N
N

N

HAL

open science

Bounds on the growth of high discrete Sobolev norms for
the cubic discrete nonlinear Schrodinger equations on hZ

Joackim Bernier

» To cite this version:

Joackim Bernier. Bounds on the growth of high discrete Sobolev norms for the cubic discrete nonlinear
Schrodinger equations on hZ. Discrete and Continuous Dynamical Systems - Series A, 2019, 39 (6),
pp.3179-3195. 10.3934/dcds.2019131 . hal-01785953v2

HAL Id: hal-01785953
https://hal.science/hal-01785953v2
Submitted on 6 Nov 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01785953v2
https://hal.archives-ouvertes.fr

BOUNDS ON THE GROWTH OF HIGH DISCRETE SOBOLEV NORMS
FOR THE CUBIC DISCRETE NONLINEAR SCHRODINGER
EQUATIONS ON hZ.

JOACKIM BERNIER

IRMAR, CNRS UMR 6625
Université de Rennes 1, Campus de Beaulieu
263 avenue du Général Leclerc, CS 74205
35042 Rennes cedex, France

ABSTRACT. We consider the discrete nonlinear Schrédinger equations on a one dimen-
sional lattice of mesh h, with a cubic focusing or defocusing nonlinearity. We prove a
polynomial bound on the growth of the discrete Sobolev norms, uniformly with respect
to the stepsize of the grid. This bound is based on a construction of higher modified
energies.

1. INTRODUCTION

We consider the cubic discrete nonlinear Schrédinger equation (called DNLS) on a grid
hZ of stepsize h > 0. This equation is a differential equation on C"? defined by (see [12]
and the references therein for details about its derivation)

(1) Vg e hZ, idsug = (Apu)g + v ug [*uy,

where v € {—1,1} is a parameter and Ap u is the discrete second derivative of w. It is
defined by
Ugip —2Ug+ Ug_p

h? )
We consider both the focusing and the defocusing equations. They correspond respectively
to the choices v =1 and v = —1.

Vg € hZ, (Ah u)g =

DNLS is a popular model in numerical analysis for the spatial discretization of the cubic
nonlinear Schrodinger equation (NLS), given by:

(2) i0pu = 2u + vlul*u,

see, for example, [3],[4],[5],[10],[11],[12]. Motivated by the approximation properties of NLS
by DNLS, we consider the discrete model near its continuous limit i.e. when h goes to 0.
So, we introduce norms consistent with the usual continuous norms and we pay attention
to establish estimates uniform with respect to h.
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2 BOUNDS ON THE HIGH SOBOLEV NORMS OF DNLS

We introduce the discrete L? space. It is defined by

L(hZ) = {ue C, |uliapz =h D) luglP <o
gehZ

This space is natural to solve DNLS. Indeed, as L?(hZ) is a Banach algebra (which is
not the case in the continuous setting), Cauchy Lipschitz Theorem can be applied to get
the local well posedness of DNLS in L?(hZ). Furthermore, since (I)) is invariant by gauge

transform, as a consequence of the Noether Theorem the discrete L? norm is a constant of
the motion of DNLS. Thus, DNLS is globally well posed in L?(hZ).

We introduce the homogeneous discrete Sobolev norms by analogy with respect to the
continuous homogeneous Sobolev norms. If n € N is an integer and u € L?(hZ), its discrete
homogeneous Sobolev norm of order n is defined by

(3) H u H2 n(hZ) = <(_Ah)n u, u>L2(hZ)'
For example, if w € L?(hZ), its discrete homogeneous Sobolev norm of order 1 is
— | Ug+h — Ug ?
[l = |1 D) |2
gehZ

Naturally, we define as usual the non homogeneous discrete Sobolev norms by

n
2 2
(K2 HHn(hZ) = Z (K% ”Hk(hz)‘
k=0

Applying the triangle inequality we can easily prove that all these norms are controlled
by the discrete L? norm

2 n
(4) Vue L*(hZ), Hu”Hn(hZ) < (ﬁ) | wr2nz)-

So, since the discrete L? norm is a constant of the motion of DNLS, any discrete Sobolev
norm of a solution of DNLS is globally bounded. However, this bound is not uniform with
respect to the stepsize h. Consequently, these estimates are trivial when we consider the
continuous limit.

An uniform control of these norms with respect to h may be crucial to establish aliasingﬂ
or consistency estimates. For example, in [5], the existence and the stability of traveling
waves is studied near the continuous limit of the focusing DNLS. The discrete Sobolev
norms are used to control an aliasing error generated by the variations of the momentum
(see Theorem 1.5 of [5]). It is proven that if for all n € N, the discrete Sobolev norm
of order n of the solutions of the focusing DNLS can be bounded by t“*, uniformly with
respect to h, then DNLS admits solutions whose behavior is similar to traveling waves for
times of order h=#, with 8 = limsup,, o%

1Aliasing usually refers to a default of commutation between a nonlinearity and an interpolation.



BOUNDS ON THE HIGH SOBOLEV NORMS OF DNLS 3

There is a huge literature about the growth of the Sobolev norms for continuous Schrédinger
equations. Since, we are focusing on the continuous limit of DNLS, it is natural to try to
adapt the methods used for these equations. If we focus on the continuous Schrédinger
equations on R, it seems that there are three families of methods and results.

e First, there is the cubic nonlinear Schrédinger equation. This equation is known
to be completely integrable. In particular, it admits a sequence of constants of
the motion coercive in H"(R). Consequently, all the Sobolev norms are globally
bounded (see, for example, [14]).

e Second, there is the linear Schrédinger equation with a potential smooth with
respect to t and z. In such case, for all € > 0 there is a control of the growth by ¢°
(see [7]).

e Third, in the other cases, there are methods using dispersion and /or higher modified
energy. They were first introduced by Bourgain [6] and continued in the work of
Staffilani [I5]. They provide a control of the growth of the H™ norm by to"+8
for some «, 8 € R. More recently, applying these methods [I4], Sohinger proves

a control of the H® norm by #55% for the nonlinear Schrédinger equation with an
Hartree nonlinearity.

A priori, DNLS is not a completely integrable equation, so we can not control its Sobolev
norms as for its continuous limit (for a completely integrable spatial discretization of NLS,
we can refer to the Ablowitz-Ladik model, see [1]). In this paper, we adapt the last
method to the discrete nonlinear Schrodinger equation. In [16], Stefanov and Kevrekidis
proved that the dispersion is weaker for the linear discrete Schrodinger equation than for
the continuous equation. They got a L decay of the form 73+ (ht)fé (see also [10]).
Using dispersive arguments in our setting seems thus more difficult than in the continuous
case and does not seem to strengthen significantly the results. However, the method of
constructing modified energies can be applied and turns out to yield results comparable to
the continuous case (i.e. a polynomial bound whose exponent is proportional to the index
of the Sobolev norm detailed above). More precisely, with our construction, we get the
following bound.

Theorem 1.1. For all n € N*, there exists C > 0, such that for oll h > 0 and all
ve{-1,1}, ifue CY(R; L3(hZ)) is a solution of DNLS then for all t € R

2n+1 po1 dn1
(5) I u(t)HHn(hz) <C [ U(O)Hm(hz) + Mu(S) + [t 2 Mu(S) ] )

where
Moy = [u(0)] 31,2y + | w(0)[722)-
This theorem is the main result of this paper, it will be proven in the third section. The
second section is devoted to the introduction of tools and notations useful to prove it.
We conclude this introduction with some remarks about estimate ().

o If n = 1 then the discrete H' norm is globally bounded, uniformly with respect
to h. It is a consequence of the conservation of the Hamiltonian of DNLS and its
coercivity in H'(hZ). In the focusing case this argument is specific to the dimension
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1. It is based on a discrete Gagliardo-Nirenberg inequality. For the defocusing case,
the coercivity is straighforward and can be extended to higher dimensions and with

other nonlinearities. i
n

The factor associated to the growing term 7 s Mu(g) . So the growth of the
high Sobolev norms is controlled by the size of the initial condition with respect to
the low Sobolev norms.

The estimate (B is homogeneous. More precisely, DNLS is invariant by dilatation
in the sense that if w is a solution of DNLS then (¢,g) — Auyy(A\?t) is a solution
of DNLS with stepsize hA~!. Estimate (B]) is invariant by this transformation (as
can be seen from the exponents of Mu(o))- Consequently, to prove Theorem [T1]
we just have to prove it with h = 1.

Here, the construction of higher modified energies relies essentially algebraic con-
siderations. In particular, it does not use any dispersion effect. So it seems possible
to realize almost the same proof to get estimate (B with periodic boundary condi-
tions.

2. SHANNON INTERPOLATION

In order to use classical analysis tools, it is very useful to identify sequences of L?(Z)
with functions defined on the real line through an interpolation method. Here, we choose
the Shannon interpolation (this choice is quite natural, see [10] or [5]). More precisely, it
is the usual interpolation we get extending a sequence into a real function whose Fourier
transform is supported on [—, 7].

In this section, we introduce this interpolation and we give some of its classical properties
useful to prove Theorem [Tl For details or proofs of these classical properties the reader
can refer to [5] or [13].

First we need to define the discrete Fourier transform

(6)

L*(7) — L*(R/27Z)
Fii u — WHZugeig“ )
geZ

and the Fourier Plancherel transform

L*(R) — L*(R)

tg[ . .

] o = we | ou(z)e™ dx
R

where the right integral is defined by extending the operator defined on L'(R) n L?(R).
We also use the notation u = Fu.

Now, we define the Shannon interpolation , denoted Z, through the following diagram

(7)

F UL myu

2(Z) — T L 2Rj2r7) 2 L R — T L I2(R),
T

where 1(_. ) : R — R the characteristic function of (—m,7) and Z 1 is the inverse of the
Fourier Plancherel transform.
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It is possible to deduce a very explicit formula to determine Z uw from w. Indeed, for
ue L?(Z) and z € R, we have

7) = 3 ugsinc(n(e - 9))

geZ

where the sum converges in L?(R) n L°(R) and sinc(z) = Sinm(m), denotes the cardinal sine
function.
In the following proposition, we give some properties of this interpolation useful to prove

Theorem [I.1] .

Proposition 1. (see, for example Chapter 5.4 in [13], for details)

o T is an isometry, i.e.
Vue L22), Y |uyl? = f I w(a)2 dx.
geZ

e The image of T is the set of functions whose Fourier support is a subset of [—m,m].
It is denoted by

BL?:= I(L*(2)) = {u € L*(R) | Supp @ < [-m, 7]}
o Ifue L*(Z) then Tw is an entire function which w is the restriction on Z, i.e.

VgeZ, (Tu)(g) = uy4.

Now, we focus on properties more specific to the discrete Sobolev norms.

Proposition 2. (see Proposition 2.6 in [5]) Let w € L*(Z) be a sequence and let u = Tu
denote its Shannon interpolation. Then we have for almost all w € (—m, )

TR u(w) = (2cos(w) ~ 2)iiw) = —4 (sin (g))za(w)

and

1

TuPuw) = Y [uPulw+2kr) = ) G a=a(w + 2kn),
keZ k=—1

where = is the usual convolution product.

We deduce two important direct corollaries of this proposition. In the first one we

identify the differential equation satisfied by the Shannon interpolation of a solution of
DNLS.

Corollary 1. Let u € C1(R; L%(Z)) be a solution of DNLS and let u = Tu € C*(R; BL?)
denote its Shannon interpolation, then for all t € R and almost all w € (—m, ),

iata(t,w):_4(sin<g)) i w5 (w + 2k7).

In the second corollary, we identify the discrete Sobolev norms.
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Corollary 2. Let uw € L*(Z) be a sequence, let u = Tu denote its Shannon interpolation.

If n e N* then
1 w 2n
2 _ - 2n : hd ~ 2
HuH.n(Z)_ 27Tj2 (sm<2>> |t(w)]* dw .

Consequently, the continuous and discrete homogeneous Sobolev norms are equivalents, i.e.
2 n
(2) 1ezulio <1 ulime < I3ulione

3. PrROOF OF THEOREM [ 1]

This section is devoted to the proof of Theorem [[LII The idea is to construct some
higher modified energies controlling H™(hZ) norms and whose growth can be controlled by
H"1(hZ) norms. The construction of higher modified energies to study growth of Sobolev
norms is a well known method (see [8] or [14]).

As explained at the end of the introduction, since inequality (B)) of Theorem [l is
homogeneous, without loss of generality, we just need to prove it when A = 1.

3.1. Construction of the modified energies. DNLS is a Hamiltonian differential equa-
tion (see [5]) whose Hamiltonian (i.e. its energy) is defined on L?(Z) by

1 2 Vi
Hpnis = §|| : HHl(Z) - Z” Ny
So Hpnrs(u) is a constant of the motion (it can be proven directly computing the discrete

L? inner product of (@) and u(t)).

If u € BL? is the Shannon interpolation of a sequence u € L?(Z) this Hamiltonian can
be written as a function of @ (it is a consequence of Proposition [2))

(8) 27 Hpnis(u) = %J<2sin%)2\a(w)|2 dw

v

4 »[U1+w2=w1+w2 mod 27

ﬁ(wl)ﬁ(w,l)ﬁ(wg)ﬁ(w,g)dwldwgdw,l.

The principle of the construction of the modified energies is to change the weights of
these integrals to get a control of high Sobolev norms. To explain this construction, we
need to adopt more compact notations. Some of them are classical for NLS (see [14]).

First, if m € N*, we define V,,, by

Vm L= {w IS R[[_mvm]]\{o} ‘ Z ’u)] — w—j = O mOd 27(-} 3

j=1
where [—m,m[ denotes the set {—m,...,m}, and we equip it with its natural measure,
denoted dw, induced by the canonical Lesbegue measure of R?™,

If pe L*®(Vy,) and if v € L2(R) is supported on [—m, 7], we define A, (i1,v) by

Al i= | ) [ ot ol o
j=1

m
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To prove that A,, is well defined, we just need to pay attention to the support of

w — p(w va]

and to apply a convolution Young inequality (see Lemma B3] for details).

For example, with this notation, we have a more compact expression of (§) given by
1 2
() 2 Hones () = 3 f (250 9) () deo ¥ A (av,. ).

Then, we define a transformation Sy, : L% (V) — L*(Vin+1) by

S tt(W_pp—1,W, W y1) = Z p(w + ex(Wmg1 — W_m—1)) — p(w — e_p(Wmt1 — W_m—1)),
k=1

where (ex)re[—m,m]\{0} 13 the canonical basis of RI=mmI\{0},

We define another transformation D, : L®(R) — L*(V,,) by
= > flwy) = flw-y).
j=1

We say that a function p € L*(V,,) is 27 periodic with respect to each one of its
variables, and we denote it by p € L7, (Vin), if

VEk € [-m, m]\{0}, p(w + 2mex) = p(w), w a.e.

The following algebraic lemma explains why these notations are well suited to DNLS.

Lemma 3.1. Ifme N*, pe L% (V) and u € CH(R; L*(Z)) is a solution of DNLS whose
Shannon interpolation is denoted u, then we have

(10) 10t A, (11, @) = 20, (D, €08, 0) + VA1 (S ft, 0).

Proof. By definition, the quantity to identify can expanded as follow

10t Ay, Z f [ u(w_g)iosu(wg) + u(wg)idu(w_ ] Hu wj)u(w—j)dw
k=1 J#k
i I + 1.

Now, we have to expand [ and I_j using the definition of DNLS. Applying Proposition
we get

Vwg € (—m, ), idu(wy) = (2cos wy — 2)u(wy) + VZ \m(wk + 27Y).
leZ
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So, since p is 27 periodic the direction ey, we deduce

I — A ((2cos wy, — 2)p, 1)

— v j fu(w)a(w_p) (L%e(w,w) 3 fulPu(wy, + m)) [ Tatw))a(w=)dw

teZ j#k

v |ty EfaPutun) [ ] ot iws)du.
Vin j#k

However, since for all w € R, G(w) = ﬁ(—w), we have, for all wy, € R,

——

luPu(wg) = (W41 (W)U (W p—1 ) AWy 1dW_ 1.

jwm+1wm1+ﬁ)k—wk

So, realizing the change of variable wy «— Wy, we get

| o aPutun) [T ) T e = e (o + exwmer = i), )
Vin j#k

Similarly, we could prove that

Iy =—An((2cosw_y, — 2)p, @) — vAmi1(p(w — e (Wmt1 — Winy1)), 0).

So, finally, we get

10N (1, 0) = Y T+ T,
p

=Ap (Z [(2coswy —2) — (2cosw_j — 2)] ,u,z’Z)

k=1

m
+ vAmi1 <Z p(w + ep(wmi1 = wmt1)) = p(w = ek (Wmi1 = Wimi1)), 17)
k=1

= 2Am (IUDm Cos, a) + VAerl(Sm,uv a)
O

Corollary 3. Let f € L®(R), let u € C*(R; L%(Z)) be a solution of DNLS and let u be its
Shannon interpolation. Then, we have

2 jf(w)|ﬁ(w)|2 dw — V%A2(D2f, a).

Proof. The result only involves values of f for w € (—m, 7). So we can assume that f is a
27 periodic function. Now, we observe that, by definition, we have

| r@ ) do = ai(sw). )
So, applying Lemma [3.1] we get

(9tff(w)|ﬂ(w)|2 dw = —2iA; ((Dy cos) f(wy),u) — ivAa(Sa [f(wr)], w).
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Since 27 periodic functions clearly belong to the D; kernel, the first term is zero. So we
just need to identify the second term. Indeed, paying attention to its symmetries and
remembering that we have assumed that f is 27 periodic function, we get

A2 (S2 [f(w1)], 1) = Aa(f (w1 + w2 —w_g) — f(w1), 1)
= Ao (f(w-1) — f(w1), )

- —%A2<f<w1> + flwz) = f(w) = f(w-s), @),
O

With these notations and results we can explain more precisely the construction of our
higher modified energies . But first, we explain why it is natural to introduce correction
terms in the construction of our modified energy.

In order to control the discrete H™ norm, it would seem natural to control its derivative.
Indeed, if u is a solution of DNLS and if u is its Shannon interpolation, applying Corollary
(and Corollary [2), we have

9 B L . f 2n
(11) Ol u HHﬂ(Z) = 1/47TA2 (Dg (28111 2) ,u> .

So a direct estimation of this derivative would naturally lead to (see Lemma [3.3] for a proof
of this estimate)

ol | < Clul )l w i @) v,
where C' > 0 is an universal constant. Then assuming that the discrete homogeneous H'
norm can be controlled uniformly on time by M, ) (see Theorem [5l for the definition of
My 0y and the next subsection for a proof) and applying Gronwall’s inequality, we would
get an universal constant C > 0 such that, for all ¢ > 0,

4
cM3
| w()] g (z) < [w(0)] gn 7y =",

If we proceed by homogeneity to get a result depending on the stepsize h, we would get

4
CM3 .t
() g ) < 120y
Such a control is better than the trivial estimate () only for times shorter than —z log(h).
So it is quite weak, if we compare it with the estimate of Theorem [ because this later

2n
gives a non trivial control of | wu(t) (z) for times shorter than A~ n-1.

| ¢

So to improve this exponential bound, the idea of modified energy is to add a corrector
term to | |? @) in order to cancel its time derivative (II). However, it turns out that
there is an algebraic obstruction to this construction as shows in Lemma [3.21below. For this
reason, we consider another functional { f,,(w)|@i(w)|? dw, where f, is a real function and
such that this last quantity is equivalent to the square of the H "(Z) norm. More precisely,
observing the formula of the Hamiltonian (see (@), we consider a modified energy E,, given

by
Eo(u) = ffn<w>|a<w>|2 4w +Aa(in, B),
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where p, € L*(Vs) is a function.

Applying Lemma [B1] and its Corollary [3] if we want the correction term to cancel the
derivative of { f,,(w)|@(w)|? dw then p,, has to solve the equation

(12) vDs f, = 441, D5 cos .
Furthermore, if u,, is a solution of (I2)), we would have
atEn(u) = _Z'VA3(S2lum a)

With this construction, we will be able to prove Theorem [T by induction because we will

prove that Ag(pi,, @) and As(Sapi,, @) are controlled by the square of the H"~(Z) norm.

Of course, we would like to iterate this process cancelling the derivative of E,,(u) adding
a new term to our modified energy. However, such a construction involve major algebraic
issues and we do not know if it is possible (we should find some criteria of divisibility by
D3 cos on the ring of trigonometric polynomials on V).

To realize this strategy, we need, on the one hand, to design a function pu, satisfying
([I2) without any singularity and, on the other hand, we need to control As(u,,u) and
A3(Sapin, @) by the square of the H"~(Z) norm. The two following lemmas treat each one
of these issues.

Lemma 3.2. If f € C™(R) satisfies f = O(w?) , where n € N*, and if f is an even
w—>

function and x — f(x—5) — f(5) is an odd function then there exists C' > 0 such that we
have
Yw € Vo, | Dy f(w)| < C|Dg cos(w)] Z w?"fz.
je{£1,£2}
Proof. Since f is an even function and x — f(z — §) — f(%5) is an odd function, f is a 2m
periodic function whose Fourier series is

flw) = f(g) + 3 By cos((2k + L)w) with (by)gen € R,
keN

Furthermore, since f is a C® function, for all m € N*, there exists C,, > 0 such that

D 1Bl (2k + 1) < O,
keN

To get compact notations, we define the function cosy (and similarly sing) by

VYw € R, cosgw := cos((2k + 1)w).

If we assume that wi + ws = w_1 + w_g + 277, with j € N then we have

w1 + Wy w1 — Wy w_1 + W_9 W_1 — W_9
Dscospw=2cos, | —— |Jcosp | ——— | —2cos, | ———— Jcosp, | ———
2 2 2 2
— 2oy (w) [Cosk (w) — (—1) cosy <%>] ,
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But since 2k + 1 is odd, we have

(—1) cosy (w) _ cosy (w N m-) ,

So, we get

D5 cosy, w

_9 w1 + Wy w1 — Wy Ww_1 — W_2 .
= 2CoSg T COSE T — COSj f*l-ﬂ']

<w1 +w2> . <w1 — Wy —wW_1 +w2~|—27rj> . <w1 —wy + w_g —w2+27rj>
= 4 cosy, — sing sing .

4 4
However, we know that
VYwe R, |singw| < (2k + 1)|sin(w)|.

Consequently, we can prove the same relation for cosg. Indeed, since 2k + 1 is an odd
number, for all w € R, we have

m 0
2 = | g < i — -
‘cosk (w + 2)‘ | sing w| < (2k + 1)|sin(w)| = (2k + 1) ‘COS <w + 2)‘
So we deduce that for all w € V5, we have
| Dy cosy.(w)| < (2k + 1)3| Dy cos(w)|.
Consequently, we have

(13) |Da f(w)| < C3|D3 cos(w)].

To conclude this proof, we just need to improve (I3) when w is small enough. In this case,
we can forget the aliasing terms because if max;e(+1 1oy [w;| < § then wi+wz = w_1+w_s.

Now we realize the following change of variable

w1 —wWa+w3—w4q
)
W1 —wW2—w3+wyq
1 ’
w1 +w2
2 )
w1 + wo — w3 — Wy.

TN
I

Then we define
F(X7Y7 Z, H) = D2f<w)

Previously, we have proven that, for all X,Y, Z € R,
F(X,Y,Z,0) = Z B cosy, Z sing, X sing Y.
keN

Consequently, we have

F(0,Y,Z,0) =0 and 0xF(X,0,Z,0) = 0.
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So applying a Taylor expansion, we get

1
F(X,Y,Z,0) = F(0,Y, Z,0) + XJ OxF(aX,Y, Z,0)da
0
1 1
_x f f Ox F(aX,0,2,0) + Yoxdy F(aX, BY, Z,0)dBda
0 JO

1 1
- ny j Oxdy F(aX, BY, Z,0)dBda.
0 JO

However, since f = O(w?), all the derivatives of f of order less than 2n vanish in
w—

0. Thus, we deduce that all the derivative of F' of order less than 2n also vanish in
0. Consequently, realising a Taylor expansion, we get a constant ¢ > 0 such that if
| X|+ Y|+ |Z]|+ |H| <1 then

|0x 0y F(X,Y, Z, H)| < c(|X| + Y|+ |Z| + |H|)*" 2.
So, if | X| 4+ |Y|+|Z] < 1, we have
|F(X,Y,Z,0)] < cXY(|X]|+|Y|+|2])* 2.
Then we get

|F(X,Y,Z,0)| < 5 cos Zsin X sin Y (|X| + Y]+ |Z])*" 2.

cos 1(sinc 1)

We can write this inequality with the variables wy,ws,w_1,w_o. So, since the norms
are equivalent on {w € [R{J—rl’i2}, w1 + wy = w_1 + w_s}, there exists £ > 0 such that for
all w e {we RELEZ ) 4wy = w_1 + w_sy}, we have

X[+ YT+ 2D < Y P < R(IX] + Y+ 2]
je{+1,+2}

Thus, there exists C € (0, §) such that if w € Vy satisfies maxje(41 49y |wj| < C~ ! then

(14) |Daf(w)| < C|Dycos(w)] D7 Juy*" 2.

Jje{+1,£2}

Finally, to prove the lemma we just need to use (I4]) when w is small enough and (I3])
when it is large. O

Lemma 3.3. Let n,m € N, m > 2. There exists K > 0 such that for all u € BL?, we have

m (Z u)]2." + w_], |u|> KHanUHLZ([R’ Ha u] Hu! LQ(R

Proof. This lemma is somehow a discrete integration by parts. By linearity, we just need
to prove that

A (Jun ", ) < ClZ3 gy |l s It Tl
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Since, supp |u| © [—7, 7] we have

T [

k=1—m m k

wi | latwy)lla(w-j)|dw.
j=1

where

Vi = {w e RI=mmI\{0} | Z w; —w_; = 2k‘7r} .
j=1

So, applying Jensen’s inequality to x — z", we get

j W T fiw;)|l(w_;)|dw
Vi, k j=1

—f e
:

m,k

m
w_1 + Z wj —w—_j — 2km
j=2

m m
< (2m)"1j lwy | <|w1|n + Z lw;i|™ + |w_;|" + |2k:7r|"> H u(wj)||a(w—;)|dw

m,k =2

1_[ u(wj)|[u(w—j)|dw

= 2m)" [(m — 1) ([ @) # [@12 = 7+ e[ # ("] * [@F s [am] 2k
T @m)r! L jwn | 2k | ] [yl () |dw.
m,k j:l

The first term can be estimated by an elementary Young convolution inequality to get

~ ~ ~ 2k
[(m = 1) (Jw[™[@l)*? * [@*™ =2 = [a]*™ + m(|w|™[a]) * (jow|"al) « [@*" = « [a*" ] (Tﬂ)
< (2m —1)[w” UHLZ(R HUH2m :

The second term is an aliasing term. If k = 0, this term is 0, so we can assume k # 0.

Now observe that if the sum of 2m numbers, all smaller than 1 is larger than 2 then at

least 2 of them are larger to 5—— Consequently, applying the same Young convolution
inequality, we have

j jwn | (28" | ] [8w;)[2(w_j)|duw

Vi, k j=1

< j | 2k T ] ;) ll(w_j)|dw + f for] (2] | | () (o)

1 i=1
wevm,k J J

wevm,k
lw_1|=Z5,— |wa =5
m
< (2/k|(2m — 1))"J [w]" (Jwa|™ + [w-1]") H |(w;))[a(w-;)|dw
Vi, k j=1

2(2[k|(2m — )" "l Fa g 07T R -
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To conclude rigorously this proof, we just need to control classically ||ﬁ||2L1([R) by [u] L2®)l Oz v L2 (R)-
Indeed, if v € H(R), using Cauchy Schwarz inequality, we get

1] 1 (ry < V21 V1 + w20 L2(ry = 27 V] g1 (r)-

So, optimizing this inequality with respect to A through the transformation v — v(\z), we
get

19l 1 ry < \/§7THUHL2(R)H@cUHm(R)-
O

3.2. Proof of Theorem [I.1] by induction. With all these tools, now, we prove Theorem
[T As explained at the beginning of this section, we just need to focus on the case h = 1.
We are going to proceed by induction.

e We focus on the case n = 1. Let u € C*(R; L?(Z)) be a solution of DNLS. Since
Hpnis is a constant of the motion of DNLS, for all £ € R, we have

1% 1%
(15) | u®)F ) — 5l w(t)|az) = 1 u(0)[3: 4 — 5| w(0)|14(2)

Since | u [%, () Is also a constant of the motion, we have

| u®lzs2) < | w072z w )]0 z)-

Let u be the Shannon interpolation of u. Since ujz = w (see Proposition 1), we
have

2 2
| ()7 z) < [u®) 70 ) < eldzw®)] 2w lu®)] L2 w)
where ¢ is an universal constant associated to the classical Sobolev embedding.
Since Shannon interpolation is an isometry we have proven that

Ju(®)s 2y < el w(0) ey ()] 2

Now applying the estimate of Corollary (2)), we get a discrete Gagliardo-Nirenberg
inequality (for a sharper version of this inequality see Lemma 3.4 in [9])

c
| w74z < - | w(0)[72(2)l w(t) |z
Applying this inequality to ([I5), we get

[w(®)Z1 ) — 1w O (O z) < 18O)
Consequently, we have proven that

c 1 c
sz < el uO ey + o) (IO ) + AuOR,

O (1u) 1z + w02z )
with C' = max(1, £).




(16)

(18)
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o Let n =2, let u e CY(R; L?(Z)) be a solution of DNLS satisfying for all ¢ € R

8n—10
”ag_lu(t)”%Q([R) < (an 1u0||L2 + Muo |t|n_2Mu03 > )
where u is the Shannon interpolation of u and

My (o) = [0zuoll L2y + ol 72 (-

Here, it is easier to work with an inequality on u instead of w but applying the
estimate of Corollary (2), (I8) is equivalent to the inequality of Theorem [I11

First, we are going to construct our modified energy with Lemma So we
have to choose our function f,,. This function has to satisfy some criteria. First,
we want § f,,|@i(w)|? dw to be equivalent to square of the homogeneous H™ norm of
u. So we are looking for a regular function f, such that

Vwe (—m,7), aw?™ < folw) < ot

Second, we want f, — f,(5) to be even in 0 and odd in §. So we cannot choose

fa(w) = w?™ or fr(w) = (2 Sin(g))%. To satisfy these symmetries it is natural to
look for f, as a trigonometric polynomial.

By performing an analysis involving elementary linear algebra, we find that f,
defined by

fn(w) :==1—cos(w Z—%smw

is the trigonometric polynomial of minimal degree (and such f(7) = 1) satisfying
the previous hypothesis. Indeed, by construction, f, — 1 is even in 0 and odd in
Z. Furthermore, in R[X] (i.e. formally), we have (see, for example, formula 3.6.9

in [2])
C3 2%
—= X
- L
Since, for all w € (-7, g), cosw = 4/1 — (sinw)?, we deduce that

k
fn(w) = cos(w) k;ﬂ iik (sinw)?.
Consequently, we get f,, > 0 on w € (0,%) and f,(w) o %wzn. So, using the
symmetries of f,,, we deduce that there exists a > 0 such that (I7)) is satisfied.
Then we define on Vs a function u, € L*(Vs) by

z D2fn
4 Dycos’

In Lemma[3.2] we have proven that pu,, is well defined as a L* (V) function (in fact,
we could have proven that it is a regular function). Furthermore, we have proven

Hn =
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that for all w € Vs, we have

(W) < Cn 35 P2

je{£1,+£2}
where C,, depends only of n.
Then we define our modified energy, for v € BL% by

Eo(v) i= L Fu(@)](@) ]2 dw +As (pin, D).
Applying ([IT), we get, for all t € R,

2mau) g = a [ "t 0 do
< j Falw)[a(t,w)? dw

< | En ()] + | A2, ( |+j|aE )l ds.

To conclude the induction step we have to control each one of these terms.

— First, we focus on f |0s B (u(s))|ds.
0

Applying Lemma 3.1 we get

0, En(u(t)) = —ivAz(Sapin, u(t)).

So, applying ([[9) and Jensen’s inequality to z > z2" 2

, we get

3
|01 En (u(t)] < Cp3™B4A3( Y wi™? + w2, Ju(t)]).
j=1

Consequently, applying Lemma [3.3] we get a constant K, > 0 such that
|0cEn (u(t))] < K05 ()| Fag) |02 (t) 72y lu () 22 ()

However, as we have proven at the initial step, there exists an universal con-

stant ¢ > 0 such that
8
VteR, [|dyu(t) H2L2(ua)HU<t) H2L2(ua) < My,
So, from the induction hypothesis (see (I0)), we get

4n+6 8n—2
e )] < (102 ol My + Mg 420 ).

with kK = ¢cCK,. Consequently, we have

U 10, (u(s))| ds| <

n 71 n—
00 2 gy Moy + [t Mu® + Y
S 0 L2 ug ug n— 1 ug .
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It is almost the required estimate of the induction. In fact, we just need to
modify it using Young inequalities. Indeed, on the one hand we have
4n+6 ‘t‘nfl 8n—2 n—92 4n+2

[t[ My, < n_ 1Mu03 Tz 1]\4uo3

On the other hand, since, by Hélder inequality,

n 2 2
-1, 2
(20) 162 w0 ey < 1ol 3 sl ol
we have
B 2n=2 8, 2. pn—2 |t|"_1 8n—2
112 ol gy Mt < #1150l 38 My ™ < 2 ol ) + o Mo

— Second, we focus on |Ag (g, u(t))].

Here, we just need to apply (I9) to get

2
|Aa (pin, A4(1))] < CrBa (D w72 + w72, [@(2)])-
j=1
So, we deduce of Lemma B3] that there exists x, > 0 such that

A2 (s W) < in| O ()72 ) | Qwu(B) | 2wy N () 2
Consequently, applying the induction hypothesis (see (I6])), and the initial
step, we have

n+42 8n—6
Ao, 8] < (na" g 2y My + Ma? -+ (£ 2 M7 )

with K = Ck,c where c¢ is an universal constant.
As previously, we need to apply some Young inequalities to modify this esti-
mate to get the induction estimate. On the one hand, we have

8n— n—2 8n—2 1 4n+2
‘t‘n 2Mu0 < jtn_lMuog’ + nfMUOS
On the other hand, applying (IZII) we get
4 — 4dn+2
1 Rt oaataer 2 2 L —5
Han UOHL2([R M ”anu0”L2( M u(0) '< n—1 ”a;cLUOHLQ([R) + mMUOS

— Finally, we focus on |E,(up)].

We apply the triangle inequality to get
Baluo)] < [ Fu) @) o +]Aatn, ).
On the one hand, applying (7)), we get
| )P do <0t [P do = 2ma~ o unl g

On the other hand, applying the estimate of Ag(uy, u(t)), when t = 0, we get

Mo, @) < K (=20 2 R
| Ao (i, ug)| < n—l” ch0||L2([R)+ +n—1 “o ’
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