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Abstract

In this work we construct and analyze a nonconforming high-order discretization method for the
quasi-static single-phase nonlinear poroelasticity problem describing Darcean flow in a deformable
porous medium saturated by a slightly compressible fluid. The nonlinear elasticity operator is
discretized using a Hybrid High-Order method, while the Darcy operator relies on a Symmetric
Weighted Interior Penalty discontinuous Galerkin scheme. The method is valid in two and three
space dimensions, delivers an inf-sup stable discretization on general meshes including polyhedral
elements and nonmatching interfaces, supports arbitrary approximation orders, and has a reduced
cost thanks to the possibility of statically condensing a large subset of the unknowns for linearized
versions of the problem. Moreover, the proposed construction can handle both nonzero and vanishing
specific storage coefficients.

Key words. Nonlinear poroelasticity, nonlinear Biot problem, Korn’s inequality, Hybrid High-Order
methods, discontinuous Galerkin methods, polyhedral meshes

AMS subject classification. 65N08, 65N30, 76S05

1 Introduction

In this paper we analyze a Hybrid High-Order (HHO) discretization method for nonlinear poroelastic
models. We overstep a previous work [6] devoted to the linear Biot model [4, 39] by incorporating more
general, possibly nonlinear stress-strain constitutive laws [10]. The model is valid under the assumptions
of small deformations of the rock matrix, small variations of the porosity, and small relative variations
of the fluid density. The interest of the poroelastic models considered here is particularly manifest in
geosciences applications [27, 28, 31], where fluid flows in geological subsurface, modeled as a porous
media, induce a deformation of the rock matrix. The challenge is then to design a discretization method
able to (i) treat a complex geometry with polyhedral meshes and nonconforming interfaces, (ii) handle
possible heterogeneities of the poromechanical parameters and nonlinearities of the stress-strain relation,
and (iii) deal with the numerical instabilities encountered in this type of coupled problem.
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Let Q c RY, d € {2,3}, denote a bounded connected polyhedral domain with boundary 9Q and
outward normal n. Without loss of generality, we assume that the domain is scaled so that its diameter
is equal to 1. For a given finite time g > 0, volumetric load f, fluid source g, we consider the nonlinear
poroelasticity problem that consists in finding a vector-valued displacement field # and a scalar-valued
pore pressure field p solution of

-V.o(,Vu)+aVp=f in Q x (0, tg), (1a)
Codip+ad;,(V-u)-V.-(x(-)Vp) =g in Q x (0, 1g), (1b)

where V denotes the symmetric gradient, d; denotes the time derivative, a is the Biot—Willis coefficient,
Co > 0 is the constrained specific storage coefficient, and, denoting by RZ*? the set of real-valued,
symmetric square matrices, K : ) — R;jx‘i is the uniformly elliptic permeability tensor field which, for
real numbers 0 < k < k, satisfies for almost every (a.e.) x € Qand all £ € RY,

KIEPP < k(x)€ - € <K|E

For the sake of simplicity, we assume in the following discussion that « is piecewise constant on
a polyhedral partition Po of Q, an assumption typically verified in geoscience applications. In the
poroelasticity theory [12], the medium is modeled as a continuous superposition of solid and fluid
phases. The momentum equilibrium equation (1a) is based on the Terzaghi decomposition [39] of
the total stress tensor into a mechanical contribution and a pore pressure contribution. Examples and
assumptions for the constitutive stress-strain relation o : Q x RZ*4 — R4 are detailed in Section
2.2; we refer the reader to [3, 5] for a physical and experimental investigation of the nonlinear behavior
of porous solids. On the other hand, the mass conservation equation (1b) is derived for fully saturated
porous media assuming Darcean flow. The first two terms of this equation quantify the variation of fluid
content in the pores. The dimensionless coupling coeflicient a expresses the amount of fluid that can be
forced into the medium by a variation of pore volume for a constant fluid pressure, while Cy measures the
amount of fluid that can be forced into the medium by pressure increments due to compressibility of the
structure. The case of a solid matrix with incompressible grains corresponds to the limit value Cy = 0.
Following [37, 40], for the sake of simplicity we take @ = 1 in what follows. To close the problem, we
enforce homogeneous boundary conditions corresponding to a clamped, impermeable boundary, i.e.,

u=0 on 0Q x (0, tg), (1c)
(k()Vp) - n=0 on 0Q x (0, 1), (1d)

as well as the following initial condition which prescribes the initial fluid content:
Cop(,0) + V- u(-,0) = ¢°C). (le)

In the case Cy = 0, we also need the following compatibility conditions on g and ¢° and zero-average
constraint on p:

f¢°:0, fg(-,t)ZO, and fp(-,t)zo vVt € (0, 1p). (1f)
Q Q Q

When discretizing the poroelasticity system (1), the main challenges are to ensure stability and
convergence under mild assumptions on the nonlinear stress-strain relation and on the permeability
field, and to prevent localized pressure oscillations arising in the case of poorly permeable, quasi-
incompressible porous media. Since the latter issue is in part related to the saddle point structure in
the coupled equations for Cy = 0 and small «, the discrete spaces for the displacement and the pressure
should satisfy an inf-sup condition. Indeed, as observed in [26, 32, 34] in the context of finite element



discretizations of the linear poroelasticity problem, the inf-sup condition yields an L>-estimate of the
discrete pressure independent of k!, and allows one to prove the convergence of the approximate
pressure towards the continuous pressure also in the incompressible case Cyp = 0. We notice, however,
that the problem of spurious pressure oscillations is actually more involved than a simple saddle-point
coupling issue. For instance, it has been recently pointed out in [35] that, even for discretization methods
leading to an inf-sup stable discretization of the Stokes problem in the steady case, pressure oscillations
can arise owing to a lack of monotonicity of the discrete operator. The robustness with respect to
spurious oscillations has been numerically observed in [6, Section 6.2] for a HHO-dG discretization of
the linear poroelasticity model.

In this work, we present and analyze a nonconforming space discretization of problem (1) where the
nonlinear elasticity operator is discretized using the HHO method of [9] (c.f. also [15, 17]), while the
Darcy operator relies on the Symmetric Weighted Interior Penalty (SWIP) method of [20]. The proposed
method has several assets: (i) it is valid in two and three space dimensions; (ii) it delivers an inf-sup
stable discretization on general spatial meshes including, e.g., polyhedral elements and nonmatching
interfaces; (iii) it allows one to increase the space approximation order to accelerate convergence in
the presence of (locally) regular solutions. Compared to the method proposed in [6] for the linear
poroelasticity problem, there are two main differences in the design. First, for a given polynomial
degree k > 1, the symmetric gradient reconstruction sits in the full space of tensor-valued polynomials
of total degree < k, as opposed to symmetric gradients of vector-valued polynomials of total degree
< (k +1). Following [9, 16], this modification is required to obtain optimal convergence rates when
considering nonlinear stress-strain laws. Second, the right-hand side of the discrete problem of Section
4.4 is obtained by taking the average in time of the loading force f and fluid source g over a time step
instead of their value at the end of the time step. This modification allows us to prove stability and
optimal error estimates under significantly weaker time regularity assumptions on data (cf. Remarks 13
and 19). Finally, in Section 3.4 we give a new simple proof of a discrete counterpart of Korn’s inequality
on HHO spaces, not requiring particular geometrical assumptions on the mesh. The interest of these
results goes beyond the specific application considered here.

The material is organized as follows. In Section 2 we present the assumptions on the stress-strain
law and the variational formulation of the nonlinear poroelasticity problem. In Section 3 we define the
space and time meshes and the discrete spaces for the displacement and the pressure fields. In Section 4
we define the discrete counterparts of the elasticity, Darcy, and hydromechanical coupling operators and
formulate the discrete problem. In Section 5 we prove the well-posedness of the scheme by deriving an
a priori estimate on the discrete solution that holds also when the specific storage coefficient vanishes.
The convergence analysis of the method is carried out in Section 6. Finally, Section 7 contains numerical
tests to asses the performance of the method.

2 Continuous setting

In this section we introduce the notation for function spaces, formulate the assumptions on the stress-
strain law, and derive a weak formulation of problem (1).

2.1 Notation for function spaces

Let X C Q. Spaces of functions, vector fields, and tensor fields defined over X are respectively denoted
by italic capital, boldface Roman capital, and special Roman capital letters. The subscript “s”” appended
to a special Roman capital letter denotes a space of symmetric tensor fields. Thus, for example,
L*(X),L*(X), and LE(X ) respectively denote the spaces of square integrable functions, vector fields,
and symmetric tensor fields over X. For any measured set X and any m € Z, we denote by H™ (X) the



usual Sobolev space of functions that have weak partial derivatives of order up to m in L?(X), with the
convention that H%(X) = L2(X), while C"(X) and CZ°(X) denote, respectively, the usual spaces of
m-times continuously differentiable functions and infinitely continuously differentiable functions with
compact support on X. We denote by (-, -)x and (-, -),, x the usual scalar products in L*(X) and H™(X)
respectively, and by ||-||x and ||-||;;,x the induced norms.

For a vector space V with scalar product (-, -)y, the space C"™(V) := C™ ([0, tg]; V) is spanned by
V-valued functions that are m-times continuously differentiable in the time interval [0, #¢]. The space
C™ (V) is a Banach space when equipped with the norm

m = max max ||dio@)|y.
llellcm vy omax  max ld; () lv

Similarly, the Hilbert space H™ (V) = H™((0,tr); V) is spanned by V-valued functions of the time
interval, and the norm ||-||g= (v is induced by the scalar product

() =Y, [ @ duwar e e HW).
=

2.2 Stress-strain law

The following assumptions on the stress-strain relation are required to obtain a well-posed weak formu-
lation of the nonlinear poroelasticity problem.

Assumption 1 (Stress-strain relation). We assume that the stress function o : Q x R¥*4 — RI*4 jg
a Carathéodory function, i.e., o (x,-) is continuous on RfXd for almost every x € Q and o (-, 7T) is
measurable on Q for all T € Rf xd Moreover, there exist real numbers Cqr, Cey € (0, +00) such that, for
ae. x € Qand all T, € R¥  the following conditions hold:

lor (%, T)|axa < CorlTlaxas (growth) (2a)
o(x,7) T 2 Chltlig (coercivity) (2b)
(c(x,T)—0o(x,p)): (tr—n)>0ifp # . (monotonicity) (2¢)

Above, we have introduced the Frobenius product such that, forall7,n € R4 7 : = 3, <ij<d TijNij

1
with corresponding matrix norm such that, for all T € R | 1| gxa = (T : T)2.
Three meaningful examples for the stress-strain relation o : Q x RZX4 — R%*d in (1a) are:

* The (possibly heterogeneous) linear elasticity model given by the usual Hooke’s law
o(,71)=A0C) () g +2u()T, 3)
where u : Q — [y, p*], with 0 < p, < u* < 400, and 1 : Q — R, are the Lamé parameters.
* The nonlinear Hencky—Mises model of [24, 33] corresponding to the mechanical behavior law
o (1) = A(~ dev(T)) tr(T) g + 2fi(-, dev(T))T, )

with nonlinear Lamé scalar functions i : Q X R, — [u., u*] and 1:OxR, >R, depending on
the deviatoric part dev(t) := tr(t?) — 5 tr(t)? of the strain.



* The isotropic reversible hyperelastic damage model [29], for which the stress-strain relation reads
o(,7)=(1-D(71)E0)r. 5)

where D : Q X R;“d — [0, 1] is the scalar damage function and € : Q — R4" is a fourth-order
symmetric and uniformly elliptic tensor field, namely, for some strictly positive constants C and
C, it holds

Cltliy < Cx)T:7 < Cltlhy, YT eR™ VxeQ.

Being linear, the Cauchy stress tensor in (3) clearly satisfies the previous assumptions. Moreover,
under some mild requirements (cf. [11, 23]) on the nonlinear Lamé scalar functions f and Ain (4) and
on the damage function D in (5), it can be proven that also the Hencky—Mises model and the isotropic
reversible damage model satisfy Assumption 1.

2.3  Weak formulation

At each time ¢ € [0, #¢], the natural functional spaces for the displacement u (#) and pore pressure p(¢)
taking into account the boundary condition (1c) and the zero average constraint (1f) are, respectively,

H'(Q if
and P::{ «) it G > 0,

U =H\(Q
0(®) H'(Q)nL(Q) ifC =0,

with H)(Q) = {v eHY(Q); v9q = 0} and L2(Q) = {q e L*(Q); qu = 0}. We consider the
following weak formulation of problem (1): For a loading term f € L*(L*(Q)), a fluid source
g € L*(L*(Q)), and an initial datum ¢° € L*(Q) that verify (1f) if Cy > 0, find u € L>(U) and
pE L?(P) such that, for all v € U, all q € P,and all ¢ € C°((0, tr))

fo a(u(t),v) e(t)de + fo b(v,p(1)) ¢(t)dt = fo (f@®),v)oe)d:, (6a)
fo b (1), 4) - Cop(D). o] dep(t)dr + fo c(p(t).q) p(1)dt = fo (gD, Paen)d,  (6b)
(Cop(0) + V- u(0), ¢)a = (4%, 9o, (6¢)

where we have defined the nonlinear function ¢ : U X U — R and the bilinear forms b : U X P —» R
and c : P X P — Rsuch that, forallv,w e U and all ¢,r € P,

Cl(V, W) = (0-(’ st)9 sz)Qa b(v’ C]) = _(V -V, Q)Qe C(C], r) = (K(')Vr’ Vq)Q

The first term in (6a) is well defined thanks to the growth assumption (2a). Moreover, owing to (2b)
together with Korn’s first inequality and Poincaré’s inequality, a(-, -) and c(-, -) are coercive on U and P,
respectively. The strict monotonicity assumption (2c) guarantees the uniqueness of the weak solution.
Remark 2 (Regularity of the fluid content and of the pore pressure). Using an integration by parts in
time in (6b), it is inferred that

d; [Co(p. 9o — bu, @)] + c(p.q) = (8.9)a Yq € P in L*((0,1p)). (7

Therefore, defining the fluid content ¢ := Cop + V - u, we have that t — (¢(¢),g)a € H'((0, 1)) C
([0, zg]) for all q € P, and, as a result, (6¢) makes sense. Moreover, in the case Cy > 0, taking ¢ = 1
in (7) and owing to the definition of the bilinear form ¢ and the homogeneous Dirichlet condition (1c),

we infer that
d, (Cofp(',t))=fg(-,t) in L2((0, tg)).
Q Q

Thus, ¢t +— fQ p(,1) € H'((0,15)), namely the average of the pore pressure over € is a continuous
function in [0, 7g].



3 Discrete setting

In this section we define the space and time meshes, recall the definition and properties of L2-orthogonal
projectors on local and broken polynomial spaces, and introduce the discrete spaces for the displacement
and the pressure.

3.1 Space mesh

We consider here polygonal or polyhedral meshes corresponding to couples My, = (7, 1), where
7h is a finite collection of polygonal elements such that 4 := maxycq;, hr > 0 with A7 denoting the
diameter of T, while 77, is a finite collection of hyperplanar faces. It is assumed henceforth that the
mesh Mj, matches the geometrical requirements detailed in [22, Definition 7.2]; see also [21, Section
2]. To avoid dealing with jumps of the permeability coefficient inside elements, we additionally assume
that M, is compliant with the partition Po on which « is piecewise constant meaning that, for every
T € 7y, there exists a unique subdomain w € Pg such that T C w. For every mesh element T € 7,
we denote by F7 the subset of ¥}, containing the faces that lie on the boundary 97T of T. For each face
F € Fr, nrr is the (constant) unit normal vector to F pointing out of 7. Boundary faces lying on 0Q
and internal faces contained in € are collected in the sets 7’hb and 77hi, respectively.

Our focus is on the so-called #-convergence analysis, so we consider a sequence of refined meshes
that is regular in the sense of [21, Definition 3]. The mesh regularity assumption implies, in particular,
that the diameter 47 of a mesh element T € 7}, is uniformly comparable to the diameter i of each face
F € ¥, and that the number of faces in 7 is bounded above by an integer Ny independent of 4. We
additionally assume that, for each mesh in the sequence, all the elements are star-shaped with respect to
every point of a ball of radius uniformly comparable to the diameter of the element. This assumption is
required to use the results of [8, Appendix A].

3.2 Time mesh

We subdivide (0,tr) into N € N* uniform subintervals, and introduce the timestep 7 := fp/N and the
discrete times ¢ := nt for all 0 < n < N. We define the space of piecewise H' functions on (0, tg) by

H'(T) = {¢ € L*((0,t8)) 5 @ygn pn-1y € H' ("), ¢")) forall 1 <n < N}.

Since each y € H L@™1, £")) has an absolutely continuous representative in ["~1, 1], we can identify
¢ € H'(77) with a left continuous function in (0,7r). Therefore, for any vector space V and any
NS H'\(77;V), we set tpo =¢(0)and, forall1 <n <N,
"= lim (1) €eV.
t— (")~
If ¢ € CO(V), this simply amounts to setting ¢" = ¢(¢"). Foralln > 1 and ¢ € L'(V), we define the
time average of i in "1 t") as

tn
vt =1t f Y(ndr eV, (8)
tn—1
with the convention that JO =0¢e V. Wealso let, for all (¢')o<i<y € V¥N*'andall 1 <n < N,
SDn n-1

6;(,011 = eV

denote the backward approximation of the first derivative of ¢ at time ¢".



We note a preliminary result that will be used in the convergence analysis of Section 6. Let
v € H'(77) and 1 < n < N. Identifying Yin-1 4ny € H'((t"~', ™)) with its absolutely continuous
representative in (t"‘], t"], one can use the fundamental theorem of calculus to infer that

o= - f (w")— f dzw)dr)ds:; f f dr(n)dr ds < f o (1)1,
-l s m-1Js -1

Thus, applying the previous result together with the Jensen inequality yields, for all ¢ € H'(77; L*(Q)),

i 2 i

lo" -1 < | ( | |dtso<x,r>|dr) drsv [ IO < ol iy ©)
Q \Jm-l tn-1 S1");

where ¢(x,¢t) is a shorthand notation for (¢(¢))(x). As a result of (9), we get

N
—n 2 2 2 2 2
T”‘Pn - ‘pn”Q S T Z ||(p”Hl((t”_1,t");L2(Q)) =T ”‘P||H1(7;,L2(Q))
n=1 n=1

M=

3.3 L’-orthogonal projectors on local and broken polynomial spaces

For X c Q and k € N, we denote by P¥(X) the space spanned by the restriction to X of scalar-valued,
d-variate polynomials of total degree k. The L2—projector 71'1}(( : LY(X) - P*¥(X) is defined such that,
forall v e L'(X),

f (v —vw=0  vwe PYX). (10)
X

As a projector, né‘( is linear and idempotent so that, for all v € P*(X), n’}‘(v = v. When dealing with
the vector-valued polynomial space P¥(X) or with the tensor-valued polynomial space P*(X), we use
the boldface notation 71")‘( for the corresponding L?-orthogonal projectors acting component-wise. At
the global level, we denote by PX(T), PX(71,), and P*(T3,), respectively, the spaces of scalar-valued,
vector-valued, and tensor-valued broken polynomial functions on 7, of total degree < k, and by nZ
and Jrfl the L?-projectors on PX(7;,) and P*(7;,), respectively. The following optimal approximation
properties for the L>-projector n;‘( follow from [14, Lemmas 3.4 and 3.6]: There exists a strictly positive
real number C,;, independent of / such that, forall T € 7, all/ € {0,...,k + 1}, allm € {0, ...,[}, and
allv e H\(T),

v = w5vlamry < Caphly ™ g () (11)

and,if/ > landm <[ -1,
1
h2|v = T gm gy < Caphly ™ VIt () (12)

where |-|gm (7 is the broken Sobolev seminorm on #r.

3.4 Discrete spaces

In this section we define the discrete spaces upon which the HHO method corresponding to a polynomial
degree k > 1 is built.



3.4.1 Displacement

The discrete unknowns for the displacement are collected in the space
gfl = {gh = (vD)res» VF)Fes,) s Vr € PX(T) forall T € T, and vy € PX(F) forall F € 7-71} .

For any vy, € U l;w we denote by v;, € P¥(7;,) the broken polynomial vector field obtained patching
element-based unknowns, so that
W =vr VT €.

The discrete unknowns corresponding to a function v € H'(Q) are obtained by means of the interpolator

I¥ : H'(Q) - Uk such that

L’;lv = ((ﬂ§V|T)Te7;,,(7T§V|F)Feﬁ)- (13)

For all T € 7;, we denote by U ’; and 1 ’} the restrictions to 7' of U ;‘Z and I ;‘l, respectively, and, for any
v, €U fl we let v, = (vr, (VF)Feg;) collect the local discrete unknowns attached to T'. At each
time step, the displacement is sought in the following subspace of U ’;Z that strongly accounts for the
homogeneous Dirichlet condition (1c):

QZ,D = {Kh = (D)res VF)Fer,) €Uy s vp=0 VF e ﬁb} .

We next prove a discrete version of Korn’s first inequality on U fl p that will play a key role in the
analysis. To this purpose, we endow the space U 1;1 with the discrete strain seminorm ||-||g 5, defined, for
ally, € Qi‘l, such that

1

> (||vsvr||%+ > h;lqu—an%)] : (14)

TeT, Fe¥r

Iy, lle,n =
h

We will also need the following continuous trace inequality, whose proof follows the arguments of [19,
Lemma 1.49] (where a slightly different notion of mesh faces is considered): There exists a strictly
positive real number Ci;, independent of & but possibly depending on the mesh regularity parameter,
such that, forall T € 7, all vy € Hl(T), and all F € ¥,

lvrllF < & (I19vrllr + k' vrlir) vz lir. (15)

Proposition 3 (Discrete Korn’s first inequality). There is a real number Cx > 0, only depending on Q,

: k
d, and the mesh regularity parameter, such that, for all v n € U nD

valla < Ckllvylle.n- (16)
Remark 4 (Strain norm). An immediate consequence of (16) is that the map ||-||¢,5 is @ norm in U fl D

Proof. We start by noticing that it holds, forall @ € R9*¢ and all # € R9*¢, denoting by B, = 3 (B+B")
the symmetric part of 8,

a:B=a:pf,. 17)
Lety, € Qi‘l p- Since the divergence operator V- : Hi (Q) — L3(Q) is onto (c.f. [7, Section 9.1.1] and
[1, Theorem 3.2]), there exists 7y, € HI(Q) such that V - 7, = vj, and [Ty, .o < Cgllvillo, with



Csj > 0 independent of A. It follows that

Ivallg =fvh~(V'th)
Q

= - V : Vh - : Vh
Z fr VT T +ZfF(VT vF) - (Ty,RTF)

TeT, FeFr
- Y- [vrirn s Y [ or-ver@n |
TeT, T Fer vV F

where, to pass to the second line, we have integrated by parts element by element and used the fact
that T, has continuous normal traces across interfaces and that boundary unknowns are set to zero
in order to insert v into the boundary term, while, to pass to the third line, we have used (17) with
a = 71y,, and B = Vvr. Applying a Cauchy—Schwarz inequality on the integrals over the element, a
generalized Holder inequality with exponents (2, 2, +c0) on the integrals over faces, using the fact that
ln7FllL=(r) < 1, and invoking a discrete Cauchy—Schwarz inequality on the sum over T' € 7}, we infer
that

1 1
) . :
Walld < > IVl lie + D hp2lve =vrlle hility,lle

TeT, FeFr
2 2 %

< v 2 Bl _ 2 h 2
= | svTHT ”Tv,l llo + F lve VT”F F”Tv;, ”F

TeT, TeT, FeEFr TeT, FeFr

%
2 -1 2
< V2NoCo| D IVIF+ >0 > W ve =vrlli | D, e
T<T, TeT, Fefr

= V2NoCullvy, lle,nllTy), 1,0

where, to pass to the third line, we have estimated ||t || using the continuous trace inequality (15) and
used the factthat hp < hy < diam(Q) = 1 forany T € 7;, and F' € Fr. Thus, invoking the boundedness
of the divergence operator, we get

2
Ivallg < V2N CiCllvy lle,nllvalle,

which yields the conclusion with Cx = V2NyCsiCy. |

3.4.2 Pore pressure

At each time step, the discrete pore pressure is sought in the space

. {Pk(frh) if Cy > 0,
h ™

TP = {an € PA) ;- fan =0} it Co=0.

For any internal face F € ¥, i we denote by Tr.1,Tr2 € T, the two mesh elements that share F, that is
tosay F' € 0Tr,1 N 0TF,» and Tr,; # TF,2 (the ordering of the elements is arbitrary but fixed), and we

set 2
, _ 2KF,1KF2
kri = (Kipp Mrp,F) Mp,p fori€ (12}, kp = —— (18)
KF,1 + KF2



For all g5, € P;’j, we denote by gr the restriction of g to an element 7' € 7, and we define the discrete

seminorm ]

2

1 KF
lgnlle.n = § k2 Varll7 + § . lgry, — qre,lly | (19)
i F
TeTp Fe7,

The fact that in (19) boundary terms only appear on internal faces reflects the homogeneous Neumann
boundary condition (1d).

Using the surjectivity of the divergence operator V- : H(l)(Q) - L%(Q) and proceeding as in the
proof of the discrete Korn inequality (16), a discrete Poincaré—Wirtinger inequality in P*(7y,) is readily
inferred, namely one has the existence of Cp > 0, only depending on Q, d, and the mesh regularity
parameter such that, for all g, € P*(75),

0 -1
llgn — moanlla < Cek 2 llqnlli,n-

This result ensures, in particular, that the seminorm ||-||¢,;, defined in (19) is a norm on P(')‘ (7). For a
proof of more general Sobolev inequalities on broken polynomial spaces, we refer the reader to [18] and
[19, Section 5.1.2].

4 Discretization

In this section we define the discrete counterparts of the elasticity, hydro-mechanical coupling, and
Darcy operators, and formulate the HHO-dG scheme for problem (6).

4.1 Nonlinear elasticity operator

The discretization of the nonlinear elasticity operator closely follows [9]. We define the local symmetric
gradient reconstruction Gi r - U ’; — PK(T) such that, for a given vr = (1. OVF)Fer) € U k,
GI:,TKT € PX(T) solves

fG';TKT:T:—fvT-(V-T)+ Z fvp-(‘rnTF) VT € PK(T). (20)
T T F

FETT

Existence and uniqueness of Gi,f 7V follow from the Riesz representation theorem in PX(T) for the
L*(T)%*4_inner product. This definition is motivated by the following property.

Proposition 5 (Commuting property for the local symmetric gradient reconstruction). For all v €
H'(T), it holds that
G Iy = (Vo). (21)

Remark 6 (Approximation properties of the local symmetric gradient reconstruction). The commuting

property (21) combined with (11) shows that G’; 1 ’}v optimally approximates Vv in PX(T).

10



Proof. For all T € P¥(T), we can write

fo’TL]}V2T ka IkviTs

T

—fﬂ'}v-(V-Ts)+ Z fﬂ],‘:V-(TsnTF)
T F

Fefr

_ (V-1 (1
fTv( T‘)+ZLV (tsntF)

FETT

va:TS:stv:TsszSv:T:fﬂ’}(st):T,
T T T T

G]S‘, 1 '}v and B = t in the first line, the definition (20) of the
local symmetric gradient with v, = I ’;v in the second line, and definition (10) after observing that
V-1, € P“"I(T) c PX(T) and Tsnyp € PX(F) for all F € F7 to remove the L?-orthogonal projectors
in the third line. In the fourth line, we have used an integration by parts, then invoked (17) first with
a = 7y and B = Vv, then with @« = Vyv and B8 = 7, and we have used the definition (10) of ﬂ’} to
conclude. m|

where we have used (17) with

From Gf 1> we define the local displacement reconstruction operator rk+1 Uy k — P*1(T) such
that, for all v, € g’;,

and, denoting by 9; the partial derivative with respect to the ith space variable, if d = 2,

f(aerZVT 321’T1VT Z f(nTFlvFg—vlnsz)

FeFr
while, if d = 3,

k+1 k+1
Opry 3 vy — O3rp5 vy NTF2VFE,3 — NTF,3VF,2

f 53"]‘Jrl - o'hr;*;vT = Z nTF3VF,1 = NTF,1VF,3 |
r 01 r%“vT - azrkﬂ Vr FeFr F nTF,1VF,2 — NTF2VF,1
Optimal approximation properties for r?l I § have been recently proved in [8, Appendix A] generalizing
the ones of [17, Lemma 2]. The optimal approximation properties of r’}“! ’} are required to infer (49)
below.
The discretization of the nonlinear elasticity operator is realized by the function aj, : U ’;l x U ’;l - R
such that, forall w,,v, € Q’Z,

an(Wy,v,) = Z (fro-(" G.I:,TET) : GS,TKT + Z hl LAI;"FET 'AIYC"FKT)’ (22)

TeTy, Ferr  F

where y > 0 denotes a user-dependent parameter and we penalize in a least-square sense the face-based
residual 4% . : U5 — P*(F) such that, for all T € 75, all v, € U, and all F € 77,
A?FKT = n’;(r’}“vT —vp) - ﬂ’}(r’}“vT -vr).

11



This definition ensures that Al;  vanishes whenever its argument is of the form I ’}w with w € PK+1(T),
a crucial property to obtain high-order error estimates (cf. [6, Theorem 12]). For further use, we note
the following seminorm equivalence, which can be proved using the arguments of [17, Lemma 4]: For
ally, € U*

Zh S~ Zne

-2 2 k 2 -1 k 2 2 2
Ceq th”s,h < Z ||GS,TKT||T + Z hF ||ATFKT”F < Ceq”KhHs,h’ (23)
TeT;, Fe¥r

where Ceq > 0 is independent of 4, and the discrete strain seminorm ||-||¢ ;, is defined by (14). By (2b),
this implies the coercivity of ay,.

Remark 7 (Choice of the stabilization parameter). The constants Cg, C.y appearing in (2) satisfy C2, <
Cg;. Indeed, owing to (2b), the Cauchy—Schwarz inequality, and (2a), it holds for all T € R;lx‘l,

Colt i < 0, 7) 1 T <10 (X, TlaxalTlaxa < CalTl}, - (24)
Thus, we choose the stabilization parameter y in (22) such that
y € [C2,, Cyl. (25)
For the linear elasticity model (3), we have Cyr = 2u + dA and Cgy = \/ﬂ so that a natural choice for
the stabilization parameter is y = 2.

4.2 Hydro-mechanical coupling

The hydro-mechanical coupling is realized by means of the bilinear form by, on U ’;l X P*(75,) such that,
forall v, € U% and all g, € P*(7),

br (v, qn) = Z (fr vy - Vqr —

TeT,

> f (vF - nrr) qr), (26)
F

FE?’T

where gr = gpr forall T € 7},. It can be checked using Cauchy—Schwarz inequalities together with the
definition (14) of the strain seminorm and discrete trace inequalities that there exists Cpg > 0 independent
of & such that

bn vy, qn) < Codllvy, lle,nllgnllo-
Additionally, using the strongly enforced boundary condition in U’ l;z,D’ it can be proved that
bp(v,,1)=0, Vv, €Uy . (27)

Finally, we note the following lemma stating that the hybrid interpolator I ’;l H'(Q) - U ’;l is a Fortin
operator.

Lemma 8 (Fortin operator). Forallv € H Q) and all qn € P*(T1), the interpolator I' fl satisfies

1L}vllen < Culvlio, (28a)

buI5v, qn) = b(v, qn), (28b)

where the strictly positive real number Cg is independent of h.

12



Proof. (i) Proof of (28a). Recalling the definitions (14) of the discrete strain seminorm and (13) of the
global interpolator, we can write

k112 k112 —1.k k112
RvI2, = > (lleﬂTV||T+ > h iy —nTvnF)

TeTy, Fe¥r

k 2 2 -1 k112 2
< > 20ViGhy = IR +20VIF + D hp v - x| < Calv
TeT, FeFr

with Cs > 0 independent of h. To pass to the second line, we have used a triangle inequality after
inserting £ Vv into the first term, and we have used the linearity, idempotency, and boundedness of 71"}
to write |lxky — xkvllp = llak (v = 7kv)llF < IIv — 2kvlF. To conclude, we have used (11) with
[ =m =1and (12) with / = 1 and m = 0 to bound the first and third term inside the summation.

(ii) Proof of (28b). Recalling the definitions (26) of by (-, -) and (13) of the global interpolator, we can
write letting, for the sake of brevity, gr := g forall T € 7y, for all g;, € PX(T3),

bh(!ZV,CIh) = Z (f 7t§v -Vqr—f(n’}vm-nﬂ:) qT)
T F

TeT,

= Z (fv-VqT—f(v-nTF)QT):b(V,CIh),
T F

TeT,

where we have used definition (10) after observing that Vgr € P1(T) c PX(T) and qr|\FRTF € PK(F)
to remove the L?-orthogonal projectors in the second line, and integration by parts over T € 75, to
conclude. O

As a result of the previous Lemma, one has the following inf-sup condition, cf. [10] for the proof,
which follows the classical Fortin argument (see, e.g., [7, Section 8.4] for further details).

Proposition 9. There is a strictly positive real number [ independent of h such that, for all q;, € P(’)< (Tn),

b (v, qn)
lgnllo < B sup ———2 .
vyeuk vy 12 len

4.3 Darcy operator

The discretization of the Darcy operator is based on the Symmetric Weighted Interior Penalty method
of [20], cf. also [19, Section 4.5]. Forall F € Th‘ and all gy, € P*(73,), we define the jump and weighted
average operators such that

VKF,2 VKF,1

+ AT

= —————(r
VKF,1 + \/KF,Zq ol VKF,1 T \KF,2

with T 1,Tr2 € Tn, Tr,1 # TF,2, such that F C 0TF,1 N 0TF» and kF,1, k2 defined in (18). The
bilinear form ¢, on PX(7;) x PX(75,) is defined such that, for all g, r,, € PX(75),

K
cn(Ths qn) 3=fKVhrh “Viugn + Z h_Ff[rh]F[CIh]F
Q F JF

Fe‘f’lj

- Z f([”h]F{thQh}F+[Qh]F{KVhrh}F)'nTlF,
F

Fef]

lgnlF = q1r, — qTF > {an}r

13



where we have introduced the broken gradient operator V;, on 7, and we have denoted by ¢ > ¢ >0 a
user-defined penalty parameter chosen large enough to ensure the coercivity of ¢ (the proof is similar
to [19, Lemma 4.51]):

cn(gngn) 2 (s = )A+ ) lgnlly . Van € Py

Since, under this condition, ¢y, is a symmetric positive definite bilinear form on the broken polynomial
space P¥, we can define an associated norm by setting || - llc.n = cn (-, -)%.

The following consistency result can be proved adapting the arguments of [19, Chapter 4] to
homogeneous Neumann boundary conditions and will be instrumental for the analysis. We define
the functional spaces P, := {r e H'(Q) N H*(Po) ; kVr-n =0on BQ} and set PX = P, + Pf.
Extending the bilinear form ¢;, to Pfh X Pfh, it is inferred that, for all r € P,,

(V- (&Vr),q)a = cn(r,q) Vg € P.j. (30)

4.4 Discrete problem

¥y qn) € Uy x PK(Tp),

For all 1 < n < N, the discrete solution (gz,p;l’) € Q’;lD X P'; at time ¢ is such that, for all

an (', v,) + by, P = (f v, (la)

Co(6: Py qn)a — bu(6:uy, qn) + cn(py, qn) = (8", qn)as (31b)

with J_”n e L2(Q) and g e L*(Q) defined according to (8). In order to start the time-stepping scheme,
we need to initialize the discrete fluid content. This is done by setting qﬁ% equal to the L?-orthogonal
projection of qﬁo on PX(73,) according to (6c), that is,

Co(phs an)a — br(@S, qn) = (8% qn)a  Van € PX(Th). (3lc)

Remark 10 (Initial condition). We observe that the initial displacement & 2 ceU fl p and pressure pg € P;;

in (31c) are not explicitly required to initialize the scheme. However, assuming that f € COL2(Q)),
so that (1a) makes sense also for = 0, it is possible to compute the initial discrete fields (gg, pg) by
solving

an (W), v,) +bn(vy,pp) = (fvn)a Vv, €Uj o, (32a)

Co(pp anda = ba(uy, an) = (6% an)a  Van € PX(Th). (32b)

In the limit case Cy = 0 the previous equations corresponds to a well-posed HHO discretization of a

steady nonlinear Stokes-like problem. If Cy > 0 we can take ¢, in (32b) such that, for all T € 7,

(gn)ir = Cy ! tr(Gf’ rV) and sum the resulting equation to (32a). Owing to definitions (20) and (26),
we obtain

an@,v,) = (f%via - Cylbn(v,, 7k ¢, (33)

where the nonlinear function &y, is defined as ay, in (22) but replacing the stress-strain law o with
(1) =0(,7)+Cyl (T 4.

According to [9, Theorem 7], the nonlinear elasticity problem (33) admits a solution. Once the initial
displacement 22 is computed, we set p?l such that, forall T € 7}, (p2)|T =G, ! (n;i¢0 - tr(Gf’ Tg(%)).

14



Remark 11 (Time discretization). The modified backward Euler scheme obtained by taking time aver-
ages instead of pointwise evaluation of the right-hand sides in (31) can be interpreted as a low-order
discontinuous Galerkin time-stepping method, cf. [36, 38].

Notice that other time discretizations could be used, but we have decided to focus on the backward
Euler scheme to keep the proofs as simple as possible. From the practical point of view, at each time
step n, the discrete nonlinear system (31) can be solved by the Newton method using as initial guess
the solution at step (n — 1). The size of the linear system to be solved at each Newton iteration can be
reduced by statically condensing a large part of the unknowns as described in [6, Section 5].

S Stability and well-posedness

In this section we study the stability of problem (31) and prove its well-posedness. We start with an
a priori estimate on the discrete solution not requiring conditions on the time step 7 and robust with
respect to vanishing storage coefficients and small permeability.

Proposition 12 (A priori estimate). Denote by (u, p))1<n<n the solution to (31). Under Assumption 1
on the stress-strain relation and the regularity on the data f, g, and ¢° assumed in Section 2.3, it holds

N N

2 0 2 2 N2
DorlwiZ, + > 7 (Ipf = 7ol + Collpplig) + sy 112, <
n=1 n=1

C (||f||§2(L2(Q)) + 17181172 12y + IENO°NE + 2 Co M TR 2 12 + tFCo‘1IIﬂ5¢°IIé.) NEZ

where C > 0 denotes a real number independent of h, T, the physical parameters Cy and k, and the
final time tg. In (34), we have defined s}l:’ = nN:1 Tp,, and we have adopted the convention that
Co 78125 2, = 0 and G5l g°lI3 = 0if Co = 0.

Remark 13. In order to prove the a priori bound (34), no additional time regularity assumption on the
loading term f and the mass source g are needed, whereas the stability estimate of [6, Lemma 7],
valid for linear stress-strain relation, requires f € C LL2(Q)) and g€ C%(L?(Q)). On the other hand,
Proposition 12 gives an estimate of the discrete displacement and pressure in the L2-norm in time, while
[6, Lemma 7] ensures a control in the L*°-norm in time. However, under additional requirements on the
stress-strain law (for instance Assumption 16) and H'-regularity in time of f, a stronger version of (34)
can be inferred, including in particular an estimate in the L*-norm in time.

Proof. (i) Estimate of ||p), — ngpz llo. The growth property of the stress-strain function (2a) together
with the Cauchy—Schwarz inequality, assumption (25) on the stabilization parameter, and the second

inequality in (23) yield, forall 1 <n < N and all y, € U fl’D,

an(Uy,vy,) = Z fa'("GlsiTﬂg):GlsiTKT'i' Z hlLAI;FE;'AI;"FKT

Ten, \VT Ferp ' F

(35)

1

k k k k

< Cgr § G ruzllr |Gy lir + E . A7 puplF A7 py o7
T, Ferr  F

< CngequIEZIIS,hIIKhIIs,h.
Using the inf-sup condition (29), (27), and the mechanical equilibrium equation (31a), we get, for any
1<n<N,

—n
b (¥, P = TP} (f .vwa - an @}, v,)

0
Ip), —mopypllo < B sup T =B  sup TR
v, €Up 5\{0) =hll&.h v, €UN 5\0) =hlle.h
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Therefore, owing to the discrete Korn inequality (16) and to (35), we infer from the previous bound that

1p = 73l < B (CklIF " lla + CorC, 1 o) - (36)

(ii) Energy balance. For all 1 < n < N, summing (31b) at times 1 < i < n, taking g, = TZPZ as a test
function, and recalling the discrete initial condition (31c) yields

n

n
TCopp P = Thiwp, i) + ) Pen Pl pp) = ) T @ o+ 7@ e (37)
i=1 i=1

Moreover, using the linearity of ¢, and the formula 2x(x — y) = X2+ (x— y)2 - y2, the third term in the
left-hand side of (37) can be rewritten as

n n
. : 1
2 2 2 12
E o cn(p).pp) = TCh( E TpL,pZ) = 1cp(s), 015),) = 5 (IIS2IIC,,, +10rsyllz g, — llsy, IIC,h),

i=1 i=1

where we have set s(})l =0,s7 =37, Tpfl forany I <n < N, and observed that p) = 6,5} . Therefore,
summing (37) and (31a) at discrete time n with v, = 7u;, leads to

1 —n S
rap (g up) + Collpylig + 5 (12, = sy M2 ,) < 7(F wa + > 2@ ppa+ 1@ pa.

Summing the previous relation for 1 < n < N, telescoping out the appropriate summands, and using
the coercivity property (2b), assumption (25), and the first inequality in (23), we get

N

Tlluli? ,,+coZr||ph||Q Slisy| C,_Zr(f uh)Q+ZT<G"+¢ Ppo,  (38)
1

CZ
2
Ceq n= n=

with the notation G" = 3" | rg" = fotn g(t)dr. We denote by R the right-hand side of (38) and proceed
to find a suitable upper bound.

(iii) Upper bound for R. For the first term in the right-hand side of (38), using the Cauchy—Schwarz,
discrete Korn (16), and Young inequalities, we obtain

N N I/N 3 C12< C2 2 N
—n —n e
> ,u;;mscK(Zrnf ||é) (Zrngzn;h) <~ WMoy * o Tlluhllsh,
n=1 n=1 n=1 cv €q n=
(39)

where we have used the Jensen inequality to infer that

N N
Zrnf"ng%:;% f ( f S r)dt) x<Z f ILF IR = 1172 0200

n=1

We estimate the second term in the right-hand side of (38) by splitting it into two contributions as
follows:

N N N
DTG + 4% pia = Y TG + 8" Pl —whpiIa + Y T(RQ(G" +¢0) o = Ti + T,
n=1 n=1 n=1
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where we have used its definition (10) to move ng from p; to (G" + #°) in the second term. Owing to
the Cauchy—Schwarz, triangle, Jensen, and Young inequalities, and using (36), we have

N LN i
Tl < (ZTIIG" + ¢°||5) (Zrnph - ngphng)

n=1 n=1

N " 2 I/N . 1
< \Eﬁ(erQ(fo g(x,z)dr) dx+zF||¢°||é) (Zr(can llo + CerCa ||uh||sh)2)
n=1

n=1

. (40)
1 N 2
<2p (rp||g||Lz<Lz(Q» + 1 ||¢°||Q) Cllf 2@z + CarCay (Z r||gz||§,h)
n=1

C2C6 1 C2 N

greq 3
erﬁ2(1+ - )(r;||g||Lz(Lz(g))+||¢°||Q) F O sz * e Y T,

Ccv 4Ceq n=1

Owing to the compatibility condition (1f) and the linearity of the L’-projector, T, = 0 if Cy = O.
Otherwise, using again the Cauchy—Schwarz, triangle, Jensen, and Young inequalities, leads to

N b ;
%ol < (Zrnngc;" + n3¢°||;é) (Zrnp,’;ué)
n=1 n=1

N

1 2
V2 (Rlmdg122 2, + 1T (Z Tupgug) 1)

n=1

IA

2

2tp 3C) <
0 ;02 ny2
3o 1m0z 2 + 5 170 I + =5 ) TlpplG,

Finally, from (39), (40), (41), it follows that

2 N

o i < 21F 0 002
R < 2C3q;r||zh|| et Zrnphug 3 ||an||L2(L2(Q» ol

1 2
+ CRC (Coq + C) IS 1220y + BB CEY (4CoCEy + C2) (t;||g||Lz<Lz<Q))+||¢0||g) .42

(iv) Conclusion. Passing the first two terms in the right-hand side of (42) to the left-hand side of (38)
and multiplying both sides by a factor 4, we obtain

2C2,

Z TlluplZ ), + coZrnp;;né +2llsi 112, < 4C, (43)

eCIn

where we have denoted by C the last four summands in the right-hand side of (42). In order to conclude
we apply again (36) to obtain a bound of the L2 -norm of the discrete pressure independent of the storage
coeflicient Cp. Indeed, owing to (36) and C, CV < Cy (see Remark 7), it is inferred that

2 N ﬁz 2
o Z tlipp - 7hpple < =2 > Tl + e 1 12 g2
2C; Ceq n= Ceq n=1 Ccheq
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Summing the previous relation to (43) yields

2 N N
bl + S5 Z 7lipy = xhpilla + Co D Tlpplig + 2y 112, <
eq n=1 C Ceq n= n=1
4CZ, i ) 4C2.c8
C b= A I, A 1) (gl + 1600100
( Cczv Ce6qC2 L@@y Ccv

2

8
F 012
+ 3C() ||7TQg||L2(L2(Q)) + 3C0 ||7TQ¢ ”Q'

Thus, multiplying both sides of the previous relation by max{C¢, 2 C2 2C2 C. 6 C

oy o 1} gives (34). m]
Remark 14 (A priori bound for Cy = 0). When Cy = 0, the a priori bound (34) reads

N
> Tl h+Zr||ph||Q+||sh 25 < € (L 17 2020y + 71181212 ) + 7EN12°11R) -

n=1
The conventions C; 1||7rgg||L2(L2(Q)) =0and ;' ||7r?2¢)0||(22 = 0if Cy = 0 are justified since the term I,
in point (3) of the previous proof vanishes in thlS case thanks to the compatibility condition (1f).
We next proceed to discuss the existence and uniqueness of the discrete solutions. The proof of the

following theorem hinges on the arguments of [13, Theorem 3.3].

Theorem 15 (Existence and uniqueness). Let Assumption 1 hold and let (Mp) 94 be a regular mesh
sequence. Then, for all h € H and all N € N, there exists a unique solution (uj,p})i<n<N €
U} x PN 10 (31).

Proof. We define the linear stress-strain function o™ : R4 — Rd *d such that, for all T € R%*9,

; C2 2
m - CV t I
g (T) _2 2d r(T) d>

where C.y is the coercivity constant of o (see (2b)), and we denote by azn the bilinear form obtained by
replacing o~ with o™ in (22). We consider the following auxiliary linear problem: Forall 1 < n < N,
find (y7', pj) € Uy, 1, X Py such that

Ay v+ bu (v p) = (F v My, €US w
Co(8ipjs qn)e = bi(S:3"7 qn) + cn(pjan) = @"an)a  Van € Py,

with initial condition as in (31c). Since the previous system is linear and square and its solution satisfies
the a priori estimate of Proposition 12, it is readily inferred that problem (44) admits a unique solution.
Now we observe that, thanks to the norm equivalence (23), alm( ) is a scalar product on UX U, p-and

we define the mapping @, : gh,D - Qfl such that, for all y, € Uh D’

ap (@, w,) = an(vy.w,),  Yw, € Uj .

We want to show that @, is an isomorphism. Let V%, € U’;l D be such that ®, (vh) =@, (gh). If

v, #z,,owingto the norm equivalence (23) and the fact that || - ||z, 5 is a norm on UK _, there is at least

ZhD’
one T € 7, such that Gs Vr # GS 7% OF ATF_T # ATFgT for some F' € F7. In both cases, owing to
the definition of aj, and the strict monotonicity assumption (2c), it holds

0< ah(Kh’Kh_gh)_ah(éh’Kh ) _ahn(q)h(vh)_ h(gh)’zh_gh) :0
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Thus, we infer by contradiction that v, = z, and, as a result, ®, is injective. In order to prove

that ®, is also onto, we recall the following result If (E, (-,-)g) is a Euclidean space and ¥ : £ —
M), 0)E

C xle

(U U, » lln( -)) is a Euclidean space and the coercivity (2b) of o= together with the definition of olin

E is a continuous map such tha — +o0o as ||x||[g — +oo, then W is surjective. Slnce
yield ahn(CI)h W)y, = ah“(vh, y,) forally, € Ufl p» We deduce that @, is an isomorphism. Let, for
alll <n <N, (y ,Pp) € U b X Pk be the solution to problem (44). By the surjectivity and injectivity

of®,,foralll <n <N, there exists a unique u; € U p.p Such that ®, (u;) = y”. By definition of @,
and (y Vi<n<N, (u? u,,p, ™)1 <n<n is therefore the unlque solution of the discrete problem (31). O

6 Convergence analysis

In this section we study the convergence of problem (31) and prove optimal error estimates under the
following additional assumptions on the stress-strain function o.

Assumption 16 (Stress-strain relation II). There exist real numbers Cp, Ciyy € (0, +00) such that, for
ae. x € Q, and all 7,5 € R4,

lor(x,7) — o (x,]axa < Ciplt — Nlaxa, (Lipschitz continuity) (45a)

(cx,v)—0ox,n):(t-1n) = Cfml‘r - nlflxd. (strong monotonicity) (45b)

Remark 17 (Lipschitz continuity and strong monotonocity). It is readily seen, by taking = 0 in
(45), that Lipschitz continuity and strong monotonicity imply respectively the growth and coercivity
properties of Assumption 1. Therefore, recalling (24), it is inferred that the constants appearing in (2a),
(2b), (45a), and (45b) satisfy

C2, < CL < Cy < Cp. (46)

mn —

It was proved in [2, Lemma 4.1] that the stress-strain relation for the Hencky—Mises model is strongly
monotone and Lipschitz-continuous. Also the isotropic damage model satisfies Assumption 16 if the
damage function in (5) is, for instance, such that

Dx,It]) =1 = (1 + [€(X)Tlgxa)~2 VYx € Q.

In order to prove a convergence rate of (k + 1) in space for both the displacement and pressure
errors, we assume from this point on that the permeability tensor field « is constant on €, and that the
following elliptic regularity holds (which is the case, e.g., when Q is convex [25, 30]): There is a real
number C¢ > 0 only depending on Q such that, for all € L%(Q), the unique function { € P solution
of the homogeneous Neumann problem

-V- (V) =y inQ, kV{-n=0 ondQ,
is such that

_1
1{lla2@) < Cak 2 |¥]lq. (47)

Let (EZ’ pZ)1SnSN be the solution to (31). We consider, for all 1 < n < N, the discrete error
components defined as

ep=up-Lu", € =ph-pp, (48)

where the global elliptic projection ﬁZ € P’g is defined as the solution to

cn (P qn) = cn(@".qn) Vgn € Py and fﬁz—fﬁ"-
Q Q
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Before proving the convergence of the scheme, we recall two preliminary approximation results for
the projector I' ];l and the projection ffz that have been proved in [9, Theorem 16] and [6, Lemma 11],
respectively. There is a strictly positive constant Cy; depending only on €2, k, and the mesh regularity
parameter, such that,

* Assuming (45) and u € L>(U N H*"2(7;,)) with o (-, Vsu) € L2(HX(T3,)), for ace. t € (0,1F)

and all v, € U} . it holds

jan@iu0,v,) + (V-0 (Vo (1), vn)| <
Coih ™ (1 - Dlgez gy + 107 (. Vst G g (73 ) 12 llesn- - (49)
+ Assuming the elliptic regularity (47) and p" € P n H**1(7},), forall 1 < n < N, it holds
— 1 — N
By =P e + K215} = B lla < Gl %2 1B i (g5 (50)

Now we have all the ingredients to estimate the discrete errors defined in (48).

Theorem 18 (Error estimate). Let (u, p) denote the unique solution to (6), for which we assume
u e H(T:U) N LXH(T), o, Vo) € L(H (),
p e LX(PnH"\(Ty)), ¢ € H'(T; L (Q),

with ¢ = Cop +V - u. If Cy > 0, we further assume ﬂ?zp e H' (77; P°(Q)) = H'(7;). Then, under
Assumption 16 and the elliptic regularity (47), it holds

N N

2 0 2 2 N2 2k+2 2
D otlentz + D v (len = mhenlla + Collenlld) + Izh 12, < € (K¢ +72Gy), (51)
n=1 n=1

where C is a strictly positive constant independent of h, T, Cy, Kk, and tg, and, for the sake of brevity, we
have defined Z}le = Zﬁ:’:l 7€, and introduced the bounded quantities

. 2 2 K 2
Cr= Nl gy T 106G VS g g0y + T+ G APl (s (5

. 2 2 0.2
CZ = ||u”H|(7;;H1(Q)) + ”¢”H1(7;,L2(Q)) + C0||7TQP”H1(7;)

Remark 19 (Time regularity). In order to prove the previous error estimate, we only require the dis-
placement u and the fluid content ¢ solving problem (6) to be piecewise H'-regular in (0, tg), whereas
[6, Theorem 12] is established under the much stronger regularity u € CZ(HI(Q)) and, if Cy > O,
p € C*(L*(Q)). Moreover, the assumptions ¢ € H'"(77; L*>(Q)) and, if Cy > 0, ngp e H'(77) are
consistent with the time regularity results observed in Remark 2.

Proof. (i) Estimate of || gZIIﬁ ,- First we observe that, owing to (la) and the definition of by, given in
(26), forally, € Qﬁ pandall I <n < N, we have

(Fovia = ~(V-&" (. V) via + (VB vida = an(LXT™, v,) + bp (v, 1) = R (v,),  (52)
where the residual linear form R" : U ’;l D R is defined such that, for all v n € U fl D

R™(v),) = an(Lyu",v,) + (V- 0", Vsu), vi)a, +bi (v, ) — (V5" v )a. (53)
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Using the norm equivalence (23), the strong monotonicity (45b) of o~ along with assumption (25) on
the stabilization parameter, the discrete mechanical equilibrium (31a), and (52), yields

1
2 k 2 k 2
enlzn = Con ) (168 refliz + 3 5l pehl

T<eT, Fefr

2

C2

< ap(uj, ep) —an(L;u", ep)
—n _
=(f .ea-bulelp}) —an(I}u", e)) = —by (el €}) —R" (e]}).
Thus, owing to the previous relation and defining the dual norm

R"(v}y)

“Rn”a,h,* = sup
v, EUI‘ L\{0} ||V ”8h

we have that

2 ng 2
+bn(ey, €,) < IR lle,n.«lle)lle.n < IR" ,
C2 &,h =h>“h *NZp zcgm sh* 2C2 sh

where the conclusion follows from Young’s inequality. Hence, rearranging, we arrive at

2 2
e.h + bh(eh, Eh) <

IR 12 (54)

2C2 &,h,x*

mn

(ii) Estimate of Cy|| EZ ||§22. Using (1b), the fact that (V- u(¢), 1)g = O to insert ngqh, and the consistency
property (30), we infer that, for all g5, € Pﬁ andalll1 <i <N,

(§i, gn)a = (Cod;p qh)g + (V- (at_u ), gh — ﬂgqh)g — (V. (KVI_)i), ana
tl .
=7 f__l d, [Co(p(t), gna+ (V-u(t), qn - ﬂgqh)g] di + en (B, qn) (55)

= 0; [Co(Pi,CIh)Q +(V-u',qy - ﬂg%)g] +cn (@' qn).

Therefore, using the discrete mass conservation equation (31b), (27), the Fortin property (28b) , the
definition of the elliptic projection p}!, and (55), we obtain
Co(6:€},, qn)a = b (S:€},, qn) + cn (€}, qn)
= @' an)a — Co(6: P}y qn)a + br (6, INT"), gn — myqn) = cn (Pl qn)
= (', qn)a — 8 [CoP}. an)a — (V- &', qn — nhan)a] = cn (@', an) (56)
=6 [Cop' = Pl an)a + (V- u' =V -7, gy — nhqn)a]
=5, [co@i = Pl an)a + Co(x (' =P anda + (8 = ' an = whan)al
where, in order to pass to the last line, we have inserted +5" into the first term inside brackets in the third
line, we have defined, according to (le), ¢3i = Copi +V-uforall0 <i < N, and we have used the

definition of the global L*-projector ng. Moreover, setting ﬁg := 0, it follows from the initial condition
(31c), the boundary condition (1c), and (27) that

Co(€), gn)a — bu (€, qn) = (¢° qn)a = (8% qn — 7oqn)a + Co(rdp°, an)a. (57)
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Forall I <n < N, summing (56) for 1 < i < n with the choice g, = 7€}, using (57), and proceeding
as in the second step of the proof of Proposition 12, leads to

1
Collei 113 = b (el i) + o= (I llz = Nz~ I2 )
sco<p —ph,eh>g+co(ng(p"—ﬁ">,ez)g+<¢"—$”,eh Thena. (58)

where z; = ¥, TG;Z if n > 1 and zg = 0. We bound the first term in the right-hand side of

(58) applying the Cauchy—Schwarz and Young inequalities followed by the approximation result (50),
yielding

— 2 1 2k+)K ~ 1—n 2 Go 2
CO(pn _17;:7 EZ)Q < Cth (et );C0|pn|Hk+](771) + 4 ||GZ||Q
T (59)

2(k+1
() o + el
P OPLZ((t”*I,[”);Hk“(?;l)) 4 hliQ»

2
< G

where, in order to pass to the second line, we have used the Cauchy—Schwarz inequality and adopted the
notation | - [p2(n-1 pny.gym(75,y) = Wl - lHm (7)) lL2((4n-1,¢n ) TOT any m € N. We estimate the second and
third terms using the Cauchy—Schwarz and the Young inequalities together with the time approximation
result (9) as follows:
Coty(p" =P e < Corllmypls g oy + eI,
(-t T €nlla 60)

—-n 0 2
(¢n - ¢ ’ EZ - ﬂ-QE’]:lL)Q < nT||¢||HI((tn—l’tn);LZ(Q)) + EHE}, ﬂ-Q h”Q’

with 7 denoting a positive real number that will be fixed later on in the proof. The relation obtained by
plugging (59) and (60) into (58) reads

0 1 _ 1
> lleqlla - bh<eh,eh)+2 (N2, = Nz 1||§,,l)—Eueh—ngehng_

hZ(k+l)
ij T CO|P|L2((tn Ly HE+1(T7)) + COT”ﬂQp”HI((tn ) + TIT||¢||H1((tn Lgn):L2(Q))" (61)

(iii) Estimate of ||€] — ngez ||§22. We proceed as in the first step of the proof of Proposition 12. Using the
inf-sup condition (29), (27) followed by the definition (48) of the pressure error, the linearity of by, the
mechanical equilibrium equation (31a), and (52), we get, forall 1 <n < N,

bn(v,, €, — ngeh)

0
lle, —maeplla < B sup

v, €UK \(0) v, lls,n
= sup = ——h ho
voeuk oy 2 llen
f n - (62)
B (f s vnde —an(uy, v,) = b (v, Py)
= sup
KhEQﬁ,D\{ } “Kh”é:,h
: an(I¥u",v,) - an(ul,v,) - R" (vh)
= sup
v, €U} p\{0) ||Vh lle,

Moreover, the Lipschitz continuity of the stress-strain function (45a), the Cauchy—Schwarz inequality,
assumption (25) on the stabilization parameter y together with (46), and the second inequality in (23),
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lead to

k_
ap(L,u",v,) —ap(uy,v,)

— Y —
- Z f (o (, GQC,TL];””) —o(, Gf,Tg;)) : Gf,TKT + Z h_f Ay pLpa" —uf) - Afpvy
Te T FeFr FJF
< CpColle} llenlly,lle.n-
(63)
Therefore, plugging the previous bound into the last line of (62), yields

0 2
e, — maeplla < BCpCeyllen lls,n + BIR" lle -
q

Squaring and rearranging the previous relation and recalling that, owing to (46), C2,, < Cip, itis inferred

that o 5 5
n
lep —maeplly  C2y iy IR,
a6 S o lenllen t —5—5— (64)
2B Cmnclpceq Ceq Cmnceq

(iv) Estimate of the dual norm of the residual. We split the residual linear form R" defined in (53) into
three contributions R" = R{‘ + Rg‘ + Rg‘, defined, forally, € U ’;l pandall I <n < N, such that

tl‘l

o 1
R (v)) = an(La", v,) = f Can(u().v,) dr, (652)

th-
n

Ry (v),) = (V-T"(, Vsu),vp)a + %f an(Lu (1), v,) dr, (65b)

th-
R3 (vy,) = bu(v,, ppy) — (VP vi)a. (65¢)

The first contribution can be bounded proceeding as in (63), then using the stability property (28a) of
the interpolator I¥, the Cauchy—Schwarz inequality, and a Poincaré~Wirtinger inequality on the time
interval (#*~!,#"). By doing so, we get

1" _
R =1 [ ki) - e @y, o
t

n-1

1" _
< - f (oL@~ @)lls.n 2l ) dr
-
CipC% Cy "o 66
< T f 17" — u(D)llad (66)
T tnfl
CipCZCy

= T”K},Hs,hllﬁn —u ”LZ((tnfl,tn);Hl(Q))
2
< ClpCeqCStCap\/;”Kh||8,h”u”Hl((tnfl’tn);Hl(Q))-

We estimate the residual linear form R’ defined in (65b) using the consistency property (49) and the
Cauchy—Schwarz inequality, obtaining

1
R;(Kh)=;f (Vo Vu@),p,), +andiu),y,) d

n-1

n

k+1 "
< Gy - HKh”E,h f; | (|u(t)|Hk+2(7;l) +|o(, Vsu(t))|Hk+1(7]-l)) dr (67)

k+1
< ijf”l;,”s,h (|u |L2((tn—1’zn);Hk+2(77l)) +lo(, Vsu)|L2((;n—1,tn);Hk+l(frh))) .
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Finally, the third term in (65) can be bounded integrating by parts element-wise and using the Cauchy—
Schwarz inequality, the trace inequality (15), the consistency property (50), and again the Cauchy—
Schwarz inequality, namely

Ry (v),) < Z fV vr(p" —pp) + f(VF_VT) @" - ppnrF

TeT, Fefr
1

K\2 _
= ijhk+l (;) |Pn|Hk+1(frh)||Kh||s,h (68)

k+1 <\2
K
< Gi—= VT ”VhHa h (K) |p|L2((t”‘1,t");Hk”(‘ﬁl))'

Therefore, combining (66), (67), and (68), it is inferred that

2 4 ~2 ~2 2 __—132(k+1) ~
IR™13 5. = IRY +RY + RN ., < 4CHCaq CaCapT 11 pnos pmyp )+ 4Cai T BTV (69)

with

_ K 5
C |u|L2((l‘" 1 t")Hk+2(7-)) + I(T( V u)le((t" 1 t")H"*l(ﬁ)) (;) IplLZ((Zn—l’[n);HkH(7;[))’

(v) Conclusion. Adding (54) to (61) withn = 45>CiCit C&,, using (64) and (69), summing the resulting

equation over 1 < n < N, and multiplying both sides by 27, we obtain

i‘r C2 +C0“ H || n_ 0 n“é ” ”2 <C(h2(k+1)c +T202) (70)
2c3, e “nla ™ 8ﬁ2cmﬁc206 “h Nen =

n=1

with C := max{l CZ. 2C3Cha(2CE + CoH), 2C2 CACE (2CE, + CD). 4,82C%C§qCI;ﬁ} and

py Ip st
N
.- n
Cl = Z (C + CO |p|L2((tn Lgny. fpk+1(q;, )))
n=1
= Jul? o (Va2 + (14 Co) S IpP
~ M@k ) L2(HF1(T5)) 02 WPl (Ek (73,))
N
— 0 2
CQ b Z (”u”Hl (tn 1 t”)Hl(Q)) ”¢”H1 (t" 1 tn) Lz(Q)) + CO””QPHHI((tn—I’tn)))
n=1
— 0 2
”u”Hl(r]— H'(Q)) + ||¢||H1(T :L2(Q)) + COH”QpHHl(q_;)
Finally, multiplying both sides of (70) by 2(C? + 1)C yields (51) with C = 2(C;2 + 1)C2. O

7 Numerical results

We consider a regular exact solution in order to assess the convergence of the method. Specifically, we
solve problem (1) in the square domain Q = (0, 1)> with g = 1 and physical parameters Cy = 0 and
k = I 4. As nonlinear constitutive law we take the Hencky—Mises relation given by

o(Veu) = (1 + exp_deV(VS")) tr(Veu)l 4 + (4 - Zexp_dev(VS")) V.u.
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Figure 1: Cartesian and Voronoi meshes for the numerical tests.

Table 1: Convergence results on the Cartesian and Voronoi meshes for k = 1. OCV stands for order of convergence.

1 1
h (=N, wlluy - 2w)2,)” ocv  (ZN 7lipy - =5p"13)*  OCv
Cartesian mesh family
6.25-1072 3.10- 1072 — 0.39 —
3.12-1072 8.52-1073 1.86 9.65-1072 2.00
1.56 - 1072 2.22-1073 1.94 2.44 - 1072 1.98
7.81-1073 5.61-107* 1.99 6.18-1073 1.99
3.91-1073 1.41-107* 2.00 1.56- 1073 1.99
Voronoi mesh family
6.50 - 1072 3.28 - 1072 — 0.27 —
3.15- 1072 8.48-1073 1.87 6.58 - 1072 1.96
1.61-1072 2.20-1073 2.01 1.63-1072 2.08
9.09-1073 572-1074 2.36 4.24-1073 2.36
4.26-1073 1.42-107* 1.83 1.05-1073 1.84

It can be checked that the previous stress-strain relation satisfies Assumption 1. The exact displacement
u and exact pressure p are given by

u(x,t) = > (sin(rx;) sin(xy), sin(rx;) sin(rxz)),

p(x,t) = —n_lt(sin(nxl) cos(mxy) + cos(mxy) sin(mwxy)).
The volumetric load f, the source term g, and the boundary conditions are inferred from the exact
solution. We consider the Cartesian and Voronoi mesh families depicted in Figure 1 and polynomial
degree k = 1. The time step T on the coarsest mesh is taken to be 0.2/2K*! for every choice of the

polynomial degree k, and it decreases with the mesh size 4 according to the theoretical convergence
rates, thus, 7,/741 = 2Xh;/hy41. Table 1 displays convergence results for the two mesh families. The

1 1
error measures are (ZnN:1 7|lu, - [’,‘lﬁnlli h) * for the displacement and (ZnN:1 7llp, - ﬂ,’jﬁ”llé) * for
the pressure. In all cases, the orders of convergence are in agreement with the theoretical predictions.
In particular, it is observed that the optimal convergence rates stated in Theorem 18 are reached.
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