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Abstract

Continuous time Feynman-Kac measures on path spaces are central in applied probability,
partial differential equation theory, as well as in quantum physics. This article presents a new
duality formula between normalized Feynman-Kac distribution and their mean field particle
interpretations. Among others, this formula allows us to design a reversible particle Gibbs-
Glauber sampler for continuous time Feynman-Kac integration on path spaces. We also provide
new propagation of chaos estimates for continuous time genealogical tree based particle models
with respect to the time horizon and the size of the systems. Our approach is based on a novel
stochastic perturbation analysis based on backward semigroup techniques. These techniques
allow to obtain sharp quantitative estimates of the convergence rate to equilibrium of particle
Gibbs-Glauber samplers. To the best of our knowledge these results are the first of this kind
for continuous time Feynman-Kac measures.

Keywords : Feynman-Kac formulae, interacting particle systems, genealogical trees, Gibb-
Glauber dynamics, propagation of chaos properties.

Mathematics Subject Classification : 60K35, 60H35, 37L05, 47D0S.

1 Introduction

Feynman-Kac measures on path spaces are central in applied probability as well as in biology and
quantum physics. They also arise in a variety of application domains such as in estimation and
control theory, as well as a rare event analysis. For a detailed review on Feynman-Kac measures
and their application domains we refer to the books [21], 22] [33] [36], see also the more recent
articles [19, [50] on branching processes and neutron transport equations and the references therein.

Their mean field type particle interpretations is defined as a system of particles jumping a given
rate uniformly onto the population. From the pure numerical viewpoint, this interacting jump
transition can be interpreted as an acceptance-rejection scheme with a recycling. Feynman-Kac
interacting particle models encapsulate a variety of algorithms such as the diffusion Monte Carlo
used to solve Schrodinger ground states, see for instance the series of articles [111, [13], 35 67, 53, [54]
and the references therein.

*P. Del Moral was supported in part by the Chair Stress Test, RISK Management and Financial Steering, led by
the French Ecole Polytechnique and its Foundation and sponsored by BNP Paribas.



Their discrete time versions are encapsulate a variety of well known algorithms such as particle
filters [23] (a.k.a. sequential Monte Carlo methods in Bayesian literature [14], 21] 22| 33, 40]), the
go-with the winner [I], as well as the self-avoidind random walk pruned-enrichment algorithm by
Rosenbluth and Rosenbluth [69], and many others. This list is not exhaustive (see also the references
therein). The research monographs [21, 22] provide a detailed discussion on these subjects with
precise reference pointers.

The seminal article [2] by Andrieu, Doucet and Holenstein introduced a new way to combine
Markov chain Monte Carlo methods with discrete generation particle methods. A variant of the
method, where ancestors are resampled in a forward pass, was developed by Lindsten, Schon and
Jordan in [55], and Lindsten and Schon [56]. In all of these studies, the validity of the particle
conditional sampler is assessed by interpreting the model as a traditional Markov chain Monte
Carlo sampler on an extended state space. The central idea is first to design a detailed encoding of
the ancestors at each level in terms of random maps on integers, and then to extend the "target"
measure on a sophisticated state space incapsulating these iterated random sequences.

In a more recent article [31], the authors provide an alternative and we believe more natural
interpretation of these particle Markov chain Monte Carlo methods in terms of a duality formula
extending the well known unbiasedness properties of Feynman-Kac particle measures on many-body
particle measures. This article also provides sharp quantitative estimates of the convergence rate to
equilibrium of the models with respect to the time horizon and the size of the systems. The analysis
of these models, including backward particle Markov chain Monte Carlo samplers has been further
developed in [27, 28].

The main objective of the present article is to extend these methodologies to continuous time
Feynman-Kac measures on path spaces.

The first difficulty comes from the fact that the discrete time analysis [27, 28] BI] only applies
to simple genetic type particle models, or equivalently to branching models with pure multinomial
selection schemes. Thus, these results don’t apply to discrete time approximation of continuous
time models based on geometric type jumps, and any density type argument cannot be applied.

In contrast with their discrete time version, continuous time Feynman-Kac particle models
are not described by conditionally independent local transitions, but in terms of interacting jump
processes. This class of processes can be interpreted as Moran type interacting particle systems [62),
63]. They can also be seen as Nanbu type interpretation of a particular spatially homogeneous
generalized Boltzmann equation [32] [61].

The analysis of continuous time genetic type particle models is not so developed as their dis-
crete time versions. For instance, uniform convergence estimates are available for continuous time
Feynman-Kac models with stable processes [33] 34 35 [67]. Nevertheless, to the best of our knowl-
edge, sharp estimates for path space models and genealogical tree based particle samplers in con-
tinuous time have never been discussed in the literature. These questions are central in the study
the convergence to equilibrium of particle Gibbs-Glauber sampler on path spaces.

In the present article we provide a duality formula for continuous time Feynman-Kac measures
on path-spaces (cf. theorem [1.1]). This formula on generalogical tree based particle models that
can be seen as an extension of well known unbiasedness properties of Feynman-Kac models to their
many body version (defined in section . The second main result of the article is to design and to
analyze the stability properties of a particle Gibbs-Glauber sampler of path space (cf. theorem |1.2]).
Our approach combines a perturbation analysis of nonlinear stochastic semigroups with propagation
of chaos techniques (cf. section . Incidentally these techniques also provide with little efforts new
uniform propagation of chaos estimates w.r.t. the time horizon (cf. corollary .



1.1 Statement of the main results

Let (X, V;) be a continuous time Markov process and a bounded non negative function on some
metric space (S,ds). We let P; be the distribution of (X;)s<: on the set D;(S) of of cadlag paths
from [0,¢] to S. As a rule in the further development of the article )/(\'t = (Xs)s<t € S = U0 Di(S)
stands for the historical process of some process X;. In this notation, we extend V; to D;(S) by
setting V;(X;) = Vi(X,).

The Feynman-Kac probability measures Q; associated with (X, V;) are defined by the formula

¢
dQ; := th exp [—L V;(Xs)ds] dP; (1.1)

where Z; stands for some normalizing constant. These measures can be computed in terms the
occupation measures of the ancestral lines of an interacting jump process [32], 33], 35, 36]. Consider
a system of N particles evolving independently as X; with jump rate V;(X;). At each jump time
the particle jumps onto a particle uniformly chosen in the pool.
Equivalently, the N ancestral lines & = (£))1<i<n of length ¢ can also be seen as a system of N
path-valued particles evolving independently as the historical process )’(\'t, with jump rate f/\'t on S .
The occupation measure of the genealogical tree is given by the empirical measures

1
m(&) = N Z d¢i and we denote by X¢ a random sample from m(&)

1<i<N

The dual process ¢; = ((})1<i<n is also defined in terms of N the ancestral lines of length ¢ of
an interacting jump process. The main difference is that the first line at any time ¢ is frozen and
given by (} := X;. The remaining (N — 1) path-valued particles ¢, := ((g)Qgé\g ~ are defined as
above with a rescaled jump rate (1 — 1/N)V;, with an additional jump rate 2V;/N at which the
path-particle jump onto the first frozen ancestral line.

A realization of the genealogical tree associated with N = 3 particles with 2 interacting jumps
and the first frozen ancestral line is illustrated below:
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Figure 1: A genealogical tree associated with NV = 3 particles with 2 interacting jumps. The couple
of arrows stands for the interacting jumps, the dotted line represents the frozen ancestral line.

For any N > 1, we let Sy := SV /Sy be the N symmetric product of S, where Sy stands for the
symmetric group of order N. The first main result of the article is the following duality formula.

Theorem 1.1 (Duality foArmula).AForA any time horizon t = 0, any N = 2 and any bounded
measurable function F on S x Dy(S x Sy_1) we have

2 (Fe8) o[- [ mie)as] ) =2 (P88 oo [- [ 7toas])

0 0
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The proof of the above theorem is provided in section [£.2]
We consider the following regularity condition

(Ho) 3h>0 st. Vt=0 VYoeS p(h) mu(dy) < Pn(z,dy) <ph)™" pen(dy) (1.2)

for some probability p;5, on S and some constant p(h) > 0 whose value doesn’t depend on the
parameters (z,y). For instance, condition is satisfied for jump-type elliptic diffusions on
compact manifolds S with a bounded jump rate.

The second main result of the article can be stated basically as follows.

Theorem 1.2 (Particle Gibbs-Glauber dynamics). For any time horizon t = 0 the measure Q; is
reversible w.r.t. the Markov transition Ky on Dy(S) defined for any bounded measurable function f
on Dy(S) and any path x € Dy(S) by the formula

K(f)(@) = E (m(G)(f) | X =)
In addition, when (Hy) is satisfied, for any probability measure p on Dy(S) we have
N osc(Ke(f)) <c (tv1)ose(f) and Yn=1 |pK} — Qifw < (c(tv1)/N)"

for some finite constant ¢ whose value doesn’t depend on the parameters (f,t,n, N).

The proof of the above theorem is provided in section [£.3]

For any given time horizon ¢ > 0, the integral operator K; is the probability transition of a
discrete generation Markov chain )A(t(") taking values in the path space D;(S) and indexed by the
integer parameter n € N. For any given 2 € D¢(S) and z = (z4)s<t € Dt(§ X §N_1), we summarize
the transition of the particle Gibbs sampler graphically as follows:

)A(t(n) =z | )A(t(n+1) — Z~m(z) - )A(t(nﬂ) _
¢ o= - o=z G =z~ (Gl K=a) |

A realization of the transition )A(t(n) ~ )A(t(nﬂ) for a genealogical tree with /N = 3 ancestral lines is
illustrated by the following schematic diagram:
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Figure 2: A realization of the transition Xt(n) ~ Xt(nﬂ) of a particle Gibbs sampler on an genealog-
ical tree with N = 3 ancestral lines. The dotted and plain lines account together for the three
paths in Ct(nﬂ), the dotted line represents Xt(n)

ancestral line )A(t(nﬂ) .

, and the sequence of arrows stands for the selected



1.2 TIllustrations and comments

This section gives some comments on the impact of the above results on some application domain ar-
eas. We also provide a detailed discussion on some numerical aspects of the particle Gibbs-Glauber
dynamics introduced above as well as some comparisons with existing literature on interacting par-
ticle systems.

¢ As mentioned in the introduction, the Feynman-Kac measures and their mean field par-
ticle interpretations appear in wide variety of applications including in biology, physics, as well as
in signal processing and mathematical finance.

Continuous time models arise when the process X; is derived from physical or natural evolu-
tion principles, such as continuous time signals in target tracking filtering problems [71], stochas-
tic population dynamics describing species competition and populations growths [51], Langevin
gradient-type diffusions including their overdampted versions describing the evolution of a particle
in a fluid [52], as well as Brownian fluctuations of atomic structures in molecular chemistry [49],
and many others.

The potential function V; depends on the problem at hand. In nonlinear filtering, it represents
the log-likelihood of the robust optimal filter. In population dynamics, V; can be interpreted as
a killing rate of a branching process. In statistical physics and quantum mechanics, it represents
the ground state energy (a.k.a. local energy) of a physical system, including molecular and atomic
systems. It is clearly out of the scope of the present article to enter into the details of all of
these models. For a more thorough discussion on these application domain areas, we refer to the
books [21], 22 [33] B6] and the reference therein.

In most cases we are mainly interested in computing the final-time marginal of the Feynman-
Kac measures . For instance, in nonlinear filtering these measures represent the robust optimal
filter, while the path space measures represents the full conditional distributions of the random tra-
jectories of the signal w.r.t. the observation process. Thus, they also solve the smoothing problem
by estimating the signal states at any given time using observations from larger time intervals. In
signal processing literature, the interacting particle system &; discussed above is also known as a
particle filter on path space. In this situation, the Particle Gibbs-Glauber dynamics presented in
theorem allows to improve the precision of these filtering/smoothing approximations by sam-
pling sequentially a series of particle filters on path space with frozen trajectories.

Apart from few notable exceptions such as for linear-Gaussian models in Kalman-Bucy filtering
theory and for the harmonic oscillator in the spectral theory of Schréodinger operators, the flow of
final-time marginal measures has no finite recursion and cannot be solved analytically. To illustrate
our results, we have chosen to describe another rather simple Feynman-Kac model arising in molec-
ular dynamics, and more precisely in the calculation of free energy computations:

Let w3 be some collection of Boltzmann-Gibbs probability measures

1
mg(dz) = z, e PH@) \(dx) with the normalizing constant Zg := JeﬁH(w) A(dx).

In the above display, 8 stands for non negative parameter and H some non negative function on
some differentiable manifold S equipped with some volume measure A(dx). We also let Y;ﬁ be some
stochastic process with some generator Lg s.t. mgLg = 0. In other words, 73 is an invariant measure
of the process Ytﬂ .

Observe that for any sufficiently regular function f and any smooth increasing function ¢t — f;
we have the evolution equation

o, (f) = 0B [mp, (f)mp, (H) — mp, (fH)]
7, (Lg, () + 7, (f)mp, (Vi) — mp, (fVe) - with Vi(x) := 0,5, H(x)



The above equation shows that mg, = 7; coincides with the terminal time marginal 7; of the
Feynman-Kac measure |) as soon as X; := Ytﬁt and Xo ~ ng = 7g, (cf. for instance )
In addition, we easily check the free energy formula

2425 = 7 —E (eXp [_ Jot VS(XS)dsD _ exp [— Lt ns(l/fg)ds}

In physics literature the above formula is often referred as the Jarzynski formula [46] [47], see
also [53], 54} [68]. For a detailed proof of the above assertion we refer to section 2.6.2 in [22], section
23.5 and chapter 27 in [36]. In Quantum Monte Carlo literature, the particle system &; discussed
above is also known as the population Monte Carlo algorithm and the particles & are often referred
as walkers or replica. The quantity

¢ ¢
f Vs(Xs)ds = f 0sPBs H(Xs)ds
0 0

represents the out-of-equilibrium virtual work of the system on the time horizon ¢. In this inter-
pretation, the Feynman-Kac measure on path space (1.1]) represents the distribution of the out-
of-equilibrium random trajectories of the system. In this situation, the Particle Gibbs-Glauber
dynamics presented in theorem allows to improve these Boltzmann-Gibbs approximations by
sampling sequentially a series of population Monte Carlo algorithms on path space with frozen tra-
jectories.

e In some particular instances, the random paths of the process X; can be sampled exactly on any
time discretization mesh. This class of models includes linear-Gaussian and geometric-type Brow-
nian models, as well as some piecewise deterministic processes and some classes of one-dimensional
jump-diffusion processes [7, 8, 9, 10, 12]. Discretization-free simulation procedures for general dif-
fusion processes based on sequential importance sampling techniques have also been developed
in [43]. In this context, the interacting jump particle systems discussed in this article, including
the particle Gibbs-Glauber dynamics can be sampled perfectly using conventional Poisson thinning
techniques (a.k.a. Gillespie’s algorithm [44]). The resulting particle sampler provides an estimate of
the marginal of the Feynman-Kac measures on the random paths w.r.t. any time discretization
mesh.

e More generally, the simulation of the random trajectories of X; requires to discretize the time
parameter. For a more thorough discussion on the time discretization of stochastic processes we
refer to the seminal book by Kloeden and Platen [48§].

This additional level of approximation may also corrupt some statistical properties of the contin-
uous time process. For instance, the reversible properties of overdampted Langevin diffusions are lost
for any Euler-Maryuama discretization of the underlying diffusion. In this context, a Metropolis-
Hastings type adjustment (a.k.a. MALA) is required to recover the reversibility property w.r.t.
some prescribed target invariant measure [66]. From the physical viewpoint, the random paths sim-
ulated by MALA algorithms are based on auxiliary non physical rejection-type transitions so that
they loose their initial physical interpretation. Therefore, in physics and statistics, the unajusted
Langevin algorithm (a.k.a. ULA) is often preferred to describe the "true" random trajectories of the
system. Under appropriate global Lipschitz conditions on the gradient of the confinement potential
function several bias-type estimates can be found in |20, [42].

In the same vein, the sampling of the particle Gibbs-Glauber dynamics described in theorem [I.2]
requires some Euler-type discretization as soon as the underlying process X; cannot be directly
sampled. In this situation, one natural strategy is to consider the discrete time version of the
Feynman-Kac measures Q¢ defined as in by replacing X; by some discrete time approximation



(see for instance chapter 5 in [22] and the references therein). In this context, several discrete time
approximations of the particle Gibbs-Glauber dynamics discussed above can be designed using the
discrete time particle Gibbs samplers discussed in [2, BI]. In contrast with MALA algorithms the
reversible-type properties of the resulting Gibbs samplers in discrete time are preserved w.r.t. to
the discrete-time version of the target Feynman-Kac measures. In addition, these discrete time
approximations are not based on any type of auxiliary Metropolis-Hasting rejection so that they
preserve their physical interpretations.

Several bias-type estimates between continuous and discrete time Feynman-Kac measures can
be found in [22], 29, B0]. Most of these estimates are concerned with the time discretization of
the terminal-time marginal of the Feynman-Kac measures , including uniform estimates w.r.t.
the time horizon. The extension of these results to path space models remains an important open
research question.

e The interacting particle systems discussed in the present article differ from nonlinear and in-
teracting diffusion processes arising in fluid mechanics and granular flows [4, [5 59, [60, [72] [73]. In
this context, the interaction mechanism is encapsulated in the drift of diffusion-type particles. One
common feature of these interacting processes is the nonlinearity of the distribution flow associated
with these stochastic processes.

One natural idea is to interpret the mean field particle systems associated with these processes
as a stochastic perturbation of a nonlinear process. This interpretation allows to enter the stability
properties of the nonlinear process into the convergence analysis of these particle algorithms. This
technique has been developed in [25, 26] B3] for discrete time Feynman-Kac models and further
extended in [67] to continuous time models. Theorem [3.7]in the present article also provides a novel
backward stochastic perturbation formula which simplifies the stability analysis of these models and
provides sharp propagation of chaos estimates.

We underline that the stochastic perturbation techniques discussed above and in the present arti-
cle differs from the log-Sobolev functional techniques [57, 58], entropy dissipation approaches [15][17],
as well as gradient flows in Wasserstein metric spaces, optimal transportation inequalities [6] 15}, 16,
64, [65] and the more recent variational approach [3] currently used in the analysis of gradient type
flow interacting diffusions.

In this connection, we mention that the backward perturbation analysis developed in the present
article relies on weak Taylor expansions of the evolution semigroup of Feynman-Kac measures. We
project to extend these expansions to nonlinear diffusions in a forthcoming article.

The duality formula and the particle Gibbs-Glauber dynamics introduced in this article open
up a whole new avenue of research questions.

Recall that the Feynman-Kac measures can be interpreted as the distribution of the ran-
dom paths of a non absorbed particle evolving as X; and killed at rate V;. This class of models are
often referred as particle models in absorbing medium with soft obstacles [24] [33] 35]. A natural
research project is to extend this framework to absorbing medium with hard obstacles [38], [39] [74].

Another important question is to extend the Taylor expansions of the Gibbs sampler developed
in [31I] to continuous time models. One possible route is to combine the weak Taylor expansions
developed in [37] for particle approximating measures with the backward analysis developed in the
present article.

We mention that the perturbation analysis developed in [3I] allows to destimate the L,-decays
rates to equilibrium in terms of the norm of integral operators. In this connection, one important
question is to quantify with more precision the exponential convergence rates to equilibrium of the
Particle Gibbs-Glauber dynamics stated in theorem [I.2]



1.3 Basic notation and preliminary results

Let B(S) be the Banach space of bounded functions f on S equipped with the uniform norm
|f] := supges | f(x)|. Also let Osc(S) < B(S) be the subset of functions f with unit oscillations;
that is s.t. osc(f) := sup,, [f(z) — f(y)] < 1.

We also let M(S) the set of finite signed measures on S, M, (S) € M(S) the subset of positive
measures and P(S) € M (S) the subset of probability measures. Given a random measure y on S
we write E(u) the first moment measure given by

E(u) : feB(S) —E(u)(f) = E(u(f) with u(f) = f p(dx) f(x)
The total variation norm on the set M(S) is defined by

lpllew = sup {lu(f)] = f € Osc(9)} (1.3)

1.3.1 Integral operators
For any bounded positive integral operator Q(z,dy) and any (u, f,z) € (M(S) x B(S) x S) we
define by u@ € M(S) and Q(f) € B(S) by the formulae

(1Q)(dy) = f W(dz)Q(z,dy) and  Q(f jczx dy) 1(y)

By Fubini theorem we have pQf = pw(Q(f)) = (Q)(f). We also write Q™ the n iterate of @

defined by the recursion Q"(f) = Q(Q"~'(f)) = Q"1 (Q(f)).
When Q(1) > 0 we let Q be the Markov operator

Q : feB(S)—Q(f):=Q(f)/Q(1) € B(S)
We also let ¢ be the mapping from P(S) into itself defined by

Q@

o — M =1 and #(@)() = Q(f)(z) (1.4)

d(n) =nQ" with Q" :=

Notice that
Q"(1) = pQ"(1) Q*(1) = (nQ"(1))! = nQ"(1)
1.3.2 Taylor expansions
Observe that for any n,v € P(S) we have the decomposition
o(v)—om) = nQ"(1) x (v—n)oye
with the first order operator
on¢ : feB(S) = dyo(f) = Q" [f = d(n)(f)] € B(S) = ndn¢ = 0 = dpo(1) (1.5)

Also observe that

ond(f)(x) = Q"(1)(x) f n(dy) Q"(M)(y) (Q(f) (=) — Q(NH(Y)) o)
1.6

= [oy¢l < 1Q"(1)] 0sc(Q(f)) and [$(v) = d(n)ww < [1QVD] A [QT(D)]] osc(Q(f))



More generally, using the identity

R S i Gl (1.7)

X
0<k<n

which is valid for any = > 0 and n > 1, we check the Taylor with remainder expansion

n ﬂ% 1
(v — )@ a0 (1.8)

o) = s+ Y o r-m e

1
I
Gt (n+1)!

In the above display, é’lgqb stand for the collection of integral operators

oho(f) = (~DF R QS @a,0()| and )0 0 = nQv(1) 0o
For any p,n € P(S) we have the decomposition

Od(f) = Q"f —o)fl = pQ"(1) (0ue(f) + Q"(1) [o(n) — d()](f))

1.3.3 Carré du champ operators

The carré du champ operator associated with some the generator L acting on an algebra of functions

D(S) < B(S) is defined by the quadratic form

(f.9) € D(S)* — T'L(f,9) = L(fg) — fL(g) — gL(f) € B(S)

When f = g sometimes we write I'z(f) instead of T'r(f, f). We also recall the Cauchy-Schwartz
inequality

TL(f.9)| < VTL(f, )Telg.9) and Ti(cf) = *Tr(f) (1.9)
The above inequality yields the estimate

Do(f +9) = To(f) + Tulo) + 200 (f,0) < [VIL() + VIn(o)| (110

Let L? be some bounded jump-type generator of the following form

L4(f) (1) = Au) f (F(0) — F(u)) J (s, dv)

for some bounded rate function A\ and some Markov transition J on S. In this case, we have

Tya(f.g)(u) = f L, dv) (6, — 6,052 (f @)

We consider the n-th order operators

F(L’ﬁ)(fl, e fa)(u) = J LY u, dv) (0, — 0.)®2" (1 ® ... ® fn) (1.11)
We also have the carré du champ formula

(nQ"(1))” Tr (Q"(1),046(f)) = Tr (Q"(1), 0ud(f)) + (1) —d(m)](f) T (Q"(1))  (1.12)
for any f € D(S) as soon as Q"(1),0,0(f) € D(S).



1.3.4 Empirical measures
We fix some integer N > 2 and for any 2 <i < j < N and = = (2%)1<;<n € Sy we set
7t = (a;l,...,x‘ , T ,...,a;N) e Sn—1

—5 1 i—1 i+l i1 j+1 N
P (:1:,...,95 A /R A )ESN,Q
For any 2 <i < N and z = (2')1<;j<n € Sy we consider the functions

Ppi t WES > p.i(u) (:131,...,xi_l,u,m”l,...,:rN)ESN

5, € P(S) (1.13)

1<i<N

m : xeSy — m(z)=

Let X = (X%)1<;<n be N independent random samples from some distribution € P(S). Using
(1.8) we have the first order expansion

¢(m(X)) —d(n) = (m(X)=n)oye —n(@Q™™M (1)) (m(X) —n)(Q"(1)) (m(X) —n)dye

Several estimates can be derived from the above decomposition. For instance using Cauchy-Schwartz
inequality we have the bias estimate

log (Q(1)(2)/Q(1)(y)) < ¢ = N [E[¢(m(X))(f)] — ¢(n)(f)] < e 0sc(Q(f))

2 A brief review on Feynman-Kac measures

2.1 Evolution semigroups
Consider the flow of Feynman-Kac measures (v,7) : t € Ry 1= [0,00[— (v, ) € (M4(S) x P(S5))
defined for any f € B(S) by the formulae

ne(f) = w(f)/ (1) with (f) :=E (f(X:)Z:(X)) (2.1)

In the above display, Z;(X) stands for the exponential weight

t

2x) = e |- [ tmxs)ds} — g (Z,(X) = - [ n.(vi)ds

This shows that

Zy(X) = Zy(X)/E(Z (X)) = exp [— Lt VS(XS>dS] with Vi =V, — (V)

We also consider the Feynman-Kac semigroup
Qst(f)(@) = E(f(Xy) Zoy(X) | Xs = x)  with  Z,(X) := Zi(X)/Zs(X) (2.2)

When V' = 0 the semigroup @ resumes to the Markov semigroup P ; of the reference process X;.
The mathematical model defined above is called the Feynman-Kac model associated with the
reference process and the potential function (X, V}).
We further assume that the (infinitesimal) generators L; of X; are well defined on some common
sub-algebra D(S)  B(S), and for any s <t we have Q,+(B(S5)) < D(S5).
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We let Vy(f) = Vif the multiplication operator on B(S). We also let L; = L§ + L{ be the
decomposition of the generator L; in terms of a diffusion-type operator L{ and a bounded jump-
type generator of the following form

L{(f)(u) = M(u) f (f(v) = f(u)) Je(u, dv)

for some bounded rate function A; and some Markov transition J; on S.
In this notation, for any f € D(S) and s < t we have

0e(f) = m(LY (f)) with L{ = Ly =V, = 7 = 7:Qs (2.3)

The semigroup associated with the normalized Feynman-Kac measures 7; is given for any s <t
by the formula

nst,t
nst,t(l)

with the collection of functional linear operators
Ae(n) = feD(S) = Ae(n)(f) = 0(Ly (f)) +n(Ve) n(f) e R

Finally we recall that 1, = Law(X;) can be interpreted as the law of a nonlinear Markov process
X associated with the collection of generators Ly, defined for any (n, f,z) € (P(S),D(S) x S) by

Nt = ¢Gst(ns) = = 0me(f) = Me(m) (f) = me(LY () + me(Ve) me(f) (2.4)

Lin(f)(@) = Le(f)(2) + V(2) J (f(y) = f(x) n(dy) = Ai(n) = nle, (2.5)

2.2 Path space measures

Consider a Feynman-Kac model (v;,n;, Q% 4, Q;, . . .) associated with some auxiliary Markov process
X/ on some metric space (S’,dg/), and some bounded non negative potential functions V; on S’.
Also let Lj be the generator of X| defined on some common sub-algebra D(L') < B(S").

Assume that the process X; discussed in ([2.1)) is the historical process

X; = <X;)s<t €85 := UioD(S") and Vi(Xy) := V;/(Xt') = = Q; (2.6)

In this situation, the generator L; and the domain D(S) of the historical process can be defined
in two different ways:

The more conventional approach is to consider cylindrical functions

f(Xt) = @(Xél/\tﬂ SRR Xén/\t)

that only depend on a finite collection of time horizons s; < s;41, with 1 < ¢ < n, and some bounded
functions ¢ from (S’)" into R. The regularity of the "test" function ¢ depends on the process at
hand. For jump-type processes, no additional regularity is required. For diffusion-type processes
the function is often required to be compactly supported and twice differentiable.

Another elegant and more powerful approach is to use the functional It6 calculus theory in-
troduced by B. Dupire in an unpublished article [4I], and further developed in [I8], 45]. This
path-dependent stochastic calculus allows to consider more general functions such as running in-
tegrals or running maximum of the process Xj. It also allows to consider diffusion-type processes
with a drift and a diffusion term that depends on the history of the process.
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The path space S is equipped with a time-space metric dg so that (S,dg) is a complete and
separable metric space (cf. for instance proposition 1.1.13 and theorem 1.1.15 in [70]). The smooth-
ness properties of continuous function f on S are defined in terms of time and space functional
derivatives. Thus, for diffusion-type historical processes X;, the generator L, is defined on functions
f € D(L) which a differentiable w.r.t. the time parameter and, as before twice differentiable with
compactly supported derivatives (cf. for instance theorem 1.3.1 in [70]).

It is clearly not the scope of the article to describe in full details the above functional It6 calculus.
We refer the reader to the article [45] and the Ph.D thesis of Saporito [70].

In the further development of the article we shall use these ideas back and forth. We already
mention that the mean field particle interpretation of the Feynman-Kac measures associated with
an historical process coincides with the genealogical tree-based particle evolution of the marginal
model.

2.3 Some regularity conditions

This section discusses in some details the two main regularity conditions used in the further devel-
opment of the article.

Firstly, observe that the semigroup F;; associated with the historical process X = (X)) s<t
discussed in never satisfies the regularity condition (Hp) stated in . Nevertheless it may
happens that the semigroup P, + associated with X satisfies condition (HO) In this situation, to
avoid repetition or unnecessary long discussions we simply say that (H{)) is met.

We also use the following weaker conditions:

(Hp) Jao<o 3B>0 st Vs<t osce(Quu(f)) <a e P79 ose(f)

(Hy) dg< o st. Vs<t Vz,yelS log (Qs+(1)(2)/Qs(1)(y)) < ¢

As before when the semigroup @;t and Q’&t of Feynman-Kac model associated with some parameters

X/, V) satisty condition (H;), to avoid repetition or unnecessary long discussions we simply say
tr Vi

that (H/) is met. We recall that

(Ho) = (H1) = (Ha2)

The proof of the L.h.s. assertion can be found in [34]. In this context, the parameters (o, 3) don’t
depends on the measure j , discussed in (1.2). To check the second we observe that

t

log (Qs,:(1)(2)/Qs.:(1)(y)) = f [05,u(0y) (Vi) = Ds5,u(02) (Var)] due (2.7)

S

This implies that

(H) = (Hy) with ¢ =aB " osc(V) with osc(V) = suposc(V})

=0

Using (1.6 we also have

(Hy) = [0n¢si(f) < e osc(f) (since osc(Qg4(f)) < osc(f))
(Hi) = |[0ndst(f)] < <r e Pl osc(f) with r=ae? and g=ap! osc(V) (2.8)

We return to the historical process X; = (X) s<¢ discussed in (2.6). In this case, for any z; =
(2’ (u))ugs € Ds(S") we have
Qst(f)(@s) = QL (f)()

12



in the above display, f and f’ stand for some bounded measurable functions on the path space
Dy(S’) and on S’ such that

Yy = (' (W)u<t € De(S)  fye) = f'(y1)
This implies that
(H}) => (Hz) ismet with ¢=aB ' osc(V) and [0,¢s:(f)| < e? osc(f) (2.9)

2.4 Forward and backward equations

Proposition 2.1. For any s <t and n € P(S) we have the Gelfand-Pettis forward and backward
differential equations

5t¢s,t(77s) = At(%,t(%)) and 05¢S,t(n) = _AS(77>an¢S,t (2.10)
In addition, for any mapping ¢ of the form we also have
019 (ds(n)) = Ae(0) 0, )¢ and 05 (9s4(n)) = —As(M)0g, ()9 (2.11)

Proof. The Lh.s. assertion in (2.10]) is a direct consequence of ([2.4]). Applying these decompositions
to ¢s, for any s + h <t we find that

¢8+h,t (77 + [¢s,s+h(77) - 77])

1 1

0D 3 [Pnsen(n) =] 0 Cidin

= ¢s+h,t(n) + [¢s,s+h(77) - 77] o anflserh,t +

On the other hand we have
¢s,s+h(77) =n+ AS(U) h + O(hz) and ¢s,s+h(n)Qn(1) =1+ O(h)

This yields the backward evolution formula

W @s st () = Gst()] —h0 Osbs () = —As(1)Oyds.s
For any mapping ¢ of the form (1.4 we also have

¢ (Pstnt(n) = ¢ (Dt (M) = (Ps4ne(0) = Ds,6(1) g, , ()¢

1 1 1
+3 (Pstn,t(n) — ¢8,t(77))®28355,t(77)¢ + bssni(n) QP (1) 3

Arguing as above we check ([2.11]). This ends the proof of the proposition. [

(Sssnt(n) = Gst(m)® 033, (1)@

2.5 Mean field particle systems

Let B(Sy) < B(SY) be the subset of symmetric functions on SV, and B(S x Sy_1) < B(SV)
be the set of functions F on SV symmetric with respect to the last (N — 1) arguments. Also let
D(SN) = B(SY) be the set of functions F € B(SY) s.t. for any x € Sy we have

Fxfi =Fo Pp—i € D(S)

with the functions ¢, and the set D(S) introduced in (1.13)) and (2.3)).
Also let D(Sy) < B(Sy), resp. D(S x Sy_1) < B(S x Sy_1) the trace of D(SY) on B(Sy),
resp. B(S x Sy_1).
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Definition 2.2. The N-mean field particle interpretation of the nonlinear process discussed in
is defined by the Markov process & = (ﬂ) € Sy with generators Gy given for any F € D(SN)

; 1<i<N
and any x = (2')1<i<n € SN by
Gi(F)(z) = Z Ly () (Fpi) (2") (2.12)
1<i<N

We let F := (Fi)i=0, with F; = 0(&, : u < s) be the filtration generated by the mean field

particle model defined in .

We let D([0,T],Sn) be the set of function F' : (t,z) € ([0,T] x Sy) — Fi(z) € R with a
bounded derivative w.r.t. the first argument and s.t. F; € D(Sy). For any F € D([0,T], Sy), and
any T' = 0, we have

dFt(gt) = [&Ft + Qt(Ft)] (5,5) dt + th(F)

In the above display M; stands for a martingale random field on D([0,T], Sy) with angle bracket
defined for any functions F,G € D([0,T], Sy) and any time horizon t € [0,7] by the formula

at<M(F)7 M(G)>t =Ty, (Ft7 Gt)(gt)
Choosing functions of the form

Fi(x) = m(x)(fr) and  Gi(x) = m(x)(9:) = Tg,(Fr, Gt)(&) = m(&)T L, e,y (frr90)  (2.13)

we also check that the occupation measure m(&;) € P(S) satisfies the stochastic equation

Am(©)(f) = [m(&)(@1) + M(m(€0)()] dt + — d(1) (2.14)
with a martingale random field M; on D([0,T1],S) with angle brackets by the formula

(M (f), M(g))

= m(&)(Tr, (fi, 9¢)) +f m(&:) (du) m(&)(dv) Vi(u) (fe(v) = fe(w))(g:(v) — g (w))

With a slight abuse of notation we also write M; the extension of the random field M; to F-
predictable functions D([0, 17, S).

In the further development of the article we write (Mg, M¢) and (Mg, M) the continuous and
the discontinuous part of the martingales (M, M;); as well as

Liy=L§,+L{, with Lf =L

The angle bracket of M is given for any functions F,G € D([0,T],Sy) and any time horizon
t € [0,T] by the formula

MA(F), MUG))y

= 3| [Fer )= F@)] |G 0) — Gulé)] Vi€ mlgo)av) + Ml e o)

1<i<N
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Definition 2.3. Let {; = (C§)1<i<N € (S x Sy—1) be the Markov process with initial condition
Co = & and generators Hy defined for any F € D(S x Sy_1) and = (2")1<i<n € (S x Sy_1) by

Hi(F)(x)
= Ly(Fy)(@') + )] (Lt(Fm—i)(wi)+W(fvi) f (Fx—i(U)—F(fﬂ))mxl(m{“})(dU))
2<i<N

with the empirical probability measures
, 2 - 2
mgr (=i = ( - N> m(z~ ) N 1

Theorem 2.4. Given the historical process @1 the process ((; )s<t coincides with the (N —1)-mean

field interpretation of the Feynman-Kac model (n; )s<t defined as in and by
replacing (Ls, V) by (L3, V), with the jump generator

L (D) = LD + 3 Vi(w) (F(6) = fw) and vy o= (1= 5 ) W

Proof. By construction, the generators G; of the process ({ )s<¢ given @1 are defined for any s < ¢,
any F € D(Sy_1) and any = = (2%)1<;<ny € Sy_1 by the formula

G, (F)(z)= Y, Ls(Fe)@)+ Y Vi(a') f (Fp-i(u) = F(z)) mei (z7")(du)

1<i<N 1<i<N

Observe that for any = = (2%)1<i<y € Sy_1 and y € S we have

f (Fyes () — F(x)) my (=) (du)

G (F)x) = Y [L5<Fx-i><xi>+m<xi> | <Fm-z-<u>—F<a:>>m<x><du>]

1<i<N

This ends the proof of the theorem. |
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3 Perturbation analysis

3.1 Semigroup estimates

We consider a collection of generators L¢ and potential functions V;® of the form
Li=Li+eL; and VP =V, 40V, with ¢1d|€e][0,1]

In the above display, V; stands for some uniformly bounded function and L; a bounded generator
of an auxiliary jump type Markov process of the form

L) =M@ [ ()~ f@) Kila,dy)
for some jump rate function function A(x) and some Markov transitions K;(z,dy) such that
A< A(x) <A and @y ke(dy) < Ki(z,dy) < wa ke(dy)

In the above display, A;, w; stands for some positive parameters and x; some probability measures.
We let Pg, be the transition semigroup of the process with generator Li. In this notation, we
have the following technical lemma.

Lemma 3.1. Assume that Ps; satisfies (Ho) for some parameters h and p(h) > 0 and some
probability measures iy p,. In this situation, for any € € [0,1] and t = 0 there exists some probability
measures fi; , such that

pe(h) nip(dy) < Pyyn(z,dy) < pe(h)™" g, (dy) (3.1)
with the parameters
pel) = p(h) (€72 4+ (1 = &)z, ) min (1) (1 /m2), e~ P A0
> plh) min () Ao)(@1 /@), ")
The proof of the above lemma is provided i 1n the appendix on page [26]

We consider the Feynman-Kac semigroup Q s¢ be defined as Q)5+ by replacing V; by Vt and X;
by a Markov process with generator L.

Also let ¢(5e be defined as ¢5; by replacing ()s; by Qg’;, and set
Lf’e = Gzt ) Vt and Li’; = Ezt — (S(Vt — U(Vt))
Theorem 3.2. For any ||, |d| € [0,1] and any s <t we have the semigroup perturbation formulae

t
Q% — Quy = j QU L3¢ Quy du = J Qe L3¢ Q%5 du (3.2)
S

In addition, for any n e P(S) we have

¢ ( ¢St J¢ 66 ¢utdu—f¢su Li;su()a¢5un)¢6€ du

,qﬁs u(n)
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Proof. We check (3.2 the fact that

0u(QQuyp) = Q%% (L — Lu — 3 Vi) Quyg = € Q%% Lu Quyt — 8 Q%4 Vi Quy

and

0u(QsuQ05) = —€ Quu L Q05 +6 Qs Vi Q35

The perturbation analysis of the normalized semigroups gf)s”t is slightly more involved.
Let Af’G be defined as A; by replacing (Lg, Vi) by (L£, V). Notice that

oy ) = n| = A¥ () + O)

For any given s < t, we consider the interpolating maps u € [s,t] — — A% defined by

s,u,t

4, s,
As Z t- ¢u,t © (bs,z

On the other hand, for any s < u < u + h <t we have the decomposition

Al () = Al ()
= buini (65n (M) = Sui (65 + St (620140 — Gt (¢25(m))
= — M@ ) (050 oy 0ut ) B

6wt (0250 + |05 (n) — hnm)| ) = due (#2a0m) + O(?)
This implies that

Bt Al ) — AT ()]

_Au((pgﬁi( )) 5 < )¢“ t+ h™ [¢s u+h( ) - (ngi(n)] a¢g»’;(n)¢u,t + O(h)

We conclude that 5
Oul () = | NS08, 0m) = Mu(@e(m) | 2,50 ) S
On the other hand, we have

A7) = M| (1) = € n(TeF) = 6 0(f (Ve = (V)

By symmetry arguments, this ends the proof of the theorem.

Corollary 3.3. For any s <t and any n € P(S) we have the estimates

(H1) = [625(0) — st < ¢ (€ + )
(Hs) = [625(n) — ¢sp(m)w < ¢ (e +8) (t—s)

for some finite constant ¢ whose value doesn’t depend on the parameters (s,t,n), nor on (€,9).
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3.2 Particle stochastic flows

For any t > 0, we let Am(&;) be the random jump occupation measure
Am(&) = m(&) —m(&-) = AMy = My — M

with the martingale random field M; defined in (2.14}). In this notation, we have

N R | (AmE@) (Y ® @ ) | A = m@ ) (7 63)
with the operators F( n) defined in (|1.11). When n = 2 the above formula resumes to
m(ﬁt )

SR [Am(E)(f) Am(€) o) | Fil = 5 ml& Ty (i)

= O ME(f), M (g)) = oM (F), MY (G));  with (F,G) defined in (2.13)
Definition 3.4. For anyt > s and n = 1, we consider the integral random operators
n n— 1
A'psi(m(&)) == N (Am(€s)) Om(es )+ Am(es) m(es ) Psit
and their first variational measure

T, (Pst = OsE[A"s 1 (m(&5)) | Fo-]

Choosing n = 1 we have

A¢s,t(m(€s)) = A1¢s,t(m(§s)) = ¢s,t(m(€s)) - ¢s,t(m(§97))

Arguing as in the proof of (2.8) and using (3.3)), for any collection of functions f(™ e Osc(S) we
have the estimate

N1 OB | Adua(m(€)Z () @@ f) | Fae | < e A+ V] (3.4)
Proposition 3.5. For anyt > s andn = 1, we have
Nn—l
Ay (m(€) = S (A€ Pe, s + 5 A" hua(m(&) (35)

In addition, for any f € B(S) we have

Tzl(gsf)gbs,t(f)

n m(€s—1 m(&s—1 1 n
= (0" ()T (@), QU (1), e, 8sa(F)) + 1 T dsa(F)

m(€s—)

Proof. We have

A" g i(m(&s) = N” [A¢s,t(m(£s))— > ;(Am<£s>>®ka§(§s)¢s¢]

1<k<n

N A"gualm(€:)) — - (Am(€)T" e, b0 = (B
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This implies that
OsE[A"psi(m(&s)) | Fou] =T m(g d)st

an

QB[ (Am(E)T e, 10t | For | + < GE[A™ 6, (m(6,)) | Fi]

This ends the proof of the proposition. |

Lemma 3.6. For any n > 1 and s < t we have the almost sure uniform estimates
(Ha) = 1% ybotlio < 277209 |3 4 V] (3.7)

The detailed proof of the above estimate is provided in the appendix, on page
In the further development of this section, for any given time horizon ¢ and any f € B(S) we let

€ [0.] = M. 1(m(.))(f))
be the martingale s € [0,t] — MY(F) associated with the function
(s,2) € [0,t] x Sy = F(s,2) = ¢s.1(m(x))(f)
We also denote by
€ [0,6] = ME (Oie.0.4()) » resp. Mg (QTE) (1))
the martingale MS(f) associated with the F-predictable bounded function
(s,2) € [0,6] x 8= [i(@) = die,ydsa(£)(@) . resp. filw) = QIS (1)(w)
We are now in position to state and to prove the main result of this section.

Theorem 3.7. For any time horizon t = 0 and any f € B(S) the interpolating function
s €[0,t] = g5 (m(&s))(f) €

satisfies the stochastic differential equation

A5 (mENS) = jﬁ AME (P yd.2(f) + AM (6.4 (m(.))(f))
T2 e delf) ds—% ()T (QUE) (1), dieus()) ds

Proof. Observe that

1 (&
m(&s) = As(m(&s)) ds + TN dM$ + Am(&s) — I\E(Am(f‘i) | }'5_2

Using It6 formula and the backward formula we have
d §s 1 (M(E:))(f) = =As(m(&s)) (Omie,) Pt (f)) ds + [Psi(m(&s-) + dm(&s)) — dse(m(€s-))] (f)

_
VN

Lds

AM (O 16, 1(f)) + dME(d. 1(m()(f))

+ﬁ (dMg ® dM) i(gs)(z)snf(f) + 0sE [Ad)S,t(m(fs»(f) - Am(fS)am(gs,)QbS,t(f) | ]:8—] ds
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This ends the proof of the theorem. (]

Next corollary is a direct consequence of the recursion (3.6)).

Corollary 3.8. For anyt > 0 and any f € B(S) we have the almost sure formula

$s.t(m(€s))(f) = Po..(m(£0))(f)

= e M (e y6a()) + M. )(1)

1 $ m(&y 1 S
% ), M rm (Quéf (1), Omieny bua(f )) du+ 5 JO Vin(eunyPust(f) du
(3.8)
Choosing s = ¢ and taking the expectation in (3.8)) we obtain the following result.
Corollary 3.9. For any t =0 and f € D(S) we have the formula

E(m(&)(f)) — E(do,t(m(&0))(f))

e N LN (i Ry | R T | ENEs)

3.3 Some non asymptotic estimates

Theorem 3.10. For any time horizon t = 0 and any function f € Osc(S) we have

(Hy) = [E(m(&)(f)) = m:(f)]
(Hz) = [E(m(&)(f)) —m:(f)]

for some finite constant ¢ whose value doesn’t depend on the parameters (t, N).

The proof of the above theorem is mainly based on the decomposition presented in corollary [3.9]
The estimates rely on elementary but rather technical carré du champ inequalities, and semigroup
techniques. Thus, the detail of the proof is housed in the appendix, on page [27]

The first estimate stated in the above corollary extend the bias estimate obtained in [67] to
time varying Feynman-Kac models. The central difference between homogeneous and time varying
models lies on the fact that we cannot use h-process techniques. The latter allows to interpret the
Feynman-Kac semigroups in terms of more conventional Markov semigroups.

We end this section with a some more or less direct consequences of the above estimates in the
analysis of the measures discussed in theorem

By corollary [3:3] for any N > 1 we have

(H1) = |y —nilew < ¢/N and  (Hz) = |n; —nelew < ct/N

By (3.1), when (Hy) is satisfied, the Feynman-Kac model defined in terms of (L7, V™) satisfy the
stability property (Hp). Thus, using theorem we readily deduce the following estimates.

Corollary 3.11. We have almost sure and uniform estimates
(Ho) = [E (m(¢)(f) | &) = m(N)] < e/N
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We further assume that the Feynman-Kac model is associated with the historical process X; =
(X!)s<t discussed in . Also assume that the transition semigroup P; ; of the auxiliary process X;
satisfies condition (Hp); that is (H) is met. In this situation, using we check that the Feynman-
Kac model associated with the historical process X; satisfies (Hz). Thus, using corollary we
also deduce the following estimates.

Corollary 3.12. Assume that the Feynman-Kac model is associated with the historical process
Xt = (X))s<t of the auziliary process X{. In this situation, for any N > 1 we have almost sure and
uniform estimates

(Hp) = [E (m(¢)() | &) = m()] < e t/N

The above results give some information on the bias of the occupation measures. We end this
section with some propagation of chaos estimate. Using (3.8), for any functions f; € Osc(S) we have

E (m(&)(f1) m(&)(f2)) — E (do,(m(£0))(f1) do,t(m(£0))(f2))

1 t m
"N, {(2)( ! L E |60 (m(€))(fe) MET Ly ey (Qrk™ (1), Oy dua () | du
De{(1,2),(2,1

T L B [m(€TL, ) (Conten) Bt (1) Qe bua(12)) |
* fo s E[A¢s1(m(€s))(f1) Ads(m(Es))(f2)] ds

1 t
S E |9u(m(E) () Tre, dualfi) | ds
o <k7l>e{<1Z2),(2,1)}J0 [ ' (€s—-)Psit ]

By (3.4) and using the same lines of arguments as in the proof of theorem we check the following
estimates.

Corollary 3.13. For any time horizon t = 0 and any f,g € Osc(S) we have

(H) = [E(f(&) 9(&) — m(f) me(9)
(Hy) = [E(f(&) 9(&) = m(f) me(9)

In the settings of corollary we also check the almost sure estimate

uL
ui

(Hy) = [ (£(c2) 9(¢}) | G') = m(f) mlg)] < e /N

We can extend the above arguments to any finite block of particles.

4 Many-body Feynman-Kac measures

4.1 Description of the models
We let Pf and IP’% be the distribution of the historical process

& = (€)sxt 1= (¢h....¢N),., and Goi=(Co)sst i= (¢d- 1 ¢Y) ey € Di(S x Sy-1)
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We set
t o ¢ o
24 = exp |- [ ml€) (Vs and Zu(e) = exp |~ [ (e V.)as|
0 0
We recall for any f € B(S) the unbiased property
E (m(&)(f) Zi(&)) = m(f)
For any 1 < ¢ < N we also consider the historical process
¢/ = (())s<t and the reduced particle system G = (& ) e Sna

Definition 4.1. For any time horizon t € Ry, the N-many-body Feynman-Kac measures (@f €
P(D(S x Sy—1)) and Qf € P(Dy(S x Sy_1)) are defined by Radon-Nikodym the formulae

dQ;/dP; := Z,(¢)  and  dQp/dP = Z,(¢") (4.1)

4.2 A duality formula

In contrast with conventional changes of probability measures the exponential terms 71«/‘(5) and

Z(¢') have unit mean but they are not martingales w.r.t. the laws IP)f and IF’%. We let le be the
¢/-marginal of Qg, with 1 <7 < N.

Theorem 4.2. For any 1 < i < N and any time horizon t = 0 we have

Q=0 and Q =Q (4.2)

Proof. Observe that é = (&)s<t and & := ((s)s<t coincide with the historical processes of processes
&s and (5. In addition, for any x = (z5)s<t € Di(S) we have

Vi(z) == Vi(ze) = m(E&) (Vi) = m(&s) (Vi)

In this case, Qf and Qg coincide with the ¢-time marginal of the measures of the measures @f and @§
defined as above by replacing (&, (;, V;) by (Et, G, 17}) In this situation the state space S is replaced
by the space of paths S = Ut=0 D¢(S). In addition, the generators (G¢, H¢, G, ) are replaced by the
generators (@, 7-Alt, G\t_ ) of the historical processes (ét, @, QA't_) These generators are defined as above
by replacing (S, Ly, V;) by (g, it,f/t) where L, stands for the generator of the historical process
)/(\'t := (Xs)s<t- Thus, there is no loss of generality to prove for the t-marginal probability

measures (@f,@g) of (Qf,(@f).
For any (F,x) € (D(S x Sy—1) x Sy) we set

Lo(F)(z) = ) Lu(F)()
1<i<N
L/ (F)(@) = Y L (Fe)(@) = LoF) (@) = N m(z)(V) Fla)

Observe that
G.(F)a) = LiF)@)+ ¥ Vile) | (Freilw) - Fla) m(a)(du

1<i<N

= L)@+ Y Vi) [F (o) — Foi(a)]
1<itj<N

= L)@+ Y Vi) Fei(ad) - (N = 1) m() (V) F()
1<i+j<N
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This implies that

Gi(F)(x) — m(2) (Vi) F(z) = £} (F)(x) +% Y, V@) Fyi(a)

1<i$j<N
On the other hand, we have
1 . .
v D Vi) i)
I<ifj<N
1 A A 1 A A
=y 4 V) Ea@) g 3 W) Fe(@) 4 V) B ()]
2<i+j<N 2<j<N

This implies that

ath(F)E([ﬁtV(F)(&H 5o (1-3) 5o 3 Rl

2<i<N

+(1- ) [Weh Fa@ e 6] 200)

By symmetry arguments, we check that

at@§<F>=E( LY (Fe) ) + D) LF)E) — ), V(&) F(&)

2<i<N 2<i<N
i 2 —{1,i} iy 2 1
bYW [ Rt (10 5) m@ @0+ X uE) 3 Rl zt<«s>>
2<i<N 2<i<N

We conclude that

0@ (F) = E (| LFg)(6) — V() F(&)

b % (e e [ (R - Fe) mg(&g“’“)(du))] Zt<f>>

2N

By symmetry arguments we have

0Q; (F) = E(K(F)(&) () = Q(K(F)) with K(F)(x) = Hi(F)(x) - V(') F(x)
In much the same way, we have

0% (F) = E (K(F)(G) Zi(¢h)) = QL (K(F))
This ends the proof of the Lh.s. assertion in (4.2). Thus, choosing F(z) = m(z)(f) we have
m(f) = E(m(&)(f) Ze(€))
1

= E(mG)(f) Zic) = ) + (1= 1 ) () Zc)
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This ends the proof of the r.h.s. assertion in (4.2). The proof of the theorem is completed. (]

We let X; be a random sample from m(&;). Next corollary extend the duality formula presented
in [31] to continuous time Feynman-Kac models.

Corollary 4.3. For any F € B(S x Dy(S x Sy_1)) we have the duality formula
(F) = E (F(X0,&) Z:(€)) = E (F (¢, G) Zu(¢h))

The above corollary is valid for any Feynman-Kac model Q; associated with some process X;
and some potentlal functlon Vi on some state space S. Thus it applies to the Feynman-Kac model
Q; defined as in 1)) by replacing (X, V;) by the path-space model (Xt, W) on the path space S.
In this notation the t-time marginal 7; of (@t coincides with the measure Q; defined in 1.j

In the same reverse angle, let Q] be the Feynman-Kac model associated with some process X

and some potential function V/ on some state space S’. Also let Q; := Q] be the Feynman-Kac
model associated with the historical process

Xt = 5(2 = (X;)sgt eSS = §/ = Us>0 DS(S,)
and the potential function V; on S defined by
Vi(Xe) = V(X)) = V) (X))

In this situation, the ¢-time marginal 7 of Q coincides with the path space measure Q}. In addition,
55 = (&)s<¢ is the historical process of N path-valued particles &5 = (£%)1<i<ny € Sy. In addition,
each particle & = (£l Juss € S represents the ancestral line of the particle & := ¢, € §'. For
any u < 8, :ffl’s stands for the ancestor at level u < s. Last but not least, the N particle model
¢! coincides with the N-particle model associated with the Feynman-Kac model Q}. Therefore the
duality theorem stated in the introduction is a direct consequence of the above corollary.

Now, we come to the proof of the corollary.

Proof of corollary [{-3
We associate with a given F € B(S x Dy(S x Sy_1)) the function F € B(Dy(S x Sy_1)) defined

for any
z = (z1(s), (@%(s), ..., 2N (5)))s<s € Di(S x Sy_1) and  z(t) := (z'(t),..., 27 (1))
by the integral formula
- f m(x(t))(du) F(u,z)

Using we have B o - _
E (F((fs)s<t) Z4(€)) = E (F((¢s)s<t) Zi(¢h))

On the other hand, for any 1 < i < N we have
E (F((&s)s<t) Ze(€)) = E (F(fm (&s)s<t) Zi(€)) = E(F(&), (&)s<t) Z¢(€)) = B (E((&s)s<t) Z1(9))
with the function F € Dy(S x Sy_1) given by
E((2'(s),..., 2N (s))s<t) = F(a' (1), (2 (5), .., 2™ (5))s<r)
Using we also have
E (E((SS)SQ) Zt(g)) =E (E((CS)Sét) Zt(gl)) =E (F(Ctla (CS)Sét) Zt(cl))

This ends the proof of the corollary. |
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4.3 Particle Gibbs samplers

We further assume that reference process X; = (X1)s<t € D¢(S’) in the Feynman-Kac measure
is the historical of some auxiliary process X taking values in some metric space (S, dg/). In this
case, X; is a Markov process taking values in S = Ugs0Ds(S’). Also assume that the potential
function V; is chosen so that V4(X;) = V/(X]). In this situation, the mean field particle model
& coincide with the genealogical tree evolutions of the mean field particle interpretation of the
Feynman-Kac measures associated with (X7, V/).

In the same vein, the particle model (; is path space genealogical tree based particle model. For
instance ¢} = ((!)s<¢ is itself the historical process of the path-space process ¢! € D4(S’); so that
the jumps onto ¢} have to be interpreted as a jump of an ancestral line onto ¢}

In this situation, for any given time horizon ¢ > 0, we have

;(d(z1,22)) € P(Ey x Ey) with Ey = Dy(S’) and Ej:= Di(S x Sy_1)

Observe that for any zg := (22(5))s<t € Fo := Dy(S x Sy—1) and any s < ¢t we have
29(5) i= (21(5), (2(5), .., 25 ())) € D(S) x D(S) -1

In this notation, we have desintegration formulae

I (d(z1, 22)) = ne(dz1) My(21,dz2) and TIi(d(z1, 22)) = Qf(d@) Ay(z9,d21)
In the above display M; stands for the Markov transition from F; into F» defined by

My (21, dzs) :=P(G € dzy | ¢} = 21)
and A; the Markov transition from FEs into Fy defined by
Ay(z9,dz1) :=m(22(t))(dz1)

The transition of the conventional Gibbs-sampler with target measure II; on E := (E; x E») is
defined by
Gt((21, 22), d(El,Eg)) = Mt(zl, dzg) At(fg, dzl) (43)

This transition is summarized in the following synthetic diagram

<z1>_><21 ~ >_)<Zl’”m(22(t))>
22 Za ~ (Gl G =2) Z2
By construction, we have the duality property
I (d(z1, 22)) Ge((21, 22), d(Z1, Z2)) = i (d(Z1,22)) G, ((Z1,Z2),d(21, 22)) (4.4)
with the backward transition
G; ((Z1,%2),d(z1, 22)) = At(Z2, dz1) My(21, dz2)

Recall that n; coincide with the marginal II; of II; on Ey = Dy(S’). In addition, integrating (4.4))
w.r.t. Zo we also have the reversibility property

nt(dzl) Kt(zl, dfl) = nt(dzl) Kt(fl, le)
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with the Markov transition K; = M;A; from Dy(S’) into itself defined by

Ki(7)() i= | Ko, d21) 10 = B (m(@)($) | & = =)

We further assume that the Markov transitions of X satisfy condition (Hp). On this situation,
combining corollary with corollary for any time horizon ¢ > 0, any function f with unit
oscillations and any p € P(D:(S”)) and n > 1 we check that

IK:(f) — me(f)] < e(t v 1)/N, which implies osc(K:(f)) < c(t v 1)/N,

and this yields |uK} — n¢fw < (c(t v 1)/N)"

for some finite constant ¢ whose value doesn’t depend on the parameters (f, ¢, N). Notice that since
we work on historical processes, Q; in Theorem [I.2] becomes n; here.

Appendix

Proof of lemma [3.7]

Let X, ¢(x), with ¢t > s, be the stochastic flow associated with the generator L; starting at X ¢(z) =
x at time t = s. In this notation, we have the perturbation formula

Pei(f)()

t

~ B[ f(Xa(a)) A 1 B [A(Xe0)) T DR (P (1)) (Kurl0)) | d

S
For non negative functions f and any ¢ > 0 and A > 0 we have

t+h

Pion(f) < e MMPgn(f) + GAQWQJ e~ MO g PeL L (f) du
t
t+h

< ePemAuh [C_GAQhPt,Hh(f) + €A2W2J e~ g, it () du}
t

In the same vein, we have
t+h
Pte,t+h(f) = (A1/A2)(w1/w2) {e_ehhpt,ﬁh(f) + 6)\2732J em2(u) Kupzi,t+h(f) du]
t
This shows that A5, )
ot h —1
< ——— () < pe(h)
d“t,h ‘
with the probability measure
t+h
:U’;h oc 676)\2hl”’t7h + GAQWQJ‘ efeAZ(uft) KUP;,t-l—h(f) du
¢

This ends the proof of the lemma. ]
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Proof of (3.7))

For any functions f; € Osc(S) and any [ < k we have

[ H Am(&)(f1) | ]:t]

1<i<k

]ék [ > (W&iﬂ&(ﬁi))] < ﬁ IA+ V]dt

1<i<N

Nk
(k+1)!

k 1)
— N*|TE L hsi(f)] = "

E[(@m(e))2E ) a0 bu(h) | F-|

= Nk

L m(&s-) k
OsIE Am(&) Qs> (1 AT(E) e, 1bs1(f) | Foe
[m(fs)QZ?t(gs)(l) (am(©) (M) Am© e, )65l | ”

< R x4 V|

Proof of theorem [3.10]
We use ([1.12]) to check that

MEIT L, e (U (1), O Bsa(f)
= (0. Q0 (1)) m(E)T L, ., (QU(1), Oy bs(F))

+ QI (1) [Dee(ns) — dse(mEN(S) mET L, e, (QT(1))
Using we also have the estimate

MEIT L, ey (1), G @) | < € 05¢(Quu()) MUET L, e, (A1)

£\ M€ L, ey (QUD) \/m(EIT L, ) (On.050(f)
On the other hand, we have
O 0sa(f) = QU Lf = m(N)] and QI(f)(@) =B (f(Xy) e 1VeXo) du | X, — o)
— A,QU(f) = ~La(QU(D) + Vs QU()
— QIR = —QU () Lo(QU(9) = QUi9) Lo(QU() + 2V, QU ()R (9)

We also have

Liw(f) = Lo(f) + Ve [u(f) = f1 <= Li(f) = Lepw(f) = Vi [f — u(f)]

This yields the formula

e, (f,9) —nlrL,(f,9) = f n(dx) n(dy) Vi(y) [f(v) — f(2)]l9(y) — g(x)]
= n(Vi(fg)) + n(Vi) n(fg) — n(fVi) n(g) —n(gVt) n(f)
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For any given time horizon t and s € [0, ¢] we have

dm(&s)( Zst(f> Z,St(g)) - \/% dMs(Q”,t(f)Q”t(Q))
= 1m(&s) [Lsm(e.) Qe (H)QT4(9)) — QL(f) Ls(QY(9)) — QL (9) Ls(QE(f)) +2Vs QL(F)QL(9)] ds
= m(&s) [Fs,Ls,m<gs)(Qth(f), 0(9) + Vs Q(f) (m(&)Q3(9) — QY4 (9))

+Ve Qli(9) (m(&)QY(f) — QI3 () + 2V, QI1())QL(9)] ds
This implies that

1

m(&)(fg) — m(&)(Qqy (/)Qa(9)) — TN M(QT1(£)QT4(9))

t
- j (€T e, e (@), QTo(0)) ds

0

+j0 m(E) [Ve @U(f) (m(E)QT(9) — QM(9))

+Ve Q(9) (m(E)QI(F) — QY(S)) +2(Vs — ns(V5)) QI(F)Q13(9)] ds

After some simplifications we check that
¢
|} €I e (@) Qo)) s

=m(&)(fg) —m(&o)( g?t(f) g?t(g)) - L M(Q"(f)Q"(9))

=

# [ ) @R )

0

—m(&s) (Vs QF5(f)) m(&)QT(9) —m(&) (Vs Q(9)) m(&)QT3(f)] ds

Choosing f = g = 1 and taking the expectations we find that

Jt E[m(fs)rs,Ls,m(ss)( gst(l))] ds

0
=1 —no( 8?t<1>2>+2f0 E [15(Vs) m(&)(QF(1)?) — m(&) (Vs Q14(1)) m(&)QT(1)] ds

<1+2e% |Vt
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Choosing f = g = h —n(h), with h € Osc(S) and taking the expectations we find that

Jt £ [m(gs)FS’Ls,m@s)(ansﬁbs,t(h))] ds

0

= E[m(&)([h — n(h)]*)] — n0([Ony b0 (h)]*)

+2f E [15(Vs) m(&s)([0n, 0s.6()]?) — m(Es) (Vs On,s6(h)) m(Es)(On,s,(h))] ds

0
<1+4e2 |V ¢

For any f € Osc(S) combining with Cauchy-Schwartz inequality we find that that
[ 1T Ly (@) i 80a(1) s < 26 [1440% V1]
Combining the above estimate with and corollary we conclude that
(Ha) = N [E(m(&)(f)) — E(bos(m(&0))(f))] < 2¢™ (1 +4e* V] + % 2e A+ Vll) t
We further assume that (H;) is satisfied. In this case, using we also have

ML ey (@ (1), Ounie 80N | < €3 @ e (g )Ty (QU5(1)

£ 3 m(€)T L, e, (QU3(D) \/m(EITL, e,y (Pnoal)
For any 5 € R we set

D)) = P Q) ()
= E(f(X) e B b X ) with Ti(2) = Vi) -

™2

Arguing as above, we have

25(QE(F)Q%(9) = —QT(f) Lo(Q%,(9)) — Q% (g) Lo(QT,(f)) +2 Vs QF(f) Q4(g)

and

~ ~

dm(€)(Q™,(NOT(9)) — jﬁ AML(Q"(1)D™(9))
= m(E) [T @D T240) + Vi Q) (ml€)PTil0) — Qlil9))

+V, QUlg) (m(&)QLF) — QL) +2Vs QLi(f) Qlilg)| ds
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This implies that
t
L 62’8(t_s) m(fs)rs,Ls’m@s)( th(f)v th(g)) ds

=m(&)(fg) — o m(&o)( g?t(f) g?t(g)) - L Mt(@nt(f)@nt(g))

=

+f0 ) 2y (V3) + B) m(€)(QU(NQU(9)) = ml€) (Ve QL)) m(€)Q (o)

—m(&) (Vs QF(g)) m(&)QE(f)] ds

Choosing f =g =1 and 5 < 0 we have

t ~
[ B e, @2 01)]

0

= 1— €’ no(Q(1)%)
+2 fo 9 B[((V2) + B) €@ (1) — m(EV: Q1) m(E)Q)] ds
<1+ €% (1 + Q\Brl”vu) —1+€X (1+487YV]) when B =—p/2

Choosing f = g = [k — n;(h)], with h € Osc(S) and 0 < 3 < 8 we have

t ~

< E[m(&)([h — m((B)])]

0
- [t ~
<1+ 2722V + 5)J e 2B=0)t=) g5
0

<S1+r°@VI+5) (B =1+r2@V[F +1) when §=5/2

We end the proof of the theorem using the fact that
’m(gs)FLs,m(gs) (Qzlt(&)(l)a 6m(és)¢s,t(f)) ‘

<1+ a) e P 2mE)Tr, | (QF(1) + €2 P Pm(E)TL, ) (O, ¢s.6(f))

w2 [ [0V + B) m(€e) ([0 buaW) = m(E) (Ve 2 Bueh)) m(€)25.00(h)] d

In the last assertion we have used the fact that the estimate vab < ca + b/c, for all a,b, ¢ > 0. This

ends the proof of the theorem.
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