical tree evolution associated with the genetic type particle system & € SV coincides
with the N-mean field interpretation Xy = (X});e(n] € Di(S )Y of the Dy(S)-valued nonlinear process
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Y, defined in (3.12). The generator G; of X; is given for any function F e D(E) and © = (z5)s<t €
D¢(S)N by the operator

CuF)(@) = D Ly (Fei)(a)
1€[N]

- X [imi)(f)m(xi)f (Fyi(y) - Flx)) m(x)(dw] (4.8)

i€[N]

with the collection of generators L, , indexed by probability measures p on Dy(S) defined in .

Observe that G; can be deduced from the operator G; by replacing in the generator and
the potential function (Ly, V;) and the state S by (L¢, V;) and by the path space S.

The process X; is called the N-mean field particle interpretation of the Feynman-Kac measures
on path space 7y = Q; defined in (3.12). ~

In contrast with X, the historical process & keeps track of all past-ancestral lines with no
descendants. Thus & can be interpreted as the complete ancestral tree associated with the genetic
type particle system discussed above.

Rewritten in a slightly different form the jump generator in is given by the formula

=

(%) f (Fyi (v 2) — F(z)) m(z:)(d2)

A~ . 1 o ' ~ 1 .
=V (@) 57— 2 (Fleve™)—F) with V= (1 - N> 7,
Ke[N]- i)

This shows that for any ¢ € [N] and at rate ‘A/t(é\t’) the i-th particle & jumps onto a _randomly chosen
particle £, with k € [N] — {i}. Also observe that the jump rate of the system & is given by the
stochastic intensity

M(&) = N m(&) (V) = (N —1) m(&)(V;) (4.9)

A graphical description of the historical process g} with three jump times (77, 7%, T3) and the jump
coalescent maps (Cx i, Cjo.j1 » Ck,jo) 15 given below in figure

k k k k

[ ) oce [ ] oe [ )
Ji v Ji J1 J1

~ [ ] [ ] [ ) [ [ ]

é‘ _ A

t — . . . .
J2 J2 J2 \ J2

° ° ce ° °

0 T TS T3 t

Figure 8: Graphical description of the historical process Et

The plain lines (L) represent the path associated with N independent copies Xﬂm of the
stochastic semigroup X, , of the process X; with generator L;. The dotted vertical arrows represent
the jumps from the i,-th coordinate onto the j,-th one.

The genealogical tree X; associated with the historical process é; in figure |8] is given below in

figure [9]
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Figure 9: Description of the genealogical tree associated with the particle system &;

In the above display the k-th ancestral line X¥ is represented by the doubled lines (=——=). A
graphical description of the genealogical tree X; associated with the particle evolution presented in
figure [9]is given below, in figure

0 T T, T3 t
Figure 10: Graphical description of the genealogical tree X

4.3 Particle models with a frozen ancestral line

Definition 4.2. Let T be an uniform random sample on [N]. Given I, let X; € Di(S)N be the
Markov process with initial condition Xo = & and generator Gz, defined for any function F e D(ﬁ)
and © = (x)s<t € Dy(S)N, by the formula

GroF)a) = |BE 0@ B [ (Ealel v 2) - F@) ma)as)
i€[N]—{Z}

with the concatenate operation v defined in .

Observe that Xy := (X;(s))s<t € Dy(S)N is not necessarily the historical path of an auxiliary
Markov process.
To better connect the above generator with the operator G; defined in |) observe that

Gi(F)(z) — ékt(F)(x)

~

T Y Ry ) - F) - Vila') (F(at v o) = F())

_ 1
N i€[N]—{k} i€[N]— (k)

This yields the following lemma.
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Lemma 4.3. The generators ét and Q\k,t defined in and are connected for any function
FeD(L) and x = (z5)s<t € De(S)N by the formula

Gu(F)(w) ~ m(@)(T) F(a) = Gea(F)w) ~ Vueh) F) + 1 3. exa(F)(a)
i€[N]—{k}
with the bounded integral operator €, defined by the anti-symmetric functions
ea(F)(@) = Uab) Flav o) = Dial) Fams v i) = —epi(F)(a™)
Nevertheless, given Z = k, the end-state process (; defined by
G = Xy(t) € SN

is a Markov process. Given T = k, its generator Gy, ; is given for any F' € D(L) and x = (7)) 1<icn €
SN by the formula

G F)a) = Y [Lt<Fx-i><xi>+v;<xi> [ i) - @ m(x)(dw}
ie[N]—{k}

FLE-E Y W) () - F)
i€[N]—{k}

Given Z, the genealogical tree Y; associated with the process X, is the € Dy (S)N-valued process
starting at Yo = & with generator Gz, given for any function F € D(L) and = = (25)s<t € Di(S)V
by the formula

Gri(F)(e)= ¥ [iwa)(xi)Wxxf)f (Fyi(2) — F(x)) m<x><d2>]
i {Z}
(4.12)
_l’_i
N @

Asin , Gt can be deduced from the operator th by replacing in (4.11)) the generator and
the potentlal function (L¢, V;) and the state S by (Lt, V}) and by the path space S.
Observe that the historical process Ct = (¢¥)s<t of the Z-th particle in ¢; := (Ct)ze ] evolves as

the historical process Xt and doesn’t depends on the remaining (N — 1) interacting partlcles.
This yields the following proposition.

Proposition 4.4. The I-th ancestral line Y of the genealogical tree Y; := (Y%)ie[N] e Dy(S)N
coincides with the historical process @I = (D) s<t of the T-th particle CF; that is, we have that

YZ = L' X, € Dy(S) (4.13)
Observe that the jump rate of the system X, is given by the stochastic intensity
~ A~ /\_I A~
Azi(Xe) = (N = 1) m(X; 7)(Vi) (4.14)
A synthetic description of the evolution of X given Z = k and the jumps

. Cjq .k . Cjo .k
x ~ %k v g, sz vz and e x%2k oz
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on three jump times (T} 1, Tk 2, Tk, 3) is given below in figure

k J1 k it k k

. L4 oe . . ce . . . 72 . 2 oe 2 oe k .
J1 ~ k v J1 ~ k v it i ~ k . gt J_ it
L] L] L] L] L] L] L] .A L] . A . .
J2 J2 J2 . J2 . J2 oo J2 R . gl e k . k S .
Figure 11
In the above display the k-th ancestral line Y¥ is represented by the doubled lines (=——).

A graphical description of the corresponding process X; is given below in figure

[ ] [ ] oe oe [ ]
k Ji 4 Ji J1
[ ] [ ] [ ] [ ] [ ]
Xy = A
7t k k Vo g
[ ] oe [ ] [ ] [ ]
0 Tk T2 Tk3 t

B

Figure 12: Graphical description of the process X;

The genealogical tree Y; associated with the historical process X; in figure [12]is given below in
figure .

Figure 13: Genealogical tree associated with the process X; in figure

J
As in ﬁgure the plain lines (—) represent the path associated with N independent copies
Xi» of the stochastic semigroup X, of the process X; with generator L;. In this notation, we
have the formula

vE = = (X8.(e) _ e Dils) (4.15)

<

Observe that the generator Gz: of the genealogical tree Y; defined in (4.12)) can be rewritten
for any F' € D(L) as follows

Gz.+(F)()

= Ly(F,-2)(2%) + Eﬂm&o@6+ﬁ<ﬂ>fuama—Fw»mmzxwﬂ

EW]H}{



In the above display, f/z,t stands for the collection of operators indexed by z € D;(S) and defined

~

for any function f € D(L) and any y € D;(S) by

~ 2

L.o(f)(y) :== Le(f)(y) + ~ Vily) (f(2) = f(»))

In the same vein, replacing (it,f}t) by (L¢, Vi) in (4.16)), for any function F € D(L) and any
r = (2")1<i<n € SV we obtain the formula

Gr.+(F)(x)

— L(Fy o)) + [%m@}MﬂHWT@OJ(&%@—F@»mwﬂﬂwﬂ
ie[N]—{1}

the collection of operators L, +(f)(y) indexed by z € S and defined for any function f € D(L) and
any y € S by

2

Lot(f)(y) == Le(f)(y) + N Vily) (f(2) — f(y)) and V, := (1 - ]1[) Vi

~

Definition 4.5. For any final time horizon T and given the ancestral line Y% = (& e Dp(9), we
denote by Q; = n, and ny_the conditional Feynman-Kac measures defined as in and by
replacing (L, V) by (L, ,V,"), and respectively (L, Vi) by (Ly , V), with the quenched generators

~

Lt_ = L6t17t and Lt_ = LCtzvt (417)

Using (4.13)) we readily check the following theorem.

Theorem 4.6. For any time horizon T the T-ancestral line YZ. € Dp(S) has the same law as the
historical process Xy.
In addition, given the ancestral line Y%, the processes defined by

te[0,7] — Y; = (Y} e Dy(S)N and ¢ = (¢)) e SN

i€[N]—{T} ie[N]—{Z}

coincides with the conditional (N —1)-mean field particle interpretation of the conditional Feynman-
Kac measures Q; and 7, .

4.4 Coupled historical and genealogical trees

Definition 4.7. Let és,t be the transition semigroup of the flow (ES,t (z) ,Xsyt(y)) defined for any
FekB (Dt(S)(ZN)) and (x,y) € Ds(S)3N) by the formula

[

st(F)(z,y) :=E (F (@,t (z) ,Xs,t(y))) (4.18)

Observe that the processes é\s,t (z) and X ¢(x) have the same terminal states &, (z%).

Using 1) and (D we check that the generator 7—A[t of the coupled process (é\t,Xt) is defined
by the formula

~

Hi(F)(x,y) = L2 (F)(a,y) + T2 (F)(,y) — M(z) Fe,y) (4.19)
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with the function Xt defined in 1} and the jump-intensity integral operator jt@) given by

~ 1 ~ .
TF -z $(@) F(Co(@),Coy) with N(@)i= - Tila)  (420)
O
In the above display, ¢; ; and C, stands for the coalescent maps and operators defined in ([2.16)
and
Definition 4.8. Let Hszt be the conditional transition semigroup of the flow ( st () ,Y&t(y)) defined
for any F € B(Dt(S)(QN)) and (z,y) € Dy(S)N) by the formula
Eni(F)(z,y) == E (F (Xox (), You(y)) | Z) (4.21)
Using 1' and 1’ we check that the generator 7/-217,5 of the conditional coupled process
(X, Yy) given 7 is defined for any F e D(£®?)) and (z,y) € Dy(S)2N) by the formula

Hre(F)(z,y) = L7 (F)(@,y) + Ty (F)(x,y) — Aze(a) F(z,y) (4.22)

with the rate function Xkyt defined in (4.14]) and the jump-intensity integral operator \7’;2(22 given by

TEFE @y = DY A(@) F(Cep,, (2),Ce,, ()
i€[N]—{Z} je[N]—{i}

+ D AZN@) F(Copyyr(2),Coyp(y)) with A, o= Ligg MY + Ly A

Jje[N]-{1}
In the above display, ¢;j, 0;; and C,; stands for the coalescent maps and operators defined in
(2.16) and (2.17)). Following word-for-word the proof of lemma we check the following lemma.

Lemma 4.9. The jump intensities ( ’;(2), jk(i)) and the generators (ﬁt,flk,t) defined in (4.19) and
are connected for any F € D(L®)) and (x,y) € Dy(S)N) by the formulae

FOFy) = FEEn + Y du)) (123
i€[N]—{k}
A a.y) ~m@)(D0) Fley) = A )ey) - 065 Fay)+ 5 Y dulB)ay)
ie[N]—{k}

with the bounded integral operator e;’k defined by the anti-symmetric functions
€hi(F)(@,y) = Vi(a¥) Flav ™y = Vi(a') F(a7 vy yoir) = e (F) (@7, y7o) (4.24)
Using (2.18]) we check that

~(2 y

Ii1 (F)(@,y) = 2 > 3@) F(Cer (@), Ce,y ()
i€[N]—{T} je[N]-{d}
+ Z /\%i( ) F(Ceper ((CUI,]' (x)) 1 Cez (CUI,J‘ (y))

JEIN1-{T}

Rewritten in a more compact form in terms of the collection of coalescent operators (Clé,a and

C* indexed by k € [N] and a € € introduced in (2.19), we obtain for any F € D(£®) and
(z,y) € Dy(S)3N) the formula

th Z >‘It ecb( ) (CZ( )) (425)

32



4.5 Dyson-Phillips expansions

The main objective of this section is to express the stochastic flows (§S7t,X87t) in terms of the
stochastic evolution flows discussed in and the jump intensity .

For any given s > 0 and x € Ds(S) we denote by T,;" an increasing sequence of jump times
with stochastic intensity (& ¢(x)). In the further development of this section, [s,t], stands for
the Weyl chamber introduced in .

Observe that

t

Est (XAS,t(QT)) = exp (—f S\,n <XAS7T (x)) dr> = Z54 (XASJ (x))N—l (4.26)

s

with the exponential map Z,; introduced in (3.1)).

Definition 4.10. For any n = 0 We denote by Z/Alg? and T[AJS? the integral semigroups defined for
any F € B(Dy(S)®N)) and (z,y) € Ds(S)ZN) by the formulae

A (F) @y = E(00 ) @)

T (F)(2,y) = F(XAS7t(:n),XAS7t(y)> Zos (;?S,t(x))" (4.27)
Using we have

ANV F) ey = B(F (G @), Xorly)) ey

0V (F) ()

s,t

( (fst( ), st(y)> Ipsasy | ‘5(\5775>

~ ~

In addition, the semigroups (E&t,ugj_l)) are connected by the Gelfand-Pettis weak-sense integra-

tion formulae

[11>

t
e =UNY ¢ f UN-Y g =2, dr

with the jump intensity integral operator jr@) defined in 1} . Iterating the above implicit formula,
we obtain the following proposition.

Proposition 4.11. For any s < t and any F € B(D:(S)N)) and (z,y) € Ds(S)®N) we have the
Dyson-Phillips expansion

(11>

()@ y) = 3 B (FEale) Xory) Lpgeciarss, ) (4.28)

n=0

with the iterated integrals

E (F(60(@) Xot() lpzocreree )

-
_ J[ t] ((@N232) ... (@x.32) (u,ﬁff YE))) @) dr

We end this section with a probabilistic mterpretatlon of in terms of the collection of
maps ’T“ and Xs ", indexed by a € € and s < ¢ defined in

33



By (4.19) and (4.20)), given the stochastic flows XAs,t, the jump times T,;* = r,, and the randomly
selected coalescent maps a, = ¢, for some index ¢, € [N]% we have the stochastic evolution

semigroup formulae

~ ~
— C, Cy
grn—lﬂ'n - 7;‘11;”1,7’” a’nd XTn—l:Tn X "

Tn—1,Tn

In addition, whenever r, <t < r,4+1 we have
ot = X e 0 T,5™ and Xyp = X, 00 X4M (4.29)
with the convention rg = s, and the compositions

To0 = Fem o oTmd and X4 = Xl 0.0 Xk (4.30)

Tn—1,Tn Tn—1,Tn
The conditional probability pn(XA&t, d(¢,r)) on ([N](()Qn) x [s, t]n) of the n first jump times and the
selected coalescent indices is given by the formula

Py (X y (1, 7))

=P (77, ST e dlrs ), (@1 00) = () gy | By
= Erprs (Brari @) 3 (Bors @) Eriir (Bria (861 @) ) 33 (B (B @) ) x -

% & (B (RE0@)) X (B (B50@))) & (B (B0 @) ) dr
(4.31)

This construction yields a probabilistic interpretation of the weak-sense Dyson-Phillips expansion

stated in (4.28]).

Theorem 4.12. For any s < t, anyn = 1 and any F € B(Dy(S)®N)) and (z,y) € Ds(S) ) we
have the conditional almost sure Dyson-Phillips expansion formulae

E(F (£a() Xea®) 1rzocrersz, | Do)

[ ((0a).. (300,52) (3070)) @) ar

P ., F @ 256) pEde)

(Qn)

Corollary 4.13. For any s <t, and any F € B(Dy(S)?N), (x,y) € Ds(S)?N) and n > 1 we have
the almost sure formula

E (F(fs,t(@vxat(y)) Zst (Xsyt (z)) 1Ti‘z<t<T§f1 ‘ Xsi)

=] ((00232) . (00,,32) (8540))) ) ar

with the semigroup U deﬁned in (4.27), and the convention ro = s.
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Proof. By theorem we have

E (F (£(2), Xt @) Zot Kt (@) Lrgrcrarny, | Ru)

= X f[t] F (75 @), R ) 0 (X, dle,r))
) St n

with the measure R R R
05 (B, (1) = Zoo (Re7 (@) w5 (Rug,d(1,7)

Also observe that
Zot (B0 @) = Zors (Rers @) Zria (Bri (D1 (@)

X Zry i (R, (RED@))) 2 (B @)

In addition, for any y € D,, (S)"V and n > 1 we have
grnflﬂ"n (y) x Z"qnflﬁ'n (y) = Z'f'nfly"'n (y)N

The end of the proof of the corollary is now easily completed. |

5 Perturbation analysis

5.1 Semigroup estimates
We consider a collection of generators L and potential functions V;? of the form

Li=Li+eL; and sz‘/}+5vt with €,]d] € [0, 1]

In the above display, V; stands for some uniformly bounded function and L; a bounded generator
of an auxiliary jump type Markov process of the form

L)) = Ma) [ () = 1) Ko, dy)
for some jump rate function function A(x) and some Markov transitions K;(x,dy) such that
A< Ax) <A and @y ke(dy) < Ki(x,dy) < wo ke(dy)

In the above display, \;, @; stands for some positive parameters and k; some probability measures.
We let Pg, be the transition semigroup of the process with generator L{. In this notation, we
have the following technical lemma.

Lemma 5.1. Assume that Ps; satisfies (Ho) for some parameters h and p(h) > 0 and some
probability measures pup,. In this situation, for any € € [0,1] and t = 0 there exists some probability
measures fiy , such that

pe(h) 151, (dy) < Pfyyp (@, dy) < pe(h) ™" g (dy) (5.1)
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with the parameters
pe(h) = p(h) (e**?h +(1- e**?h)wa) min ((Al/Ag)(wl ), e*@rh)h)
> p(h) min (()\1/)\2)(17}1/@2)7 6—(>\2—>\1)h>
The proof of the above lemma is provided in the appendix on page
We consider the Feynman-Kac semigroup Qg’; defined as ()5 by replacing V; by V2 and X; by

a Markov process with generator Lj.
Also let d) ) be defined as ¢s,¢ by replacing Qs by QS ', and set

Lf’e —eL;—8V; and Lf”; =eLi— (Vi —n(Vy)) with Vi(f):=Vy f

Theorem 5.2. For any |¢|,|d| € [0,1] and any s < t we have the perturbation semigroup Gelfand-
Pettis weak-sense integration formulae

Qi’j—Qs,t:j Q%S LY Quu du—j Qs LY QS du (5.2)

In addition, for any n e P(S) we have

¢ ( ¢st f (Z) 56 ¢ut du = J ¢s u 'U«E(z)s,u(n) a¢5,u(n)¢gj; du

7¢>§ Z(n)
Proof. We check (5.2)) using the fact that

0u(QQup) = Q%% (L — Lu— 3 Vi) Quy = € Q%% Lu Quy — 6 Q% Vi Quu

and

0u(Qsu@Y) = —€ Qo Lu QY5 +0 Quu Vi QU5

The perturbation analysis of the normalized semigroups (;Ss’j is slightly more involved.
Let Af’€ be defined as A; by replacing (L, V;) by (L§, V). Notice that

— d,€ d,€
Hoteinm = n] = A2+ On)
For any given s < ¢, we consider the interpolating maps v € [s,t] — Ag ut defined by
Ag Zt = Qu,t © <Z>§:Z
On the other hand, for any s < u < u + h <t we have the decomposition
d,€ d,€
As7u-i-h t( ) As U t(n)
d,€ €
= buini (650 (M) = Sui (65 n M) + Gt (6204 = Gt (¢25(m))
~ M08 () (250 ) Sut ) B
6wt (0250 + |05 () — e ) = dus (42 0m) + O(?)
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This implies that

-1 d,€
h [As,u-i-h,t

() = A, (0)]

= =B (055 )2y bua + B 6200 (0) = 65) | 5. ) Bt + OLR)
We conclude that 5
Oulm) = | NS08, 0m) = Mu(@e(m) | 2,50 ) G
On the other hand, we have

(A7) — M) | () = e n@ul ) = 6 0(F (Ve = (V)

By symmetry arguments, this ends the proof of the theorem. |

Corollary 5.3. For any s <t and any n € P(S) we have the estimates

(Hi) = [625(n) — 520w < ¢ (€ + )
(Ha) = [625(n) — ¢ss(m)ev < (e +6) (t—5)

for some finite constant ¢ whose value doesn’t depend on the parameters (s,t,n), nor on (€,9).

5.2 Particle stochastic flows

Given a random measure £ on some measurable state space (F, £) and some o-field F < £ we write
E(p | F) the first conditional moment measure given by

E(u | F) : feB(S)—E(u| F)(f) :=E(f) [ F)
For any ¢t > 0, we let Am(&;) be the random jump occupation measure
Am(&) = m({t) - m(ﬁt_) = AMt = Mt — Mt_

with the martingale random field M; defined in (4.5)). In this notation, we have

N GE[(AmE@) = (1 © @ [ | A =meory) (i) (63)
m(&s—
with the operators I‘g;) defined in (2.12). When n = 2 the above formula resumes to
m(§¢—)

OB [Am(E)(f) Am(&)(ar) | Fil = 5 m(&)Tpt (gt

= O ME(f), MU (g))e = 0 ME(F), MU(G))y

with the functions (F,G) defined in (4.4)
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Definition 5.4. For anyt > s and n = 1, we consider the integral random operators

Ao(m(e)) = N — (Am(E))®" (e, )+ am(e)mie—) Pot
and their first variational measure
T bst = GE[A i (m(E)) | Fi-]
Choosing n = 1 we have
Adsi(m(&s) = Algai(m(&s)) = dar(m(&s)) — dsi(m(ésn))

Arguing as in the proof of (3.17) and using (5.3), for any collection of functions £ e Osc(S) we
have the estimate

NV OE | Adu(m(&)E (A" ® .. @ ") | Fue | <€ A+ V] (5.4)

Proposition 5.5. For anyt > s and n = 1, we have

n—1

Anﬁb&t(m(&)) = (Am(gs»@nan @Z)st + = An+1¢s t(m(&s)) (5.5)

In addition, for any f € B(S) we have

T?n(gs,)%,t(f)

n m(€s—1 m(§s—1 1 n
= (_1)”—1 m(fs—)réd) (Qs t(fs )(]_)7 RN Qs,t(£ )(1), am(557)¢s,t(f)) + —= TmJ(rgl ¢8,t(f)

)

m(€s—)
(5.6)
Proof. We have
1
A m(E) = N | Adylm&) — X <Am<ss>>®kaz<gs_)¢s,t]
1<ksn
n N™ Xn An
= N A"pg(m(&s)) — T (Am(&s)) am(ss,)qbs,t < (5.5)
This implies that
OsB[A"hs 1 (m(&s)) | Fs-]:=Tie, yPst
Nn ! Xn 1 n+1
OB (Am(E))® e, ybst | Fo | + 1 GE[A™ 64 (m(&)) | Fo-]
This ends the proof of the proposition. |
Lemma 5.6. For any n = 1 and s < t we have the almost sure uniform estimates
(Ha) = [T, ybsillw <2771V A 1+ V| (5.7)
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The detailed proof of the above estimate is provided in the appendix, on page [46]
In the further development of this section, for any given time horizon ¢ and any f € B(S) we let

€ [0,1] = M(¢. 4(m(.))(f))
be the martingale s € [0,t] — MZ(F) associated with the function
(s,2) € [0,1] x S > F(s,2) = ¢se(m(x))(f)
We also denote by
€ [0,6] > ME (One)0.4(f)) + resp. Mg (QTE) (1))
the martingale MS(f) associated with the F-predictable bounded function
(5,) € [0,] x S = £(2) = i, 10sa (D)), Tesp. fl@) = QU7 (1) (a)

We are now in position to state and to prove the main result of this section.

Theorem 5.7. For any time horizon t = 0 and any f € B(S) the interpolating function

€ [0,t] — bse(m(&s))(f) e R

satisfies the stochastic differential equation

s (m(&))(f) = M (Om(e 18 £(f)) + dME (6. 1(m()(f))

1
N
e yBsalF) ds — o mlETng (QUE) (1), Qe bual)) ds

Proof. Observe that

1 C
m(&s) = As(m(&s)) ds + N dM + Am(&s) — E(Am(Es) | Fs-)

Lds

Using It6 formula and the backward formula (3.21]) we have

d ¢5,(m(&:))(f) = —As(m(&s)) (Tm(e,) Ds2(f)) ds + [dar(m(e) + dm(&s)) — dsa(m(8e-))] (f)

1
= 5 AME (e )6.4(1)) + MG o(m (L))
b (AME@AME) @ 6u(f) + G [Ada (m(EN)(F) — Am(E) e, 160a(F) | For ] ds
This ends the proof of the theorem. |

The above theorem can be interpreted as an Aleeksev-Grébner formula for interpolating semi-
groups on the space of measures [44].
Next corollary is a direct consequence of the recursion (5.6)).
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Corollary 5.8. For anyt > 0 and any f € B(S) we have the almost sure formula
Gs,t(m(&s))(f) — b0 (m(&0))(f)

2}—‘

= —= Mg (Omn(e.y®.4(f)) + M(¢. 1(m())(f))

1 S it 1 S
¥ ) 6T e Q). e bu)) dut fo T3 6 Put(f) du
(5.8)
Choosing s = t and taking the expectation in (/5.8)) we obtain the following result.
Corollary 5.9. For anyt > 0 and f € D(S) we have the formula

E(m(&)(f)) — E(¢o.t(m(£))(f))

- _% Lt g [m(gs)FLs,m(Es) (QZ@S)(U’ am(Es)¢5’t(f)>] ds + % Jot . [Ti’l(&*)%’t(f)] s

5.3 Some non-asymptotic estimates

Theorem 5.10. For any time horizon t = 0 and any function f € Osc(S) we have

[E(m (&) (f)) —ne(f)] < ¢/N
[E(m(&)(f) —m(f)] < ct/N (5.9)

In addition, for any function F' € Osc(Dy(S)) we have
(H1) = [E(m(X:)(F)) = Qu(F)| < ¢ t/N (5.10)

for some finite constant ¢ whose value doesn’t depend on the parameters (t, N).

The assertion is a direct consequence of and . The proof of the estimates ([5.9)
is mainly based on the decomposition presented in corollary [5.9 The estimates rely on elementary
but rather technical carré du champ inequalities, and semigroup techniques. Thus, the detail of the
proof is housed in the appendix, on page

The first estimate stated in the above corollary extends the bias estimate obtained in [74] to
time varying Feynman-Kac models. The central difference between homogeneous and time varying
models lies on the fact that we cannot use h-process techniques. The latter allows to interpret the
Feynman-Kac semigroups in terms of more conventional Markov semigroups.

We end this section with a some more or less direct consequences of the above estimates in the
analysis of the measures discussed in theorem

By corollary for any N > 1 we have

(H1) = |, = melew < ¢/N - and - (Hz) = [0y = neflew < ¢ t/N

with the Feynman-Kac measures 7, defined in (4.17)).
Arguing as in the proof of (5.10) we also have the almost sure estimate

(H1) = |Q; = Qiflew < ct/N

with the Feynman-Kac measures Q; defined in (4.17)).
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By (5.1)), when (Hy) is satisfied, the Feynman-Kac model defined in terms of the pair (L;, V")
given in (4.17)) satisfies the stability property (H7). Thus, using theorem we readily deduce the
following estimates.

Corollary 5.11. Assume that (Hy) is met. In this situation, for any f € Osc(S) and F €
Osc(Dy(S)) we have almost sure and uniform estimates given by

B (m(c)) | &) =)l <e/N and [E(m(Y7)(F) | YF) = Qi(F)| < ¢ t/N

The above results give some information on the bias of the occupation measures. We end this
section with some propagation of chaos estimate. Using (5.8)), for any functions f; € Osc(S) we have

E (m(&:) (f1) m(&)(f2)) = E(¢o.:(m(§0))(f1) ¢o.t(m(&0))(f2))

t
% 0 E[eamen () meT e (QU 0. e turls) ] du
2,1}

(k,D)e{(1,2),(2,

+]17j0 E [m(gu)FLu‘m(fu) (am(ﬁu)qbuﬂf(fl)a am(gu)éf)u’t(fg)) ]
+ L 0sE [A¢s,t(m(§5))(f1) A¢57t(m(§s))(f2)] ds

b 0 [ E[slmEn Y, o) | ds

(ke{(1,2),(2,1)) 7O

By (5.4) and using the same lines of arguments as in the proof of theorem we check the following
estimates.

Corollary 5.12. For any time horizon t = 0, any f,g € Osc(S) and i + j we have
(H) = [E(£(€) 9&)) —m(f) mlg) < /N
(Hy) — [E(£(&) 9(&) = m(f) mlg) < ct/N
In addition, when (Hy) is met, for any F,G € Osc(Dy(S)) we have
E(P(X) GX))) - Qu(F) Q@) < ¢ t/N
as well as the almost sure estimates
E(F(Y]) GO | YT) = QuF) Qu(G)] < e t/N

We can extend the above arguments to any finite block of particles.

6 A duality formula

6.1 Many-body Feynman-Kac semigroups

For any given s > 0 and x € D4(S) we denote by le ’z an increasing sequence of jump times with

intensity Xk,t(;zs,t(:n)), on the time horizon ¢ € [s,00[. We use the convention T}y = 0 for n = 0.
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Definition 6.1. Let ﬁs,t be the many-body Feynman-Kac semigroup defined for any F € B(Dy(S)2N))
and (z,y) € Dy(S)ZN) by the formula

~

L (F)(.y) = B (F (& (@), XetW)) Zot (Kot (2))) (6.)

We are now in position to state and prove the main result of this section.

Theorem 6.2. For any s < t, and any F € B(D;(S)N), any (z,y) € Ds(S)N) and n > 1 we
have the almost sure formula

E (F(gs,t(ﬂﬂ),xs,t(y)) Zst (X (2)) 1T3’z<t<T§f1>
(6.2)

= B (P(Roa(@), Yorl0) Zea (VE, @) lrgocorr | | T)

Z,n+1

with the exponential map Zsy on D(S) defined in . In addition, we have the conditional
transition semigroup formula

ﬁS,t(F)(fan) =E (F()?&t(x),Ys,t(y)) Zst (Yf,t(m)) ‘ I)

Proof. By lemma [4.9] we have
(@ 72F)) @)
~ ~ 1 ~ ~ ~ N
- @I @y Y E <e;€,i<F> (Bes (@), Roaw)) 2ot (B (@) )
i€[N]—{k}

with the bounded integral operators 62719 defined in li Replacing in the r.h.s. expectation XA&t
by X;Z’j and using the fact that

Zst ()?33”“ (a:)) =2t (/fs’t (a:)) we conclude that Z/A{Lg’];[)jé? = L?gy)i(Q).
This implies that for any n > 1 and k € [N] we have

E (F(gs,t(ﬂf))xs,t(y)) Zst (gst (93)> 1Ti’z<t<Tif1)

(6.3)
[ ((@0032) - (@0,.58) (@200)) @) o

In the above display, Z/A{g) stands for the Feynman-Kac semigroup defined in (4.27)) and [s, ], the
Weyl chamber introduced in . The end of proof of is rather technical but it follows the
same arguments as the ones used in the proof of theorem thus it is provided in the appendix,
on page [50}

The second assertion is obtained by summing over the number of jumps in the interval [s,¢].
Alternatively, in terms of generators, using and recalling that

Vi(XE, (2)) = Vilel, (24)) = Vi(€E, (@)
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we check that

oML, 1 (F)(z,y)

= E ((Aee(F) (&t (@) Xoaw)) = B @) F (80 (2), Xes0)) ) 2ot (6t () )

for any k € [N]. This implies that

~

Ol (F) = Ty (AL(E))  with AY(F)(@.) 1= o (F) (2.) — i) F (2,0)
Consider the semigroup

ot (B)(z,y) = E(F(Xsr(2),Ysr(y)) Zss (You(x)) | I)

Arguing as above and recalling that

V(XY (@) =, (Cf,t (x5)> -7 (Y';t(z)) we check that ¢ 1) (F) = it%) (ﬁ{ t(F)) .

This ends the proof of the theorem. |

Next corollary is a direct consequence of the above theorem and it extends the duality formula
presented in [34] to continuous time Feynman-Kac models.

Corollary 6.3. For anyt >0 and F € B(Dy(S)?N)) we have the almost sure formula
(F):=E <F (é\tvxt) Zy (Xt)) =E(F(X0,Yy) Z: (Y7) | T)

with the function Z; defined as Z; by replacing Vi by the normalized potential V; defined in .
This yields for any F € B(Dy(S)N*1) the duality formula

L(F) = B (F (%0 %) 24 (K0) = B (F(¥, V) Z, (V) (6.
6.2 Particle Gibbs samplers
For any given time horizon ¢ > 0, the probability measure introduced in takes the form

I (d(z1,22)) € P(E1 x Ey) with  E; = Dy(S)Y and FEy := Dy(S5)
The first marginal of the measure II; is given for any F' € B(D;(S)") by the formula

m(F) = E (F (X¢) 2¢ (X))
On the other hand, by corollary for any k € [N] and F € B(Dy(S)) we have
E(F(xF) Z0%) =B (F(Y) Z0 (YF) | T=k ) = Qu(F)

In addition, for any k,l € [N] we have

Q(F) =E(F (X}) Z:%0) =E (F(Y)) Zo (V) | T=1)

43



Thus, under ﬁt all the ancestral lines in Y; are distributed according to Q;. In addition, the second
marginal of the measure II; is given for any F' € B(Dy(S)) by the formula

QuF) = E (F(Y?) Z, (YF)) = E (F (X]) Z0(X) = E (m (X)) (F) Z: (X))

This yields the duality formula stated in (1.6 and in corollary
The transition of the Gibbs-sampler with target measure II; on E := (E; x E3) is defined by

St((zl, 22), d(fl,fg)) = Bt(ZQ, dfl) At(fl, dfg) (6.5)

This transition is summarized in the following synthetic diagram

(2) = (2= — (2 )

By construction, we have the duality property

I (d(z1, 22)) Se((21,22),d(Z1,%2)) = Hi(d(Z1,%2)) S; ((Z1,%2),d(#1, 22)) (6.6)
with the backward transition
S; ((Z1,22),d(z1,22)) = Ay(Z1,dz2) By(z2,dz1)
Integrating w.r.t. Z1 we also have the reversibility property
Qt(dz2) Ky(z2,dz2) = Qu(dz2) K¢(Z2,dz2)

with the Markov transition K; = B; o A; from D;(S) into itself defined for any F' € B(D;(S)) and
z € Dy(S) by

K¢ (F)(z) = f Ki(z,dz) F(z) = E (m(Y,)(F) | Y{ = z)
We further assume that the Markov transitions of X; satisfy condition (Hy) and thus (H;). In this
situation, using corollary for any time horizon t > 0, any function F' € Osc(D¢(S)) and and

n = 1 we check that
IKe(F) = Qu(F)| <c(tv1)/N

for some finite constant ¢ whose value doesn’t depend on the parameters (F,t, N). This implies
that
osc(Ky(F)) < e (tv1)/N osc(F) and Bun(Ky) <c (tv1)/N

For any p € P(D¢(S)), we conclude that

[KE = Qtlley < (e (¢ v 1)/N)™ x g = Qv

The last assertion is a direct consequence of the contraction inequalities (2.5]).
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Appendix
Proof of

Observe that

Mi(F) = noQos(f) + ). f [ [T 76 @epospis (Vepir)
n>1J0<s1<..<sp<t

0<p<n

(nansn,t)(f) d81 e dSn

Recalling that
_ ’Yst,t(f) 'Yt(f) _ ’yt(l)

77st, f = = = X1 f
(/) ¥s(1) Ys(1)  s(1) ')
we find that
Vs +1(1) ’Yt(f)
My(F) = ~w(f)+ J Ns, .1 (Vs x —2 dsy...dsy
t( ) t( 7;1 0<si1<...<sp<t nglln P+1( P+1) ’YSp(l) f}/Sn(l)
= %(f) <1+ZJ [ [T neper (Vyer) dsl...dsn>
nx>1J0ss1<...<sp<t 0<p<n

This ends the proof of (3.13). |
Proof of lemma [5.1]

Let X, (x), with t > s, be the stochastic flow associated with the generator L; starting at X ¢(x) =
x at time ¢t = s. In this notation, we have the perturbation formula

Pei(f)()

~ B[ f(Xas(a)) S0 4 | B [A(Xu(2) € E A (P (1)) (Ko@)

For non negative functions f and any ¢ > 0 and A > 0 we have

t+h

Piin(f) < 676/\1hpt,t+h(f) + eAawo J e~M(u=t) Kuly 4 (f) du
t
t+h

< ek [e_e/\QhPerh(f) + e)\ngf e~ r2(u—t) /auP,j,Hh(f) du}
t

In the same vein, we have

t+h
By on(F) = On/Ao) (1 /) [ef*zhpt,t+h<f> T e ey du]
t

This shows that

d(5mpt€,t+h)

= (y) < pe(h)”!
e ) < pe(h)

pe(h) <

with the probability measure

t+h

peg o e g + eAngf 0 kPl () du
t

This ends the proof of the lemma. |

45



Proof of lemma [5.6]

For any functions f; € Osc(S) and any [ < k we have

E [ [T amE) ) | a]

1<i<k

1 ) )
S NF [Z (Vt(fz)Ht(é%))] Nk - A+ Vat
i€[N]

k
k1 N

k . k+1
= N ‘Tm(gs_)¢s,t<f)’ = (k—i— 1)!

E [ (@m(g))®4 D T 6uh) | Foo |

1
0sE
[ (€)QIE (1)

< PR\ 4V

= Nk

(am(©) (QUEDM)) Am©)ane, y6ulf) | F _”

Proof of theorem [5.10]
We use (2.13]) to check that

MET L, ey (Ui (1), O 65a(1)
= QU (1) (€T L, ., (QE4(1), O, 054(f))

QI (1)) [Dst(ns) — dse(mEN(F) mENT L, e, (QT(1))

Using (2.7) we also have the estimate

M€ L, e,y (@ (1), 2 m@s)és,t(f))ke?’q 05(Q (1) METE, e, (QL3(D)

M€ L, ey (QUD) \/M(EIT L, ey (Onibsa(f)
On the other hand, we have
o boa(f) = QU If = m(F)] and QU(f)(w) =B (F(Xy) e IVulXo) du | X, — )
— 2,QU(f) = ~Lo(@U5(N) + Vs QL)
— 3,(QU(NQLN9) = —QUi(f) Lo(@QUi(9) — QUi(9) Lu(QL) + 2V QU(NQ(9)

We also have

Liu(f) = Le(f) + Ve [0(f) = 1 == Lie(f) — Lep(f) = Vi [f — nu(f)]
This yields the formula

e, (f,9) —nlrL,(f,9) = f n(dx) n(dy) Vi(y) [f(v) — f(2)]l9(y) — g(x)]
= n(Vi(fg)) + n(Vi) n(fg) — n(fVi) n(g) —n(gVt) n(f)
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For any given time horizon t and s € [0, ¢] we have
dm(&:)(QU ()R (9)) — T dML(QT()QT:(9))
=m(&s) [Ls,m(gs)(Qth(f)Q;’ft(g)) - Zst(f) Lg( Zst(g))

—ngt(g) Lg( Zst(f)) + 2V ngt(f) gst(g)] ds
This yields

dm(&:)(QU ()R (9)) — T dMs(QT()QT:(9))
=m(&s) [Fs,Ls,m@S)(Qth(f ), Q1(9)) + Vs QE(f) (m(&:)Q1%(9) — Q¥(9))

+Vi Zst(g) (m(fs)Q;’ft(f)— Z,St(f))+2vs ngt(f) Zst(g)] ds

from which we check that

m(&e)(fg) —m(&o)( g?t(f) g?t(g)) - \/% M(Q"(f)Q"(9))

t
- f M€ s e, (@), Q1 (g)) ds

0

+f m() [Ve QU(f) (m(E)Q™(9) — Q™(9))

0

+Vs QL(9) (m(&)Q5(f) — Q(f)) + 2(Vs — ns(Vs)) QZ?t(f)QZ,st(g)] ds

After some simplifications we check that

t
f m(ET e e (@), QT4 (g)) ds

0

=m(&)(fg) —m(&o)( gf)t(f) g?t(g)) - \/IN M(Q"(f)Q"(9))

¥ j [20,(V) m(E) (@ 1)QU(9))

—m(&s)(Vs QZ,St(f)) m(ﬁs)@?ft(g) —m(&s)(Vs QZ,St(g)) m(&s) Zst(f)] ds
Choosing f = g = 1 and taking the expectations we find that

Jt E[m(fs)rs,Ls,m(ss)(ngt(l))] ds

0
=1—m0(QF;(1)*) + 2f0 E [75(Vs) m(€:)(QE(1)?) — m(&s) (Vs QI5(1)) m(&:)QU(1)] ds
<1+2e% |Vt
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Choosing f = g = h —n(h), with h € Osc(S) and taking the expectations we find that

Jt £ [m(gs)FS’Ls,m@s)(ansﬁbs,t(h))] ds

0

= E[m(&)([h — n(h)]*)] — n0([Ony b0 (h)]*)

+2f E [15(Vs) m(&s)([0n, 0s.6()]?) — m(Es) (Vs On,s6(h)) m(Es)(On,s,(h))] ds

0
<1+4e2 |V ¢

For any f € Osc(S) combining with Cauchy-Schwartz inequality we find that that

[ 1T Ly (@) i 80a(1) s < 26 [1440% V1]
Combining the above estimate with and corollary whenever (Hs) is met we conclude that
E0n(6)() ~ BlGualm(E) (/)] <26 (14464 [V] 4 5 27 I\ + V] ) /8
We further assume that (H;) is satisfied. In this case, using we also have

(T L ey (@0 (1), O D)) | < € 0 P gy, (QU(1)

+ qu \/m(gs)FLs,m(gs) ( th(l)) \/m(gs)rLsym(gs) (ans¢8,t(f))
For any 5 € R we set

D)) = P Q) ()
= E(f(X) e B b X ) with Ti(2) = Vi) -

™2

Arguing as above, we have

25(QE(F)Q%(9) = —QT(f) Lo(Q%,(9)) — Q% (g) Lo(QT,(f)) +2 Vs QF(f) Q4(g)

and

~ ~

dm(€)(Q™,(NOT(9)) — jﬁ AML(Q"(1)D™(9))
= m(E) [T @D T240) + Vi Q) (ml€)PTil0) — Qlil9))

+V, QUlg) (m(&)QLF) — QL) +2Vs QLi(f) Qlilg)| ds
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This implies that
t
L 62’8(t_s) m(fs)rs,Ls’m@s)( th(f)v th(g)) ds

=m(&)(fg) — o m(&o)( g?t(f) g?t(g)) - L Mt(@nt(f)@nt(g))

=

+f0 ) 2y (V3) + B) m(€)(QU(NQU(9)) = ml€) (Ve QL)) m(€)Q (o)

—m(&) (Vs QF(g)) m(&)QE(f)] ds

Choosing f =g =1 and 5 < 0 we have

t ~
[ B e, @2 01)]

0

= 1— €’ no(Q(1)%)
+2 fo 9 B[((V2) + B) €@ (1) — m(EV: Q1) m(E)Q)] ds
<1+ €% (1 + Q\Brl”vu) —1+€X (1+487YV]) when B =—p/2

Choosing f = g = [k — n;(h)], with h € Osc(S) and 0 < 3 < 8 we have

t ~

< E[m(&)([h — m((B)])]

0
- [t ~
<1+ 2722V + 5)J e 2B=0)t=) g5
0

<S1+r°@VI+5) (B =1+r2@V[F +1) when §=5/2

We end the proof of the theorem using the fact that
’m(gs)FLs,m(gs) (Qzlt(&)(l)a 6m(és)¢s,t(f)) ‘

<1+ a) e P 2mE)Tr, | (QF(1) + €2 P Pm(E)TL, ) (O, ¢s.6(f))

w2 [ [0V + B) m(€e) ([0 buaW) = m(E) (Ve 2 Bueh)) m(€)25.00(h)] d

In the last assertion we have used the fact that the estimate vab < ca + b/c, for all a,b, ¢ > 0. This

ends the proof of the theorem.
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Proof of (|6.2])

The proof follows the same lines of arguments as the ones used in the proof of Corollary 413
By (14 22[) and (]4 25[) given Z = k, the historical flow Xs t, the jump times T “ =, as well as

the randomly selected coalescent maps a,, = ¢,, for some ¢, € [N ]0, for any r,, < t < Tpi+1 We have

A~

Xt = XArmt o ?\;‘L;‘ikyn) and Y, = Xr 4o XL (k n) (6.8)

)

with the semigroups (’ﬁbrnk n) XT r(n )) defined as ’ﬁf{«(n) /’?,fr(n)) by replacing in ' the maps
(754, X) by the maps (Tst ,7; “) introduced in (2.21). This yields the almost sure formula

[ (0.2 (00, 2.) (05m)) ) v

- Z(Qn) Jst Xyt © 7;? Zn)) (z), (XArn,t o XATf;,(nZv”)) (y)) q%;(X"&t’ d(e,r))

with the random measures

a5 (X, d(t, 7))
v N Nid1 (o
= Zrom (Xro,rl ('r)) )\17;“1 <XT0,7“1 (x)>
v DI,y N Ni2.g2 [ P 5 I,cy
% Zrprs (R (RS0 @) 322 (R (B0 (@)))
5 5 u(Tn—1) N Sinin (5 (Tn—1)
%X Zp i (B (BT D@) ) R (B (B5F0 0 (@)

% Zpt (B (B0 (o )>)N dr

On the other hand, using (4.14]) we have

= Zrrra (Rl @) % 8 (B (RHETV(@)))

with the stochastic exponential functional

~

&by (Rl = exp( j N (B (@) dr> with  Azy(z) = (N — 1) m(z)(V))
The last assertion comes from the fact that
an 1,7n (XrLr(nI? 1)( )) = XAjrn(x) by (2.22)

We conclude that

~

a7 (o dl0o)) = Zog (Bh(@)) % Pz (Rusrdlaor)
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with the conditional probability measures of the jump times and coalescent maps

p%Z(XAS7t7 d(L7 T))

;:P((T;;f,...,T;j)ed(m,...,rn), (@1 an) = (Corenrcn), Ipse oy | Koy, z)

Z,n+1

We end the proof of (6.2)) taking the expectations and using (6.3)). [
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