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Abstract

In this work, we construct and analyze a nonconforming high-order discretization method for the
quasi-static single-phase nonlinear poroelasticity problem describing Darcean flow in a deformable
porous medium saturated by a slightly compressible fluid. The nonlinear elasticity operator is
discretized using a Hybrid High-Order method, while the Darcy operator relies on a Symmetric
Weighted Interior Penalty discontinuous Galerkin scheme. The method is valid in two and three
space dimensions, delivers an inf-sup stable discretization on general meshes including polyhedral
elements and nonmatching interfaces, supports arbitrary approximation orders, and has a reduced
cost thanks to the possibility of statically condensing a large subset of the unknowns for linearized
versions of the problem. Moreover, the proposed construction can handle both nonzero and vanishing
specific storage coefficients.

Key words. Nonlinear poroelasticity, nonlinear Biot problem, Korn’s inequality, Hybrid High-Order
methods, discontinuous Galerkin methods, polyhedral meshes

AMS subject classification. 65N08, 65N30, 76505

1 Introduction

In this paper, we formulate and analyze a coupled Hybrid High-Order—discontinuous Galerkin (HHO-
dG) discretization method for nonlinear poroelastic problems. We overstep a previous work [5] devoted
to the Biot’s model [3, 39] by considering more general nonlinear stress-strain constitutive laws [8, 9].
The model is valid under the assumptions of small deformations of the rock matrix, small variations of
the porosity, and small relative variations of the fluid density. The interest of the poroelastic models
considered here is particularly manifest in geosciences applications [27, 28, 31], where fluid flows in ge-
ological subsurface, modeled as a porous media, induce a deformation of the rock matrix. The challenge
is then to design a discretization method able to (i) treat a complex geometry with polyhedral meshes
and nonconforming interfaces, (ii) handle possible heterogeneities of the poromechanical parameters
and nonlinearities of the stress-strain relation, and (iii) deal with the numerical instabilities encountered
in this type of coupled problem. We focus here on the theoretical aspects while numerical tests assessing
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'nl_biot.strong)

the convergence of the method have been presented in [9, Section 5]; further numerical investigation
will be carried out in a future work.

Let Q c RY, d € {2,3}, denote a bounded connected polyhedral domain with boundary 9Q and
outward normal n. Without loss of generality, we assume that the domain is scaled so that its diameter
diam(Q) is equal to 1. For a given finite time g > 0, volumetric load f, fluid source g, the nonlinear
poroelasticity problem considered here consists in finding a vector-valued displacement field u# and a
scalar-valued pore pressure field p solution of

-V.o(,Vsu)+aVp=f in Q % (0, tg), (1a)|eq:nl_biot.strc
Codsp + ad;V-u —V-(k(-)Vp) =g in Q x (0, 1p), (Ib)|eq:nl_biot.stro

where V denotes the symmetric gradient, d, denotes the time derivative, « is the Biot—Willis coefficient,
Co > 0 is the constrained specific storage coefficient, and k : Q — RZ*? is the uniformly elliptic
permeability tensor field which, for real numbers 0 < k < «, satisfies for almost every (a.e.) x € Q and
all £ e R,

KIEP < k(x)E - € <TIEP.

For the sake of simplicity, we assume in the following discussion that x is piecewise constant on
a polyhedral partition Po of Q, an assumption typically verified in geoscience applications. In the
poroelasticity theory [12], the medium is modeled as a continuous superposition of solid and fluid
phases. The momentum equilibrium equation (1a) is based on the Terzaghi decomposition [39] of
the total stress tensor into a mechanical contribution and a pore pressure contribution. Examples and
assumptions for the constitutive stress-strain relation o : Q x R4 — R4 are detailed in Section
2.2; we refer the reader to [2, 4] for a physical and experimental investigation of the nonlinear behavior
of porous solids. On the other hand, the mass conservation equation (1b) is derived for fully saturated
porous media assuming Darcean flow. The first two terms of this equation quantify the variation of fluid
content in the pores. The dimensionless coupling coeflicient @ express the amount of fluid that can be
forced into the medium by a variation of pore volume for a constant fluid pressure, while Cyp measures the
amount of fluid that can be forced into the medium by pressure increments due to compressibility of the
structure. The case of a solid matrix with incompressible grains corresponds to the limit value Cy = 0.
Following [37, 40], for the sake of simplicity we take @ = 1 in what follows. To close the problem, we
enforce homogeneous boundary conditions corresponding to a clamped, impermeable boundary, i.e.,

u=90 on 9Q x (0, tg), (Ic)|eq:nl_biot.strc
(k()Vp)-n=0 on 0Q X (0, tg), (1d)|eq:nl_biot.stro

as well as the following initial condition which prescribes the initial fluid content:

Cop(0) + V-u(-0) = ¢°(). (1¢)[eq:nl_biot.strc

In the case Cy = 0, we also need the following compatibility conditions on g and ¢° and zero-average
constraint on p:

f #° =0, fg(-,t) =0, and fp(-,t) =0 vt € (0,tF). (1f)|eq:compatibilit
Q Q Q

When discretizing the poroelasticity system (1), the main challenges are to ensure stability and
convergence under mild assumptions on the nonlinear stress-strain relation and on the permeability
field, and to prevent localized pressure oscillations arising in the case of low-permeable and low-
compressible porous media. Since the latter issue is in part related to the saddle point structure in the
coupled equations for Cp = 0 and small «, the discrete spaces for the displacement and the pressure



should satisfy an inf-sup condition. Indeed, as observed in [26, 32, 34] in the context of finite element
discretizations of the linear poroelasticity problem, the inf-sup condition yields an L>-estimate of the
discrete pressure independent of x~!, and allows one to prove the convergence of the approximate
pressure towards the continuous pressure also in the incompressible case Cy = 0. We notice, however,
that the problem of spurious pressure oscillations is actually more involved than a simple saddle-point
coupling issue. For instance, it has been recently pointed out in [35] that, even for discretization methods
leading to an inf-sup stable discretization of the Stokes problem in the steady case, pressure oscillations
can arise owing to a lack of monotonicity of the discrete operator. The robustness with respect to
spurious oscillations has been numerically observed in [5, Section 6.2] for a HHO-dG discretization of
the linear poroelasticity model.

In this work, we present and analyze a nonconforming space discretization of problem (1) where the
nonlinear elasticity operator is discretized using the HHO method of [8] (c.f. also [15, 17]), while the
Darcy operator relies on the Symmetric Weighted Interior Penalty (SWIP) method of [20]. The proposed
method has several assets: (i) it is valid in two and three space dimensions; (ii) it delivers an inf-sup
stable discretization on general spatial meshes including, e.g., polyhedral elements and nonmatching
interfaces; (iii) it allows one to increase the space approximation order to accelerate convergence in
the presence of (locally) regular solutions. Compared to the method proposed in [S5] for the linear
poroelasticity problem, there are two main differences in the design. First, for a given polynomial
degree k > 1, the symmetric gradient reconstruction sits in the full space of tensor-valued polynomials
of total degree < k, as opposed to symmetric gradients of vector-valued polynomials of total degree
< (k + 1). Following [8, 16], this modification is required in the convergence analysis in the presence
of nonlinear stress-strain laws. Second, the right-hand side of the discrete problem of Section 4.4 is
obtained by taking the average in time of the loading force f and fluid source g between two consecutive
time steps instead of their value at the end of the time step. This modification allows us to prove stability
and optimal error estimates without any additional time regularity assumptions on data (cf. Remark 12
and 18). Finally, in Section 3.4 we give a new simple proof of discrete Korn’s inequality, not requiring
particular geometrical assumption on the mesh. The interest of these results goes beyond the specific
application considered here.

The material is organized as follows. In Section 2 we present the assumptions on the stress-strain
law and the variational formulation of the nonlinear poroelasticity problem. In Section 3 we define the
space and time meshes and the discrete spaces for the displacement and the pressure fields. In Section 4
we define the discrete counterparts of the elasticity, Darcy, and hydromechanical coupling operators and
formulate the discrete problem. In Section 5 we prove the well-posedness of the scheme by deriving an
a priori estimate on the discrete solution that holds also when the specific storage coefficient vanishes.
The convergence analysis of the method is carried out in Section 6.

2 Continuous setting

inuous_setting) 1y thig section we introduce the notation for function spaces, formulate the assumptions on the stress-
strain law, and derive a weak formulation of problem (1).

2.1 Notation for function spaces

Let X C Q. Spaces of functions, vector fields, and tensor fields defined over X are respectively
denoted by italic capital, boldface Roman capital, and special Roman capital letters. The subscript
“s” appended to a special Roman capital letter denotes a space of symmetric tensor fields. Thus, for
example, L*(X),L*(X), and ]L,g(X ) denote the spaces of square integrable functions, vector fields, and
symmetric tensor fields over X, respectively. For any measured set X and any m € Z, we denote by



H"(X) the usual Sobolev space of functions that have weak partial derivatives of order up to m in
L?(X), with the convention that H%(X) := L*(X), while C"(X) and CZ°(X) denote, respectively, the
usual spaces of m-times continuously differentiable functions and infinitely continuously differentiable
functions with compact support on X. We denote by (-, -)x and (-, -),,,x the usual scalar products in
L?*(X) and H™(X) respectively, and by ||-|x and [|-||,», x the induced norms.

For a vector space V with scalar product (-, -)y, the space C"™(V) := C™ ([0, tg]; V) is spanned by
V-valued functions that are m-times continuously differentiable in the time interval [0, #g]. The space
C™ (V) is a Banach space when equipped with the norm

m = max max ||dio@)|y.
llellcm vy omax  max Id; () lv

Similarly, the Hilbert space H™ (V) = H™((0,tr); V) is spanned by V-valued functions of the time
interval, and the norm ||-||g= (v is induced by the scalar product

) =Y [ @ dwwar Ve e HW).
=

2.2 Stress-strain law

1s.setting:laws . . . . . .
9 ) The following assumptions on the stress-strain relation are required to obtain a well-posed weak formu-

lation of the nonlinear poroelasticity problem.

(ass:hypo) Assumption 1 (Stress-strain relation). We assume that the stress function o : Q x R¥*4 — RI*4 jg
a Carathéodory function, i.e., o (x,-) is continuous on RfXd for almost every x € Q and o (-, 7T) is
measurable on Q for all T € Rf xd Moreover, there exist real numbers Cqr, Cey € (0, +00) such that, for
ae. x € Qand all T, € R¥  the following conditions hold:

(eq:hypo)
lo (%, T)laxa < CerlTlaxas (growth) (2a)|eq:hypo. growth|
ox,T):T2> CCZVITILZIX & (coercivity) (2b) [eq:hypo. coerciv
(c(x,7)—0o(x,n): (t—-1m)>0ifp 7. (monotonicity) (2¢)|eq:hypo.monotor

Above, we have introduced the Frobenius product such that, forall7,n € R4 7 : = 3, <ij<d TijNij

1
with corresponding matrix norm such that, for all T € R | 1| yxa = (T : T)2.
Three meaningful examples for the stress-strain relation o : Q x RZX4 — R%*d in (1a) are:

* The (possibly heterogeneous) linear elasticity model given by the usual Hooke’s law

o (,7) = A (T g + 2p()T, (3)[ea:LinCauchy|
where u: Q — [y, p*], with 0 < p, < u* < 400, and A : Q — R, are the Lamé parameters.

* The nonlinear Hencky—Mises model of [24, 33] corresponding to the mechanical behavior law

o (1) = A(, dev(t)) tr(T) g + 2/i(-, dev(T))T, (4)[eq:HenckyMises|

with nonlinear Lamé scalar functions i : Q X Ry — [u., u*] and 1:QOxR, >R, depending on
the deviatoric part of the strain dev(r) := tr(t?) — % tr(t)?.



* The isotropic reversible hyperelastic damage model [29], for which the stress-strain relation reads

o (,7) = (1= D(,1)EC)T. (5) [eq:Danage|

where D : Q X R;“d — [0, 1] is the scalar damage function and € : Q — R4" is a fourth-order

symmetric and uniformly elliptic tensor field, namely, for some strictly positive constants C and
C, it holds
CltP,, <Cx)r:7<Cltl, VreR™ vyreq.

Being linear, the Cauchy stress tensor in (3) clearly satisfies the previous assumptions. Moreover,
under some mild requirements (cf. [10, 23]) on the nonlinear Lamé scalar functions f and Ain (4) and
on the damage function D in (5), it can be proven that also the Hencky—Mises model and the isotropic
reversible damage model satisfy Assumption 1.

2.3  Weak formulation

: k_f
{sec:weak_form) At each time ¢ € [0, #¢], the natural functional spaces for the displacement u (#) and pore pressure p(¢)

taking into account the boundary condition (1c) and the zero average constraint (1f) are, respectively,

H'(Q if
and P::{ «) it G > 0,

U =H\(Q
0(®) H'(Q)nL(Q) ifC =0,

with H)(Q) = {v eHY(Q); v9q = 0} and L2(Q) = {q e L*(Q); qu = 0}. We consider the
following weak formulation of problem (1): For a loading term f € L*(L*(Q)), a fluid source
g€ L?*(L*(Q)), and an initial datum q)O € L*(Q) that verify (1f), find u € L*(U) and p € L?*(P) such
that, forally e U, all ¢ € P, and all ¢ € C.°((0, tr))

(eq:weak_form) te tg e
fo a(u(t),vw(t)dHfO b(v,p(t))<p(t)dt=f0 (f (@), v)a@(t)ds,  (6a)]eq:weak_form.me

[ o0 - w0 galdpni+ [ o0 e0a = [T e0.00000 @)t fom.n
(Cop(0) + V-u(0), )a = (¢, 9o (6¢)[eq:weak_form. ir

where we have defined the nonlinear function ¢ : U X U — R and the bilinear forms b : U X P —» R
and c : P X P — Rsuch that, forallv,w e U and all ¢,r € P,

Cl(V, W) = (0-(’ VS")? sz)fb b(V, C]) = —(V'V, Q)Q’ C(CI, r) = (K(')Vr’ VCI)Q

The first term in (6a) is well defined thanks to the growth assumption (2a). Moreover, owing to (2b)
together with Korn’s first inequality and Poincaré’s inequality, a(-, -) and c(-, -) are coercive on U and P,
respectively. The strict monotonicity assumption (2c) guarantees the uniqueness of the weak solution.

/-Press_average) poqrk 2 (Regularity of the fluid content and of the pore pressure). Using an integration by parts in
time in (6b), it is inferred that

d; [Co(p. @)a — b(u, @) + c(p.q) = (&.9)a Vg € P in L*((0,1p)). (7)[eq:reg_poro]

Therefore, defining the fluid content ¢ := Cyp + V-u, we have that t — (¢(¢),q)a € H'((0,1p)) C
([0, zg]) for all q € P, and, as a result, (6¢) makes sense. Moreover, in the case Cy > 0, taking ¢ = 1
in (7) and owing to the definition of the bilinear form ¢ and the homogeneous Dirichlet condition (1c),

we infer that
d, (Cofp(',t))=fg(-,t) in L2((0, tg)).
Q Q

Thus, t +— fQ p( 1) € H'((0,18)), namely the average of the pore pressure on the medium Q is a
continuous function in [0, 7g].



3 Discrete setting

screte_setting) 1 thig section we define the space and time meshes, recall the definition and properties of L2-orthogonal
projectors on local and broken polynomial spaces, and introduce the discrete spaces for the displacement
and the pressure.

3.1 Space mesh

We consider here polygonal or polyhedral meshes corresponding to couples My, = (7, 1), where
7r is a finite collection of polygonal elements T such that # := maxrcq;, hr > 0 with A7 denoting the
diameter of 7', while ¥, is a finite collection of hyperplanar faces F. It is assumed henceforth that the
mesh M, matches the geometrical requirements detailed in [22, Definition 7.2]; see also [21, Section
2]. To avoid dealing with jumps of the permeability coefficient inside elements, we additionally assume
that M, is compliant with the partition Pg on which « is piecewise constant meaning that, for every
T € 9y, there exists a unique subdomain w € Pgq such that 7 C w. For every mesh element T € 7,
we denote by ¥ the subset of ¥}, containing the faces that lie on the boundary 9T of T. For each face
F € Fr, nrF is the (constant) unit normal vector to F pointing out of 7. Boundary faces lying on 0Q
and internal faces contained in Q are collected in the sets 7—‘hb and (Fh‘ respectively.

Our focus is on the so-called /#-convergence analysis, so we consider a sequence of refined meshes
that is regular in the sense of [21, Definition 3]. The corresponding strictly positive regularity parameter,
uniformly bounded away from zero, is denoted by o. We additionally assume that, for each mesh in
the sequence, all the elements are star-shaped with respect to every point of a ball of radius uniformly
comparable to the diameter of the element. The mesh regularity assumption implies, in particular, that
the diameter A7 of a mesh element T € 7}, is uniformly comparable to the diameter ir of each face
F € Fr, and that the number of faces in ¥7 is bounded above by an integer Ny independent of 4.

3.2 Time mesh

sec:time_mesh
¢ >We subdivide (0,7r) into N € N* uniform subinterval, and introduce the timestep 7 := #g/N and the

discrete times " := nt for all 0 < n < N. For any vector space V and any ¢ € C%(V), we set
" = ") € Vand, if n > 1, we define, for all y € L' (V), the time average of ¢ in ("1 ") as
Jn =171 ft;n,l Y (¢)dt € V, with the convention ‘[hatJO =0 e V. Wealso let, for all (¢")g<i<ny € VN*!
andalll1 <n <N,

(pn _ ‘pn—l

6[90” = EV

denote the backward approximation of the first derivative of ¢ at time #".

We note a preliminary result that will be used in the convergence analysis of Section 6. Since
eachy e H 1((0, 7)) has an absolutely continuous representative in [0, #g], we can use the fundamental
theorem of calculus to infer that, forall 1 <n < N,

—n 1 t" t" 1 t" t" t"
A (e f B (w(m— f dtw(s>ds)dt=; f ; f dy(s)dsdr < f | ldi(@)ldr.

Thus, applying the previous result together with the Jensen inequality yields, for all ¢ € H'(L*(Q)),
2

" "
e -7 < | ( [ lldtgo(x,t)|dt) dr <7 [ IO = T gy ()[eatine appron
t t

n- n-

where ¢(x, ¢t) is a shorthand notation for (¢(¢))(x).



3.3 L*-orthogonal projectors on local and broken polynomial spaces

For X c Q and k € N, we denote by P¥(X) the space spanned by the restriction to X of scalar-valued,
d-variate polynomials of total degree k. The L?-projector ﬂ;{( : L'(X) = PK(X) is defined such that,
forall v e L'(X),

f (mhv-v)w=0  VYwe P*X). (9)[eq:1proj]
X

As a projector, n’)‘( is linear and idempotent so that, for all v € P¥(X), n')‘(v = v. When dealing with the
vector-valued polynomial space PX(X) or with the tensor-valued polynomial space P¥(X), we use the
boldface notation 71";( for the corresponding L?-orthogonal projectors acting component-wise. At the
global level, we denote by PX(7;,), PX(7;), and PX(75,), respectively, the spaces of fully discontinuous
scalar-valued, vector-valued, and tensor-valued broken polynomial functions on 7j, of total degree k,
and by 7TZ and nﬁ the L2-projectors on P*(7;,) and P*(7;,). The following optimal approximation
properties for the L2-projector 71'];( follow from [14, Lemmas 3.4 and 3.6]: There exists a strictly positive
real number C,, independent of & such that, forall T € 7, all/ € {1,...,k+ 1},and allv € H Ly,

1
v = 5 vlgmery + h2 v = m5vigm gy < Cphy " Wlgiry  Ym e {0,..., 1}, (10)[eq: approx. 1proj

where |-|gm (7 is the broken Sobolev seminorm on #r.

3.4 Discrete spaces

liscrete.spaces) 1 hig section we define the discrete spaces upon which the HHO method corresponding to a polynomial
degree k > 1 is built.

3.4.1 Displacement
The discrete unknowns for the displacement are collected in the space
Uf = {v, = (vr)res. VF)res,) s vr € P forall T € 7, and v € PX(F) forall F € 7} .

For any vy, € U ];l, we denote by v;, € P¥(7;,) the broken polynomial vector field obtained patching
element-based unknowns, so that
vuhr =vr VT € Ty.

The discrete unknowns corresponding to a function v € H' (Q) are obtained by means of the interpolator
I¥ : H'(Q) - U such that

Iy = ((05v i Pres, (@hviF)Fes,). (11)[eq:Ivh|

For all T € 7, we denote by U '} and I’ '} the restrictions to 7' of U ’;l and I' ’;l, respectively and, for any
v, €U ’;l, we let v.. := (vr, (VF)Fes;) collect the local discrete unknowns attached to 7. At each
time step, the displacement is sought in the following subspace of U ’;l that strongly accounts for the
homogeneous Dirichlet condition (1c¢):

Uf = {2, = (0n)re, OF)Fes,) €Uk s ve =0 VF € 7P}

We next prove a discrete version of Korn’s first inequality on U i‘l p that will play a key role in the
analysis. To this purpose, we endow the space U fl with the discrete strain seminorm ||-||g 5, defined, for
ally, € g’;L, such that

ve = vriz ||’
v, llen = [Z (||V5VT||72~ + Z TF . (12)Teq:strain.semin

TeT, Fe¥r



We will also need the following continuous trace inequality, whose proof follows the arguments of [19,
Lemma 1.49] (where a slightly different notion of mesh faces is considered): There exists a strictly
positive real number Cy, independent of 4 but possibly depending on o, such that, for all 7 € 7y, all
vy €e H(T), and all F € Fr,

2 2 -1 .
vrlliF < Ca (19vzllr + Az Ivrlir) vzl (13)[eq: continuous_t

Proposition 3 (Discrete Korn’s first inequality). There is a real number Cx > 0, only depending on Q,

k
d, and o such that, for all y, € U, p

Ivrlle < Ckllyy lle.n- (14) [eq:Korn]

Remark 4 (Strain norm). An immediate consequence of (14) is that the map ||-||¢,5 is a norm in U ’;l D

Proof. Lety, € Qfl p- Since the divergence operator V- : H; (Q) — L*(Q) is onto (c.f. [6, 11]), there

exists 7, € H!(Q) such that V-1, =vj, and |7y, |l1.o < Cillvull, with Cg; > 0 independent of A. It
follows that

Wil = 0n Vry,)0= Y (— f Vor Ty, + ) f (vT—vF>-rv,lnTF),
T F

TeT, Fefr

where we have integrated by parts element by element and used the fact that t,,, has continuous normal
components across interfaces and that boundary unknowns are set to zero in order to insert v ¢ into the
boundary term. Applying Cauchy—Schwarz inequalities first on the integrals then on the sums, we infer
that

1

2 lve—vrllp 1
valld < > (lleVT||T||Tv,,||T+ e A £ 12

TeT, Fefr h?,
} 4 4
2
2 ”VF - vTHF 2
<| 2 WVorliz | rwdla+| 30 30 ————"1 | 3, ) hellrw, I
Te7, Te%, FeFr F TeT, FeFr

1

vr —vrl2 )’
< vaactr(Z Vol + D, ————"] Imnlhe,

TeT, FeFy

where, to conclude, we have estimated ||y, || using the continuous trace inequality (13) together with
the fact that hp < hy < diam(Q) = 1 forany T € 7, and F' € 7. Thus, invoking the boundedness of
the divergence operator, we get

2
Ivllg < V2ZNoCoiCuelly, lle,nllvalla,

which yields the conclusion with Cx = V2N C;;iCy. O

3.4.2 Pore pressure

At each time step, the discrete pore pressure is sought in the space

. {Pkm) if Cy > 0,
h "™

T\ PR = an € PR 5 [yan =0} if Co = 0.



For any internal face F € F.1, we denote by Tr.1,Tr,2» € 7, the two mesh elements that share F as a
face, thatis to say F € Tr,1 N TF2 and TF,1 # TF,2 (the ordering of the elements is arbitrary but fixed),
and we set

. 2KF,1KF,2
kri = (Kigp M1p,F) e, p forie (1,2}, kp = ———— (15)[eq: di££_coe£f

KF,1tKF)2

For all g, € PX, we denote by g7 the restriction of g, to an element T € 7;, and we define the discrete

seminorm :

2

1 KF .
lanllen =\ D K2Varli + > 3= lare, = areal | - (16) [eq:p. seminorm)

TeT, Fef]

The fact that in (16) boundary terms only appear on internal faces reflects the homogeneous Neumann
boundary condition (1d).

Using the surjectivity of the divergence operator V- : H(l)(Q) — L%(Q) and proceeding as in the
proof of the discrete Korn inequality (14), a discrete Poincaré inequality in P*(7,) is readily inferred,
namely one has the existence of Cp > 0, only depending on €, d, and o such that, for all g5, € Pk Tn),

0 -1
lgn — maanlla < Cek 2 lqnllx,n-

This result ensures, in particular, that the seminorm ||-||¢,;, defined in (16) is a norm on P(’; (7). For a
proof of more general Sobolev inequalities on broken polynomial spaces, we refer the reader to [18] and
[19, Section 5.1.2].

4 Discretization

discretization
>In this section we define the discrete counterparts of the elasticity, hydro-mechanical coupling, and

Darcy operators, and formulate the HHO-dG scheme for problem (6).
4.1 Nonlinear elasticity operator

The discretization of the nonlinear elasticity operator closely follows [8]. We define the local symmetric
gradient reconstruction Gé‘,T : Q’} - Pé‘ (T') such that, for a given v, = (vr, VF)Fes) € Qk s
GSTKT € P’S‘ (T) solves

fG';TKT:T:—fvT-(V-T)+ > va-(TnTF) Vr € PX(T). (17)[eq:GTs]
T T Fegp VF

Existence and uniqueness of Gg‘, 7V follow from the Riesz representation theorem in PX(T) for the
L*(T)%*4_inner product. This definition is motivated by the following property.

Proposition 5 (Commuting property for the local symmetric gradient reconstruction). For all v €

H'(T), it holds that
Gf,TL;V = ﬂ?(vsv). (18)|eq:GTs.commutin

Remark 6 (Approximation properties of the local symmetric gradient reconstruction). The commuting
property (18) combined with (10) shows that Gf’ 1 ’;v optimally approximates Vv in PX (7).

Proof. We start by noticing that it holds, for all @ € R%*¢ and all 8 € R%*¢, denoting by 8 := %(ﬂ +B8h)
the symmetric part of 8,

@:B=a:p, (19) [eqmagic|



For all T € PX(T) we can then write

fG’;TL’;v:T:fo’Tﬁv:TS
T T
=—fﬂ§v-(V-Ts)+ Z fﬂ’}v-(TsnTF)
T F

FETT

- [ve@roe 3 [ v

Fe¥r

:va:TS:fVSv:TsszSv:T:fyr'}(st):‘r,
T T T T

where we have used (19) with @ = Glsf 1 '}v and B = 1 in the first line, the definition (17) of the
local symmetric gradient with v, = I '}v in the second line, and definition (9) after observing that
V-1, € PK"I(T) ¢ PX(T) and T4n7r € PX(F) for all F € F7 to remove the L?-orthogonal projectors in
the third line. In the fourth line, we have used an integration by parts, then invoked (19) first with @ = 7
and 8 = Vv, then with @ = V,v and B = 7, and we have used the definition (9) of 7r§ to conclude. O

From GfT, we define the local displacement reconstruction operator r’}“ U ’} — P**1(T) such
that, for all v, € g’},

f(v rityr =Gl Vaw =0 Yw e PHYI(D),

k+1 k+1
fTrT+ vy = fT‘vT, fo(r vy = f(nTvaF—vanTF)

FeFr

where Vx denotes the curl operator and v x w the vector product of two vectors v, w € R¢. Optimal
approximation properties for r’}“{ § have been recently proved in [7, Appendix A] generalizing the
ones of [17, Lemma 2].

The discretization of the nonlinear elasticity operator is realized by the function a, : U ’;l xU ﬁ - R

k
such that, forallw,,v, € U, ,

TeT, Fefr F

an(Wy,v,) = Z (j; o(, Gf,TET) : GISC,TXT + Z hlj;AI;"FET 'AIZC"FKT)’ (20)[eq:ah|

where y > 0 denotes a user-dependent parameter and we penalize in a least-square sense the face-based
residualA’}F : g’; - Pk(F) such that, for all T € 7y, all v, € g’;, and all F € Fr,

k ok k] k (o k+1
Appvy = (ry ve —vp) —wp(ry vy —vr).
This definition ensures that A’} - vanishes whenever its argument is of the form I ’;w with w € PKHH(T),
a crucial property to obtain high-order error estimates (cf. [5, Theorem 12]). For further use, we note
the following seminorm equivalence, which can be proved using the arguments of [17, Lemma 4]: For
ally, e U fl,

k 2 Y o4k 2 2 .
Cagleglzn < D0 \NGS e I+ D M pvrli | < Collvy 12 5 (21)[eq:norm_equival
F

TeT, Fe¥r

where Ceq > 0 is independent of &, and the strain seminorm |[|-||¢,;, is defined by (12). By (2b), this
implies the coercivity of ay,.
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Remark 7 (Choice of the penalty parameter). The constants Cyy, Cey appearing in (2) satisfy C2, < Cor.
Indeed, owing to (2b), the Cauchy—Schwarz inequality, and (2a), it holds for all T € Rf xd

2 2 . 2
CcvlT|d><d S0ox,71) 7 < |o(X,T)|axalTlaxa < Cgr|T|d><d' (22)

Thus, we choose the penalty parameter y in (20) such that

v € [Cczv, Cgrl. (23)|eq:penalty_mech
For the linear elasticity model (3), we have Cgr = 2u + dA and Cey = /24, so that a natural choice for
the stabilization parameter is y = 2.
4.2 Hydro-mechanical coupling

The hydro-mechanical coupling is realized by means of the bilinear form b, on U ’;l X P*(75,) such that,
forall v, € U and all g, € P*(75),

br(Yp,s qn) = Z (j; vr - Vqr - Z LVF : CITnTF), (24) [eq:bh|

TeT, Fefr

where we remind the reader that gr = gy r. It can be checked using Cauchy—-Schwarz inequalities
together with the definition (12) of the strain seminorm and discrete trace inequalities that there exists
Cpa > 0 independent of & such that

br vy, qn) < Codllvy, lle,nllgnlla-

Additionally, using the strongly enforced boundary condition in U’ l;z,D’ it can be proved that

biv, =0, v, UL, (25) earbhist, -0

Finally, we note the following lemma stating that the hybrid interpolator I ;‘l H' Q) - U fl is a Fortin
operator.

Lemma 8 (Fortin operator). Forallv € H Y(Q) and all g1, € P*(T3,), the interpolator I fl satisfies

IL5v s < Callv .o (26a) [eq: fortin. st
b} v, qn) = —(Vv,qn)o, (26b) [eq: fortin. con|

where the strictly positive real number Cy is independent of h.

Proof. (i) Proof of (26a). Recalling the definitions (12) of the discrete strain seminorm and (11) of the
global interpolator, we can write

k112 k112 -1k k112
LRI, = > (||vsnTv||T+ > ht iy —nTvnF)

TeT, Fefr

k 2 2 -1 ko2 2
< DIy =17 + 1Vl + Y By =7 liE | < IR
TeT, Fe¥r

To pass to the second line, we have used a triangle inequality after inserting +Vv into the first term,

and we have used the linearity, idempotency, and boundedness of n’l‘, to write ||7r’f,v - n’}vll F =

11



IIn’; v - 7T§V)|IF <|v- ﬂl}v lF. To conclude, we have used (10) respectively with [ = m = 1 and with
[ =1 and m = 0 to bound the first and third terms inside the summation.

(ii) Proof of (26b). Recalling the definitions (24) of by (-, -) and (11) of the global interpolator, we can
write for all g, € P*(Ti),

buI5v, qn) = - Z (f mhv - Var —fﬂ'}WF'anTF)
T F

TeT,

=- Z (fV'V‘IT_f V'QT"TF) = (Vv,qn)a,
T F

TeT,

where we have used definition (9) after observing that Vgr € P*-1(T) c PX(T) and qr|FATF € PK(F)
to remove the L?-orthogonal projectors in the second line, and integration by parts over T € 7j, to
conclude. O

As a result of the previous Lemma, one has the following inf-sup condition, cf. [9] for the proof.

Proposition 9. There is a strictly positive real number 3 independent of h and of the problem data such
that, for all gy € PY(Tp),

lgnllo < B sup  ————. (27)[eq: inf-sup]

v, EQ’Z,D\{Q} ||Kh ”8,h

4.3 Darcy operator

The discretization of the Darcy operator is based on the Symmetric Weighted Interior Penalty method
of [20], cf. also [19, Section 4.5]. For all F € 7—‘}; and all g5, € P*(73,), we define the jump and average
operators such that

VKF,2 VKF,1
qre, + qTE »»
VKF,1 + \KF2 VKF,1 T \KF 2

with Tr1,Tr € T, Tr1 # Tk, such that F C 6TF,1 N aTF’z and KF,1,KF,2 defined in (15). The
bilinear form ¢, on PX(7;) x PX(75,) is defined such that, for all g, r,, € P*(75),

CK
cn(rn, gn) 3=fKVhrh'Vh4h+ Z h_Ff[rh]F[Qh]F
Q F Jr

Fe‘]-‘hi

- Z f([rh]F{thQh}F+[Clh]F{thrh}F)'nTlF,
F

Feﬁi

lgnlF = qrr, — 91F 5> lantr =

where we have introduced the broken gradient operator V;, on 7, and we have denoted by ¢ > s> Oa
user-defined penalty parameter chosen large enough to ensure the coercivity of ¢; (the proof is similar
to [19, Lemma 4.51]):

cnanan) =2 (s =) A+ lanlly . Van € Py.

Since, under this condition, ¢y, is a symmetric positive definite bilinear form on the broken polynomial
space P¥, we can define an associated norm by setting || - llc.n = cn (-, -)%.

The following consistency result can be proved adapting the arguments of [19, Chapter 4] to
homogeneous Neumann boundary conditions and will be instrumental for the analysis. We define
the functional spaces P, := {r e H'(Q) N H*(Po) ; kVr-n =0on 89} and set PX = P, + Pf.
Extending the bilinear form ¢, to Pfh X Pf , it is inferred that, for all r € P,

~ (V-kVr). o =cn(r.q) g€ Pun. (28)[eq:ch. consist,

12



4.4 Discrete problem

(sec:disC-PD)Eqr 4]l 1 < n < N, the discrete solution (ul,p") € Uf x P at time " is such that, for all

(V) qn) € Uy 5 X PX(Tp),
(eq:nl_biot.h)

an(@h,v,) + by (v pp) = (F s vide, (29)[eq:nl_biot.h:me
Co(6:py-qn)a — bu(S:uy, qn) + cn (Pl qn) = (€". qn)a (29b) eq:nl_biot.h:fl

with ]_‘n € L2(Q) and g e L?(Q) defined in Section 3.2. In order to start the time-stepping scheme
we need to initialize the discrete fluid content. This is done by setting ¢2 equal to the L?-orthogonal
projection of ¢ on PX(7},) according to (6¢). This implies in particular that

Co(p), qn)a — br(u), qn) = (¢% qn)a  Vqn € PX(Tp). (29¢)[eq:nl_biot.h:ir

Remark 10 (Advance in time scheme). The modified backward Euler scheme obtained by taking time
averages instead of pointwise evaluation of the right-hand sides in (29) can be interpreted as a low-order
discontinuous Galerkin time-stepping method, cf. [36, 38].

Notice that other time discretizations could be used, but we have decided to focus on the backward
Euler scheme to keep the proofs as simple as possible. From the practical point of view, at each time
step n, the discrete nonlinear system (29) can be solved by the Newton method using as initial guess
the solution at step (n — 1). The size of the linear system to be solved at each Newton iteration can be
reduced by statically condensing a large part of the unknowns as described in [5, Section 5].

S Stability and well-posedness

(sec:stability) 1y this section we study the stability of problem (29) and prove its well-posedness. We start with an
a priori estimate on the discrete solutions not requiring conditions on the time step 7 and robust with

respect to vanishing storage coefficients and small permeability fields.
(pro:a-priori) Proposition 11 (A priori estimate). Denote by (u’ Z p;l’)l <n<N the solution to (29). Under Assumption 1

on the stress-strain relation and the regularity on the data f, g, and ¢° assumed in Section 2.3, it holds

0 2 2
r||u,,|| et Z 1P} = 7P I + Collpilla) + s 112, <

2 2~ —1 2 -1 2 —
C(||f||L2(L2(Q))+zF||g||L2(L2(Q))+rF||¢°||Q+cho 17081 2y + 0G0 Imh0"13.) . (30) eara-priori]

where C > 0 denotes a real number independent of h, T, the physical parameters Cy and k, and the
ﬁnal time tg. In (30), we have defined s;lv = nNzl Tp, and we have adopted the convention that

Co 18122 2y = 0 and Gy Iy gPl3 = 0if Co = 0

(rem:time_regl) Remark 12. In order to prove the a priori bound (30), no additional time regularity assumption on the
loading term f and the mass source g are needed, whereas the stability estimate of [5, Lemma 7],
valid for linear stress-strain relation, requires f € C LIL2(Q)) and g€ C%(L%(Q)). On the other hand,
Proposition 11 gives an estimate of the discrete displacement and pressure in the L2-norm in time, while
[5, Lemma 7] ensures a control in the L*°-norm in time. However, under additional requirements on the
stress-strain law (for instance Assumption 15) and H'-regularity in time of f, a stronger version of (30)
can be inferred, establishing in particular an estimate in the L*-norm in time.
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Proof. (i) Estimate of || pZ - nng llo. The growth property of the stress-strain function (2a) together
with the Cauchy-Schwarz inequality, assumption (23), and the second inequality in (21) yield, for all
1<n<N,

an(ufv,) = ) (fTrrC,G'S,TE?):G’S,Tzﬁ >, hlfFA'}Fz?'A’%FKT)

Te7;, Ferr  F

TeT, Fe¥r

) (1) [eaor b

1
k k k k
<Cu ), (HGS,TEHTHGS,TKTHT + ), 4 IF Al

2
< CgrceqHEZHS,h”Kh”s,h'

Using the inf-sup condition (27), (25), and the mechanical equilibrium equation (29a), we get

—n
b (v, pj} = TP} f via —an(ul,v,)
P} —ngpplla < B sup = =B sup — =
v, EQ,;;,D\{Q} “Kh Hs,h v, eQﬁ,D\{Q} ”Kh ||8,h

Therefore, owing to the discrete Korn inequality (14) and to (31), we infer from the previous bound that

—n
Ipp — 79pplla < B (CklIF " lla + CarC2llu len) (32)[eq: stability:br

(ii) Energy balance. For all 1 < n < N, summing (29b) at times 1 < i < n and taking g5, = TZPZ’ yields

n

n
TCo(p} Pa = Thip, i) + ) Pen (Pl pp) = Y T @ oo+ 1@ e, (33)[earstab. fluid:

i=1 i=1

Moreover, using the linearity of ¢j, and the formula 2x(x — y) = x? + (x — y)? — y?, the third term in the
left-hand side of (33) can be rewritten as

n n
) . 1
2 2 2 —-12
> 2en(ply pp) = rch(§ rp;,,p;:) = 7o (5. 0r53) = 5 (IS 12 + 180312 5, = s~ 112 1)
i=1 i=1

where we have defined s} = Y. Tp;l, with the convention that sg := 0, and observed that pj = 6,s,.
Therefore, summing (33) and (29a) at discrete time n with v, = 7u}, leads to

1 _ —n N,
van(ujy up) +7Collpp G + 5 (U512, = 1537 12.4) < o uida + ) @ pa + (6% pa.
i=1

Summing the previous relation for 1 < n < N, telescoping out the appropriate summands, and using
the coercivity property (2b), assumption (23), and the first inequality in (21), we get

N

C2 < - 1 &
oo 2 TRl Co ) Tl + SISy 12, < )t (F wia+ 3 7(G" + ¢ pa,  (34)[easen.balance|
n=1

€q n=1 n=1 n=1

with the notation G" = 37" | 15 = fotn g(#)dt. We denote by R the right-hand side of (34) and proceed
to find a suitable upper bound.
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(iii) Upper bound for R. For the first term in the right-hand side of (34), using the Cauchy—Schwarz,
discrete Korn (14), and Young inequalities, we obtain

N " N " % N % C2c2 C2 N
3 3 K €q
n=1 n=1 €4 n=1

n=1
(35)|eq:stability:R1

where we have used the Jensen inequality to infer that

Zrllf ||Q-Z f ( f fx. r>dr) dx <Z f ILF OUGdE = 1F 172020

We estimate the second term in the right-hand side of (34) by splitting it into two contributions as
follows:

N N N
DTG +¢%pia = ) T(G" + ¢, ph — xpia + D TG + ¢°), pia = Ty + Ta.
n=1 n=1 n=1

Owing to the Cauchy—Schwarz, triangle, Jensen, and Young inequalities, and using (32), we have

N /N 3
|zl|s(2rn6"+¢°né> (Zruph ngphug)

n=1 n=1

2 3N » 2 !
< ‘/_,B(Z f (f g(x, l‘)dt) dx + tgl|¢ “Q) (ZT(CK”f IIQ+Cng§qII£Z|Ig,h) )

n=1

| (36)|eq:stability:br
1 N 2
<2B (tF||8||L2(L2(Q)) + t; ||¢O||Q) CK||f||L2(L2(Q)) + Cgrcgq (Z TllEZHih)

n=1
C2 C6 : Cz N
2 greq | (.3 0 2 v n|2
<1ep (1 e )(rFugHLz(u(g)) 1)+ R I, 2 * st 2 I
Owing to the compatibility condition (1f) and the linearity of the L’-projector, T, = 0 if Cy = O.
Otherwise, using again the Cauchy—Schwarz, triangle, Jensen, and Young inequalities, leads to

1
N

1
N 2 2
%ol < (ZrnngG" + ng¢°||;é) (Zrnp,’;ué)
n=1 n=1
1 (N 2 —
<\2 (tF”ﬂQg“Lz(LZ(Q)) i fF||7Tg¢O||é)2 (Z T||PZ||52)) (37)|eq:stability:br
n=1

2 2 2tg 0 N 2
< 3¢ Mgl a) * 3 0t + T; 1P} 113

Finally, from (35), (36), (37), it follows that

2 N 3C 0 2 2
CcV

gz, + == ), 7lIpplla + s 2 Indell; — 1 0°13
Ce2q o Uplig,n nZ ph ot 3C) 8llp2 LZ(Q)) 3C Q¢ Q

2
+ CRC (Coy + CA) I 17220y + 1RBPC (4CCE, +c2)(t;||g||Lz(Lz(Q))+||¢0||Q) . (38)[eq:stability:bn
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(iv) Conclusion. Passing the first two terms in the right-hand side of (38) to the left-hand side of (34)
and multiplying both sides by a factor 4, we obtain

2C2 N N
= T2, + Co Y Tllpli + 205 112, < 4C, (39)[eq:non. robust .k
ed n=1 n=1

where we have denoted by C the last four summands in the right-hand side of (38). In order to conclude
we apply again (32) to obtain a bound of the L2 norm of the discrete pressure independent of the storage
coefficient Cy. Indeed, owing to (32) and C2, < < Cyy, it is inferred that

C2 N B2 2
T||Ph - ﬂgthQ = T”Zh” ”f” 2(L2
2C2 ng nz: ng nZ CV e LAasan)’

Summing the previous relation to (39) yields

2 N N
0 2
N T2, Z P}t = 7P llé + Co Y TPl + 215y 12, <
€q n=1 2C Ceq =1
n= n= n=

) [4CaCe 3 01 2
||f||L2(L2(Q)) + 4tFB C—2 + 1 (tF ||g||L2(L2(Q)) + ||¢ ||Q)

cv

2
2 (4Cq P
“\ e +c6 "
cv eq
2 F
3C ||ﬂQg||L2(L2(Q)) EHTFQQ5 ”Q

Thus, multiplying both sides of the previous relation by max{Ce2 C? 2C2 (o8 CCV , 1} gives (30). O

cv >

Remark 13 (A priori bound for Cy = 0). When Cy = 0, the a priori bound (30) reads

N

2 01,2
> Tl ,,+§ Tlpplig + sy 112 5 < C (1F 11 20200y + 01817 220 + 1ENIEC1IG) -
n=1 n=1

The conventions C;; 1||7TQg|| 722 =0and C; ~1|70 ¢0||2 = 0 if Cy = 0 are justified since the term T,
(L* () Qr o
in point (3) of the previous proof vanishes in thlS case thanks to the compatibility condition (1f).

We next proceed to discuss the existence and uniqueness of the discrete solutions. The proof of the
following theorem hinges on the arguments of [13, Theorem 3.3].

Theorem 14 (Existence and uniqueness). Let Assumption 1 hold and let (M) cqq be a regular mesh
sequence. Then, for all h € H and all N € N*, there exists a unique solution (u),p)))i1<n<n €
(U}, p X PRN 10 (29).
Proof. We define the linear stress-strain function o' : R%*¢ — R%*9 gych that, for all T € R%*9,
2 2
o) = S Sy,
2d

where C,y is the coercivity constant of o (see (2b)), and we denote by agn the bilinear form obtained by
replacing o~ with o™ in (20). We consider the following auxiliary linear problem: Forall 1 < n < N,
find (y7, pj) € U}y 1, X Py such that

hn(y V) + b (v, ) = " via Yy, eUle,

Co(6:Pys ande — bu(6:y7 an) + cn(Phan) = €".anda  VYan € Py,

(40)|eq:nl_biot.h:1i
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with initial condition as in (29¢). Since the previous system is linear and square and its solution satisfies
the a priori estimate of Proposition 11, it is readily inferred that problem (40) admits a unique solution.

Now we observe that, thanks to the norm equivalence (21), al‘“( -) is a scalar product on U U, b and
we define the mapping @ : U¥ np > U ’;l such that, for all y, € Uk U, b
ap (Ov,).w,) = an(vy.wy),  Yw, €U .

We want to show that @ is an isomorphism. Lety,,z, € U];l p be such that CD(vh) =d(z,). Ify, #z,,

owing to the norm equivalence (21) and the fact that || - ||z 5 iS @ norm on UK _, there is at least one

ZhD’
T € 9, and one F € ¥ such that Gk Vs # Gsz or ATF v # ATFz In both cases, owing to the
definition of a; and the strict monotonlclty assumption (2c), it holds

0 < an(v,,v, -z,)—an(z,,v, - z,) = " (®,) - ©(z,),v, —z,) =0

Thus, we infer by contradiction that v, = z, and, as a result,  is injective. In order to prove
that @ is also onto, we recall the following result: If (E, (-,-)g) is a Euclidean space and ¥ : £ —

E is a continuous map such that FLEXE 5 4o ag llx||[g — 4o, then ¥ is surjective. Slnce
P IxllE J

(U U, lln( -)) is a Euclidean space and the coercivity (2b) of o= together with the definition of olin
yields ah“(CD(v )Y, = a}ln(vh,vh) forally, € Uh D

alll <n <N, (y D) € U b X Pk be the unique solution to problem (40). By the surjectivity and

we deduce that @ is an isomorphism. Let, for

injectivity of @, for alll <n < N there exists a unique u) € U p such that ®(u}) = h By definition
of ® and ( Y, "N<n<N, (U, pp)1<n<n is therefore the umque solutlon of the dlscrete problem (29). O

6 Convergence analysis

ec:convergence) 1 thig section we study the convergence of problem (29) and prove optimal error estimates under the
following additional assumptions on the stress-strain function o .

(ass:hypo_add) A squmption 15 (Stress-strain relation II). There exist real numbers Cip» Can € (0, +00) such that, for

ae. x € Q,and all T,y € R4,
(eq:hypo_add)

lor(x,7) — o (x, ) |axa < CiplT — Nlaxa, (Lipschitz continuity) (41a)|eq:hypo_add.liy
(c(x,7)—0(x,n): (t-7q)=C2 |t - ’7|31><d' (strong monotonicity) (41b)|eq:hypo_add. smc

Remark 16 (Lipschitz continuity and strong monotonocity). It is readily seen, by taking 7 = 0 in
(41), that Lipschitz continuity and strong monotonicity imply respectively the growth and coercivity
properties of Assumption 1. Therefore, recalling (22), it is inferred that the constants appearing in (2a),
(2b), (41a), and (41b) satisfy

Con < C < Cu < Gy (42) earconsi_re12

It was proved in [1, Lemma 4.1] that the stress-strain tensor function for the Hencky—Mises model is
strongly monotone and Lipschitz-continuous. Also the isotropic damage model satisfies Assumption 15
if the damage function in (5) is, for instance, such that

D(x.t]) =1 = (1 + [€(xX)Tlaxa)? Vx € Q.

In order to prove a convergence rate of (k+ 1) in space for both the displacement and pressure errors,
in what follows we also assume that the permeability tensor field x is constant on Q and the following
elliptic regularity which holds, e.g., when Q is convex [25, 30]: There is a real number C¢; > 0 only
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depending on Q such that, for all ¢ € L%(Q), the unique function ¢ € P solution of the homogeneous
Neumann problem
-V-(«kV)=y¢ inQ, kV{-n=0 ondQ,

is such that 1
112y < Cak 2 |I¥]lQ- (43)[eq:ell.reg|

Let (EZ’ pZ)lsnSN be the solution to (29). We consider, for all 1 < n < N, the discrete error
components defined as

. k—n . -
e, =up —Lu", € = p, — P (44)[eqzerr. comp]

f p *
Q

Before proving the convergence of the scheme, we recall two preliminary approximation results for the
projectors I ’;ﬁ" and ﬁZ that have been proved in [8, Theorem 16] and [5, Lemma 11], respectively.
There is a strictly positive constant C,; depending only on €, k, and o, such that, forall 1 <n < N,

cn(P}.qn) = cn(®",qn) Van € Py and fﬁz
Q

* Assuming (41) and u" € U N H**2(7;,) with o (-, u") € H**1(Ty,), for all y, € Uf . it holds

|an(ya",v,) + (Voo ("), vn)| < Gt (1@ ez gy ) + 107D gon 5 12l (45)[eazah. consist]
* Assuming the elliptic regularity (43) and p" € P N H**1(73,), it holds

|
%2 Ip" |Hk+1(-7;l). (46)|eq:tph.approx.L

Now we have all the ingredients to estimate the discrete errors defined in (44).

— 1 —
hpy, =P lle,n + k211P) = P" lla < Gy

Theorem 17 (Error estimate). Let (u, p) denote the unique solution to (6), for which we assume
ue L>(UnH"(Ty), o V) e LPE(T), pel?(POHY (T), ¢ e H'(LX(Q)),

with ¢ = Cop + V-u. If Cy > 0, we further assume ﬂ'gp e HY(P°(Q)) = H'((0,7)). Then, under
Assumption 15 and the elliptic regularity (43), it holds

N N

2 2 2 2 2k+2 2
D otlentzy + D v (e — mherlla + Collepld) + 12y 12, < € (B*72C1 +7°Cy),  (47)[eazerr.est]
n=1 n=1

where, C is a strictly positive constant independent of h, T, Cy, K, and tg, and, for the sake of brevity,
we have defined z;:/ = ZnN:l 7€, and introduced the bounded quantities

o 2 . 2 E 2

Cl o ”u ”L2(Hk+2(7l-l)) + ”0-( > u)||L2(Hf+1(7;1)) + (1 + CO) K |p|L2(Hk+l(7;,))’
. 0112 2

CZ = COllﬂQp”Hl((O,tF)) + ”¢”H1(L2(Q))

(rem:time_reg2) Remark 18 (Time regularity). In order to prove the previous error estimate, no additional time regularity
is required on the displacement u and pressure p solving problem (6), whereas [5, Theorem 12] is
established under the much stronger regularity u € C2H" (7)) and, if C; > 0, p € C2(L*(Q)).
Moreover, the assumptions ¢ € H YL2(Q)) and, if Cy > 0, ngp e H'(P°(Q)) are consistent with the
time regularity results observed in Remark 2.
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Proof. (i) Estimate of || £Z||§ pe First we observe that, owing to (1a) and the definition of b;, given in
(24), forally, € Qﬁ pandall I <n < N, we have

" vma = —(V-o @), vi)a + (VP vi)a = an(Lf 7", v,) + by(v,, Bp) = R} (v,),  (48)[eq:rhs.mech]

where the residual function R : g’;l p — R can be bounded integrating by parts and using the
approximation results stated in (45) and (46), namely

IR} ) = |an (LT, v,)) + (V-0 (7). vi) + bu(vy ) = (VB v

>, [ @ =mover+ Y [ wr-v)- @ =g

< |an}@",v,) + (Voo (@), vi)| +
TeT, Fe¥r

- _ K\ _
< ijhk+ (|un|Hk+2(7;l) +lo(, un)|H§+l(7;L) + (;) |pn|H’<+1(7;,)) ||Kh”s,h-

(49) eqrbnd est)

We note that, in order to bound the second term in the second line of the previous estimate, we have
used the Cauchy—Schwarz inequality and the trace inequality (13) before applying (46). Using the
norm equivalence (21), the strong monotonicity assumption (41b) along with assumption (23) on the
stabilization parameter, the discrete mechanical equilibrium (29a), and (48), yields

Cr%m ny2 2 k ny2 1 k ny2
I ez, = Con § Ggrerlly + g e 47 rerlx
e TeT, Ferp ' F

< an(u}, €}) — an(I; ", e})
—n —
=(f . ePa—bu(elp}) —andiu", e}) = —by(el. €}) — R} (e})).

Thus, using the previous relation, estimate (49) with v, = e}, and the Young inequality, it follows that

2 2 2 _
2C2 Zhllg,h h =h’>*~h’ = 2C2 Hk+2(7;1) ’ Hé+l(771) P Hk+l((];l) .
eq mn —

(50)[eq:esterr.displ

(ii) Estimate of ColleZHé. Owing to (1b), an integration by parts together with the homogeneous
displacement boundary condition (1c), and the consistency property (28), we infer that, for all g;, € P}f
andall1 <i <N,

&' qn)a = (Codp', gn)a + (V-(@aw'), gn — 70gn)a — (V-(k VD), gn)a

tl
=7 f e [Cop ). q)a + (V-u(t). gy — nggn)a] df + e (B qn) (51)[eq:rhs. £1ow]
1=
=0, [Co(pi, an)a + (V-u', qn - ﬂg%)g] +cn (@' qn).

Therefore, using (29b), (25), the Fortin operator property (26b) of I ’;l, the definition of the elliptic
projector EZ and (51), we obtain

Co(S1€, qn)a — bu(SreL, qn) + ch(€l. qn)
= @, qn)a — Co(8: Py an)a + b (8, (Lku"), g, — 7daqn) — en (DL, an)

= (', qn)a — 8 [CoP}. qn)a — (V' qn - 1han)a] - cn (B, qn) (52)[eq:bnd. tph. i

=6, [Co(p' = Bl an)a + (V-u' = V&', gy — 1yqn)a

=5, [co@i — B an)a + Gl (P =P ) ana + (&' — 8 qn — nngg] ,
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where, in order to pass to the last line, we have inserted +8,p" into the first argument of the first term in
brackets in the third line, we have defined, according to (le), ¢i = Copi +V-ulforall0 <i < N, and
we have used the definition of the L-projector ng. Moreover, setting 52 = 0, it follows from the initial
condition (29¢) and the boundary condition (1c) that

Co(€), gn)a — bu (€, qn) = (¢° qn)a = (8% qn — 7oqn)a + Co(rdp°, gn)a. (53)[eq:bnd. tph. init

Forall 1 <n < N, summing (52) for 1 <i < n with the choice g, = 7€}, using (53), and proceeding
as in the second step of the proof of Proposition 11, leads to

1
Collep 11 = b (e i) + o= (N1l = Nz 17 )
< G - P o+ Comg(p" =P epla + (¢" = ¢, e — nhep)a,  (54)[ea:bnd. tph.n]

where 7} = 37| TE;Z if n > 1 and zg = 0. We bound the first term in the right-hand side of

(54) applying the Cauchy—Schwarz and Young inequalities followed by the approximation result (46),
yielding

Co(p" - Py €p)a < Cp,

Go
ok “Colp" i ) + 5 €1 (55)[easbnd. tph. 1]

We estimate the second and third terms using the Cauchy—Schwarz and the Young inequalities together
with the time approximation result (8). Thus, we get

0 = 0 .12 0 2
CO(HQ(pn _pn)’ GZ)Q < COT”ﬂ-Qp”Hl((tn—l’tn)) + THEZHQ’

(56) [earbnd. 5.2

— 1
n 0 2
(¢n - ¢ b 62 - HQEZ)Q < UT||¢||H1((tn—l’ln);LZ(Q)) + Enéh - ﬂ-QEhllgy

with 77 denoting a positive real number that will be fixed later on in the proof. The relation obtained by
plugging (55) and (56) into (54) reads

0 np2 ! 2 1
5 il = buceg ) + 2 (12412, = 15571124) = g 1leh — maeili

< C2 hz(k+1) (K) CO|P |Hk+l(7-) + COT”ﬂQp”Hl ((tn— 1 1) + 777'||¢||H1 (¢t~ 1 ), Lz(Q)) (57) eq:bnd.tph.fina

(iii) Estimate of ||€;, — JTQ ”|IQ We proceed as in the first step of the proof of Proposition 11. Using
the inf-sup condition (27), (25) for all v, € Uk U, o the linearity of by, the mechanical equilibrium
equation (29a), and (48), we get, forall 1 <n < N

br(v,, € —nl€r) bn(v,,p; — D))

~—h’>“h Q-h —h 'p h

||eh ﬂQEhHQ <B sup T =p sup W
v, €U p\0) Ylle.h vtk v 12llen

Fovida — an@l,v,) = bp(v,, )

=p sup (58)|eq:bnd.pressure
v, eU \{0} th ”s,h
“h,D
5 —an(u},v,) + ap (@, v,) - R} (v,)
= Sup .
KhEQﬁ,D\{Q} ”Kh”s,h

Moreover, the Lipschitz continuity of the stress-strain function (41a), the Cauchy—Schwarz inequality,
assumption (23) on the stabilization parameter y together with (42), and the second inequality in (21),
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lead to

k—
Aap (EZ, Kh) —dp (Lhun’ Kh)

= Z (fT (0 (G puy) — o (\GELINT"™)) : GEpyy +

TeTy,

v
Z e fAI}F("r I;a") - ATFVT)
FJF

FeFr

< CpCollef e nlly,lle.n-
Therefore, plugging the previous bound and (49) into the last line of (58), yields

1
2
k+1 | = — K1* =
||Eh ﬂ'QEZ”Q < ﬁC]p q”ﬁZ”S,h + ﬁCpJ/’l * (lun|Hk+2(7;l) + |0'(, un)|H£<+1(771) + (;) |pn|Hk+l(7,-l))

Squaring and rearranging the previous relation and owing to C2,, < Cip as a consequence of (42), it is
inferred that

”E” _ 7TO n”Q C2 C2 hZ(k+l) . e
ﬁZCmZCZ C6 2C2 ||_h|| %7 |lu |Hk+2(7-) +lo(u )|Hk+1(7-) ;| |Hk+l(r];1)

(59)|eq:bnd.pressure

(iv) Conclusion. Adding (50) to (57) with n = 4>CLaCp CS,, using (59), summing the resulting

equation over 1 < n < N, and multiplying both sides by 27, we obtain

N ,:2 ) ” n O n||2 5 D) 5 5
n Q + .
;—IT( 2 € W) |z F) || h < ( (h C+t Cz) (60) eq:err.eq.sum

with C = max {1, €%, 271 CACR2(3C2, + 2C50), 4B>CLCE,Cra} and

N —
~ Ki—np2
Cl ‘_Z (lu |Hk+2(7_)+|0'( u )|Hk+1(7)+(1+C0);|p |Hk+1(7;,))’

n=1

2 2 K2
< ”u”LZ(H’”Z(ﬁ,)) + ”0-(9 u)lle(Héﬁl(rﬁl)) + (1 + CO);|p|L2(Hk+l(7I-z))

N
= Z COH”QPHHI((tn 1 ,t1)) + ||¢||H1((t" 1 L), Lz(Q)))
n=1

_ 0. 112 2
= 0||ﬂQp||H1((0,tp)) + ”¢||H1(L2(Q))

Finally, multiplying both sides of (60) by 2(Cy? + 1)C yields (47) with C = 2(C;2 + 1)C2. O

Acknowledgements
This work was partially funded by the Bureau de Recherches Géologiques et Minieres. The work of M.

Botti was additionally partially supported by Labex NUMEV (ANR-10-LABX-20) ref. 2014-2-006. The
work of D. A. Di Pietro was additionally partially supported by project HHOMM (ANR-15-CE40-0005).

21



References

[1]

(2]

[3]

[10]

[11]

[12]
[13]

[14]

[15]

[16]

A. M. Barrientos, N. G. Gatica, and P. E. Stephan. “A mixed finite element method for nonlinear
elasticity: two-fold saddle point approach and a-posteriori error estimate”. In: Numer. Math. 91.2
(2002), pp. 197-222. por: 10.1007/s002110100337.

E. Bemer, M. Boutéca, O. Vincké, N. Hoteit, and O. Ozanam. ‘“Poromechanics: From linear to
nonlinear poroelasticity and poroviscoelasticity”. In: Oil & Gas Science and Technologies— Rev.
IFP 56.6 (2001), pp. 531-544. por: 10.2516/0GST:2001043.

M. A. Biot. “General theory of threedimensional consolidation”. In: J. Appl. Phys. 12.2 (1941),
pp. 155-164.

M. A. Biot. “Nonlinear and semilinear rheology of porous solids”. In: J. Geoph. Res. 78.23
(1973), pp. 4924-4937.

D. Boffi, M. Botti, and D. A. Di Pietro. “A nonconforming high-order method for the Biot
problem on general meshes”. In: SIAM J. Sci. Comput. 38.3 (2016), A1508-A1537. por: 10.
1137/15M1025505.

D. Boffi, F. Brezzi, and M. Fortin. Mixed finite element methods and applications. Vol. 44. Springer
Series in Computational Mathematics. Berlin Heidelberg: Springer, 2013. por: 10.1007/978-
3-642-36519-5.

L. Botti, D. A. Di Pietro, and J. Droniou. A Hybrid High-Order discretisation of the Brinkman
problem robust in the Darcy and Stokes limits. Submitted. Mar. 2018. urL: http: //hal.
archives-ouvertes. fr/hal-01746367.

M. Botti, D. A. Di Pietro, and P. Sochala. “A Hybrid High-Order method for nonlinear elasticity”.
In: SIAM J. Numer. Anal. 55.6 (2017), pp. 2687-2717. por: 10.1137/16M1105943.

M. Botti, D. A. Di Pietro, and P. Sochala. “A nonconforming high-order method for nonlinear
poroelasticity”. In: Finite Volumes for Complex Applications VIII — Hyperbolic, Elliptic and
Parabolic Problems. 2017, pp. 537-545.

M. Botti and R. Riedlbeck. Equilibrated stress tensor reconstruction and a posteriori error
estimation for nonlinear elasticity. Submitted. Jan. 2018. urL: https://arxiv.org/abs/
1710.06649.

P. G. Ciarlet and P. Ciarlet. “Another approach to linearized elasticity and a new proof of Korn’s
inequality”. In: Math. Models Methods Appl. Sci. 15.02 (2005), pp. 259-271. por: 10.1142/
S0218202505000352.

O. Coussy. Poromechanics. J. Wiley and Sons, Itd., 2004. por: 10.1002/0470092718.

K. Deimling. “Nonlinear functional analysis”. In: Springer-Verlag, Berlin (1985). por: 10.1007/
978-3-662-00547-7.

D. A. Di Pietro and J. Droniou. “A Hybrid High-Order method for Leray—Lions elliptic equa-
tions on general meshes”. In: Math. Comp. 86.307 (2017), pp. 2159-2191. por: 10. 1142/
S0218202517500191.

D. A. Di Pietro, J. Droniou, and A. Ern. “A Discontinuous-Skeletal Method for Advection-
Diffusion-Reaction on General Meshes”. In: SIAM J. Numer. Anal. 53.5 (2015), pp. 2135-2157.
por: 10.1137/140993971.

D. A. Di Pietro, J. Droniou, and G. Manzini. “Discontinuous Skeletal Gradient Discretisation
methods on polytopal meshes”. In: J. Comput. Phys. 355 (2018), pp. 397—425. por: 10. 1016/
j.jcp.2017.11.018.

22


http://dx.doi.org/10.1007/s002110100337
http://dx.doi.org/10.2516/OGST:2001043
http://dx.doi.org/10.1137/15M1025505
http://dx.doi.org/10.1137/15M1025505
http://dx.doi.org/10.1007/978-3-642-36519-5
http://dx.doi.org/10.1007/978-3-642-36519-5
http://hal.archives-ouvertes.fr/hal-01746367
http://hal.archives-ouvertes.fr/hal-01746367
http://dx.doi.org/10.1137/16M1105943
https://arxiv.org/abs/1710.06649
https://arxiv.org/abs/1710.06649
http://dx.doi.org/10.1142/S0218202505000352
http://dx.doi.org/10.1142/S0218202505000352
http://dx.doi.org/10.1002/0470092718
http://dx.doi.org/10.1007/978-3-662-00547-7
http://dx.doi.org/10.1007/978-3-662-00547-7
http://dx.doi.org/10.1142/S0218202517500191
http://dx.doi.org/10.1142/S0218202517500191
http://dx.doi.org/10.1137/140993971
http://dx.doi.org/10.1016/j.jcp.2017.11.018
http://dx.doi.org/10.1016/j.jcp.2017.11.018

[17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

D. A. Di Pietro and A. Ern. “A hybrid high-order locking-free method for linear elasticity on
general meshes”. In: Comput. Meth. Appl. Mech. Engrg. 283 (2015), pp. 1-21. por: 10. 1016/
j.cma.2014.09.009.

D. A. Di Pietro and A. Ern. “Discrete functional analysis tools for discontinuous Galerkin methods
with application to the incompressible Navier—Stokes equations”. In: Math. Comp. 79 (2010),
pp. 1303-1330. por: 10.1090/S0025-5718-10-02333-1.

D. A. Di Pietro and A. Ern. Mathematical aspects of discontinuous Galerkin methods. Vol. 69.
Mathématiques & Applications. Berlin: Springer-Verlag, 2012. por: 10 . 1007 /978-3-642 -
22980-0.

D. A. Di Pietro, A. Ern, and J.-L.. Guermond. “Discontinuous Galerkin methods for anisotropic
semi-definite diffusion with advection”. In: SIAM J. Numer. Anal. 46.2 (2008), pp. 805-831. por:
10.1137/060676106.

D. A. Di Pietro and R. Tittarelli. “Lectures from the fall 2016 thematic quarter at Institut Henri
Poincaré”. In: ed. by L. Formaggia D. A. Di Pietro A. Ern. SEMA-SIMAI. Accepted for pub-
lication. Springer, 2017. Chap. An introduction to Hybrid High-Order methods. urL: http:
//arxiv.org/abs/1703.05136.

J. Droniou, R. Eymard, T. Gallouét, C. Guichard, and R. Herbin. The gradient discretisation
method: A framework for the discretisation and numerical analysis of linear and nonlinear
elliptic and parabolic problems. Maths & Applications. To appear. Springer, 2017, 509p. URL:
https://hal.archives-ouvertes. fr/hal-01382358.

J. Droniou and B. P. Lamichhane. “Gradient Schemes for Linear and Non-linear Elasticity Equa-
tions”. In: Numer. Math. 129.2 (Feb. 2015), pp. 251-277. 1ssn: 0029-599X. por: 10 . 1007 /
s00211-014-0636-y.

G. N. Gaticaand E. P. Stephan. “A mixed-FEM formulation for nonlinear incompressible elasticity
in the plane”. In: Numerical Methods for Partial Differential Equations 18.1 (2002), pp. 105-128.
1ssN: 1098-2426. por: 10.1002/num. 1046.

P. Grisvard. Elliptic problems in nonsmooth domains. Pitman Advanced Pub. Program. London,
1985.

J. B. Haga, H. Osnes, and H. P. Langtangen. “On the causes of pressure oscillations in low-
permeable and low-compressible porous media”. In: Int. J. Numer. Anal. Methods Geomech.
36.12 (2012), pp. 1507-1522. por: 10.1002/nag. 1062.

L. Hu, P. H. Winterfield, P. Fakcharoenphol, and Wu Y. S. “A novel fully-coupled flow and
geomechanics model in enhanced geothermal reservoirs™. In: J. Pet. Sci. Eng. 107 (2013), pp. 1-
11. por: 10.1016/j.petrol.2013.04.005.

M. D. Jin L. Zoback. “Fully coupled nonlinear fluid flow and poroelasticity in arbitrarily fractured
porous media: A hybrid-dimensional computational model”. In: Journal Geophysical Research:
Solid Earth 122 (2017), pp. 7626-7658. por: 10.1002/2017IB014892.

Cervera M., Chiumenti M., and Codina R. “Mixed stabilized finite element methods in nonlinear
solid mechanics: Part II: Strain localization”. In: Comput. Methods in Appl. Mech. and Engrg.
199.37—-40 (2010), pp. 2571-2589. por: 10.1016/j.cma.2010.04.005.

V. Maz’ya and J. Rossman. Elliptic equations in polyhedral domains. Vol. 162. AMS: Mathemat-
ical Surveys and Monographs, 2010.

S. E. Minkoff, C. M. Stone, S. Bryant, M. Peszynsak, and M. F. Wheeler. “Coupled fluid flow
and geomechanical deformation modeling”. In: J. Pet. Sci. Eng. 38 (2003), pp. 37-56. por:
10.1016/S0920-4105(03)00021-4.

23


http://dx.doi.org/10.1016/j.cma.2014.09.009
http://dx.doi.org/10.1016/j.cma.2014.09.009
http://dx.doi.org/10.1090/S0025-5718-10-02333-1
http://dx.doi.org/10.1007/978-3-642-22980-0
http://dx.doi.org/10.1007/978-3-642-22980-0
http://dx.doi.org/10.1137/060676106
http://arxiv.org/abs/1703.05136
http://arxiv.org/abs/1703.05136
https://hal.archives-ouvertes.fr/hal-01382358
http://dx.doi.org/10.1007/s00211-014-0636-y
http://dx.doi.org/10.1007/s00211-014-0636-y
http://dx.doi.org/10.1002/num.1046
http://dx.doi.org/10.1002/nag.1062
http://dx.doi.org/10.1016/j.petrol.2013.04.005
http://dx.doi.org/10.1002/2017JB014892
http://dx.doi.org/10.1016/j.cma.2010.04.005
http://dx.doi.org/10.1016/S0920-4105(03)00021-4

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]
[40]

M. A. Murad and F. D. Loula. “On stability and convergence of finite element approximations
of Biot’s consolidation problem”. In: Interat. J. Numer. Methods Engrg. 37.4 (1994). por: 10.
1002 /nme . 1620370407.

J. Necas. Introduction to the theory of nonlinear elliptic equations. Chichester: A Wiley-
Interscience Publication. John Wiley & Sons Ltd., 1986. Reprint of the 1983 edition.

P. J. Phillips and M. F. Wheeler. “Overcoming the problem of locking in linear elasticity and
poroelasticity: An heuristic approach”. In: Comput. Geosci. 13 (2009), pp. 5-12. por: 10.1007/
s10596-008-9114-x.

C. Rodrigo, F.J. Gaspar, X. Hu, and L.T. Zikatanov. “Stability and monotonicity for some
discretizations of the Biot’s consolidation model”. In: Comput. Methods Appl. Mech. and Engrg.
298 (2016), pp. 183-204. por: 10.1016/j.cma.2015.09.019.

D. Schétzau and Schwab C. “Time Discretization of Parabolic Problems by the HP-Version of
the Discontinuous Galerkin Finite Element Method”. In: SIAM J. Numer. Anal. 38.3 (2000),
pp- 837-875. por: 10.1137/S0036142999352394.

R. E. Showalter. “Diffusion in poro-elastic media”. In: J. Math. Anal. Appl. 251 (2000), pp. 310-
340. por: 10.1006/jmaa.2000.7048.

I. Smears. “Robust and efficient preconditioners for the discontinuous Galerkin time-stepping
method”. In: IMA J. Numer. Anal. 37.4 (2017), pp. 1961-1985. por: 10.1093/imanum/drw050.

K. Terzaghi. Theoretical soil mechanics. New York: Wiley, 1943.

A. Zeni%ek. “The existence and uniqueness theorem in Biot’s consolidation theory”. In: Aplikace
Matematiky 29 (1984), pp. 194-211.

24


http://dx.doi.org/10.1002/nme.1620370407
http://dx.doi.org/10.1002/nme.1620370407
http://dx.doi.org/10.1007/s10596-008-9114-x
http://dx.doi.org/10.1007/s10596-008-9114-x
http://dx.doi.org/10.1016/j.cma.2015.09.019
http://dx.doi.org/10.1137/S0036142999352394
http://dx.doi.org/10.1006/jmaa.2000.7048
http://dx.doi.org/10.1093/imanum/drw050

	Introduction
	Continuous setting
	Notation for function spaces
	Stress-strain law
	Weak formulation

	Discrete setting
	Space mesh
	Time mesh
	L2-orthogonal projectors on local and broken polynomial spaces
	Discrete spaces
	Displacement
	Pore pressure


	Discretization
	Nonlinear elasticity operator
	Hydro-mechanical coupling
	Darcy operator
	Discrete problem

	Stability and well-posedness
	Convergence analysis

