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ON A CLASS OF MARKOV BSDES WITH
GENERALISED DRIVER

ELENA ISSOGLIO! AND FRANCESCO RUSSO?

ABSTRACT. We are concerned with BSDEs where the driver con-
tains a distributional term (in the sense of generalised functions).
We introduce an integral operator to give sense to the equation
and then we show the existence of a strong solution. Because of
the irregularity of the driver, the Y-component of a couple (Y, Z)
solving the BSDE is not necessarily a semimartingale but a weak
Dirichlet process.

Key words and phrases. Backward stochastic differential equa-
tions (BSDEs); distributional driver; weak Dirichlet process; pointwise
product; generalised and rough coefficients.

2010 MSC. 60G20; 60H30; 60J60.

1. INTRODUCTION

In this paper we consider backward stochastic differential equations
(BSDES) of the form

T T T
Y, =¢ +/ Z:b(r, W,)dr +/ for, WY, Z)dr — / Z.dW,. (1)
t t t

We are interested in a class of coefficients b of distributional type of
the form b € C([0,T]; H;#(R% R?)) for some 3 € (0,1/2). The objects
appearing in (I]) take values in the following sets: ¢t € [0,7], £, W,Y €
R? Z € R™4and f(t,W,Y, Z) € R? (all vectors being column vectors).
Here ¢ = ®(Wy) for some deterministic function ®.

The classical notion of Brownian BSDE was introduced in 1990 by
E. Pardoux and S. Peng in [16], after an early work of J. M. Bismut
in 1973 in [2]. It is a stochastic differential equation with prescribed
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2 ON A CLASS OF MARKOV BSDES WITH GENERALISED DRIVER

terminal condition £ and driver f expressed by

T T
Y, =¢ —I—/ fr,w, Y. Z.)dr — / Z,.dW,. (2)
t t

The unknown is a couple (Y, Z) of adapted processes. Of particular
interest is the case where the randomness of the driver is expressed
through a forward diffusion process X and the terminal condition only
depends on X7 . Existence and uniqueness of the solution for the above
equation was established first supposing (essentially) only Lipschitz
conditions on the driver f with respect to the y and z variables. In
subsequent works those conditions were considerably relaxed, see [17]
and references therein for recent contributions on the topic. When b =
0, formally speaking ([II) can be obtained as a special case of (2)) setting
frw,y,2) = f(r,We(w),y,2). However, the driver in () includes
the term r — Z,b(r, W, (w)), where b is a distribution in the second
variable, hence this cannot be reduced to the classical case. As an
example of generalised functions b which are allowed here, one can
think of the derivative of a Holder continuous function with Hélder
parameter larger than % (plus some growth condition at infinity).

One of the main applications of BSDEs is their use in providing
probabilistic representations to the solution of certain non-linear PDEs.
It is known (at least in the classical case) that when & = ®(Wr), then
BSDE () is linked to a PDE of the form

du+ tAu=-Vub— f(u, Vu)
uw(T) =,

see Section [2 for details about the notation. If u is the solution of
the PDE, then one has the probabilistic representation u(t, W;) =Y,
and Vu*(t, W;) = Z;, also known as non-linear Feynman-Kac formula.
In this paper we obtain indeed a probabilistic representation for the
solution u of the PDE using the BSDE. The novelty here is the rough
driver b and the fact that the analysis is done entirely in terms of the
original Brownian filtration even when the driver has the singular term
Zb.

The topic of stochastic equations involving distributional coefficients
has attracted a lot of interest, in particular for (forward) SDEs. See for
example [6l 10, O] in the case where the solution is not a semimartin-
gale. See also [20] and more recently [8 4]. For what concerns the case
of backward SDEs involving a distribution we mention the works [7]
on (reflected) BSDEs with distribution as terminal condition, and [23]
whose authors studied a one-dimensional BSDE (with random termi-
nal time) involving distributional coefficients via a forward stochastic
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process. Recently [1] considered a BSDE with a general forward pro-
cess that covers various singular situations, including the case when
the drift is distributional. [5] considered BSDEs where the driver is a
Young integral. The work that is mostly related to our paper though,
is [13]. There the authors study a BSDE like (2)) where the driver has a
component Z,.b(r, W,), and b is a distribution like in the present paper.

It is clear that the integral ftT Z:b(r, W,.)dr needs to be carefully de-
fined because the distribution b(r, ) cannot be evaluated at the point
W, and moreover a distribution in general cannot be multiplied by a
function (in this case by the stochastic process Z,.). The way that this
is carried out in [13] is by means of the Ito trick: they effectively re-
place the (not well-defined) distributional term Z,.b(r, W,.) with known
quantities, and get a new stochastic equation. For the latter, they are
able to show existence and uniqueness of a solution under Lipschitz
continuity conditions on the remaining part of the driver f (and some
growth condition at 0).

In this paper we make a substantial step towards a deeper under-
standing of equations with distributional drivers. The main difference
with [I3] is that here we give a meaning to the distributional term
Z.b(r, W,.) rather than replacing it with known objects, and effectively
we solve the original BSDE rather than a different one. In this paper
the underlying forward process is the Brownian motion itself. This
means that the BSDE is constructed on the probability space where
the Brownian motion lives, rather than the space where a (weak) solu-
tion of a forward SDE lies. Thus we provide a genuine strong solution
to the BSDE.

We start by introducing an equivalent formulation of the BSDE (see
Definition [3.3)) that makes use of an integral operator A"Y(b) intro-
duced in Definition B.1] to replace the term ftT Z.b(r, W,)dr. The op-
erator is well-defined for smooth bs and coincides with the classical
integral. The idea is to extend such operator to a class of drivers b that
includes the original distributional driver. We carry out this study in
Section [5.1]in the Markovian setting, where the component Y and the
terminal condition £ are deterministic functions of the Brownian mo-
tion W. In Proposition [5.5] we show that the integral operator satisfies
certain continuity properties which are essential to prove the existence
of the extension in the first place. Furthermore, a representation prop-
erty is needed to effectively employ this operator and solve the original
BSDE. For instance we show a chain rule in Proposition 5.7 which pro-
vides an explicit representation for the integral A™W(b) even in the
case when b is a distribution. Note that when b is a distribution then
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AWW () is defined as a limit, so having an explicit representation (chain
rule) is very useful. The chain rule we just mentioned is shown for the
special case AW and it is then linked to the general case A¥W via
the deterministic transformation v, where Y, = ~(r, W,). In Section
we state and proof the main results of existence (and uniqueness
in a special class) of a solution to the BSDE (I2)) under the Markovian
framework. The Markovian analysis is based on analytical properties of
the PDE associated to the BSDE, which is introduced and investigated
in Section [l

Note. When we talk about smooth drivers we mean drivers for which
the classical BSDE theory can be applied. For example smooth drivers
are elements of C.([0,7] x R4 R9). On the other hand, when we talk
about rough drivers we mean elements in C([0,T]; H, #), for which a
new framework within BSDEs theory is developed here.

Throughout the paper ¢ and C' denote positive constants whose spe-
cific value is not important and may change from line to line.

2. PRELIMINARIES AND NOTATION

Function spaces - notation. We denote by C%1([0,T] x R%) the space of
real-valued continuous functions on [0, 7] x R? which are continuously
differentiable in the variable 2 € R%. By ¢, — 0 in %! we mean
that ¢, and Vi, (the gradient taken w.r.t. the z-variable) converge
to 0 uniformly on compacts. The space C%! is then endowed with the
topology related to this convergence. For a vector ¢ = (¢1,. .., @q) such
that ¢; € C%1([0,T] x R?) for all i, we write ¢ € C%1([0,T] x R4 RY)
or p € C%! for shortness. Similarly we denote by C'?([0,T] x R?) the
space of real-valued functions on [0,7] x R? which are continuously
differentiable once in ¢ and twice in z, and by C'? := C%2([0,7T] x
R% R?). The topology is similar to the one for C%*. Moreover we use
C.(R?) to denote the space of continuous functions of z with compact
support and C®°(R?) to denote the space of infinitely differentiable
functions with compact support. Again the short-hand notation for
Re-valued functions is C, := C,(R% R?) and C, := C®(R%RY). The
Euclidean norm in R and R¢, and the Frobenius norm in R%*? will be
denoted by | - |. For a vector v, its transpose is denoted by v*. If v
is a real-valued function of x € R then Vv* denotes the transpose of
the column vector Vu. Moreover is u is a vector-valued function of x
then Vu is a matrix where the j-th column is given by Vu; so that

(Vu);; = %u]—. For the matrix Vu, we denote its transposed by Vu*.
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Stochastic analysis tools. Throughout the paper (€2, G, P) is a proba-
bility space on which a d-dimensional Brownian motion W := (W}), is
defined, with Brownian filtration F := (F3);.

We denote by C the space of continuous stochastic processes indexed
by [0, T] with values in R?. In this space we will consider u.c.p. con-
vergence (uniform convergence in probability) for stochastic processes.
More precisely, we say that a family of stochastic processes X" indexed
by [0, 7] converges u.c.p. to X in C if

sup | X — X,| — 0 in probability.
s€[0,T

The following definitions of covariation process and weak-Dirichlet
process are taken from [11], see also [21] for more details.
Given two stochastic processes Y := (Y;); and X := (X;);, we denote
by [Y, X] the covariation process of Y and X which is defined by

t
VX = lim [ (Virr = Vo) (Xose — X.)ds,
e—0 ¢ 0

if the limit exists in the u.c.p. sense in ¢. If X,Y are d-dimensional
processes then [V, X] € R™ is the tensor covariation and it is defined
component by component by (Y, X]);; = [V, X;], if it exists. Note that
the covariation is not symmetric because the matrix does not need to
be squared and in particular we have [Y, X] = [X,Y]*. This concept
extends the classical covariation of continuous semimartingales. We
remark that the covariation of a bounded variation process and a con-
tinuous process is always zero.
Given a filtration F := (F;);, a real process D is said to be an F-weak
Dirichlet process if it can be written as D = M + A where

(i) M := (M) is an F-local martingale;

(ii) (Ay)¢ is an orthogonal martingale process, namely a process such
that [A, N| = 0 for every F-continuous local martingale N. For
convenience we also set Ay = 0.

It was shown that the decomposition D = M + A is unique and
every JF-semimartingale is an JF-weak Dirichlet process. A vector
D = (D', ..., D% is an F-weak Dirichlet process if every component
D' is an F-weak Dirichlet process. We will drop the F and simply
write weak Dirichlet process when it is clear what filtration F we are
considering.

Proposition 2.1. Letv € C%([0, T]xR?) and S* (resp. S?) be an R?-
valued (resp. R-valued) continuous F-semimartingale with martingale
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component M* (resp. M?). Then
t

[v(-,Sl),Sz]t:/ Vo*(r, SHd[M*, M?,. (3)
0

Proof. Let us denote by My := [} Vu*(r, SH)dM}. By [T, Corollary
3.11] we have that v(-, S') is a weak Dirichlet process with martingale
component MV. If AV is the related orthogonal martingale process, we
know that [AY, N] = 0 for any F-continuous local martingale N, see
[22] Proposition 1.7.(b)]. Consequently the left-hand side of (B)) gives

[U('v Sl)v 52]t = [Mvv M2]t

— U Vot (r, SHdM}, M?
0

t
= / Vo*(r, Sﬁ)d[Ml, Mz]r,
0

where the last equality holds true because the covariation |-, -] extends
the one of semimartingales. O

When v is a vector-valued function (say u), the covariation becomes
a matrix and an analogous result holds, as stated in the corollary below
(in the special case when u is a function of Brownian motion).

Corollary 2.2. Let ¢ € C%([0,T] x REGRY), W be an R¥*-valued F-
Brownian motion and N an F-continuous local martingale with values
in R?. Then

[6(- W), N, = / V6 (r, W,)d[WW, N],.

Heat semigroup and fractional Sobolev spaces. We denote by S(R?)
the space of R%-valued Schwartz functions and by &'(R¢) the space of
Schwartz distributions. The heat semigroup (P(t),t > 0) with ker-

nel py(x) = Wexp <—%> acts on S(R?) and can be extended

to S'(R?) by duality. One can also consider the restriction of the
semigroup mapping any L"(R?) into itself for 1 < r < oo, which
is denoted again by (P(t),t > 0). This restriction is a bounded a-
nalytic semigroup, see [3, Theorems 1.4.1, 1.4.2]. It is known that
one can define fractional Sobolev spaces using such semigroup and
its generator %A, more precisely if we define A = [ — %A, then
its fractional powers are well-defined for any power s € R (see [18])
and H*(RY) := A~*/2(L"(R?%)). These are Banach spaces endowed
with the norm |ul/gs = ||A*?u||r-. Using the fact that D(A4%/?) =
D((—3A)*?) = H:(R?) and that A=*/? is an isomorphism between
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H:(RY) and H5T*(R?), for each o € R, one has for 6 > 3 > 0,+8 < 1
and 0 < t < T that P(t) : H-?(RY) — H*(RY) for all 1 < r < oo

and
14648

2 HwHH;B(Rd)v (4)
for w € H7P(R?),t > 0. This follows from a similar property for the
bounded analytic semigroup (e *P(t),t > 0) generated by —A which is
stated in [8, Lemma 10], see also [12], Proposition 3.2] for the analogous
on domains D C R%.

As done already before in this paper, we denote by H? the spaces
H:(R% RY), whose definition is as above for each component. Note
that by slight abuse of notation the same HZ might be the space
H3 (R4 R>4)  especially when considering functions like Vu. When
we write u € H® we mean that each component wu; is in H?(R%). The
norm will be denoted with the same notation for simplicity.

IP@)wll gr+ogay < Ce't

Pointwise product. Here we recall the definition of the pointwise prod-
uct between a function and a distribution, for more details see [19]. Let
g € 8'(R?). We choose a function 1 € S(R?) such that 0 < ¥ (z) < 1,
for every x € R? and

1 lz] < 1,

Vi) :{ 0, ol >2

For every j € N, we consider the approximation S7g of g as follows:
sy =77 (v (5) 20)) @)

where % (g) and . ~!(g) are the Fourier transform and the inverse
Fourier transform of g, respectively. The product gh of g, h € &'(R%)
is defined as

gh = lim $7¢S7h, (5)

j—0o0
if the limit exists in &'(RY).

Lemma 2.3. [19, Theorem 4.4.3/1] Let g € H;P(R%), h € H)(R?)

forl < p,g < oo, q > max(p,g), 0<p < % and 3 < 6. Then the
pointwise product gh is well-defined, it belongs to the space H;B(Rd)

and we have the following bound:
g7l o gy < llgll o gay - IPllay - (6)

In this paper we will always use this product in such fractional
Sobolev spaces.
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More on function spaces. We repeat that when we talk about smooth
drivers we consider elements of C.([0,7] x R%R?) or of C>([0,T] x
R% R?), which is defined to be the space of all f € C,([0,T] x R4 R?)
such that % exists for all multi-indexes o and gz(f e C.(]0,T] x
R% RY). Tt is clear that each function in C2°([0,7T] x RY) is an ele-
ment of L"(R?) for any fixed time ¢ € [0,7] and for 2 < r < oo, and
moreover it is continuous with respect to the topology in L"(R?). Since
L"(RY) C H:(RY) for s < 0 we have the inclusion C2°([0, T] x R%; R?) C
C([0,T]; Hy).

For the following, see [24, Section 2.7.1]. The closures of S(RY) with
respect to the norms

[ll o gy = 1ell e
and

HhHCl}’O(]Rd) = ||| Lo may + [[ VR[] Lo ra)

respectively, are denoted by Cz? Y(R%) and Cbl Y(R%). For any o > 0, we
consider the Banach spaces

COr(RY) = {h € CYO(RY) ¢ ||h]| cotemay < 0o}
C'RY = {h e Gy (RY) ¢ ||h]|crtamy < 0o},

endowed with the norms

h(z) — h(y
|2l co+aray == [|h||poo@ay +  sup Infz) = hy)] ,El )
z£yeRd |LL’ - y‘

Vh(z) — Vh(y
Wllorseggs = Nl + [Vl e + sup ) = VAW
rAyeR |LL’—y‘

Y

respectively. We denote by C%* and C''** the analogous spaces for R%-
valued functions and the corresponding norms by || ||co+a and || - || g1+a.

Let B be a Banach space. We denote by C([0,7T]; B) the Banach
space of B-valued continuous functions and its sup norm by ||-||c(o,1;8)-
For h € C([0,T]; B) and p > 1 we also use the family of equivalent

norms {|| - H(Cf’()[o’T];B),p > 1}, defined by
181G 1) = sup_ e |Ih(t)]] 5. (7)
0<t<T

The following lemma is a fractional Sobolev embedding theorem which
will be used several times in this paper. It is a generalisation of the
Morrey inequality to fractional Sobolev spaces. For the proof we refer
to [24, Theorem 2.8.1, Remark 2].
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SR L

FIGURE 1. The set K(f,q) for d > 1. Given any couple
B, q that satisfies the assumptions, the grey region shows
all possible 9, p.

Lemma 2.4 (Fractional Morrey inequality). Let 0 < d < 1 and d/é <
r < oo. If h € H(R?) then there exists a unique version of h
(which we denote again by h) such that h is differentiable. Moreover

h € CY**(R?) with o = 6 — d/r and
[hllcrvaray < cllbll givsgay,  [[Vhlcoraray < cl|Vhlgsgay, — (8)

where ¢ = ¢(d,r,d) is a universal constant. In particular h and Vh are
bounded.

Assumptions. Later in the paper we will use the following assumptions
about the parameters and the functions involved.

Assumption 2.5. We always choose (6,p) € K(B,q), where the latter
set is defined below in two different cases.

Case d > 2: Let § € (0, %) and q € (ﬁ, %) For given 8 and q
as above we define the set
d
K(Ga)={6p eR: g<o<i-p S<p<af. O
which is drawn in Figure [l

Case d = 1: In this case we let 5 € (0, %) and q € (2,%). For

giwen [ and q as above we define the set

1
K(p)i= {6 € R p<o <1 f<p<a2sph. (0
which is drawn in Figure 2.

Note that K(f3,¢) is non-empty since < % and ﬁ <q< %. The
set K(f,q) was first introduced in [8] without the restriction ¢,p > 2.
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SR L

FIGURE 2. The set K(f,q) for d = 1. Given any couple
B, q that satisfies the assumptions, the grey region shows
all possible 9, p.

This is satisfied anyway if d > 1. If d = 1 then the set of admissible
couples (9, p) is shown in Figure

The following assumption concerns the driver f and the terminal
condition ® (note that the terminal condition £ in the BSDE will be
replaced by ®(W) in later sections).

Assumption 2.6. We assume the following.

e & :RY— RY is an element of HF+2(RY) for some 0 < v <
1-6-8

2 )

o f:[0,7T] x RY x R x R4 — R? is continuous in (x,y,2)
uniformly in t, and is Lipschitz continuous in (y,z) uniformly
int and x, i.e. |f(t,x,y,2)—f(t,x, ¢, 2)| < L(ly—y'| +|z—2|)
for any v,y € R and 2,2 € R Moreover f(t,x,0,0) is
continuous in (t,);

e sup,, |f(t,2,0,0)] < oo a.s. and supepoy [|f(t,+,0,0)|zr < 0.

3. ALTERNATIVE REPRESENTATION FOR THE BSDE

In this section we propose an alternative representation for the BSDE
() which turns out to be well-suited for BSDEs with rough drivers and
it is equivalent to the one above if the driver is smooth, see Proposition
below.

To be able to consider rough drivers, the main term in (I]) that needs
to be (re)defined is the integral ftT Z:b(r, W,.)dr. Here we recall that b
is a column R%vector and Z € R%“ so that the integral is a column
vector. We introduce the following integral operator.

Definition 3.1. Let W = (W,), be a d-dimensional Brownian motion
with filtration F = (F), and Y = (Y;); be a continuous R¥*-valued
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stochastic process such that the (d x d)-covariation matriz [W,Y] exists
and all the components have finite variation.
The integral operator AY"Y is defined on the space C.([0, T] x R%; R?)
by
AVY o C([0,T] x RERY) —  C
I AVY(]),
where

*

A= ([ e woawy,) ()

for allt € [0,T). Herel and A" (1) are d-dimensional column vectors.

We observe that in the special case when Y = W the operator AW

applied to [ is nothing but [ I(r, W,.)dr (see the introduction of Section
511 for more details).

Moreover, for this smooth class of drivers I € C,([0,7] x R4 R?) the
integral in (II]) is well-defined because [W,Y] is a matrix with finite
variation components by assumption. Our aim is to define such integral
operator A" for rough driver, as specified in the next definition.

Definition 3.2. Let E be a Polish space which contains C.([0,T] x
R RY) as a dense subset. We define the integral operator AVY : E —
C as the continuous extension of the operator defined in Definition[31),
provided that the extension exists.

In Section B we will prove the existence of such extension for £ =
C([0,T); H) with 2 < r < 0o and —3 < s < 0. Using this extension
we can reformulate BSDE () for a rough driver and give a precise
meaning to its solution.

Definition 3.3. Let b € C([0,T];S’). Let E be a Polish space of S'-
valued functions including C.([0, T xR% R?) as a dense subset and such

that b € E. We say that a continuous R%-valued stochastic process Y
is a solution of BSDE () if:

(i) AWY ezists as an operator according to Definition [3.3;
(ii) AWY( ) is an orthogonal martingale process;
(iii) Yr =
(iv) the pmcess M = (My); given by

t
M, =Y, — Yo+ A"Y (b) +/ f (r, W, Y, %) dr (12)
0

1s a square-integrable F-martingale, where F is the Brownian
filtration.
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Remark 3.4. e Such solution Y s a weak-Dirichlet process with
orthogonal martingale component given by

t Y,
Ao+ [ (rwn B 0
0

o We have [Y,W]| = [M, W], thus the covariation process is ab-
solutely continuous with respect to dr component by component
and hence all terms appearing in the driver f in ([I2)) are well-
defined.

e Definition above makes sense also in the case when & 1is
a generic square integrable random wvariable and the random
dependence in the driver f is allowed to be on the whole past
{Ws; s <r} instead of only on W,.

In the next proposition we see how the classical formulation of the
BSDE is equivalent to the one introduced above if b € C.([0,7T] x
R% R?). In this case clearly AW is itself the trivial extension to E =
C.([0,T] x R% RY) of the operator introduced in Definition B.11

Proposition 3.5. Let Y be a d-dimensional adapted process and b €
C.([0,T) x R4 RY). Then'Y is a solution of () according to Definition
with respect to some E if and only if there exists a predictable
(d x d)-dimensional process Z such that (Y, Z) is a solution of BSDE
(@) in the classical sense.

Proof. Suppose that (Y, Z) is a classical solution of (Il). We set £ =
C.([0,T] x R%R?). This ensures that point (i) of Definition B.3] is
satisfied and A (b) = ([; b*(r, W,)d[W,Y],)". Using () we have

(W, Y],

= [W,Yb—/ Z:b(r, Wr)dr—/ f(r, WT,}/;,ZT)dr—i—/ ZTdWT} )
0 0 0

t

where the covariation is a matrix and it is calculated component by
component. Clearly the only non-zero term is given by the stochastic
integral and so we get

. t
(WY, = {W,/ ZrdW,} = / Zxdr,
0 ¢ 0
hence d[W, Y], = Z*dr, and in particular

AMY (b) = ( /0 .b*(r, W,,)Z;‘dr)* = / 'Z,nb(r, W,)dr.

0
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Being of bounded variation, the latter is clearly an orthogonal martin-
gale process, which is point (ii) in Definition B3] Point (iii) is trivial.
Point (iv) is also satisfied because

t t
Vv a0+ [ (nw v B ar = [ zam,
0 r 0

and the right-hand side is a square integrable F-martingale.
Conversely, let Y be a solution of () according to Definition

with respect to £. We know that

dly, wj,
dr

is a square integrable martingale by point (iv) in Definition 3.3] hence

by the martingale representation theorem there exists a square-integrable

process Z such that M, = fot Z,dW,.. Moreover A™Y is an orthogonal

martingale process by point (ii), thus [W,Y], = [W, M]; fo Z*dr.
Therefore A" (b) = ([ 0" (s, Wo)d[W,Y]s)* =[5 Zb(s, W,)ds and
this concludes the proof. O

Remark 3.6. We observe that, in the classical formulation of BSDFEs,
Z is always directly determined by'Y since S[Y, W], = Z,.

M, =Y, — Yo+ AV (b) /frWJ% "y

To conclude this section we point out that the new setting and for-
mulation introduced in Definition B.3]in fact coincide with the classical
ones even in the case when b € L ([0, 7] x R% R?). This can be seen
by observing two facts. The first one is that a BSDE with a driver
b e L2 ([0,T] x R%:RY) makes sense without the introduction of the
operator A and can be studied with classical methods (a la Pardoux-
Peng). On the other hand we will show (see Theorem [E.IT]) that the
operator AWW applied to a driver in C([0, T]; H$)NLZ ([0, T] x RY; RY)
is compatible with integrals of drivers in L2 ([0, 7] x R4 R?) defined
classically. Hence the framework presented here coincides with the clas-
sical one not only for b € C.([0,T] x R% R?) (as shown in Proposition
B.5) but also for b € L ([0, 7] x R RY).

loc

4. ANALYTICAL PDE RESULTS

In this section we collect and prove some results about several PDEs
that will be used in Section Bl In particular, a key point in the subse-
quent analysis will be to show that the integral operator AW appear-
ing in ([I2)) is well-defined for rough drivers and this will be done with
the aid of the following auxiliary PDEs and relative results.

The parameters 5 and q are fixed and chosen according to Assump-
tion These are directly linked to the regularity of the rough driver
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b. Moreover the parameters (9, p) are chosen in K(f,q) and in partic-
ular %l <p<gq.

The first auxiliary PDE is

i (13)
where ¥ € H!** and [ € C([0,T]; H,?). Here the Laplacian A acts on
¢ componentwise and the resulting object is a vector with i-th compo-
nent given by A¢;. With a slight abuse of notation we use A¢ for the

whole vector. We consider the mild formulation of (I3) which is given
by

o(t) = P(T —t)¥ + /T P(r—t)l(r)dr, (14)

where {P(t),t > 0} is the semigroup generated by zA.

It is known that if a classical solution exists then it coincides with
the solution of (I4) (mild formulation) and it has certain regularity
properties as recalled in the lemma below for smooth & and [. For
more details and a proof see for example [15, Theorem 5.1.4, part (iv)].

Lemma 4.1. Let | € C([0,T] x RERY) and U € C*H<(R%RY) for
some 0 < € < 1. The solution ¢ to ([I3)) is at least of class C?*<([0, T x
R% RY).

In the general case that suits our framework (i.e. for rough [s and ¥
in fractional Sobolev spaces) we have the following results.

Lemma 4.2. Let 3,0, p and q be chosen according to Assumption [2Z.5.
(i) If W € H)™ then t — P(T —t)V is a continuous function with
values in HX™.
(i) If 1 € C ([0, T]; H, ") then the function t — ftT P(s—1t)l(s)ds
is in C7 ([0, T]; H228) for every e > 0 and ~y € (0,€).
In particular one can always choose € such that 2—2e—[ = 1+4.

Proof. Ttem (i) is well-known and can be shown using the theory of
semigroups and the fact that P(t) is the heat semigroup (contractive
semigroup).

Item (ii) follows by first applying [8, Proposition 11| with the time ¢
replaced by T — t and then making a change of time to the resulting
integral to get a backward integral, namely transforming the integrator
variable r into s =t —r. 0

Lemma 4.3. Let Assumption hold, and let W € H)™ and | €
C([0,T]; H,P).  The expression ¢ given in () is well-defined and
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belongs to C([0,T]; Hi°) c C([0,T];C**) and to C*', where o =
d —d/p. Moreover we have

1-6-8
o)l gz < ce™ 10| gaes + (T =)= [l oo.z1.; %)

and
[8llcqo e+ < clllle o mts)-

Proof. For the first term in (I4) we have that ¢ — P(T —t)¥ € H ™
is continuous by Lemma 2] item (i). Moreover by the mapping prop-
erty (@) of the semigroup in Sobolev spaces, its norm is bounded by
supepo 7 | P(T = ) V| ivs < C@TH\IIHH11)+6. For the second term in (I4))
we have continuity as a function of time by Lemma [£.2] item (ii) and
again by the mapping property of semigroups we get the bound

T T
/ P(s—1t)l(s)ds < CeT/ (s — t)_ng 11(s)|| o s
t Hyte t ’

1-6-8
<c(T—t) > ||l||c([o,T};H;5>’

which ensures that ¢ € C([0,T7; HI}”) since 1—0—/ > 0 by assumption
on the parameters. Moreover § > d/p again by Assumption and so
by the fractional Morrey inequality (Lemma 24]) we have

||¢(t) HClJra < C||¢(t) HH;M.

Hence taking the supremum over ¢ € [0, 7] we get

9llego,rcrvey < C||¢||C([0,T};H;+5)'
From this it follows that the solution ¢ is jointly continuous in t and x

and once differentiable in z, namely ¢ € C%! as wanted (for a proof of
a result similar to the last claim see [8, Lemma 21]). O

The following corollary follows from Lemma by the linearity of
the PDE.

Corollary 4.4. Let Assumption hold. Let (l,,), C C([0,T); H,")
be a sequence such that I, — | in this space and let ¥,, — ¥ in HI}J"S
with (V,,), C HI}”. Let ¢, denote the solution of (I3) with , in place
of l. Then ¢, — ¢ in COL.

Another important PDE that will appear in the next section is the
PDE associated to BSDE () in the Markovian case, which will be used
to construct the solution to the BSDE, namely

{ Ou(t) + %Au(t) = —Vu*(t) b(t) — f(t, -, u(t), Vu(t))

(T = ©. (15)
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We note that the term Au (as in PDE (I3]) above) and the term Vu* b
are defined componentwise, in particular the i-th component of Vu* b
is given by Vub. A mild solution to PDE (If]) is a function u that
satisfies

u(t) =P(T —t)® — /t P(r—t) (Vu*(r)b(r))dr (16)

— /t P(r—1t)f(r,,u(r), Vu(r))dr

in an appropriate function space (specified below). Each component
in the term Vu*(r)b(r) is defined by means of the pointwise product
(recalled in Section 2) and it is well-defined as an element of H,# when
b(t) € Hy? and Vu*(t) € H).

Equation () was first studied in [12] on a bounded domain D C R4
and with f = 0. It was then solved in R? in [8] with f = 0, and in [L3]
with f non zero. In particular in [I3] the authors obtain an existence
and uniqueness result for a function f : [0, 7] x H}*® x HS — HY with
some Lipschitz regularity and boundedness at 0. We want to apply this
result later on, but we will need to consider f to be the same function
f appearing in BSDE ([]). Clearly some care is needed because the f
appearing in the BSDE is a function of ¢, z,y and z and its regularity
stated in Assumption is given pointwise, unlike f. On the other
hand, to get a fixpoint for the PDE we need some Lipschitz regularity
in terms of the function spaces. The way to merge these two settings
is to consider a function f (which will have the appropriate Lipschitz
regularity) by setting f(t,u,v) = f(t,-u(t), Vu(t)) for any u € H;*‘g
and v € Hg , with f from Assumption (we will abuse the notation
and write f for both). Then f satisfies the required conditions, as
explained in [I3] Remark 2.5], in particular f is Lipschitz continuous
in the Sobolev spaces

1F(t w,0) = Ft !, )y < elllu = llgres + o = 0llag). (17)

Theorem 5, and Lemmata 5 and 8 in [I3] give the following existence,
uniqueness and regularity result.

Theorem 4.5 (Issoglio, Jing). Under Assumption[2.4 and Assumption
there exists a unique mild solution u to (IH) in C([0,T]; H)*°).
Moreover u(t) € C'™ for all t € [0,T], where « = § — d/p, and
u € COL([0,T] x RY).

A small note: in [I3] the result is valid even if b € L>([0,T}; H, 7).
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5. THE MARKOVIAN CASE WITH DISTRIBUTIONAL DRIVER

In this section we carry out the analysis of BSDE (Il) when b €
C([0,T]; H;?) in the Markovian setting. The Markovian setting means
that the process Y and the r.v. £ are deterministic functions of W,
namely & = ®(Wr) and Y; = (¢, W;) for some deterministic functions
® and ~, the regularity of which is specified below.

As already mentioned previously, one of the main issues when dealing
with rough drivers is to show that the integral operator A" can be
extended to C([0, T]; H,?). This extension is performed in Subsection
[£.1l below. In Subsection we will show existence (and uniqueness)
of a solution to BSDE () according to Definition B3] when b is a rough
driver.

5.1. Preliminary properties. In this section we show how to extend
the operator A™>Y to rough drivers. Let us focus on the smooth case for
a moment. The first key observation is that in the Markovian setting
we can rewrite A"WY in terms of AW where we recall that

AYW L CL([0,T) x RERY) — € (18)

is the integral operator from Definition .l when Y = W and C is the
space of continuous paths on [0,7] with values in R%. In the special
case when Y = W the covariation is a multiple of the d-dimensional
identity matrix Iy, so that d[W, W], = I;dr. In particular this means
that for any [ € C.([0,T] x R% R?) we have

AW = ( /0 t I*(r, Wr)Iddr)* = /0 tl(r, W,)dr, (19)

for all t € [0,T]. To see that A"Y can be written in terms of AW'W
in the Markovian case, suppose that there exists a function v € C%!
such that Y; = (¢, W;), hence by Corollary 2.2l we have [y(-, W), W], =
I3 Vy*(r, W,)dr and so [W, Y], = [W, v (-, W)]; = [y V(r, W,)dr. Thus
for any smooth driver [ in C,([0, T] x R%; R?) we have the following rep-
resentation for the integral operator:

Ay = ([ rwwoawy),)

_ ( /0 P W)V Wr)dr)

*

*

t
= / VA (r, W)l(r, W,)dr
0
=AY (V). (20)



18 ON A CLASS OF MARKOV BSDES WITH GENERALISED DRIVER

By Theorem u € C% and so equation (20) holds true also in the
case where 7 is replaced by the solution u of PDE ([I7]).

Before going into details on the extension of A""Y we state a useful
density result, the proof of which is postponed to the Appendix.

Lemma 5.1. We have C([0,T] x R4 RY) < C([0,T); HE) for any
—% < s <0 and?2 <r < oo, and the inclusion is dense.

Remark 5.2. In Lemmali. 1l one can replace C° with the larger space
C. and therefore obtain that also the space C.([0,T] x R4 RY) is dense
in C([0,T]; H).

The next result provides us with an explicit representation (chain
rule) of AW for smooth [, and this representation will still hold in the
rough case.

Proposition 5.3 (Chain rule - smooth case). Let Assumption[Z3 hold,
let 1 € Ce([0,T] x RLRY) and U € H)™. Let us denote by ¢ the
function given by the expression ([[dl). Then for the integral operator
AW given in (I8) we have the representation

AP (1) = o(t, W) — 6(0, Wo) — /0 t Vo (r, W,)dW,,  (21)

for all t € [0,T].

We note that the structure of the representation (2I]) does not change
when W changes (although obviously the actual function ¢ changes
when W changes).

Proof. Let (1), be a sequence in C([0,T] x R% RY) such that 1, — [
in C([0,T7; Hp_ﬁ), which can be constructed by Lemma [5.1] since —% <
—f8 < 0and 2 < p < oo by Assumption 2.5 Moreover a similar
approximation can be done for ¥, namely since C2° is dense in H;*‘g
(see Step 1 of the proof of Lemmal[5.]) we can also construct a sequence
(¥,) C O such that U,, — ¥ in H}*. Let ¢, denote the expression
(I4), where [ is replaced by [, and W by W,. Then ¢, is at least of
class C? on [0, T] x R? by Lemma 1l Given the expression (IJ), the
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PDE ([13)) and It6’s formula we get

AvaW(zn)z/otzn(r,Wr)dr
= /0 t <0t¢n(r, W) + %Aqﬁn(r, Wr)) dr (22)

= $u(t, W) — 60, T0) — / V0 (r, W),

for 0 < t < T. By Corollary d.4] we have that ¢, — ¢ in C%!, thus
applying Lemma [5.4] below we conclude that

AV = 1lim AYW(1,)

~ Jim (asn(-, W) = 6u(0.W0) = [ veic0 W»dWr)

n—o0

= ¢(-, Wy) — (0, Wp) — / Vo*(r, W,)dW,
0
and the proof is complete. O

Lemma 5.4. Let g,,g € C% such that g, — g in the same space.
Then

9u( V) — ga(0,Wy) — / Vg (r, W) dW, (23)

converges to
o) = g(0.W0) = [ Vg (r W )aw,
0

u.c.p. in C.

Proof. Obviously it is enough to consider ¢ = 0. Clearly g,(-, W)
converges uniformly to 0 a.s., and in particular uniformly in probability.
Setting f, = Vg it remains to show that

/ fu(r, W,)dW,. — 0 u.c.p.
0

According to [14, Proposition 2.26] it is enough to show that

T
/ | foo (r, W) [2dr — 0 (24)
0
in probability. Now f,, — 0 uniformly on each compact by assumption,
which implies that (24]) holds a.s. O

The following proposition will be used to extend the integral operator
AWW to the space of rough drivers, see Remark 5.6, part (1).
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Proposition 5.5. The operator AY'W (defined in Definition [31 in
the special case Y = W) is continuous with respect to the topology
c([0,T]; H, 7).

Proof. Let (I,), C C.([0,T] x R% R?) be a sequence such that [, — 0
in C([0,T]; H,?). Let ¢, be given by (I4) with I replaced by I,. By
Corollary 4 we get ¢,, — 0 in C%!. Using the chain rule (Proposition
£.3) and taking the u.c.p.-limit in C as n — oo we get by Lemma [5.4]

lim A"W(l,) = lim <¢n(-,W) — (0, Wp) — / Ve (r, Wr)dWT>
0

n—oo n—oo
=0.
The continuity of the integral operator AW at 0 implies the continuity
everywhere by linearity. 0

In what follows we are interested in drivers b € C([0,T]; H, "), so
we would like to extend the operator A" to b e C([0,T]; H,”). This
will be done by using the operator A"™W which will be calculated
in V~4*b for some appropriate function v, and V~*b will belong to
C([0,T]; H,?). For this reason we start by extending the operator
AWW to the space E = C([0,T]; H, "), as explained below.

Remark 5.6. (1) By Lemma[5.1 and Proposition we can ex-
tend the operator AW continuously to E = C([0,T]; H, ),
where the parameters p and —f( are chosen according to As-
sumption [Z.0. So AW'W s well-defined according to Definition
(5.2

(2) Clearly the extended operator AVW defined in Remark (5.8 part
(1) is continuous, i.e. we have
AVY(1) = Tim AW (1,,)

in C for any sequence (1), such that 1, — 1 in C([0,T]; H 7).

We can now easily prove the chain rule in the rough case, thus we

get an explicit representation of AXV ’W(l) in terms of the solution ¢ of
equation (I3) when I € C([0,T]; H, 7).

Proposition 5.7 (Chain rule - rough case). Let Assumption hold,
I € C([0,T); H,") and ¢ be given by ([Id) for a terminal condition
U e H. Then for all t € [0,T] we have the representation

AV () = 60,19, - 0(0.195) — [ VWA, (25)

Moreover AW'W (1) is an orthogonal martingale process.
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Note that this chain rule does not depend on the actual ¥ chosen,
in particular we can pick ¥ =0 or ¥ = .

Proof. By Lemma 5.1l we can take a sequence I, — [ in C([0,T]; H,?)
such that (1,,), C C>([0, T] x R% R?). By Remark 5.6 part (2) and the
chain rule for the smooth case (Proposition 5.3)) we get

A1) = lim AT (1)

n—oo

_— (¢n<-, W)= 0,0 = [ Ve wr>dwr) |

Moreover we can apply Corollary 4.4 to ¢,, because indeed [,, — [ in
C([0,T]; H;?) and thus ¢, = ¢ in C*'. Finally by Lemma [5.4] we can
take the u.c.p. limit in C when n — oo and we get

AV (1) = (W) — 6(0, W) — / V(W)

To show that A"W"W(l) is an orthogonal martingale process we use the
representation (25]) and calculate the covariation of each term on the
right-hand side with an arbitrary continuous F-local martingale N with
values in R?. By Corollary

60 19) = 6(0,W0), N = (. W) N = [ e (r, W)W, N,

having used the fact that ¢ € C%'. Since the covariation operator
extends the one of semimartingales, the covariation of N and the last
term on the right-hand side of (25]) gives

) t
= [ Vo waw. V= = [ Ve W v,
0 0
thus [A"'W (1), N]; = 0 as required. O

The next lemma is a continuity result that will be used in Proposition
to show the extension of the operator A"Y to C([0, T}; Hq_ﬁ).

Lemma 5.8. Let v € C([0,T]; HY*). For any sequence (I,), C
C([0,T); H;?) such that I, — | in C([0,T); H;"), then V~y*1 is an
element of C([0,T]; Hp_ﬁ) and Vvy*1l, — V~*1 in the same space.

Proof. In the space H, # the norm of the pointwise product for each ¢

VA (@01 (t) = VA (O | 7o = VY @) L) = L) | 70
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is bounded by c[|Vy*(t)|| s [n(t) — l(t)||H;5 thanks to Lemma 23]
applied to each component. Taking the supremum over time ¢ € [0, 7]
we get

tSE(l)I’?F} VY () (L — Z)@)H[{;‘* < CHV*HC([QT};H;”)Hln - l“c([o,T];Hq*‘*)
€10,

and the right-hand side goes to zero as n — oo by assumption. This
concludes the proof. O

Proposition 5.9. Let Assumption[2.3 hold. Suppose Y, = ~(t, W;) for
some v € C([0,T]; HX*?). Then the map A" is well-defined in the
sense of Definition 32 with E = C([0,T]; H; ") and

AMY(1) = AW (V) (26)
foralll € E.

Proof. We start by observing that C.([0,T] x R%R?) is dense in E =
C([0,T]; H;?) by Lemma5.Il Moreover AW is well-defined in C([0, T; H, ?)
by Remark 5.6 part (1) and it is continuous. Let I, — [ in E. We want

to prove that A™Y(l,) converges to the RHS of (26). Taking into
account (20) and the fact that [, € C.([0, T] x R% RY) we have

AVY (1) = AVW(Vy1,).
Note that the map [ — V~*[ is continuous from C([O,T];Hq_ﬁ) to

C([0,T]; H,?) thus AVW(Vy*1,,) — AW (V~*1) in C because of com-
positions of continuous maps. This concludes the proof. O

Remark 5.10. We observe that in [13] the authors deal with the sin-
gular integral term f(f Zsb(s, Ws)ds by replacing it with known terms.
In particular, they define it using the chain rule 25) with [ = Vu*b
but without proving it. Obuiously their virtual solution coincide with
the one constructed here.

Finally we end this section with a result on classical drivers g. We
show that for a function g € C([0,T]; H?) N L2.([0,T] x RY; RY) with
—% < s <0and 2 <r < oo, then the operator A™""W defined as an
extension to £ = C([0,T]; H?) and evaluated in ¢ coincides with the
classical integral [ g(s, W;)ds.

Theorem 5.11. Let g € C([0,T]; H)NL35.([0, T] x R%: RY) with —3 <
s < 0 and 2 < r < oo, with g column vector. Suppose that AW
is well-defined in the sense of Definition [3.2 with E = C([0,T]; Hf).
Then '

A (g) = [ gl W)ds @

0
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Note that the operator AWW is well-defined for example if s = —f3
and r = p see Remark

Proof. The proof is split in two steps. In Step 1 we show that (27)) holds
for g € C([0,T); H3) N LE ([0, T] x R% R?) and bounded functions with
compact support. In Step 2 we treat the general case.

The proof is written for real-valued functions, and can be applied
component by component.
Step 1. g bounded function with compact support.
We consider a sequence ¢y : R? — R of mollifiers converging to the
Dirac measure and for each N we define an operator Py acting on
h € H:(RY) by

PNh = (h * ¢N)

It is easy to show that for every h € H2(R?) then Py and A=%/? =
(I — LA)=*/? commute, that is

Pyn(A™%%R) = A=*/2(Pyh). (28)

Indeed by the definition of the norm in the H?(R?)-spaces, we have
A=*2h € L["(R?). Denoting by F the Fourier transform in L"(R?) we
have

2\ —S/2
F (A2(Pyh)) (€) = <1+ %) F(Pyh)(€)

2\ —$/2
:<1+%) F0)EF(6x)(€)

= F (A™2h) (§)F(én)(€)-
Taking the inverse Fourier transform on both sides we obtain the com-
mutation property as stated in ([28). Now it easily follows that

Pyh — hin H3(RY), as N — oo (29)

for every h € H?(R?), using the definition of the norm in the fractional
Sobolev spaces, the property that Py f — f in L"(R%) for f in the latter
space (in particular for f = A~*2h) and the commutation property
([28)). Moreover Py is a contraction in the same spaces, namely

| Pnhl H(Rd)- (30)
This can be seen by observing that
| Prh| s ey = |A™2(Pyh) || goay = | Pn (A7 1)|| oy,
where we have used (28], and the latter is bounded by || A~*/2A|| gro(ray =

|| s (may because Py is a contraction operator in HY(R?) = L"(R%).
Property (B0) is applied to h = g(t, ) for all t € [0, 7] to show that the

Hg(R2) < Hh’
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function ¢ — Pyg(t,) is continuous from [0, 7] to H3(R?). Indeed for
any sequence t; — t we have
[1Png(te: ) = Prng(t, M aseay = 1Py (g, -) — g(t, )|l s ey
< llg(te, ) — gt N s e,
which goes to zero by assumption on g. To show that

in C([0,T); H:(RY)), we use Lemma [A1] with H = H*(R?). We can
do so since the family of operators (Py)y is linear and equibounded
in H3(R%) by [B0), and it fulfils (29). Thus defining the compact K in
HE(RY) by K :={g(t) : t € [0,T]} we have

sup || Pya — al

Hg(R%)
aeK "

i) = SUD. | Png(t, ) —g(t,-)]

and by Lemma [A.T] the quantity above converges to 0 as N — oo. At
this point we observe that Pyg € C.([0,7] x R%R?) because both g
and ¢ have compact support. Therefore AW (Pyg) is well-defined
and (27) holds for g replaced by Pyg thanks to (I9). Moreover by (31])

we can apply Remark [5.0] part (2) and get
A}im AW (Pyg) = AVW(g) in C. (32)
—00

Finally we can see that

/0 Pugls, W)ds — / o5, W)ds (33)

u.c.p when N — oo. Indeed

B[ | [ (Pvg— o) w)asl

0<t<T Jo

<E { | t|PNg—g\<s,Ws>ds] (34)

0<t<T
T
<[] 1Pwg = sl(s.u)p.to)duds,
0 R4

where p,(y) is the mean-zero Gaussian density in R? with variance
s. Now for almost all (s,z) € [0,7] x R we have |Pyg(s,z)| <
19/l oo 0,11 xmey < C, because g is bounded by assumption. This, to-
gether with the fact that

/ ps(y)dsdy =T
[0,T]xRd
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implies that (B84) is bounded by 2CT. Moreover for almost all (s,z) €
[0, 7] x R? we also have

(PNg - g)(S,SL’) — 0.

By Lebesgue dominated convergence theorem the RHS of (34]) con-
verges to 0. This implies (33)) and with (82) we conclude.
Step 2. General case g € C([0,T]; H3(R?)) N L([0,T] x RY).

Let us define 7y, := inf{t > 0 such that |W;| > M}. Clearly 7y — o0
a.s. as M — o0o. Moreover we define a family of smooth functions

(2) = 1 if |zl <M
XARE=30 0 if ] > M+ 1

and with 0 < xp(x) < 1. Then we set gu (s, z) := g(s,z)xm(z). It is
clear that gy (s, Ws) = g(s, W) for all w and for all s < ¢t A 7y, for any
arbitrary ¢, hence

tATM tATM
/ g(s, Wy)ds = / g (s, Wy)ds. (35)
0 0

On the other hand we know that ¢;; is bounded and has compact
support by definition, and that gy, € C([0,T]; Hi(R?)) because ¢ is
in the same space and xj; is smooth (using the pointwise multipliers
property, see [25, Section 2.2.2]). So Step 1 applies to gy

AW’W(QM):/QM(S,Ws)dS-
0

and in particular it holds for the time ¢ A 7y, that is

tATM
AL g = [ ol Wds. (36)
0
Now we want to show that

AV (gu) = AN (g). (37)

To this aim, let us consider an approximating sequence (g"), of g
in C.([0,T] x RY), which exists due to Lemma Bl Then we set
gy = ¢"xm for each n, and this is an approximating sequence for
gy in C([0,T]; H(R?)). Indeed the linear map ¢ — ¢y is continu-
ous in C([0,T]; H:(RY)) by [25, equation (2.50)], namely there exists a
constant ¢(M) only dependent on y s such that

loxarll 71 ray < (M)

H(RY)-
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Then
g3 = gulloqoryaz@s = 19" xar = gxmlleqorymz e
= sup [[(g"(t,-) — g(t, ) x|l ms ey
0<t<T

<c(M) sup ||g"(t, ) — g(t, )|l msmay
0<t<T

=c(M)|lg" - gHC([O,T};Hﬁ(Rd))a

and since g" converges to g in C([0, T]; H:(R?)) then so does g7, to gar.
For each n we have

AN (gir) = AT (97) (38)
because both sides are defined explicitly and the two functions coin-
cide before 75;. We note that A™'W(g7,) (resp. A™W(g™)) converges
w.c.p. to AYW(gy) (resp. AW"W(g)) as n — oco. The truncated pro-
cesses, which are the left-hand side and the right hand-side of (38]) also
converge u.c.p., hence we get (37). This, together with (33]) and (36))
gives

ATy
/ g(s, Wo)ds = AWV (g). (39)
0

For almost all w there exists ng(w) such that for all M > ng(w) we have
Ty (w) > T, then taking the limit as M — oo of (39) we conclude. [

Corollary 5.12 (chain rule for L). If g € L2([0,T] x R%:RY) N
C([0,T); H,?) then

/ g(s, Ws)ds = ¢(t, W;) — (0, Wy) — / Vo™ (s, Ws)dW,,
0 0

where ¢ is the solution of (I3) with ¥ € HI*, given by (I4).

Proof. This follows by Theorem [5.I1] and Proposition (.7 with [ =
g. U

5.2. Existence and Uniqueness. Here we show that in the Markov-
ian case we have existence and uniqueness of a solution to ([} when
be C([0,T]; H #). In particular, in Theorem [5.13] we construct a solu-
tion to BSDE ([Il) with £ = ®(W7) using the solution to the associated
PDE (1), and we show that such solution is unique in Theorem [(.14]
in the class of solutions Y that can be written as Y; = (¢, W;).

For ease of reading, we rewrite the formal meaning of the BSDE ()
under consideration:

T T T
Y, = o(Wr) + / Z,:b(r, W,.)dr +/ f(r, W, Y, Z.)dr — / Z,dW,.
t t t
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Theorem 5.13 (Existence). Let Assumption and Assumption
hold and let b € C’([O,T];Hq_ﬁ). We denote by u be the unique mild
solution to ([ID)). Then Y: = u(t,W;) is a solution of (1) according to
Definition 3.3 with E = C([0,T]; H, ).

Proof. First we observe that thanks to Theorem we have u €

C([0,T]; H*?). Thus by Proposition the operator AY"W appear-
ing in Definition B3 is well-defined in £ = C([0,T]; H,”) and we have

AT (0) = AV (Vurb). (40)

This is an orthogonal martingale process by Proposition 5.7 with | =
Vu*b. The latter is an element of C([0,T]; H, ), and this is shown by
Lemma [5.8 Moreover u(T) = ® implies that Yy = w(T, Wr) = &(Wr)
so that parts (i)-(iii) of Definition are verified. The last point to
check is part (iv) in the same Definition, namely that

dr

is a square integrable martingale. The term with the driver f becomes

t d}/’WT t
[ (v B = [ w2, Futr ) dr

t
M, :Yt—YﬁAthY(bH/ f(r,Wr,Yr,M) dr
0

= /0 f(r, W,)dr, (41)

where f(t,x) = f(t,z,u(t,x), Vu(t,2)). Since u € C%' and f is con-
tinuous then f € L ([0,T] x R?). We also have that f € C([0,T7]; LP)

loc
since f is Lipschitz in (y, z) uniformly in ¢, x, and x — f(¢,,0,0)
is an element of L? uniformly in ¢ € [0,7] by Assumption and
u(t), Vu(t) are in LP uniformly in ¢ since u € C([0,T]; H}*?). So in

particular f € C([0,T7; H)) and hence by Theorem E.IT] we have

[ﬂmmw=ﬁwm.

Moreover by ([0) and the linearity of A" one gets
M, =Y; = Yo + AV (Vurb) + AV (f)
=Y, — Yo+ AV (Vurb + f)
=Y, =Y, - A" (=Vu b - f).

Now we apply the chain rule to AW (=Vu* b— f), namely Proposition
Bl with [ = —Vu* b— f on the RHS of (I3)). Note that in this case (25)
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holds for ¢ = u because the function u verifies (I4)) with [ = —Vu* b—f,
see indeed (I6). Thus we get

M, =Y, - Yy — A" (=Vurb - f)
:U(t, Wt) — 'LL(O, W(])

t
—u(t, Wy) + u(0, W) + / Vu*(r, W,)dW,
0

so that .
Mt:/ Vu* (r, W,)dW,.,
0

which is clearly a square integrable F-martingale because Vu* is uni-
formly bounded since u € C**® by Theorem O

Theorem 5.14 (Uniqueness in the class Y; = (¢, W;)). Let Assump-
tion and Assumption hold and let b € C([0,T); HP). If the

solution of ({l) according to Definition with E = C([0,T); H,?)
can be written as Y, = ~v(t,W,) for some v € C([0,T); H*?), then it is
UNIQUE.

Proof. Suppose that Y = ~i(t,W;), i = 1,2 are solutions to () ac-
cording to Definition 3.3l and let us denote by

. . . i ¢ -~ d[y?
M= v Al o [ (e B Y an
0

which is a martingale by part (iv) of Definition B3] Moreover
(V') b e C((0,T]; Hy?) (43)

by Lemma[5.8. By assumption on Y we can apply Proposition 5.9 and
write

AT (B) = AP (V) D). (44)
Furthermore by Corollary 2.2 we have

t 7
[ (oo B o
0 dr
t
_ / £ (r, Wiy (r, W), VA (r, W) dr

— /O t fi(r,W,)dr, (45)

where fi(t,z) == f(t,z,7'(t,x), V4'(t,x)). We note that
fle L n C([0, ) L), (46)
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which can be proven similarly to the considerations below (4I) in the
proof of the previous existence theorem. Thus we can apply Theorem
510 so @3) = A" (f?) . By @) and the additivity of A" we have

M =Y} —Y{+ APV (V) b+ f). (47)
Let us consider the PDE
N (t) + 5AR(t) = (V') (1) b(t) + f(t, -7, V) (48)
h(T) =0

which is PDE ([I3) with (V~%)*(¢) b(t)+ f (¢, -, v, V') = (V) * () b(t)+
fit,) € C([0,T); H,?) (by (@6) and ([@3)) on the right-hand side in
place of I. We denote by hi, i = 1,2 the corresponding (mild solution)
expression ([[4)), which belongs to C([0,77]; C'™*) by Lemma 3l Then
(Vh")* is bounded. By the chain rule (Proposition (5.7)) we get

t
AW (T b+ 1) = Bt Wh) — B0, W) — / (VB (r, W)W,
0
(49)
Plugging (49) into (A7) we get
]\4tZ ZVZ(ta VVt) - 71(0’ WO) + hl(t> Wt) - hZ(O> WO)

t
- / (VR (r, W,)dW,..
0
Subtracting M from both sides and rearranging the terms we obtain
T
(W) 4+ B W) = — (M — M) — / (VR (r, W,)dIW,
t

+ ’}/i(T, WT) + hZ(T, WT) (50)

=0 (Wr) — (M — M),
where we have set M} := M} + fot Vhi(r,W,)dW, and we have used the
fact that h*(T, Wr) = 0 by [@R) and that v*(T, Wr) = ®(Wr) by item

(iii) of Definition B3l Clearly M’ is another martingale since (VA?)* is
bounded. So the left-hand side of equality (50) can be represented by

vt W) + Bt W) = E[@(Wr)|F].

The above equality holds for ¢ = 1,2 and since the right-hand side is
the same, we get

Yt W) 4+ Bt Wy) = 2 (8, Wa) + 2 (L, W)
almost surely. From this we can infer that

Yt x) + Al (L, x) = 2 (t, 2) + 3 (t, x), (51)
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for every t € [0,7] and z € R? in the following way: suppose that
we have a continuous function 7 such that n(t, W;) = 0 almost surely.
Then

0= Bl W) = [ o)t

and since p;(z) > 0 we get that n(t,z) = 0 almost everywhere. In
fact this holds everywhere because 1 is continuous. Setting ~'(t) :=
vi(t,-) for all t € [0,T] and ¢ = 1,2, it remains to show that v' = 2.
We know that 7'(t) — ~*(t) = h%(t) — h'(t) by (EI). The idea is to
bound the difference h? — h' in the p-equivalent norm for the space
C([0,T]; HX*?). To do so we work with the time reversed functions
hi(s) := hi(T — s), which clearly have the same regularity as h' and
also the same norm in C([0,T]; H1*®) and p-equivalent norm. Setting
8(8) = b(T - S)’ ’?Z(S) = 72(T - S) and f(s>y> Z) = f(T - 35Y, Z) we
have

t
i0)-it0) = [ Ple= 1) ((95%0) - 9300 ) dr
0
t
+ [P =) (Frd?0). V20 - £0:310). 9510 )
0
Taking the p-equivalent norm (see (7)) of the difference above, we have

72 71q(p)

= sup e PY|h%(t) — h(t)| s
0<t<T P

0<t<T

< sup | [ Ple= ) ((V570) = 950050 o

+ sup e || [ P(t—r) (JE(T/AYZ(T%V”AYZ(T)

0<t<T 0

— f(r, 4 (r), wl(r))> dr|gi+s

To bound the first term we use the pointwise product estimate for
fixed time r € [0,7] (Lemma [23]), the mapping property () of the
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semigroup, and the definition of the p-equivalent norm (7). We get

t
(A) < ¢ sup /0 e Pt —1)” +HBHb( )||H;B||V&2(r) — V?l(T)HHgdr

0<t<T

t
5 plter 14648
< CHbHC([QT];H;ﬁ) oiltlfT/O e Pt -y

e A2 (r) = A1 (r) || gyesdr (52)
t
< 22 ~1(p) —p(t—r) (4 _ 1+6+*8
<l || C(0.7]: HIH) OZ?ET/O e (t—7r)" dr

+p—-1 2
<cp 2 H72—71H(c€([o,T];Hé”>’

having used the Gamma function and the bound

t
/ e rodr < T'(a+1)p~@tD
0

in the latter inequality, with a = —*2. Note that —(a + 1) =
5+g_1 <Osowehavep o —>0asp—>oo

To bound term (B) we do similarly but use the mapping property of
the semigroup from HY to H}** and the Lipschitz regularity (I7) of f
so we get

t
(B) <c¢ sup / e P (¢ — r)_#~
0

0<t<T
e (el (r) = 1 (M)l s + IVA*(r) = VA (1) | g)dr
(53)

S=1 . A
<ep" > 17 = Aoz

Collecting the estimates (52) and (53), we get

i+B-1
||/-}/1 - H(p c([0,1]; H1+5) S (p +p 2 )Hf}/ - ||C([O,T};H11,+6)’

SO

[o&

~ NG zpen (L=l +p72 ) <0,

where ¢ depends on b and T but not on 7' or p. We choose p large
enough such that 1 — ¢(p’z + p = ) > 0, which implies v! = 42 and
shows shows that Y! = Y?2. O
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APPENDIX A. A TECHNICAL LEMMA AND PROOF OF LEMMA [5.1]

We first state and prove a technical Lemma that is used in the proof
of the density below and that has been used in the proof of Theorem

LIT

Lemma A.1. Let (H,|| - ||) be a normed space and (Py)y be a family
of linear equibounded operators on H such that for each a € H we have
Pya — a in H. Then for any compact K C H we have

sup || Pva — al| — 0,
aceK

as N — oco.

Proof. Let 6 > 0. Since K is compact, we can construct a finite cover
of size 9, for example K C U”, B(a;,d). For a given a € H there exists
Jj €{1,...,m} such that a € B(a;,§). Then we write

[Pva— al| < |[Pn(a—a;)ll + ||Prvaj — ;]| + [[a; — af

< (T4 o)lla—a;fl + max [[Pya; — aif
< (I4¢)d+ max | Pna; — a;l],

where ¢ is the bound of the operator norms related to Py. Then
SUDyei || Pva — al| < (1 + ¢)d + max;—y,_ || Pyva; — a;|| and so tak-
ing the lim sup on both sides we get

limsup sup || Pva — al| < (1 +¢)d
N—oo a€K

since limy o ||Pya; — a;|| = 0 for all i € {1,...,m}. By the fact that
0 is arbitrary we get

lim sup ||Pya—al =0
N—)OOGGK

as wanted. ]

Before proving Lemma [5.1] we introduce the Haar wavelet functions
and illustrate their use within the context of fractional Sobolev spaces
H?. For simplicity of notation we recall only the case of the Haar
wavelets on R (see [26], Section 2.2, eqn (2.93)—(2.96)) and leave to the

reader the extension to R% which can be found in Section 2.3 of the
same book. We define

1 if0<z<i,
ha(z) == ¢ -1 if: <z<1,
0 ifzelo,1),

hi(x) == |har(2)],  hoym(z) == V2hp(z —m), m € Z,
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and
hjm(x) :== hpr (272 —m), j € No,m € Z.
Then the family
{hjmj € NoU{=1},m € Z} (54)

is an unconditional basis of H:(R) for 2 < r < co and —3 < s < =

by |26, Theorem 2.9, (ii)]. Note that r = oo is included here but is
not included in Lemma [5.1] because of Step 1 in the proof below. The
analogous result in dimension d > 1 is given in Theorem 2.21, (ii).
Moreover for any h € H?(R) we have the unique representation

h= i > 15 m27 O h,

j=—1meZ

where
frim = 2C77 D / h()hym(2)d, (55)
R

and the integral has to be interpreted as a dual pairing as mentioned in
[26] Theorem 2.9], see also [25] Remark 1.14]. Rewriting the same series
with a different notation fi;,, = 27 [, h(x)h;,(x)dz we get another
equivalent representation for h given by

h = Z Z ,aj,mhj,m- (56)

j=—1mez

Defining the projector Py as

N N
Pyh=Y" 3" fjmhjm. (57)

j=—1lm=—-N
for h of the form (B6)), then clearly Pyh € HS(R) and
||h—PNh||Hﬁ(Rd) — 0, (58)

as N — oo.

Remark A.2. We observe that the projector Py enjoys the bound
| Pnh|

m®) < [l msw)-

This can be seen as follows. We denote by pu(h) the collection of i m
given by (BH) for some h. Then for 2 < r < oo the map h — u(h)
is an isomorphism between HS and f,,, where the latter is a space
of sequences. For a precise definition of f., its norm and the state-
ment of this isomorphism property, see [26] in particular, see Section
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2.2.83, Theorem 2.9 for the 1-dimensional case and Section 2.5.2, The-
orem 2.21 for the d-dimensional one. Moreover the sequence of coeffi-
cients p(Pyxh) coincide with u(h) for all j,|m| > N and is zero other-
wise. Thus by definition of the norm of fu, we have || jm(Pyh)| ;~ <
| tj.m(R) ||f;2 and this together with the isomorphism implies || Py h|
7]

Hs(R) <

Hs®) as stated.

Proof of Lemma[51. We will show that the dense inclusion holds for
real-valued functions, namely that C°([0, T]xR<) C C([0,T]; H3(R?)).
To get the full statement it is then enough to apply this result to each
component of functions in C([0,T]; H?) .

Step 1: Density of C=®(R?) in HS(R?). It is a known result that
C>®(RY) is dense in HS(RY) for all 1 < r < oo and —oo < s < oco. For
a proof see for example [24], Theorem in Section 2.3.2, part (b)].

Step 2: Non-smooth approzimating sequence forl € C([0,T]; H3(R?)).
We consider d = 1 in the proof for simplicity of notation and expla-
nation, but the same methodology extends to the case d > 1, see for
example [26, Section 2.3.1]. We will use here the notation of Section
2.2.2 in the same book, which deals with the case d = 1, in partic-
ular let {h;.,j € NoU{=1},m € Z} be the Haar basis on L?(R)
defined in (B4). Now let [ € C([0,7]; H:(R)) and let ¢ € [0,7]. We
recall that (Py)y defined by (B7) is a family of linear operators act-
ing on H?(R). The coefficients i of Pyl(t) are now parametrized by
time, namely fij,(t) = 27 [, I(t,z)h;m(x)dz. By (G8) we have that
Pyl(t) — I(t) in H}(R) as N — oo, for all t € [0,T]. Tt is clear by
definition of the coefficients that ¢ — fi;,,(f) is continuous and each
term t > fij;m(t)hj, in the finite sum belongs to C([0,7]; H:(R))
hence Pyl € C([0,T]; H:(R)). We will now show that Pyl — [ in
C([0,T); H}(R)), namely that

lim sup [|I(t) — Pni(t)]

N—=00 ¢e(0,7]

e (®) = 0. (59)

To prove this, we want to use Lemmal[A Tl with the compact K := {l(¢) :
t €10,7]} € H(R) and the projection Py defined by (57). The family
of functions t +— Pyl(t) is bounded in N in the space C([0,T]; H:(R))
by Remark Since {I(t),t € [0,T]} is a compact set in H? then we
can apply Lemma [A 1] and we get (59).

Step 3: Smoothing of non-smooth approximating sequence. The last
step consists in showing that for any Iy (t) := Pyl(t) from Step 2 and

for any € > 0, we can find an element ¢ — [y (¢) which is an element of
C([0,T] x R) and such that sup,co 7y [lIn(t) — In(t)||mg ) < €. Then
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this would conclude the argument and show the density of C2°(]0, 7] x
R) in C([0,T]; H: (R)).

To find Ix(-) we observe that [y(t) is a finite sum of terms of the
type ftjm(t)hjm, where the us are continuous in time and hj,, is an
element of the Haar basis. For each of this terms using Step 1 we can
find h;,, € C2°(R) such that
€

maxe(0,7] Zj,m |1,m (D)

where the sum appearing in the denominator is over the finite set of
indices j € {—1,0,...,N} and m € {—N,...,0,..., N}. Then we set

V() = tim()hjm:
7,m

1Pjm — Pjml| Hsr) <

Y

where again the sum over j,m is a finite sum. Then for any ¢ € [0, 7]
we have

v (8) = In@) ) = 1> 17.m () (R — o) 112w
7,m

< m(t h'm_il'm .
—gggngmJ, O g — ) 1222

, M

< . [l
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