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Abstract

In the context of K—armed stochastic bandits with distribution only assumed to be supported
by [0,1], we introduce the first algorithm, called KL-UCB-switch, that enjoys simultaneously a
distribution-free regret bound of optimal order v KT and a distribution-dependent regret bound
of optimal order as well, that is, matching the xInT lower bound by [Lai and Robbins| [1985] and
Burnetas and Katehakis| [1996]. This self-contained contribution simultaneously presents state-of-
the-art techniques for regret minimization in bandit models, and an elementary construction of non-
asymptotic confidence bounds based on the empirical likelihood method for bounded distributions.

Keywords: K—armed stochastic bandits, distribution-dependent regret bounds, distribution-free
regret bounds

1. Introduction and brief literature review

Great progress has been made, over the last decades, in the understanding of the stochastic K—armed
bandit problem. In this simplistic and yet paradigmatic sequential decision model, an agent can at
each step t € N* sample one out of K independent sources of randomness and receive the corresponding
outcome as a reward. The most investigated challenge is to minimize the regret, which is defined as
the difference between the cumulated rewards obtained by the agent and by an oracle knowing in
hindsight the distribution with largest expectation.

After Thompson’s seminal paper (Thompson, |1933]) and Gittins’ Bayesian approach in the 1960s,
Lai and his co-authors wrote in the 1980s a series of articles laying the foundations of a frequentist
analysis of bandit strategies based on confidence regions. Lai and Robbins| [1985] provided a general
asymptotic lower bound, for parametric bandit models: for any reasonable strategy, the regret after T'
steps grows at least as k In(7T'), where « is an informational complexity measure of the problem. In the
1990s, |Agrawal |[1995] and Burnetas and Katehakis [1996] analyzed the UCB algorithm (see also the
later analysis by |Auer et al., [2002al), a simple procedure where at step ¢ the arm with highest upper
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confidence bound is chosen. The same authors also extended the lower bound by Lai and Robbins to
non-parametric models.
In the early 2000s, the much noticed contributions of |Auer et al|[2002a] and Auer et al.| [2002b]
promoted three important ideas.
1. First, a bandit strategy should not address only specific statistical models, but general and
non-parametric families of probability distributions, e.g., bounded distributions.
2. Second, the regret analysis should not only be asymptotic, but should provide finite-time bounds.
3. Third, a good bandit strategy should be competitive with respect to two concurrent notions of
optimality: distribution-dependent optimality (it should reach the asymptotic lower bound of
Lai and Robbins and have a regret not much larger than xIn(7")) and distribution-free optimality
(the maximal regret over all considered probability distributions should be of the optimal order

VKT).

These efforts were pursued by further works in those three directions. Maillard et al. [2011] and
Garivier and Cappé [2011] simultaneously proved that the distribution-dependent lower bound could
be reached with exactly the right multiplicative constant in simple settings (for example, for binary
rewards) and provided finite-time bounds to do so. They were followed by similar results for other
index policies like BayesUCB (Kaufmann et al., |2012) or Thompson sampling (Korda et al., [2013).

Initiated by Honda and Takemura for the IMED algorithm (see [Honda and Takemuray, [2015 and
references to earlier works of the authors therein) and followed by Cappé et al. [2013] for the KL-UCB
algorithm, the use of the empirical likelihood method for the construction of the upper confidence
bounds was proved to be optimal as far as distribution-dependent bounds are concerned. The analysis
for IMED was led for all (semi-)bounded distributions, while the analysis for KL-UCB was only
successfully achieved in some classes of distributions (e.g., bounded distributions with finite supports).
A contribution in passing of the present article is to also provide optimal distribution-dependent
bounds for KL-UCB for families of bounded distributions.

On the other hand, classical UCB strategies were proved not to enjoy distribution-free optimal
regret bounds. A modified strategy named MOSS was proposed by |Audibert and Bubeck| [2009]
to address this issue: minimax (distribution-free) optimality was proved, but distribution-dependent
optimality was then not considered. It took a few more years before Ménard and Garivier| [2017] and
Lattimore| [2016] proved that, in simple parametric settings, a strategy can enjoy, at the same time,
regret bounds that are optimal both from a distribution-dependent and a distribution-free viewpoints.

Main contributions. In this work, we generalize the latter bi-optimality result to the non-para-
metric class of distributions with bounded support, say, [0,1]. Namely, we propose the KL-UCB-
switch algorithm, a bandit strategy belonging to the family of upper-confidence-bounds strategies.
We prove that it is simultaneously optimal from a distribution-free viewpoint (Theorem (1)) and from
a distribution-dependent viewpoint in the considered class of distributions (Theorem .

We go one step further by providing, as|Honda and Takemura [2015] already achieved for IMED, a
second-order term of the optimal order — In(In(7")) in the distribution-dependent bound (Theorem [3)).
This explains from a theoretical viewpoint why simulations consistently show strategies having a
regret smaller than the main term of the lower bound of [Lai and Robbins| [1985]. Note that, to the
best of our knowledge, IMED is not proved to enjoy an optimal distribution-free regret bound; only a
distribution-dependent regret analysis was provided for it. And according to the numerical experiments
(see Section |3) IMED indeed does not seem to be optimal from a distribution-free viewpoint.

Beyond these results, we took special care of the clarity and simplicity of all the proofs, and all
our bounds are finite time, with closed-form expressions. In particular, we provide for the first time
an elementary analysis of performance of the KL-UCB algorithm on the class of all distributions
over a bounded interval. The study of KL-UCB in |Cappé et al. [2013] indeed remained somewhat
intricate and limited to finitely supported distributions. Furthermore, our simplified analysis allowed
us to derive similar optimality results for the anytime version of this new algorithm, with little if no
additional effort (see Theorems [4] and [5).
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Organization of the paper. Section [2presents the main contributions of this article: a description
of the KL-UCB-switch algorithm, the precise statement of the aforementioned theorems, and corre-
sponding results for an anytime version of the KL-UCB-switch algorithm. Section (3| discusses some
numerical experiments comparing the performance of an empirically tuned version of the KL-UCB-
switch algorithm to competitors like IMED or KL-UCB. The focus is not only set on the growth of
the regret with time, but also on its dependency with respect to the number K of arms. Section
contains the statements and the proofs of several results that were already known before, but for which
we sometimes propose a simpler derivation. All technical results needed in this article are stated and
proved from scratch (e.g., on the KCi,¢ quantity that is central to the analysis of IMED and KL-UCB,
and on the analysis of the performance of MOSS), though sometimes in appendix, which makes our
paper fully self-contained. These known results are used as building blocks in Section [5] and [6] where
the main results of this article are proved: Section [5] is devoted to distribution-free bounds, while
Section [6] focuses on distribution-dependent bounds. An appendix provides the proofs of the classical
material presented in Section {4l whenever these proofs did not fit in a few lines: anytime analysis
of the MOSS strategy (Appendix and proofs of the regularity and deviation results on the Kiu¢
quantity mentioned above (Appendix , which might be of independent interest. It also features the
proof of a sophisticated distribution-dependent regret bound in the case of a known T': a regret bound
with an optimal second order term (Appendix |C).

2. Setting and statement of the main results

We consider the simplest case of a bounded stochastic bandit problem, with finitely many arms indexed
by a € {1,..., K} and with rewards in [0,1]. We denote by P[0, 1] the set of probability distributions
over [0,1]: each arm a is associated with an unknown probability distribution v, € P[0, 1]. We call
v = (v1,...,vk) a bandit problem over [0,1]. At each round ¢ > 1, the player pulls the arm A; and
gets a real-valued reward Y; drawn independently at random according to the distribution v4,. This
reward is the only piece of information available to the player.

A typical measure of the performance of a strategy is given by its regret. To recall its definition,
we denote by E(vg) = o the expected reward of arm a and by A, its gap to an optimal arm:

W= max g and Ay =p" — g -

a=1,... K

Arms a such that A, > 0 are called sub-optimal arms. The expected regret of a strategy equals

T
PR 7
t=1

The first equality above follows from the tower rule. To control the expected regret, it is thus sufficient
to control the E[NG(T)] quantities for sub-optimal arms a.

Rr=Tup —E =Ty —E

T K T
Z MAt] = Z AoE[No(T)] where No(T) = Z Lia,=a)-
t=1 a=1 t=1

Reminder of the existing lower bounds. The distribution-free lower bound of Auer et al.| [2002D)]
states that for all strategies, for all 7' > 1 and all K > 2,

1
sup Rp > %min{vKT, T}, (1)

where the supremum is taken over all bandit problems v over [0, 1]. Hence, a strategy is called optimal
from a distribution-free viewpoint if there exists a numerical constant C' such that fall K > 2, for all
bandit problems v over [0, 1], for all 7' > 1, the regret is bounded by Ry < CVKT.

We denote by P[0, 1] the set of all distributions over [0, 1]. The key quantity in stating distribution-
dependent lower bounds is based on KL, the Kullback-Leibler divergence between two probability
distributions. We recall its definition: consider two probability distributions v, v/ over [0, 1]. We write
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v < vV when v is absolutely continuous with respect to v/, and denote by dv/dv’ the density (the
Radon-Nikodym derivative) of v with respect to v/. Then,

d

n( <2 ) dv if v < Vs
dv’

1]

+00 otherwise.

Now, the key information-theoretic quantity for stochastic bandit problems is given by an infimum of
Kullback-Leibler divergences: for v, € P[0,1] and x € [0, 1],

Kint(Va, ) = il’lf{KL(Va,I/;) . v, eP[0,1] and E(V),) > 33}

where E(v/)) denotes the expectation of the distribution v, and where by convention, the infimum of
the empty set equals +00. Because of this convention, we may equivalently define i, ¢ as

Kint(ve, ) = inf{KL(ua,l/('l) . v, € Pl0,1] with v, < v, and E(V,) > 93} (2)

As essentially proved by |Lai and Robbins| [1985] and Burnetas and Katehakis| [1996]—see also Garivier
et al., [2018—, for any “reasonable” strategy, for any bandit problem v over [0, 1], for any sub-optimal
arm a,
E|N.(T 1
lim inf [ al )] > .
T—00 InT Kint(Va, %)

3)

A strategy is called optimal from a distribution-dependent viewpoint if the reverse inequality holds
with a lim sup instead of a lim inf, for any bandit problem v over [0, 1] and for any sub-optimal arm a.

By a “reasonable” strategy above, we mean a strategy that is uniformly fast convergent on PJ0, 1],
that is, such that for all bandit problems v over [0, 1], for all sub-optimal arms a,

Va>0, E[Ny(T)] =o(T%);

there exist such strategies, for instance, the UCB strategy already mentioned above. For uniformly
super-fast convergent strategies, that is, strategies for which there actually exists a constant C' such
for all bandit problems v over [0, 1], for all sub-optimal arms a,

E[No(T)] _ C
InT A2
(again, UCB is such a strategy), the lower bound above can be strengthened into: for any bandit
problem v over [0, 1], for any sub-optimal arm a,

InT
K:inf(yaa M*)
see (Garivier et al. [2018, Section 4]. This order of magnitude —In(In7') for the second-order term

in the regret bound is optimal, as follows from the upper bound exhibited by Honda and Takemura
[2015, Theorem 5].

E[No(T)] = —Q(In(InT)), (4)

2.1. The KL-UCB-switch algorithm

Algorithm 1 Generic index policy

Inputs: index functions U,
Initialization: Play each arm a=1,...,K once and compute the U,(K)
fort=K,...,T—1do

Pull an arm A;y; € argmax Uy(t)
a=1,....K
Get a reward Y;;; drawn independently at random according to vg4,,,

end for
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For any index policy as described above, we have N,(t) > 1 for all arms a and ¢t > K and may
thus define, respectively, the empirical distribution of the rewards associated with arm a up to round
t included and their empirical mean:

t t
~ 1 Z . ~ 1 Z
l/a,(t) - m s=1 5YS H{Asza} and Ma(t) = E[Va(t)} - Na(t) s=1 YVS ]I{Asza} ’

where 0, denotes the Dirac point-mass distribution at y € [0, 1].
The MOSS algorithm (see Audibert and Bubeck|2009) uses the index functions

Mgy def ~ 1 T
U (0) % a(t) + ¢ v (e ) (5)

where Iny denotes the non-negative part of the natural logarithm, Iny = max{In, 0}.
We also consider a slight variation of the KL-UCB algorithm (see |Cappé et al.|2013]), which we
call KL-UCB™ and which relies on the index functions

s (1) sup{u € 0.1 Kue (). < 550+ (705 ) } . 6)

We introduce a new algorithm KL-UCB-switch. The novelty here is that this algorithm switches
from the KL-UCB-type index to the MOSS index once it has pulled an arm more than f(7,K)
times. The purpose is to capture the good properties of both algorithms. In the sequel we will take
f(T,K) = |(T/K)Y?|. More precisely, we define the index functions

Ua(t) = Uﬁ“(t) if Na(t) > f(T’ K)

{UjfL(t) if N, (t) < (T, K),
The reasons for the choice of a threshold f(T,K) = |(T/K)"®| will become clear in the proof of
Theorem [I] Note that asymptotically KL-UCB-switch should behave like KL-UCB-type algorithm,
as for large T' we expect the number of pulls of a sub-optimal arm to be of order N, (t) ~ In(T") and
optimal arms to have been played linearly many times, entailing U} (t) =~ U " (t) ~ [qa(t).

Since we are considering distributions over [0, 1], the data-processing inequality for Kullback-
Leibler divergences ensures (see, e.g., |Garivier et al., [2018, Lemma 1) that for all v € P[0, 1] and all

IS (E(V)71)7

King(v, p1) > u’:Ei(rzlz’f)>u KL (Ber(E(v)), Ber(E(u’))) =KL (Ber(E(y)), Ber(u)) ,

where Ber(p) denotes the Bernoulli distribution with parameter p. Therefore, by Pinsker’s inequality
for Bernoulli distributions,

Kint(v,p) = 2(B(v) — p)?,  thus  UXM(t) < UM(1) (7)

for all arms a and all rounds ¢t > K. In particular, this actually shows that KL-UCB-switch interpolates
between KL-UCB and MOSS,
Ug"(t) < Ua(t) < Uy (1) (8)

2.2. Optimal distribution-dependent and distribution-free regret bounds
(known horizon T')

We first consider a fixed and beforehand-known value of T'. The proofs of the two theorems below are
provided in Sections [5] and [6] respectively.

Garivier, Hadiji, Ménard, Stoltz 5
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Theorem 1 (Distribution-free bound). Given T > 1, the regret of the KL-UCB-switch algorithm,
tuned with the knowledge of T and the switch function f(T,K) = |(T/K)'/5|, is uniformly bounded
over all bandit problems v over [0,1] by

Ry < (K —1)+23VKT.

KL-UCB-switch thus enjoys a distribution-free regret bound of optimal order VKT, see . The
MOSS strategy by Audibert and Bubeck! [2009] already enjoyed this optimal distribution-free regret
bound but its construction (relying on a sub-Gaussian assumption) prevents it from being optimal
from a distribution-dependent viewpoint.

Theorem 2 (Distribution-dependent bound). Given T' > 1, the KL-UCB-switch algorithm, tuned
with the knowledge of T and the switch function f(T,K) = |(T/K)'%|, ensures that for all bandit
problems v over [0, 1], for all sub-optimal arms a,

InT
E[No(T)] € ———— + Op((InT)*/3),
(Nu(T)] € s+ Or (7))
where a finite-time, closed-form expression of the OT((lnT)2/3) term is given by for the choice
§=(InT)~1/3.

By considering the exact same algorithm but by following a more sophisticated proof we may in
fact get a stronger result, whose (extremely technical) proof is deferred to Appendix

Theorem 3 (Distribution-dependent bound with a second-order term). We actually have, when
p* € (0,1) and T > K/(1 — u*),

InT —InlnT
E[N(T)] € ————

< ——F+07r(1),
’Cinf(yaaﬂ*) T( )

where a finite-time, closed-form expression of the Op(1) term is provided in .

KL-UCB-switch thus enjoys a distribution-dependent regret bounds of optimal orders, see
and . This optimal order was already reached by the IMED strategy by Honda and Takemura
[2015] on the model P[0, 1]. The KL-UCB algorithm studied, e.g., by |Cappé et al.| [2013], only enjoyed
optimal regret bounds for more limited models; for instance, for distributions over [0, 1] with finite
support. In the analysis of KL-UCB-switch we actually provide in passing an analysis of KL-UCB for
the model P[0, 1] of all distributions over [0, 1].

2.3. Adaptation to the horizon 7' (an anytime version of KL-UCB-switch)

A standard doubling trick fails to provide a meta-strategy that would not require the knowledge of
T and have optimal O(VKT) and (1 + o(1))(InT)/Kint(va, p*) bounds. Indeed, there are first, two
different rates, v/T and In T, to accommodate simultaneously and each would require different regime
lengths, e.g., 2" and 22", respectively, and second, any doubling trick on the distribution-dependent
bound would result in an additional multiplicative constant in front of the 1/Ki¢(vq, 1*) factor. This
is why a dedicated anytime version of our algorithm is needed.

For technical reasons, it was useful in our proof to perform some additional exploration, which
deteriorates the second-order terms in the regret bound. Indeed, we define the augmented exploration
function (which is non-decreasing) by

¢(z) = Iny (z(1 + Inf 7)) (9)

6 Garivier, Hadiji, Ménard, Stoltz
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and the associated index functions by

def

Ua(r) e sup{u e [0,1] \ St 2a(0.0) < .5 *”(KNZ@))} "

M-A /4 def ~ 1 t
U2 0 S ) + \/ e ) 1)

A careful comparison of and to and (6]) shows that UX"*(¢) < UX(t) and

Ug,I_A(t) < UM#(t) def Ha(t) + \/2]\7(11(75) 90(}(1\2(15)) (12)

when all these quantities are based on the same past (i.e., when they are defined for the same algo-
rithm).

The -A in the superscripts stands for “augmented” or for “anytime” as this augmented exploration
gives rise to the anytime version of KL-UCB-switch, which simply relies on the index

an JUEA®) i No(t) < f(t, K)
Ua (t) o {qu'A(t) if Na(t) > f(t’ K)

(13)

where f(T,K) = |(t/K)'/5|. Note that the thresholds f(t, K) when the switches occur from the
sub-index Uf"*(t) to the other sub-index U}"™*(t) now vary with ¢ (and we cannot exclude that a
switch back may occur).

For this anytime version of KL-UCB-switch, the same ranking of (sub-)indexes holds as the one ({8
for our first version of KL-UCB-switch relying on the horizon 7"

U (1) S Ug (1) S UG(H) - (14)

The performance guarantees are indicated in the next two theorems, whose proofs may be found
in Sections [5] and [6] respectively. The distribution-free analysis is essentially the same as in the
case of a known horizon, although the additional exploration required an adaptation of most of the
calculations. Note also that the simulations detailed below suggest that all anytime variants of the
KL-UCB algorithms (KL-UCB-switch included) behave better without the additional exploration
required, i.e., with Iny as the exploration function.

Theorem 4 (Anytime distribution-free bound). The regret of the anytime version of KL-UCB-switch
algorithm above, tuned with the switch function f(t,K) = |(t/K)Y°|, is uniformly bounded over all
bandit problems v over [0,1] as follows: for all T > 1,

Ry < (K —1)+44VKT.

Theorem 5 (Anytime distribution-dependent bound). The anytime version of KL-UCB-switch algo-
rithm above, tuned with the switch function f(t,K) = |(t/K)Y?], ensures that for all bandit problems
v over [0,1], for all sub-optimal arms a, for all T > 1,

E[N,(T)] < — 2L

<— InT 6/7
,Cinf(VmM*) +OT(( B ) )

where a finite-time, closed-form expression of the OT((ln T)6/7) term is given by Equation for
the choice 6 = (InT)~ /7,

Garivier, Hadiji, Ménard, Stoltz 7
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3. Numerical experiments

We provide here some numerical experiments comparing the different algorithms we refer to in this
work. The KL-UCB-switch, KL-UCB, and MOSS algorithms are used in their anytime versions as
described in Section and Section However, we stick to the natural exploration function
Iny (t/(KNq(t))), i-e., without extra-exploration. For KL-UCB-switch we actually consider a slightly
delayed switch function, different from the one in our theoretical analysis: f(t, K) = |t/K |3/°, which
generally exhibits a good empirical performance. While our choice f(t, K) = |t/K|'/> appeared to
be a good choice for minimizing the theoretical upper bounds, many other choices (such as the one
considered in the experiments below) would also have been possible, at the cost of larger constants in
one of the two regret bounds.

Distribution-dependent bounds. We compare in Figure [I] the distribution-dependent behaviors
of the algorithms. For the two scenarios with truncated exponential or Gaussian rewards we also
consider the appropriate version of the kl-UCB algorithm for one-parameter exponential family (see
Cappé et al., 2013)), with the same exploration function as for the other algorithms; we call these algo-
rithms kl-UCB-exp or kl-UCB-Gauss, respectively. The parameters of the middle and right scenarios
were chosen in a way that, even with the truncation, the kl-UCB algorithms have a significantly better
performance than the other algorithms. This is the case because they are able to exploit the shape of
the underlying distributions. Note that the kl-UCB-Gauss algorithm reduces to the MOSS algorithm
with the constant 202 instead of 1/2. As expected, the regret of KL-UCB-switch lies between the one
of MOSS and the one of KL-UCB.

. Average regret (Normalized for 10000 rounds) Average regret (Normalized for 10000 rounds)
Average regret (Normalized for 10000 rounds)
17.5 = — MOss 351 — Mmoss
IMOE?:)S IMED IMED
50 1 —-- KL-UCB-Switch —-= KL-UCB-Switch
15.01 _._ KL-UCB-Swi 30
KL-UCB-Switch /| keuce T KL-UCB
----- KL-UCB
----- kl-UCB-exp ----- kl-UCB-Gauss
12.5 40 254
-
£ 10.0 ° © 204
) g 30 g
£ = =
N o o
g 7.5 Z g1s1
20
5.0 104
10
2.5 51
0.0 e i TP 0 ——— 0 4 r——
. . ; ; } : : T T T T T + T T
10° 10t 102 10° 104 10° 10! 102 10° 104 10° 10t 102 10° 104
Timesteps Timesteps Timesteps

Figure 1: Regrets approximated over 10,000 runs, shown on a logarithmic scale; distributions of the arms consist of:
Left: Bernoulli distributions with parameters (0.9, 0.8)

Middle: Exponential distributions with expectations (0.15, 0.12, 0.10, 0.05), truncated on [0, 1],

Right: Gaussian distributions with means (0.7, 0.5, 0.3, 0.2) and same standard deviation o = 0.1, truncated on [0, 1]
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Distribution-free bounds. Here we also consider the UCB algorithm of |Auer et al.| [2002a] with
the exploration function In(t). We plot the behavior of the normalized regret, Ry/v KT, either as a
function of T' (Figure [2| left) or of K (Figure 2/ right). This quantity should remain bounded as T" or
K increases. KL-UCB-switch and KL-UCB have a normalized regret that does not depend too much
on T and K (KL-UCB may perhaps satisfy a distribution-free bound of the optimal order, but we
were unable to prove this fact). The regrets of UCB and IMED seem to suffer from a sub-optimal
dependence in K.

Normalized Average regret (Normalized for 5000 rounds) Normalized Average regret (Normalized for 5000 rounds), T= 2000

— ucB
~~- IMED
—-- KL-UCB-Switch ||

— UCB

~=- IMED

—-= KL-UCB-Switch
----- KL-UCB

N g
=) 0
"

Avg. regret

Avg. regret
=
o)

g
1=}

°
0

S et e e

o
5}

x (T=100) x (T=1000) x (T=10000) x (K=2) x (K=10) x (K=50)

Figure 2: Expected regret Rr/v KT, approximated over 5,000 runs

Left: as a function of x, for a Bernoulli bandit problem with parameters (0.87 0.8 — x\/K/T) and for time horizons
T € {100, 1000, 10000}

Right: as a function of z, for a Bernoulli bandit problem with parameters (0.8, 0.8 — z\/K/T, ..., 0.8 —xy/K/T) and
K arms, where K € {2, 10, 50}
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4. Results (more or less) extracted from the literature

We gather in this section results that are all known and published elsewhere (or almost). For the sake
of self-completeness we provide a proof of each of them (sometimes this proof is shorter or simpler than
the known proofs, and we then comment on this fact). Readers familiar with the material described
here are urged to move to the next section.

4.1. Optional skipping—how to go from global times ¢ to local times n

The trick detailed here is standard in the bandit literature, see, e.g., its application in |Auer et al.
[2002a]. It is sometimes called optional skipping, and sometimes, optional sampling; we pick the first
terminology, following what seems to be the preferred terminology in probability theoryﬂ In any case,
the original reference is Theorem 5.2 of [Doob [1953, Chapter III, p. 145]; one can also check |Chow
and Teicher| [1988] Section 5.3] for a more recent reference.

Doob’s optional skipping enables the rewriting of various quantities like U, (), i4(t), etc., that
are indexed by the global time ¢, into versions indexed by the local number of times N,(t) = n that
the specific arm considered has been pulled so far. The corresponding quantities will be denoted by
Uan, Ban, €te.

The reindexation is possible as soon as the considered algorithm pulls each arm infinitely often; it
is the case for all algorithms considered in this article (exploration never stops even if it becomes rare
after a certain time).

We denote by Fy = {0,Q} the trivial o—algebra and by F; the o—algebra generated by Aj, Y7, ...,
A, Yy, when t > 1. We fix an arm a. For each n > 1, we denote by

Ton =min{t > 1: Ny(t) =n}

the round at which arm a was pulled for the n—th time. Now, Doob’s optional skipping ensures that
the random variables X, , = Yz, are independent and identically distributed according to vg.
We can then define, for instance, for n > 1,

1 n
ﬂa,n = E ;Xa,kz

and have the equality 7is(t) = fiq n, () for t > K. Here is an example of how to use this rewriting.

Example 1 (Controlling an empirical average). Recall that N,(t) > 1 fort > K and N,(t) < t—K+1
as each arm was pulled once in the first rounds. Given a subset £ C [0, 1], we get the inclusion

t—K+1 t—K+1
{Hat) €€} = |J {fa(t) €€ and Nu(t) =n} = |J {flan € € and Nau(t) =n}
n=1 n=1

so that, by a union bound,

t—K+1 t—K+1
Plia(t) €E] < D Plfian €€ and No(t) =n] < Y Plfign €]
n=1 n=1

The last sum above only deals with independent and identically distributed random variables; we took
care of all dependency issues that are so present in bandit problems. The price to pay, however, is
that we bounded one probability by a sum of probabilities.

!The abstract of a recent article by |[Simons et al.|[2002] reads: “A general set of distribution-free conditions is described
under which an i.i.d. sequence of random variables is preserved under optional skipping. This work is motivated by
theorems of J.L. Doob (1936) and Z. Ignatov (1977), unifying and extending aspects of both.”
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Actually, a more careful use of optional skipping would be

t—K+1

U {fian €€}
n=1

Plfia(t) € £] <P :]P[ane{l,...,t—f(ﬂ}:ﬁmeg .

4.2. Maximal version of Hoeffding’s inequality

The maximal version of Hoeffding’s inequality (Proposition [6]) is a standard result from [Hoeffding
[1963]. It was already used in the original analysis of MOSS (Audibert and Bubeck, 2009)). For our
slightly simplified analysis of MOSS (see Section[4.3), we will rather rely on Corollary|[7] a consequence
of Proposition [6] obtained by integrating it.

Proposition 6. Let X1,...,X,, be a sequence of i.i.d. random variables bounded in [0,1] and let [,
denote their empirical mean. Then for all u > 0 and for all N > 1:

P[max (ﬁn — ,u) > u] < e 2Nu? (15)

nz

Corollary 7. Under the same assumptions, for all € > 0,

(g;ag (1 = fin — 8))1 < \/z\/gem2 : (16)

Of course, Proposition [6] and Corollary [7] hold by symmetry with p — f, instead of [, — .
Proof: By the Fubini-Tonelli theorem, an integration of the maximal deviation inequality yields

E

E[(max (u—ﬁn—s)>+] :/Omp[max (i — 1<) > ] du

n>N n>N

< /+OO efQN(uﬂ-:)Q du < efQst /+OO G;QNu2 du — \/; /i e’2N€2 _

4.3. Distribution-free bound for the MOSS algorithm

Such a distribution-free bound was already provided in the literature, both for a known horizon T (see
Audibert and Bubeck, 2009) and for an anytime version (see Degenne and Perchet, 2016). We only
provide a slightly shorter and more focused proof of these results based on Corollary [7] and indicate
an intermediate result—see —that will be useful for us in the analysis of our new KL-UCB-switch
algorithm. We do not claim any improvement on the results themselves, just a clarification of the
existing proofs.

Our proof is slightly shorter and more focused for two reasons. First, in the two references men-
tioned, the peeling trick was used on the probabilities of deviations (see Proposition @ and had to be
performed separately and differently for each deviation w; then, these probabilities were integrated to
obtain a control on the needed expectations. In contrast, we perform the peeling trick directly on the
expectations at hand, and we do so by applying it only once, based on Corollary [7] and at fixed times
depending solely on T'. Second, unlike the two mentioned references, we do not attempt to simultane-
ously build a distribution-free and some type of distribution-dependent bound. This raised technical
difficulties because of the correlations between the choices of the arms and the observed rewards. The
idea of our approach is to focus solely on the distribution-free regime, for which we notice that some
crude bounding neglecting the correlations suffice (i.e., our analysis deals with all sub-optimal arms
in the same way, independently of how often they are played).
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For a known horizon T', we denote by A}, the arm played by the index strategy maximizing, at
each step t + 1 with t > K, the quantities :

Mgy def ~ 1 T
U () % ) + \/ v (ew )

The superscripts M in A}, ; and U;'(t) stand for MOSS. We do so not to mix it with the arm Ay
played by the KL-UCB-switch strategy (no superscript), but of course, once an arm a was sufficiently
pulled, we have A;,1 = A} | by definition of the KL-UCB-switch strategy.

Appendix [A] provides the proof of the following regret bound. We denote by a* an optimal arm,

i.e., an arm such that u, = p*.

Proposition 8. For a known horizon T > 1, for all bandit problems v over [0,1], MOSS achieves
a regret bound smaller than Rp < (K — 1) + 17V KT. More precisely, with the notation of optional
skipping (Section , we have the inequalities

T
RT = T,u* — E [Z 'UIA%[]
t=1

<-4 3 el vt o) e VRT3 (o I - [
(=K +1 a=1n=1

<13VKT <4V KT
(17)

Remark 1. The proof (see Remark |4]) actually reveals that for a known horizon T' > 1, for all bandit
problems v over [0, 1], and for all strategies (not only MOSS), the following bound holds:

T
> E[(w - Uk -1)"] <13VET.
t=K+1
We will re-use this fact to state a similar remark below (Remark [2)), which will be useful for Part 2 of

the proof lying in Section

Our proof in Appendix [A] reveals that designing an adaptive version of MOSS comes at no effort.
For this adaptive version we will also want to possibly explore more. We will do so by considering
an augmented exploration function ¢, that is, a function ¢ > In; as in @ We therefore define
MOSS-anytime (M-A) as relying on the indexes defined in , which we copy here:

wa gy def - ! !
Ua (t) - 'ud(t) + \/QNa(t) <70<[(‘Z\7‘7L(t)> '

We denote by A)7} the arm picked as arg max U™ (t).
a=1,...,.K

Proposition 9. For all horizons T > 1, for all bandit problems v over [0, 1], MOSS-anytime achieves
a regret bound smaller than Rp < (K — 1) + eV KT where ¢ = 30 for ¢ = Iny and ¢ = 33 for the
augmented exploration function p(z) = Iny (z(1 + In? z)) defined in (9). More precisely, with the
notation of optional skipping (Section , we have the inequalities

T
RT—TM*—E[ZMAQ'-A]
t=1
T K T
CE-1+ Y B[ -t - )] VRT3 SR (ﬁa,n+ PAL/UD) f)

t=K+1 a=1n=1
<26VKT <AVEKT for p=Iny and VKT for ¢(z)=In4 ((z(1+In% z))
(18)
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Remark 2. Similarly to above, the proof (see Remark [4)) actually reveals that for a known horizon
T > 1, for all bandit problems v over [0, 1], and for all strategies (not only MOSS-anytime), the
following bound holds:

T
> E[(u - Ut - 1) <26VET.
t=K+1

This remark will be useful for Part 2 of the proof lying in Section

4.4. Regularity and deviation/concentration results on i

We start with a quantification of the (left-)regularity of Ki,s and then provide a deviation and a
concentration result on /Ci,s.

4.4.1. Regularity of ;¢

The lower left-semi-continuity first appeared as Lemma 7 in Honda and Takemura| [2015], see also
Garivier et al.[[2018, Lemma 3] for a later but simpler proof. The upper left-semi-continuity relies
on the same arguments as , namely, the data-processing inequality for Kullback-Leibler divergences
and Pinsker’s inequality. These two inequalities are proved in detail in Appendix the proposed
proofs are slightly simpler or lead to sharper bounds than in the mentioned references.

Lemma 10 (regularity of Kiu¢). For all v € P[0,1] and all p € (0,1),

5
1—pu’

Ve € [0, ], Kint (v, ) < Kine(v, p — €) + (19)

and
Ve € [07 M= E(”)] ’ ,Cinf(V7 ,u’> > ,Cinf(l/, w—= 5) + 262 . (20)

We draw two consequences from Lemma the left-continuity of KCiys and a useful inclusion in
terms of level sets.

Corollary 11. For all v € P[0,1], the function Kins(v, -) : u € (0,1) = Kine(v, p) is left-continuous.

1)
In particular, on the one hand, Kint (I/,E(V)) = 0 whenever E(v) € (0,1), and on the other hand, for
all v € P0,1] and p € (0,1),

Kint(v, 1) = inf{KL(V, V) VvV ePl0,1] and E() > u} :
Proof: The left-continuity follows from a sandwich argument via the upper bound and the lower

bound Kiys(v, p — ) < Kint(v, p) that holds for all € € [0, u] by the very definition of Kiys. The fact
that Kine (v, E(v) —€) =0 for all € € (0, E(v)] thus entails, in particular, that Kiy¢(v,E(v)) =0. O

Corollary 12. For all v € P[0,1], all u € (0,1), all u > 0, and all € > 0,
{Kinf(y’/Jf - E) > ’LL} c {Kinf(ya /~L) >u+ 252} :
Proof: We apply and merely need to explain why the condition € € [0, W= E(V)] therein is

satisfied. Indeed, KCin¢(v, u — €) > u > 0 indicates in particular that u — e > E(v), or put differently,
e < pu—E(@). O
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4.4.2. Deviation results on ;¢

We provide two deviation results on Kj,¢: first, in terms of probabilities of deviations and next, in
terms of expected deviations.

The first deviation inequality was essentially provided by |Cappé et al|[2013, Lemma 6]. For the
sake of completeness, we recall its proof in Section

Proposition 13 (deviation result on Kiyf). Let U, denote the empirical distribution associated with a
sequence of n > 1 i.i.d. random variables with distribution v over [0,1] with E(v) € (0,1). Then, for
all u>0,

P[,Cinf (Un, E(v)) = u} <e(2n+1)e ™.
A useful corollary in terms of expected deviations can now be stated.

Corollary 14 (integrated deviations for Kiyf). Under the same assumptions, for all € > 0, the index

Ue,n = Sup{:“’ € [07 1] ‘ K:inf(/y\na N) < 5}
satisfies
E[(E(y) - Um)*] <(@2n+1) e—"f\/z

Proof: By the Fubini-Tonelli theorem, just as in the proof of Corollary (for the first two equalities),
and subsequently using the definition of U, ,, as a supremum (for the third equality, together with the
left-continuity of i, deriving from Lemma , we have

E[(E(V) - van)+] — /0+OO}P’[E(I/) —Uzp > u] du = /0+OOP[Ug7n < E(v) — u} du

_ /0+°°P[Icinf(ﬁnvE(V) —u) > e} du.

Now, Corollary (for the first inequality) and the deviation inequality of Proposition (for the
second inequality) indicate that for all u > 0,

P{Kinf ({/\n, E(V) - U) > E} < P[,Cinf (/V\n,E(l/)) > e+ 2u2] < e(2n 4 1) e—n(a+2u2) )
Combining all elements, we get

+o0 1
E[(E(V) - Ue,n)+:| <e(2n+1) e_m/ e~ 2% gy = e(2n+1)e " 3 % )
0

from which the stated bound follows, as e/ (2\/5) < 1 O

4.4.3. Concentration result on ;¢

The next proposition is similar in spirit to Honda and Takemura [2015, Proposition 11] but is better
suited to our needs. We prove it in Appendix

Proposition 15 (concentration result on Kin). With the same notation and assumptions as in the
previous proposition, consider a real number y € (E(Z/), 1) and define

y = \/11—ﬁ (16e2 + In? (iﬂ)) : (21)

Then for all x < Kint(v, p),
eXp<_n7/8) < eXp(_n/4) fo < Kinf(ya M) - ’7/2

P K:in /V\na ST X .
Kint (0, ) < 2] < exp(—n(Kin(v, 1) = 2)*/(27))  if 2 > Kint (v, 1) = 7/2
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5. Proofs of the distribution-free bounds: Theorems [1] and

The two proofs are extremely similar; we show, for instance, Theorem {4] and explain how to adapt the
proof for Theorem |1, The first steps of the proof(s) use the exact same arguments as in the proofs of
the performance bounds of MOSS (Propositions |8 and @], see Appendix in the exact same order.
We explain below why we had to copy them and had to resort to the intermediary bounds for MOSS
stated in the indicated propositions.

We recall that we denote by a* an optimal arm, i.e., an arm such that u, = p*. We first apply a
trick introduced by [Bubeck and Liu/ [2013]: by definition of the index policy, for t > K,

Up(t) < max Uy (t) = Ui, (t)

so that the regret of KL-UCB-switch is bounded by

T T T
Rp=> Bl —pa] <(K-1)+ Y Ep*—Upt-1D]+ > E[UAE-1)—pa]. (22)
t=1 t=K+1 t=K+1

Part 1: We first deal with the second sum in and successively use x < 6 + (z — &)™ for all z and
0 for the first inequality; the fact that U2 (¢) < UM-A(t) < Ug % (t) by . ) and (14)), for the second
inequality; and optional skipping (Section for the third inequality, keeping in mind that pairs
(a,n) such Ay = a and N4(t — 1) = n correspond to at most one round ¢t € {K + 1,...,T}:

T T i +
K
> E[UA(-1D-pa] <VET+ 3 E (Uzt@ —1) — pa, T)
t=K+1 t=K+1
T B K +
< VKT + Z E (Uﬁfﬁ(t —1)—pa, — T> (23)
t—K—H L
K\t
M, — J—
< VRT+ 33 (12 - en
a=1n=1
where we recall that
1 T
UMW_MCM+ <Kn>
We now apply one of the bounds of Proposition [9] to further bound the sum at hand by
T K +
> EUAE-1) —pa] <VE —|—ZZE (UW - > <TVKT.
t=K+1 a=1n=1 T

Remark 3. We may now explain why we copied the beginning of the proof of Proposition [9] and why
we cannot just say that the ranking U2} (t) < U)"*(t) entails that the regret of the anytime version of
KL-UCB-switch is bounded by the regret of the anytime version of MOSS. Indeed, it is difficult to
relate

T T
> E[UNAt-1)—pa]  and > EB[UNA(E—1) — paya]
t=K+1 t=K+1

as the two series of arms A; (picked by KL-UCB-switch) and A}"* (picked by the adaptive version of
MOSS) cannot be related. Hence, it is difficult to directly bound quantities like . However, the
proof of the performance bound of MOSS relies on optional skipping and considers, in some sense, all
possible values a for the arms picked: it controls the quantity , which appears as a regret bound
that is achieved by all index policies with indexes smaller than the ones of the anytime version of
MOSS.
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Part 2: We now deal with the first sum in . We take positive parts, get back to the definition
of UA(t — 1), and add some extra non-negative terms:

T
ZEM— (t—1)] < ZE[(M —UA (1)) *}
t=K+1 t=K+1
T T
<) E[(M* — USMt = 1)) "Ly o< IK)}} + D E[ = U= 1) L geys f- 1K)
t=K+1 t=K+1 >
T T
<Y E[(M — Ut (t — 1))+]1{Na*(t71)<f(t71,K)}} > E[(M — Ui (t - 1))+}-
=K +1 1=K +1

Now, the bound of Proposition |§|7 together with the Remark [2| indicates that

ETI E|(u" ~ Ut - 1)) <26VET.

t=K+1

Note that Remark [2| exactly explains that for the sum above we do not bump into the issues raised in
Remark [3| for the other sum in (22)).

Part 3: Integrated deviations in terms of Kins divergence. We showed so far that the distribution-
free regret bound of the anytime version of KL-UCB-switch was given by the (intermediary) regret
bound of Proposition @ which is smaller than (K — 1) + 33V KT, plus

T T-1
> B[ = USRS = D) ngaoneseioy | = D0 B[ = USA®) in, w<sesn
t=K+1 t=K
T-1 f(t,K)
E| (v — Us)"] (25)
t=K n=1

where we applied optional skipping (Section and where we denoted

1 t
K*L_A = in: Aa* ns g - ey
ot tm sup{ue [0,1] ‘ King (Pa* s 12) n@(Kn>} (26)

the counterpart of the quantity UX'*(¢) defined in (10). Here, the additional subscript ¢ in U, i
refers to the denominator of ¢/(Kn) in the ¢(t/(Kn)) term.
Now, Corollary [14] exactly indicates that for each given t and all n > 1

E[(M*_ g;;?n)] (2n+1)\/;exp< (é@))

The ¢ considered are such that ¢ > K and thus, f(t, K) < (t/K)'/5 < t/K. Therefore, the considered
n are such that 1 < n < f(¢, K) and thus, t/(Kn) > 1. Given that ¢ > In, we proved

E[(u* - é‘&;‘?n)ﬂ < (2n+ m/ifin = Ktﬁ (2n+1)v/n.

We sum this bound over n € {1,..., f(t/K)}, using again that f(t,K) < (t/K)Y°:

f(tK)

. ) K 3K /7 K
> E[(u - ;‘f,t?nﬁ] f Z (2n +1)v/n < f F(t KPP <3y [
n=1 <3f(t,K)3/2 <(t/K)1/?
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We substitute this inequality into ([25)):

T T-1 f(t,K)
> E[(M — USMt = 1)) Uy 1)< p-1 K)}} E[ cIL(*L,_t/?n)J’_}
t=K+1 t=K n=1
< 3T Z \/7 <1IVK
<2\/7 see

The final regret bound is obtained as the sum of this 11V KT bound plus the (K —1)+33v KT bound
obtained above. This concludes the proof of Theorem [4]

Part J: Adaptations needed for Theorem [1], i.e., to analyze the version of KL-UCB-switch relying
on the knowledge of the horizon 7. Parts 1 and 2 of the proof remain essentially unchanged, up
to the (intermediary) regret bound to be applied now: (17 of Proposition |8, which is smaller than
(K —-1)+ 17V KT. The additional regret bound, accounting, as we did in Part 3, for the use of
KL-UCB-indexes for small 7', is no larger than

Tlf(g( 2n—|—1)\/;exp< ln+< )) TZ i o + 1 [K”_KIZ (2n +1)v/n

t=K n=1 t=K n=1 <B/(T, 1()3/2
[T
<3V K f(T,K)°? <37 K =<6

This yields the claimed (K — 1) + 23V KT bound.
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6. Proofs of the distribution-dependent bounds: Theorems [2| and

The proofs below can be adapted (simplified) to provide an elementary analysis of performance of the
KL-UCB algorithm on the class of all distributions over a bounded interval, by keeping only Parts 1
and 2 of the proofs below. The study of KL-UCB in |Cappé et al.|[2013] remained somewhat intricate
and limited to finitely supported distributions.

We provide first an anytime analysis, i.e., the proof of Theorem [5], and then explain the simplifica-
tions in the analysis (and improvements in the second-order terms in the regret bound) arising when
the horizon T is known, i.e., as far as the proof of Theorem [2|is concerned.

6.1. Proof of Theorem [5

The proof starts as in |Cappé et al. [2013]. We fix a sub-optimal arm a. Given 0 € (0, u*) sufficiently
small (to be determined by the analysis), we first decompose E[Na (T )] as

T-1
E[No(T)] =14 > P[4 =a
t=K
T-1 T-1
=1+ ]P’[U:(t)<u*—5 and AH_l:a —l—ZIP’ >p*— 6 and At_,.l—a]
=K =K

We then use that by definition of the index policy, A;11 = a only if U} (t) > U\ (t), where we recall
that a* denotes an optimal arm (i.e., an arm such that p, = p*). We also use U (t) > UKF(t), which
was stated in . We get

T-1 T—1
E[NJ(T)] <14 ) PUME) <p*—6 and Appg =a] + Y PUMNE) =2 p* —6 and Ay =
t=K t=K
T—1 T—1
<14+ ) PUSAME) <p*—68]+ > PUNE) = p* — 6 and Ay =al.
t=K t=K

E[NJT)] <1+ ) P[UNA(t) < pu* — 6]
+ D PUSAt) > p* — 6 and Ay = a and Ny(t) < f(t, K)]

+ Y PIUNMt) > p" — 6 and Ay =a and Ng(t) > f(t, K)] . (27)
t=K

We now deal with each of the three sums above.

Part 1: We first deal with the first sum in and to that end, fix some t € {K,...,T — 1}. By the
definition of USA(t) as a supremumn,

P[UR(t) < p* = 8] < P|Kint (Do (t), 1" — 8) > Nai(t) SO<KNZ*(t)>] |
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By optional skipping (see Section {4.1)), applied with some care,

Kint (/V\a* (t)7 ,LL* B 6) > Noj (t) L4 <KNZ* (t) >]

1
3”6{1,...,t—K+1}: K:inf(l//\a*,nmu*_(s) g0< ! )]

P

<P
Kn

Now, for n > [¢/K] + 1 and given the definition (9) of ¢, we have ¢(t/(Kn)) = 0. By definition,
Kint(Vax n, p* — ) > 0 requires in particular that the expectation fig«  of Uyx , be smaller than p* — .
This fact, together with a union bound, implies

P
Kn

~ 1 t
]Cinf(Va*,nvﬂ 5) > = n SO(KH)]

Hoeffding’s maximal inequality (Proposition @) upper bounds the first term by exp(—26%t/K), while
Corollary [12] and Proposition [13] provide the upper bound

1 [t
el . t—K+1}: Kint(Darny ot —0) > w( >]

1t/K]
<]P’[Ein> 1t/K] +1: ﬁa*,ngﬂ*—a} + Y P

n=1

1

P Kint (Par s 1" — 8) > n<p<Ktn>] <e(2n+1) exp<—n(252 +g0(t/(Kn))/n)> .

Collecting all inequalities, we showed so far that

[t/K]
P[US(t) < p* — 6] < exp(—26%t/K) + Z e(2n+1) exp(—2n62 - gp(t/(Kn))) .
n=1
Summing over ¢t € {K,...,T — 1}, using the formula for geometric series, on the one hand, and

performing some straightforward (and uninteresting) calculation detailed below in Lemma (16| on the
other hand, we finally bound the first sum in (27) by

T-1[t/K]

ZIP’ W) <t — Zexp (—26°t/K) —i—Z Z (2n+1) exp( 2n62—<p(t/(Kn)))
t=K n=1
1 e(3 + 8K)

S 1 — e—20%/K + (1 _ 67252)3
This concludes the first part of this proof.
Part 2: We then deal with the second sum in . We introduce

it (1) 2 sup{’“‘ < 01) | Kuc@utt) € ¢<K1€<t>>}

that only differs from the original index U;"*(¢) defined in by the replacement of ¢/(Kn) by
T/(Kn) as the argument of ¢. Therefore, we have U;"*(t) > Ux**(t). Replacing also f(¢, K) by the
larger quantity f (T K), the second sum in is therefore bounded by

Z KLA :U/ — ¢ and At+1—a and N() f(taK)]

t=K
T-1
Z P[UKL Mt) > p* =06 and Agyr =a and No(t) < f(T, K)] (28)
t=K
f(T,K T-1
P|:UKLA >p*— 6 and Ay =a and N,y(t) = n}
n=1 t=K
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Optional skipping (see Section [4.1)) indicates that for each value of n,

T—

,_l

P[UKL A > ,U/* — 90 and At+1 = a and Na(t) = n:|
=K

~+

T—

[y

]P){ ar T =1 —0 and Agyp =a and Ny(t) = n}
t=K

where Ui, was defined in (26). We now observe that the events {A;41 = a and Ny(t) = n} are
disjoint as t varies in {K,...,T — 1}. Therefore,

-1
IP’[ > p =06 and Aip1 =a and Ny(t) = n] <IP’[UK*L"ﬁn2u*—5}.
=K

~

All in all, we proved so far that

Z ]P)[ULI;L-A(t) >p*—06 and Apy; = a and Ny(t) < f(t,K)] < Z P[ OI*(*L_’Zén >k — (5} . (29)

n=1

Now, note that the supremum in is taken over a closed interval, as ICj,¢ is non-decreasing in
its second argument (by its definition as an infimum) and as Ky is left-continuous (Corollary [L1]).
This supremum is therefore a maximum. Hence, by distinguishing the cases where U7 = p* — 4
and U+, > p* — 6, we have the equality of events o

1 T
{ ﬁaﬂ‘,nw*—&}:{’cmf(”“"’” A <K“>}

We assume that 6 € (0, ©*) is sufficiently small for
1—u*

5<2

Kint(Va, 1*)

to hold and introduce

ny =

¢(T/K)
[’Cinf(% pr) —26/(1— u*)w >

For n > nq, by definition of nq,

1 (T ¢(T/(Kn)) * 20 *
o (i) < Sty (Bteon) = 7205 ) < Kot = 125

<1

while by the regularity property , we have ICy¢ (ﬁa,n, W= 5) > Kint (ﬁam, ,u*) — ﬁ. We therefore
proved that for n > nq,

P{USH, > w" — 8] =P

~ 1 T
Kinf(Va,nvﬂ* - 5) < nﬁp(m>

~ o
< IP)|:K:inf(l/ol,,na IU*) < lCinf(VCLHU*) - 1 _ M*:| .

Therefore we may resort to the concentration inequality on Kj,¢ stated as Proposition We set
r = Kint(Va, ") — /(1 — p*) and simply sum the bounds obtained in the two regimes considered
therein:

N . . 5 n né>
P | Kint (s 1" = 0) < K (v 1) = 1= m] <o *eXp< (- m?)
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where v, was defined in . For n < n; — 1, we bound the probability at hand by 1. Combining all
these arguments together yields

f(T,K) F(T,K) F(T.K) 52
P ;(*L—An 2 * 5 < ny — 1 + e*’n/4 + ex <_ )
I L RS > o5t
p(T/K) 1 1
<
S Kont (var 1) — 20/ (L — %) " 1= e 1/i 1= o0/ (=)

<5 =0(1/62)

where the second inequality follows from the formula for geometric series and from the definition of n.

Part 3: We then deal with the third sum in (27). This sum involves the indexes U)"*(¢) only when
No(t) > f(t, K), that is, when N,(t) > f(t,K) + 1, where f(t,K) = [(t/K)'/®]. Under the latter
condition, the indexes are actually bounded by

Ua(0) = Ful®) + \/2Ni(t) w(m&t)) Sp \/2<t/1K)1/5 Pt/ K)YE)

-~

—0 as t—o00

We denote by Tp(Ag,, K) the smallest time T such that for all ¢ > T,

\/ T P < . (30)

This time Ty only depends on K and Ag; a closed-form upper bound on its value could be easily
provided. With this definition, we already have that the sum of interest may be bounded by

T—1
S PUMME) = 0 — 6 and Apr =a and Nu(t) > f(t, K)]
t=K

T-1
<ToAnK)+ > P[ﬁa(t) F A4 — 6 and Appr =a and Ny(t) > f(t,K)]
t=To(Ag,K)
T-1
<ToAnK)+ > P[ﬁa(t) > o+ Ag/2 and Apsy = a and Ny(t) > f(t,K)}
t=To(Ag,K)

where for the second inequality, we assumed that ¢ € (0, u*) is sufficiently small for

A
—
4
to hold. Optional skipping (see Section , using that the events {At+1 =a and Ny(t) = n} are

disjoint as t varies, as already done between and , provides the upper bound

T—-1
3 ]P’[ﬁa(t) > o+ Da/2 and Agir = a and Ny(t) > f(t,K)}
t=To(Aq,K)

% _ 1
<D Plflan > pa+ Daf2] < Y e = oy

n=1 n=1

where the second inequality is due to Hoeffding’s inequality (in its non-maximal version, see Proposi-
tion @ A summary of the bound thus provided in this part is:

1

1o D22 o)

T-1
S PIUNME) > pF— 6 and Ay =a and Nu(t) > f(t, K)] < To(Aa, K) +
t=K

Garivier, Hadiji, Ménard, Stoltz 21



KL-UCB-switch: distribution-dependent and distribution-free optimality

where Tp(A,, K) was defined in (30).

Part 4: Conclusion of the proof of Theorem [5 Collecting all previous bounds and conditions, we
proved that when ¢ € (0, ©*) is sufficiently small for

1—u* Aq
o< mln{Qu lCinf(ya’M*), 4} (31)
to hold, then
o(T/K)
EIN,(T)| <
NS Rl — 20/ = )
e(3+ 8K) 1 1 1
™ (1—e2°)33 " 1 — e 20°/K - 1 — 002/ (2v(1-p*)?) +To(Aa, K) + 1_ e-A2/2 +6
———— -
=0(1/56) =0(1/62) =0(1)
(32)
where
o(T/K) . InT+InlnT+0O(1) —lnT+1nlnT+(’)(6lnT).

’Cinf(l/a, /'L*) - 25/(1 - ,U,*) B Kinf(yanu’*) - 25/(1 - /’L*) B Icinf(yanu’*)

The leading term in this regret bound is In T/ KCin¢ (v, 1*), while the order of magnitude of the smaller-
order terms is given by

5mT+i_o«mnWU

56
for § of the order of (In T)*l/ 7. When T is sufficiently large, this value of ¢ is smaller than the required
threshold .

It only remains to state and prove Lemma (used at the very end of the first part of the proof
above).

Lemma 16. We have the bound

T-1 [t/K]

3+8K
Z Z (2n +1) exp(—2n52—¢(t/(K”))) < (i(_ e_252;3
t=K n=1

Proof: The double sum can be rewritten, by permuting the order of summations, as

T-1[t/K] \T/K] T-1
Z Z (2n+1) exp( 2n52—g0 (t/(Kn)) ) Z Z (2n+1) exp<—2n52—<p(t/(Kn))>
t=K n=1 n=1 t=Kn
L7/ K] T-1
= Z e(2n + 1) exp(—2né?) Z exp(—gp(t/(Kn))) .
n=1 t=Kn

We first fix n > 1 and use that t — exp(—¢(t/(Kn)) is non-increasing to get

tTE::neXp(—go(t/(Kn))) <1+ /I;_l exp(—gp(t/(Kn))) dt =1+ Kn/l(T Dy exp(—(u)) du

where we operated the change of variable u = t/(Kn). Now, by the change of variable v = In(u),

(T—1)/(Kn) | o0 . e 1 .
_ < _ — - -
J exp(etw)du < [ eplopt) = | o
+oo 1
:[ 5o 2dv— [arctan]arooz
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All in all, we proved so far that

T-1[t/K] | T/K]
Z e(2n+1) exp<—2n§2 - go(t/(Kn))) < Z e(2n+1)(1 + Knr/2) exp(—2n52)
t=K n=1 n=1
+oo
< Z e(l+ (24 Kr/2)n+ K7Tn2) exp(—2n62) .
n=1

To conclude our calculation, we use that by differentiation of series, for all 8 > 0,

1
—mbl __
+o0 e,g 1

—mé __ — — 49
—Tnz_lme m —m thus Zme m 1_e )2 (33)
+oo —0 —0

2 ,—mb _ (1+e ) 2
< . 34

mZ::lm ¢ I—c 0P S(1—e?)3 (34)

Hence, taking 6 = 262,

+oo

9 9 e e(2+ Kr/2) 2eKT e(3 + 8K)
;e(1+(2+Kﬂ/2)n+Kﬂn ) exp(—2nd?) < [t T 22 T (1 o2 S (1 o2y
which concludes the proof of this lemma. O

6.2. Proof of Theorem 2

We adapt (simplify) the proof of Theorem [5, by replacing the thresholds f(t, K) by f(T, K), by taking
p =1Iny, etc. To that end, we start with a similar decomposition,

E[No(T)] <14 PIUS() < p* — 6]
+ > P[US(t) > =6 and Ay =a and No(t) < f(T, K)]

+ P[U}(t) = p* — & and Ay =a and Ny(t) > f(T, K)]. (35)

=

The first sum is bounded using exactly the same arguments as in the proof of Theorem [5| (optional
skipping, Hoeffding’s maximal inequality, Corollary and Proposition: forallt € {K,...,T—1},

P[US(t) < p* = ]
|T/K]

[E'n LT/KJ‘f‘l ﬁa*,n H _5] + Z P 1nf(Va nau _5) > - ln (I?n)
n=1

< exp(—20°T/K) +e(2n + 1) exp <—n(252 + ln(T/(Kn))/n)>

= exp(—26°T/K) + % (2n? + n) exp(—2n6?) .
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Summing over ¢ and substituting the bounds 7, we proved

TI]P’[ S(t) < pt— 6] < Texp(—26°T/K) + eK( A + ! )
ax = — a—202)3 _ 0—262)2
= T \ (1 —e207) (1 —e=20%)
5e K
2
< Texp(725 T/K) + m

For the second sum in , we note that the initial manipulations in Part 2 of the proof of The-
orem [b| are unnecessary in the case of Theorem we may directly start at and the rest of
the arguments used and calculation performed then hold word for word, under the same condition
0 < (1 = p*)King (v, p*)/2. We get, with the same notation,

T-1
P UKL ,U'* — 9 and At+1 = a and Na(t) < f(T’ K)]
t—K
In(7/K) 1
<
= Kint(Va, %) — 26/ (1 — p*) +5+ 1 — o027/ Cn(—p)) (36)

The third sum in involves the indexes U}'(t) only under the condition N, (t) > f(7T', K), in which
case No(t) > (T/K)Y® and

o T _
U & gt )+\/2Nla(t) In, (KNa(t)> gﬂa(t)Jr\/2(T/1K)1/5 Iny (T/K)*/5) .

We mimic the proof scheme of Part 3 of the proof of Theorem [f] and start by assuming that 7' is
sufficiently large for

\/ sy e (7)) < T ol

to hold. Under the same condition 6 < A,/4, we get, by a careful application of optional skipping
using that the events {At+1 =a and Ngy(t) = n} are disjoint as t varies and by Hoeflding’s inequality,

-1
P[UY(t) > p* — 6 and Ary1 =a and No(t) > f(T,K)]
=K
T-1 ) 1
< D PllanzpatBd/2 < Y e o——p0n . (39)
n=f(T,K)+1 n>f(TK)+1 I-e

Collecting all bounds, we proved that whenever T is sufficiently large for to hold and whenever
¢ is sufficiently small for to hold,

In(T/K)
E|N,(T)| <
VD] S ) — 25/ )
1 9 SeK
ey T 1o mzp T 6T exp(-20°T/K) + T(1 — e 20%)3 (39)
~~ —
=0(1/82) =0(1) =0(1/(T6°))

The leading term in this regret bound is In 7'/ iyt (vq, p*), while the order of magnitude of the smaller-
order terms is given by

1 2 1 2/3
OInT + =5 + T exp(=20"T/K) + 75 = O((InT)%?)

for 0 of the order of (In T)_l/ 3. When T is sufficiently large, this value of § is smaller than the required
threshold .
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Appendix for the article

“KL-UCB-switch: optimal regret bounds for stochastic bandits
from both a distribution-dependent and a distribution-free viewpoints”

by Aurélien Garivier, Hédi Hadiji, Pierre Ménard, Gilles Stoltz

Content and structure
A. A simplified proof of the regret bounds for MOSS(-anytime)

B. Proofs of the regularity and deviation/concentration results on iy
1. Proof of the regularity lemma (Lemma
2. A useful tool: a variational formula for KCi,s (statement)
3. Proof of the deviation result (Proposition
4. Proof of the concentration result (Proposition

C. Proof of Theorem [3| (with the —InlnT term in the regret bound)
D. Proof of the variational formula (Lemma |18])
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A. A simplified proof of the regret bounds for MOSS(-anytime)

This section provides the proofs of Propositions [§ and [0} To emphasize the similarity of the analyses
in the anytime and non-anytime cases, we present both of them in a unified fashion. The indexes used
only differ by the replacement of T" by ¢ in the logarithmic exploration term in case T is unknown,
see and , which we both state with a generic exploration function . Indeed, compare

M PN 1 T M-A o~ 1 t
U, (t)Ma(t)+\/2Na(t)(p<KNa(t)> and Uy (t)Ma(t)—i_\/QNa(t)gD(KNa(t))'

We will denote by

1 T
UGM t) = Aa t
o0 =7 <>+\/2Na(t) ()
the index of the generic MOSS (GM) strategy, so that Ug'(t) = U7 (¢) and U, () = Ugy'(t). This

GM strategy considers a sequence (7g,...,7r—1) of integers, either 7, = T for MOSS or 7, = ¢ for
MOSS-anytime, and picks at each step ¢ + 1 with ¢ > K, an arm A} with maximal index U7, (t).

For a given ¢, we denote by UgY, ,, the quantities corresponding to UgY, (¢) by optional skipping (see

a,Te,m a,T
Section .

We provide below an analysis for increasing exploration functions ¢ : (0, +00) — [0, +00) such that
¢ vanishes on (0, 1] and ¢ > Iny, properties that are all satisfied for the two exploration functions
stated in Proposition [9] The general result is stated as the next proposition.

Proposition 17. For all bandit problems v over [0,1], for all T > 1 and all sequences (g, ..., Tr—1)
bounded by T, the regret of the generic MOSS strategy described above, with an increasing exploration
function ¢ > Iny vanishing on (0, 1], is smaller than

T K T
Rr < (K-1)+ Y E[(u - U@, (¢ = 1)+ VET + 3 S E[(US, — pa — VE/T)']

t=K+1 a=1n=1

1 T
;;71%“ Ua n+ <Kn>

T
3 E[(u*— G (t—1)) zo\f \T

<12 6

where

In addition,

and

\/ﬁ+§:§:1€[( £¥7n—ua—JK7/T)+] <\/ﬁ<1+ +/ —3/2mdu> :

a=1n=1

The bounds of Propositions [8 and @], including the intermediary bounds and , follow from
this general result, up to the following straightforward calculation. On the one hand, in the known
horizon case Y. 1//7 < T/VT = /T, whereas in the anytime case,

T—1 T-1 T 1
Z1/ﬁ:21/\/i</ ﬁdu:m/f (40)
t=K t=K 0

On the other hand, by the change of variable u = 6“2,

+00 +oo
/ w2 \/In(u) du = 2/ v2e 12 du = V2r
1 0
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and, using well-known inequalities like V& + 2/ < v/z + V! and In(l1+z) <z for z,2’ >0,
+oo +o0 +oo
/ \/u—3 In(u(l + In*(u)) du < Vu=3In(u) du 4+ / \/u_3 In(1+ In*(u)) du
1 1 1
+oo +o0
< Vu3In(u) du + / \u=31n?(u) du
1

1

+o00 5 +oo 9
:2/ er”/zdv+2/ e 2dy = V2T + 4.
0 0

The constant 17 of Proposition [§] is obtained as an upper bound on the sum of 12.6 < 13 and
1+7/4+ /7 < 3.6 <4. The constants 30 and 33 of Proposition |§| are respectively obtained as upper
bounds on on the sum of 2 x 12.6 < 26 and 1+ 7/4 + /7 < 4, and on the sum of 2 x 12.6 < 26 and
L+m/4+/7+4/V2<64<T7

Proof: The beginning of this proof is completely similar to the beginning of the proof provided in
Section Bl
The first step is standard, see Bubeck and Liu [2013]. By definition of the index policy, for t > K,
Ul (1) < max UJT (t) = Ugsh _ (t)

a*,T a,T T
t a=1,...K t t+1°7t

so that the regret of the strategy is smaller than

T
RT:Z]E[N*_,U/A%M] Z E ,U, a* JTt— 1 Z E[chl Te— 1( ) HAgm] . (41)

t=1 t=K+1 t=K+1

The term K — 1 above accounts for the initial K rounds, when each arm is played once.

A preliminary transformation of the right-hand side of . We successively use the fact that the
index Ug(t — 1) increases with 7 since ¢ is increasing (for the first inequality below), z <+ (z — )™
for all x and d (for the second inequality), and optional skipping (Section for the third inequality),
keeping in mind that pairs (a,n) such Af™ = a and N,(t — 1) = n correspond to at most one round
te{K+1,...,T}):

T T
Z |:UA<;\1 o l(t_l)—'[LA?M:| < Z [UEE{WT( 1)—/LA§,M]
t=K+1 t=K+1
/K +
\/7‘{‘ Z ( A(I\lT(t_l)—'LLA(t‘,M— T>
t= K+1
K +
< VRT3 8 (0 - )
a=1n=1

While the last two inequalities may seem very crude, it turns out they are sharp enough to obtain the
claimed distribution-free bounds. Moreover, they get rid of the bothersome dependencies among the
arms that are contained in the choice of the arms Af™. Therefore, we have shown that the right-hand
side of is bounded by

T T

(K-1)+ Y Ep-Ug, (t-D]+ > [UGMI -1 ,WM]
t=K+1 t=K+1
T K T
SK=1)+ 3 B[ - U@, (=) + VET + 3 SB[ (U, - o~ VE/T) '] (42)
t=K-+1 a=1n=1
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This inequality actually holds for all choices of sequences (7¢)x<t<r—1 with 73 < T. The first sum
in the right-hand side of depends on the specific value of (7¢)k<t<7—1, and thus, on the specific
MOSS algorithm considered, but the second sum only depends on 7T'.

Control of the left deviations of the best arm, that is, of the first sum in and . For each given
round ¢t € {K,...,T — 1}, we decompose

E[(M* - Uz, (t))+] = E[( — UM, (t ))+]1{Na*(t)<7-t/K}} +E[( — UM, (t ))Jrﬂ{Na*(t))Tt/K}} :

The two pieces are handled differently. The second one is dealt with first by using Ugi™, () > fiax (t),
which actually holds with equality given N,«(t) > /K, and second, by optional skipping (Section [4.1)
and by the integrated version of Hoeffding’s inequality (Corollary @:

E[( — U (8 ))+]I{Na*(t)>Tt/K}] < E[(F‘* - ﬂa*(t))Jr]l{Na*(t))n/K}]

* o~ + T |[K
<E| mas (4~ ) | < \/2\/ P (43)

When the arm has not been pulled often enough, we resort to a “peeling trick”. We consider a
real number 8 > 1 and further decompose the event {Na* (t) < /K } along the geometric grid
= pB"tn /K, where £ =0,1,2,... (the endpoints x; are not necessarily integers, and some intervals
[€¢41,x¢) may contain no integer, but none of these facts is an issue):

E[(#* — Uglr, (t))+]1{Na*<t)<n/K}] - ZE[(“* — Vet ))+]1W+1<Na*<”<”}}

+o0
<STE[ max (e -U2n)7]
=0

Top1Sn<zy

where in the second inequality, we applied optional skipping (Section once again. Now for any £,
the summand can be controlled as follows, first, by ¢ > In; = In on [1, +00), second, by using n < x,
and third, by Corollary [7}

i +
* _ 77GM +] _ o /i <l>
E[IHI%%X<M (/J a*,n,n) } E rgflngan);rz (M Ha*n 2n§0 Kn ) ]
[ 1 Tt +
o (e )
rg+rlrl<%’L}(<xg (M Hax;n 2n . Kn
' () *
K.Tg
< 71 Tear ) (T
<i/z ex — ——In| —
8\ xpt1 P Ty Kz,
\/> 5 e /B _ / 51/2+e 1/2-1/8)
$z+1

The above series is summable whenever 5 € (1,2). For instance we may choose 8 = 3/2, for which

+o0 1/2+£(1/2—2/3) 3 3\(1/2-2/3)
C < B
Z( ) \/7 =17\3 <19 where « <2> €(0,1)

£=0

N

N
=

max (M* - ﬁa*,n

Typ1<n<Tp

Therefore we have shown that

K
B (1~ U5 0) Tpnwensmy | <1955 (44)

Tt
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Combining this bound with and summing over ¢, we proved that the first sum in is bounded

> B[(u 0 - 20[ \f (45)

Remark 4. The proof technique reveals that the bound obtained in this step of the proof actually
holds even if the arms are pulled according to a strategy that is not a generic MOSS strategy. This is
because we never used which specific arms Af™ were pulled: we only distinguished according to how
many times a* was pulled and resorted to optional skipping.

Control of the right deviations of all arms, that is, of the second sum in CAs(z+y)t <at +yT
for all real numbers z, y, and as ¢ vanishes on (0, 1], we have, for all a and n>l1,

V= ~ 1 T
(Util%,n_ua_ K/T)Jrg (Ma,n_ua_ VK/T)++ 271()0([{”)
0 ifn>T/K

= (ﬁa,n_ﬂa_ V K/T)++ 1

T .
2n¢<Kn> ifn<T/K.

Therefore, for each arm a,

T T |T/K]
SB[t~ VD] € B[ o~ VI 4 3 fre( ) )

n=1 n=1

We are left with two pieces to deal with separately. For the first sum in , we exploit the integrated
version of Hoeffding’s inequality (Corollary ,

nzT:lE[(ﬁa,n — fta — \/Ki/T)JF} < \/gi\/ze%(\/m)z < \/le\/gezxK/de
o
:\/z\/gl ew;d“{\/? (47)

+oo +oo 9
where we used the equalities / (e7"/vu) du = 2/ eV dv = /7.
0 0

For the second sum in , we also resort to a sum—integral comparison (which exploits the fact
that ¢ is increasing) and perform the change of variable u = T'/(Kz):

|7/ T/ .

1 (T 1 [T T [t

(T ¢ RIVEAR Py il /2. /ou) du.
nzl 2n‘p<Kn>\ A 2x‘P<Kx> de 2K/1 “ plu) du

Conclusion. Getting back to and and collecting all the bounds above, we showed the desired
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bounds,
T T
o + !
Rr<(K-1) + > E[(w-U2, ¢-1)"] + > E[Ufh,  (¢—1) -]
t=K+1 t=K+1
< <
p T-1 K K T
<(K-1) + 20\/> — +\/KT+ZZE[( g’“T“n—Ma—\/K/T)*}
8 Tt o
t=K a=1n=1
p T—1 K T 1 +o0
S(E-1) + 20\/; — +VKT <1+4+/ u‘3/2\/mdU> :
S Sk V2 /i
<12.6 O
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B. Proofs of the regularity and deviation/concentration results on K

We provide here the proofs of all claims made in Section [4.4 about the i, function. These proofs are
all standard but we occasionally provide simpler or more direct arguments (or slightly refined bounds).

B.1. Proof of the regularity lemma (Lemma

The proof below is a variation on the proofs that can be found in [Honda and Takemura [2015] or
earlier references of the same authors.

Proof: To prove we lower bound Kins(v, 1 — €). To that end, given the definition (2)), we lower
bound KL(v, ') for any fixed probability distribution v/ € P[0, 1] such that

E(/)>pu—e and vV >v.

Since v/ has a countable number of atoms, one can pick a real number z > u, arbitrary close to 1,
such that 0, L v/ (such that the two probability measures 0, and v/ are singular), where §, is the

Dirac distribution at z. We define
€

/: 1— /+ 62? h = € 0,1
v,=1-a)V' +« where a Py p— (0,1)

The expectation of v/, satisfies

(z—p(p—r¢) ET

E(ve) =(1-a)E(W)+oz>(1-a)(p—¢)+ax= et(@—p) et(@—np

)

Since a € (0,1), we have v/, > V/; therefore, v/, > v/ > v and §, L v/, which imply the following
equalities involving densities (Radon-Nikodym derivatives):
dv/ 1 dv dv dv 1 dv

- th =LY = 48
, 1-a B T, 1—a a (48)

This allows to compute explicitly the following Kullback-Leibler divergence:

d 1
KL(v,v,) = / ln< V/ > dv = KL(v,v') + In .
0.1 dv/, 11—«

Since E(v),) > p and by the definition of Kiy¢ as an infimum,

1
]Cinf(ynu')gKL(Vayflx):KL(V?V/)—i_lnl :
—

Letting = go to 1, which implies that « goes to /(1 — u + €), yields

1—p+e
I—p

g
I—p

Kint(v, 1) < KL(v,V') +1n =KL(v, ) + ln<1 + 1E> < KL(v, V') +

—p
where we also used In(1 + u) < u for all w > —1. Finally, by taking the infimum in the right-most
equation above over all probability distributions v’ such that E(¢/) > pu—e and v/ > v, we obtain the

desired inequality
€

1—p’

’Cinf(yyﬂ) < Kinf(y),uf - 5) +

To prove the second part of Lemma we follow a similar path as above. We lower bound
KL(v, 1) for any fixed probability distribution v/ € P[0, 1] such that

E() > pu and V>,
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To that end, we introduce
€

(E(v) —E())

where o € (0,1) since E(v) < p— e by assumption and E(¢') > u. These two inequalities also indicate
that

vV =01-a) +av for o=

€ (0,1)

E(V)—E{)>¢ thus E(v,) =E() - a(EW) - EW)) >p—c¢ (49)
so that KL(v,v),) > Kine(v, 1 — €). Now, thanks to the absolute continuities v/ > v/, > v, we have

dv  dv dy,  dv <(1_ )+ g>
W A, v WTYw)

Therefore, by Fubini’s theorem, the Kullback-Leibler divergence between v and v/ equals

KL(V’I/):/ ln<§hj/> dy:/ ln(fi)du—i—/ ln((l—a)—kajyl) dv
0.1 v 0.1 Vo 0.1 v
>/ 1n(;”,>du+a/ ln(jI//)dy
0,1 Ve 0,1 v

= KL(v, 1)) + aKL(v, V)

where we use the concavity of logarithm for the inequality. By Pinsker’s inequality together with the
data-processing inequality for Kullback-Leibler divergences (see, e.g.,|Garivier et al., 2018, Lemma 1),

KL(v,v') > KL (Ber(E(y)), Ber(E(u'))) > 2(E(v) — E(l/))2.
Substituting this inequality above, we proved so far
KL(v,v') > KL(v,v,,) + aKL(v, ) > KL(v,v,) 4+ 2a( E(v) — E(u/))2 = KL(v,v,) + 2¢(E(v) — E(V))

where we used the definition of « for the last inequality. By applying the bound and its conse-
quence KL(v, ) > Kine(v, p — €), we finally get

KL(”?’/) = K:inf(ymu _6) +2€2'

The proof of is concluded by taking the infimum in the left-hand side over the probability
distributions ¢/ such that E(v') > p (and v/ > v). O

B.2. A useful tool: a variational formula for ;s (statement)

The variational formula below appears in Honda and Takemura| [2015] as Theorem 2 (and Lemma 6)
and is an essential tool for deriving the deviation and concentration results for the Kj,r. We state it
here (and re-derive it in a direct way in Appendix @ for the sake of completeness.

Lemma 18 (variational formula for Ki,¢). For all v € P[0,1] and all 0 < p < 1,

ICinf(Vv N) = max E

0<A<1

ln(l—/\)l(_ﬂ>] where X ~ v. (50)
—

Moreover, if we denote by \* the value at which the above mazximum is reached, then

1
E[l—k*(X—u)/(l — 1)

]<1. (51)
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B.3. Proof of the deviation result (Proposition

The following proof is almost exactly the same as that of |(Cappé et al. [2013, Lemma 6], except that
we correct a small mistake in the constant.

Proof: We first upper bound Ki,¢ (ﬁn, E(l/)): as indicated by the variational formula of Lemma
it is a maximum of random variables indexed by [0,1]. We provide an upper bound that is a finite
maximum. To that end, we fix a real number v € (0, 1), to be determined by the analysis, and let S,

be the set
g 1 1 1 1 1+ 1+ 1
vy 2 2,)/ 77"’72 ’77272 77"‘72 2,)/ Y-

The cardinality of this set .S, is bounded by 141/7. Lemma |19 below (together with the consequence
mentioned after its statement) indicates that for all A € [0, 1], there exists a A’ € S, such that for all

z € [0,1],
In <1 )\ f:gg;;) 2y +In (1 - X”f_EE”i) . (52)

(The small correction with respect to the original proof is the 2y factor in the inequality above,
instead of the claimed 7 term therein; this is due to the constraint A < X < 1/20r 1/2< N < Ain
the statement of Lemma [19}) Now, a combination of the variational formula of Lemma [18 and of the
inequality yields a finite maximum as an upper bound on K, ¢ (Dn, E(u)):

A E(v)
Kin (7n, E(v)) = T o1 Z n (1 - E(U)>

<29+ max Zln(l —XW) )

In the second part of the proof, we control the deviations of the upper bound obtained. A union
bound yields

IED[’Cinf(ﬁn,E(l/)) > u} [ﬁaf - Zln(l — )\’ 1 — (L))) >u— 27]
<> P Zl (1—X_E]?S)>>u—27]. (53)
NES,

By the Markov—Chernov inequality, for all X € [0, 1], we have

n

T (, vXr—E®)
H(l ! E<v>>

1—X

—n(u—27)

o

1

where we used the independence of the Xj. Substituting in and using the bound 1 + 1/ on the
cardinality of S, we get

P[K:inf(/y\n; ] Z e —n(u—27) ( 1/7) —n(u— 2’7)
NeSy

Taking v = 1/(2n) concludes the proof. O
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The proof above relies on the following lemma, which is extracted from Cappé et al. [2013]
Lemma 7]. Its elementary proof (not copied here) consists in bounding of derivative of A — In(1 — Ac)
and using a convexity argument.

Lemma 19. For all \, X' € [0,1) such that either A < X < 1/2 or 1/2 < XN < A, for all real numbers
c<1,
In(1 — Ae) —In(1 — Ne) < 2| = N].

A consequence not drawn by |Cappé et al.| [2013] is that the lemma above actually also holds for
A=1and X €0,1). Indeed, by continuity and by letting A — 1, we get from this lemma that for all
N €[1/2,1) and for all real numbers ¢ < 1,

In(1 —c) —In(1 — Ne¢) <2(1 - X).

The above inequality is also valid for ¢ = 1 as the left-hand side equals —oo.

B.4. Proof of the concentration result (Proposition

We recall that Proposition [I5}—and actually most of its proof below—are similar in spirit to [Honda
and Takemural [2015, Proposition 11]. However, they are tailored to our needs. The key ingredients
in the proof will be the variational formula —again—and Lemma below. This lemma is a
concentration result for random variables that are essentially bounded from one side only; it holds for
possibly negative u (there is no lower bound on the u that can be considered).

Lemma 20. Let Z1,...,7Z, be i.i.d. random variables such that there exist a, b > 0 with
Z1<a a.s. and E[e_zl] <b.
Denote v = @(16 e b+ a2). Then Z1 in integrable and for all real numbers u € (—oo, E[Zl]),

exp(—nv/8) if u <E[Z1] — /2

HD?;&S“ng exp(-n(E[Z] - w)?/(2)) ifu>EZ] /2

B.4.1. Proof of Proposition [15] based on Lemma

We apply Lemmal[18, We denote by A* € [0, 1] a real number achieving the maximum in the variational
formula for Kint(v, ). We then introduce the random variable

X —p
I—p

Zzln(l—)\* > where X~v

and i.i.d. copies Z1,...,Z, of Z. Then, Kin(v, n) = IE[Z] and by the variational formula again,

z’"‘: 7Z; < nm]
i=1

n
ICinf (f/\'nn /J') Z % Z ZZ ) therefore, ]P)[Kinf(i/\'nn /J') < .’E] < P
=1

for all real numbers . Now, X > 0 and \* < 1, thus

Z<m(1onv ) cm( 1) %,
1—pu 1—p

_ 1 def
e R ]

On the other hand,
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where b < 1 follows from (51]). This proves Proposition |15 via Lemma except for the inequality
e "/8 < e7™/* claimed therein. The latter is a consequence of > 2, as 7 is an increasing function of

p >0,
1 -2 of 1 -2
v = — 16e”“ 4 In =5 > 16e™“ > 2

Remark 5. In the proof of Theorem [3| provided in Section [C] we will not use Proposition [I5] as stated
but a stronger result, namely that the bound of Proposition 15| actually holds for the larger quantity

z": Z; < nx]
i=1

P

as is clear from the proof above.

B.4.2. Proof of Lemma

This lemma is a direct application of the Cramer—Chernov method. We introduce the log-moment
generating function A of Zi:

A:zr— lnE[ele] .
Lemma 21. The log-moment generating function A is well-defined at least on the interval [—1,1] and
twice differentiable at least on (—1,1), with A'(0) = E[Z1] and A" (x) < ~ for z € [—1/2, 0], where
v = \/671(16 e 2b+ aZ) denotes the same constant as in Lemma .

Based on this lemma (proved below), we may resort to a Taylor expansion with a Lagrange
remainder and get the bound:

2

Voe[-1/2,0,  Al@) <AO) +zN(0)+%  sup  A'(y) < 2E[Z1] + 2a?.
yel-1/2,0] 2

Therefore, by the Cramer—Chernov method, for all € [—1/2, 0], the probability of interest is bounded
by

P

z”: Z; < nu] =P [ﬁ el > em””] Le M (IE [eleD” = exp(—n(ux — A(m)))
i=1

i=1

<exp<n<x2’y/2—x(u—E[Zl]))> . (54)

That is,

P

ZZ; Z; < nu] < exp (n r61[111}121 . P(x))

where we introduced the second-order polynomial function

P(z) =2?v/2 —z (u—E[Z)]) = 7—; (m — ZU_IS[ZI]) .

The claimed bound is obtained by minimizing P over [—1/2, 0] depending on whether u > E[Z;] —~/2
or u < E[Z;] — v/2, which we do now.

We recall that by assumption, u < E[Z;]. We note that P is a second-order polynomial function
with positive leading coefficient and roots 0 and 2(u —E[Z1]) /¥ < 0. Its minimum over the entire real
line (—o0, +00) is thus achieved at the midpoint 2* = (u — E[Z1]) /7 < 0 between these roots. But P
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is to be minimized over [—1/2, 0] only. In the case where u > E[Z;] — 7/2, the midpoint z* belongs
to the interval of interest and

min P =
[-1/2,0] 2

2
’YJZ* (w*_QU_E[Zl]> . (U—E[Zl])
v 2y
Otherwise, u — E[Z1] < —7/2 and the midpoint z* is to the left of —1/2. Therefore, P is increasing
on [—1/2,0], so that its minimum on this interval is achieved at —1/2, that is,

. Y
P=P(-1/2)= =
120 12 =g+

v Y

N |

This concludes the proof of Lemma We end this section by proving Lemma [21], which stated some
properties of the A function.

Proof: (of Lemma We will make repeated uses of the fact that e~#! is integrable (by the
assumption on b), and that so is e?1, as e?! takes bounded values in (0,e%]. In particular, Z; is
integrable, as by Jensen’s inequality,

E[|Z1]] <E[e?!] <n(E[e™] +E[e?]) < +o0.

First, that A is well-defined over [—1,1] follows from the inequality e < e?! 4 e~%1, which is
valid for all € [—1,1] and whose right-hand side is integrable as already noted above.

Second, that ¢ : x — E[e*”!] is differentiable at least on (—1,1) follows from the fact that
x € (—1,1) = Z; %1 is locally dominated by an integrable random variable; indeed, for z € (—1, 1),

1 1
‘Zlele‘ :Zlele]l{zl>0} —i—Zle""‘Zl]l{ZKo} <ae+— sup f=ae’+ —
x (70070) ex

where f(t) = —te'.
Similarly, € (—1,1) — Z? e®%! is also locally dominated by an integrable random variable. Thus,
1 is twice differentiable at least on (—1, 1), with first and second derivatives

Y (z) = E[Z; "] and  ¢'(z) =E[Ze" 7],

Therefore, so is A = In ), with derivatives

N~ V@ _EZeR] e - (@) ) B es]
P(z)  Elev4] W (x)? ¥(z)  Efer#]
In particular, A’(0) = E[Z].
Finally, for the bound on A”(x), we note first that Z; < a (with @ > 0) and z € [—1/2, 0] entail
that e®%! > e > 1/4/e%. Second, E[Z% ele] < 16 e72b+a? follows from replacing z by Z; and taking
expectations in the inequality (proved below)

Vo e[-1/2,0], z € (—o0,al, 22" < 16e %7 4+ a?. (55)
Collecting all elements together, we proved

E[Z} ]

V< ey

< \/6“(16 e 2b+ a2) =7.

To see why holds, note that in the case z > 0, since x < 0 we have 22 e** < 22 < . In the
case z < 0, we have (by function study) z? < 16e=27%/2 5o that 22e™ < 16e 2el@1/2)z L 16e~2e >
where we used x > —1/2 for the final inequality. O
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C. Proof of Theorem 3| (with the —Inln7 term in the regret bound)

We incorporate two refinements to the proof of Theorem [2|in Section to obtain Theorem [3| with this
improved — InIn T term. First, the left deviations of the index are controlled with an additional cut on
the value of U,(t) before using the bound U, (t) = Uy« (t) that holds when A;y; = a. This improves the
dependency on the parameter ¢ used in the proof; as a consequence, § = T—/8 will be set instead of
6 = (InT)~'/3, which will improve the order of magnitude of second-order terms. Second, to sharpen
the bound on the quantity , which contains the main logarithmic term, we use a trick introduced
in the analysis of the IMED policy by Honda and Takemura| [2015, Theorem 5]. Their idea was to
deal with the deviations in a more careful way and relate the sum to the behaviour of a biased
random walk. Doing so, we obtain a bound of the form kW (cT'), where W is Lambert’s function,
instead of the bound of the form xIn(c¢T") stated in Theorem

We recall that Lambert’s function W is defined, for = > 0, as the unique solution W (x) of the
equation we" = x, with unknown w > 0. It is an increasing function satisfying (see, e.g., [Hoorfar and
Hassani|, 2008|, Corollary 2.4)

YV >e, lnmflnlnng(:L“)<lnxflnlnx+ln(1+e_1). (56)

In particular, W(z) =Ilnz — Inlnz + O(1) as z — +o0.

What we will exactly prove below is the following. We recall that we assume here p* € (0,1).
Given T > K/(1 — p*), the KL-UCB-switch algorithm, tuned with the knowledge of 7" and the switch
function f(T,K) = | (T/K)'?|, ensures that for all bandit problems v over [0, 1], for all sub-optimal
arms a, and for all § > 0 satisfying

A, 1—p*
4] i =, —— ]Cin as *
<mm{u, 5 o £ u)}
we have
E[N,(T)] <1 (57)
L BeK L -alT/eK)
(1 — e*A«QL/2)3
K/T
+ 1 —e—A%/8

D2 )
+ Kol 77 1_ 570 (W <1n(1/(1K_“*)) T) +1In(2/(1 - u*)))

+5+

1— e_K:inf(Vvu*)Q/(Sfy*)
1

+ 1 — e AZ/8°

We write the bound in this way to match the decomposition of E[N,(T")] appearing in the proof (see

page . For a choice 6 — 0 T' — 400, the previous bound is of the form

W (¢ T) <lnT
T

> Or((InT) e 27T/K) 4 O (1)

E[No(T)] < e

= Kint (v, p*) — 6/ (1 — p*)

where ¢+ = In(1/(1 — p*)) /K. Based on the first-order approximation 1/(1 —¢) =14 ¢+ O(e) as
€ — 0 and on the inequalities , we get

InT —InlnT
EN,(T) < ————
[ ( )] K:inf(ya?:u*)

InT

(14 07(8)) + Or <56T

> +Or((InT) e T/IE) L Op(1).
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The choice § = T~1/% leads to the bound stated in Theorem [3| namely,

InT —InlnT

E[N.(T)] < Kont (Vs i)

+0r(1).

We now prove the closed-form bound .

Proof: As in the proof of Theorem given § > 0 sufficiently small, we decompose E[NQ(T)].
However, this time we refine the decomposition quite a bit. Instead of simply distinguishing whether
U,(t) is greater or smaller than p* — 0, we add a cutting point at (u* + pg)/2. In addition, we
set a threshold nyg > 1 (to be determined by the analysis) and distinguish whether N,(t) > no
or Ng(t) < mo — 1 when Uy(t) < p* — 0, while we keep the integer threshold f(T, K) in the case
Ua(t) = pu* — . More precisely,

{U(t) <=6} U{Uq(t) = " — 6} = {Ua(t) < =6 and Ny(t) > no}
U{Ua(t) < p* =8 and Ng(t) <ng—1}
U{Uq(t) = p* =6 and Ny(t) < f(T,K)}
U{Uq(t) = p* =0 and No(t) > f(T,K) + 1}
- {U < (W4 pa)/2 and Ng( no}

U{(n* + pa) /2 < ()<u—5andN() no }
U{Uq(t) < p* =6 and Ny(t) <ng—1}
U{US(t) = p* — 6 and No(t) < f(T,K)}
U{UY(t) > p* =0 and N,(t) > f(T,K)+1}

where, to get the inclusion, we further cut the first event into two events and we used the definition
of the index U,(t) to replace it by UX"(¢) or U,'(t) in the last two events.

Hence, by intersecting this partition of the space with the event {A;11 = a} and by slightly
simplifying the first and second events of the partition:

{Aiii=a} C  {Ua(t) < (1" + pa)/2 and Ayyq =a}
U{Ua(t) = (1" + pa)/2 and Apy1 =a and No(t) = no}
U{Ua(t)<u — 9 and A4 =a and Ng( 0—1}
U{U(t) > " — 6 and Ay =a and Na() f(T,K)}

> <
U{U () 2 p* =0 and Arsr =a and Na(t) > (T, K) +1}

Only now do we inject the bound Uy« (t) < U,(t), valid when A;4q1 = a, as well as a union bound,
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to obtain our working decomposition of E[N,(t)]:

E[N.(T)] < 1

~
L

+ D> PlU () < (0" + 1a) /2] (S1)

o
- X

+
2

[Ua(t) = (1" + pa)/2 and Agp1 = a and No(t) = no (S2)

s
- X

+
(]

P[Ua* (t) <p*—0 and Apy1 =a and Ny(t) < ng— l] (S3)

o
-

+
(]

P[UM(t) > p* =0 and Ay =a and No(t) < f(T, K)] (S4)

sl
- X

+ P[U}(t) = p* — & and Ay =a and Ng(t) > f(T,K) +1]. (S5)

=

We call the five sums appearing in the right-hand side S1, Sa, S3, S4, S5, respectively and now bound
them separately. Most of the efforts will be dedicated to the sum Sjy.
Bound on S;

As the algorithm considered is the same as in Theorem [2] its analysis is still valid. Fortunately, the
S5 term was already covered in : provided that § < A,/4,

1
T 1 —eAE/RT

N

S5

Bound on S,
Let

nog =

8 T
— Inl =] |. 58
a2 (x) w (%)
By Pinsker’s inequality , by definition of the MOSS index, and by our choice of ng, we have, when
Na(t) 2 no,

Ualt) < U (1) = Palt) + ¢ v (g ) <A+ \/ ot ()69

<Aa/4

In particular, we get the inclusion

{Ua(t) = (W + pa) /2 and Ng(t) = no} = {Ua(t) = pa + Ag/2 and No(t) > no}
C {7ia(t) = pa + Aa/4 and No(t) Zno}.

Thus

T-1

A

Sa < Zp[ﬂa(t) >l + Ta and Apy; =a and Ny(t) = ngl .
t=K

We now proceed similarly to what we already did on page By a careful application of optional
skipping (see Section |4.1)), using the fact that all the events {A¢y; = a and N,(t) = n} are disjoint
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as t varies, the sum above may be bounded by

T-1
—~ A R A
Z]P’[Ma(t) Z g + Ta and Apy1 =a and Ny(t) > no] < Z P[Nu,n > g + 4‘1}

= nzng

~+

By a final application of Hoeffding’s inequality (Proposition @, actually not using the maximal form):

T

T 2
R A, Lpazgg  emoda/8 K/T
So < E P[Ma,n>ﬂa+4:| < E e e :1_e—Ag/8< 1 _ o—A2/8

n=ngo n=no

where we substituted the value of nyg.

Bounds on S; and S;
For u € (0, 1), we introduce the event
&, (u) = {HT E{K, ..., T —1}: Up(r) < u}
so that
[Uar(8) < (0 + 1) /2} C E((0 +p)/2)  and {Upe(8) < " = 8} € &, (" = ).

Summing over ¢, and using the deterministic control

T-1
Z ]l{At+1:a and Na(t)Qno—l} < no

~

for bounding S3, we obtain (and this is where it is handy that the &, do not depend on a particular t)
S1<T P(g*((ﬂ* + Ma)/z)) and  S3 < no P(E (1" — 6))

We recall that ng was defined in . The lemma right below, respectively with x = A, /2 and x = J,
yield the final bounds

5eK _
L SN VICTY

(1 — e*Ag/Q)

e (B (2 o).

Lemma 22. For all x € (0, u*),

and

IP’(&(M*—:U)) :}P’[EIT (K., T—1}: Up(r) < u*_gg] < (iﬂ((l_e:xz)yﬂre_%%m-

Proof: We first lower bound Ug«(7) depending on whether Ny« (7) < T/K or Ng«(7) > T/K. In the
first case, we will simply apply Pinsker’s inequality to get UXF(T7) < Uy (7). In the second case,
since T > K/(1 — p*) > K, we have, by definition of f(T, K), that T/K > (T/K)'/5 > f(T,K) and
thus, by definition of the Uy« (7) index, Uy« (1) = UM (7). Now, the In; in the definition of U\ (7)
vanishes when Ng+(7) > T/K, so all in all we have Ugx (7) = Jig(7) when Ng+(7) > T/K. Therefore,
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by optional skipping (see Section [4.1)),
]P’(é’*(u*—:c)) - P[HT (K., T—1}: Up(r) < ,u*—x]
:P[HTG{K,...,T—u: Uar (1) < 1" — 2z and N (7) <T/K}

+P[376{K,...,T—1}: Uar (1) < pi* — 2 and N (1) >T/K}
P[Elre{K,...,T—l}: K(r) < pu* — 2 and Ny (7) <T/K}
+P[376{K,...,T—1}; fla(7) < " — 2 and N« (1) >T/K}
}P’[Elme{l |T/K ]} ggm<u*—a;}
-HP)[Elm e {[T/K],.... T} fiarm < p* —x] .

As in the proof of Corollary by the definition of the Ui, index as some supremum (together with
the left-continuity of Ki,¢ deriving from Lemma , we ﬁnally get

IP’(S*(;L* — :1:)) <P

+P[3me {[T/K],...,T} : fiarm <,u*—x} .

- 1 T
Im e{l,...,[T/K|}: Kint(Tarm, " — z) > —In <Km)

The proof is concluded by bounding each probability separately. First, again as in the proof of
Corollary we apply Corollary (for the first inequality below) and the deviation inequality of
Proposition (13| (for the second inequality below), to see that for all € (0, u*) and € > 0,

P Kint (B s 1 = @) > ] < P|King (Bar s 1) > £ + 202] < e(2n +1) 75257,

Therefore, by a union bound, the above equation, and the calculations on geometric sums (33)) and (3 .,

IP[EIm {1, ., [T/K|}+ King(Parm, 4" — x) >1ln< : )

Km
|T/K]
Km _g,.2 eK _oma? _ €K 5
< Z e(2m—i—1) Te < T Zm(?m—l—l)e < ?(1 672332)3
m=1 m=1

Second, by Hoeffding’s maximal inequality (Proposition @,

P[ame {[T/K),.... T} Fiarm <,u*—1:}

= -1 * — _* < —2 [T/K] 1;2 < _QIQT/K'
P[[T/%z};ng((l fia*m) — (1= p )) > az} <e <e

The proof is concluded by collecting the last two bounds. O

Bound on S,

We begin with a now standard use of optional skipping (see Section [4.1)), relying on the fact that the
events {441 = a and Ny(t) = n} are disjoint as ¢ varies:

T— F(T,K)
Z UKL > — 9 and Appg =a and Ngy(t) < Z ]P’ an > u* —5]
t=K

42 Garivier, Hadiji, Ménard, Stoltz



KL-UCB-switch: distribution-dependent and distribution-free optimality

We show in this section that

iy n(1/(1 — p*
nz::l P[U;‘;L>u*—5]<’clnf(ym )1 ST )<W( (/(K ) T>+1n(2/(1—u*))>

1
1 — e Kint(v,0%)2/(87%)

+5+

where, as in the statement of Proposition

1 1
= ———| 16e7* 4+ In? :
. 1—,u*< e +n<1_M*>>

To do so, we follow exactly the same method as in the analysis of the IMED policy of |[Honda and
Takemura) [2015, Theorem 5]: their idea was to deal with the deviations in a more careful way and
relate the sum to the behaviour of a biased random walk.

We start by rewriting the events of interest as

where, as in one step of the proof of Lemma [2 . we used the definition of UXL as well as the left-

a,n

continuity of Kine. We then follow the same steps as in the proof of Proposition [15| (see Section |B.4))
and link the deviations in Kj,¢ divergence to the ones of a random walk. The variational formula
(Lemma for ICint entails the existence of A\, 5 € [0, 1] such that

Xo — (p* = 9)
Kint(Va, u* —96) =E ln(l — )\a5> where X, ~v,.
ettt =) A=)
Note that Kins(va, u* —90) > 0 by given that we imposed § < A,/2. We consider i.i.d. copies
Xa1,-..,Xqn of X and form the random variables
Xai - *—
Zai=1n (1 - AMM> .
1—(p*—9)

By the variational formula (Lemma again, applied this time to Cint (Vg n, p* — 0), we see

n

N 1
King (Va,na /~L* - 5) P E Z Za,i

=1

which entails, for each n > 1,

- 1 T —~ T
{Kinf(ya,n),u - 5) < nln<}.(n>} - {;Za,z < ln<f(n> } . (61)

Collecting all previous bounds and inclusions, we proved that the sum of interest is bounded by

]P)[U(I;;L > H* - 5} = P ’Cinf (I//\aﬂ’b’ :U’* - 6) ~ 1n< )
n=1 n=1 o
< 221 P z_; Zai < 1n<> =E Z {z T/(Kn))}]

T
Z ]l{z | Zai<In(T/(Kn)) } ] :
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The last upper bound may seem crude but will be good enough for our purpose.
We may reinterpret

T
E [; ]1{2?:1 Za,igln(T/(Kn))} ]

as the expected number of times a random walk with positive drift stays under a decreasing logarithmic
barrier. We exploit this interpretation to our advantage by decomposing this sum into the expected
hitting time of the barrier and a sum of deviation probabilities for the walk. In what follows, A denotes
the minimum of two numbers. We define the first hitting time T, of the barrier, if it exists, as

- T
o = inf >1: E Zgi>1In| — T.
T mn {n - 7>n< n)}/\

The time T, is bounded by T and is a stopping time with respect to the filtration generated by the
family (Z ;)1<i<n. By distinguishing according to whether or not the condition in the defining infimum
of 1, is met for some 1 < n < 7T, i.e., whether or not the barrier is hit for 1 <n < T, we get

T T
Si<E nz:l ]l{z;;l Zai<In(T/(Kn)) } SElw]+E n;ﬂ ]1{2?:1 Zai<In(T/(Kn)) } (62)

where the sum from T, + 1 to T is void thus null when t, = 7' (this is the case, in particular, when
the barrier is hit for no n < T'). We now state a lemma, in the spirit of Honda and Takemura, [2015,
Lemma 18], and will prove it later at the end of this section.

Lemma 23. Let (Z;)i>1 be a sequence of i.i.d. variables with a positive expectation E[Z1] > 0 and
such that Z; < « for some a > 0. For an integer T' > 1, consider the stopping time

n
def . T
T-mf{n}l. ElZi>ln<Kn>}/\T
1=

and denote by W Lambert’s function. Then, for oll T > Ke®,

W(T/K)+a+1n2

£l < E[Z1]

The random variables Z,; have positive expectation Kin¢(vq, " —6) > 0 and are bounded by
o= ln(l/(l - u*)); indeed, since X,; > 0 and A\, € [0, 1], we have

Xoi— (0" =6 x5
Zmi:1n<1——Am5’0L)> gln(l—FAagﬂ)
— (u

1= (u* =)
<In{l+——— ) =In|l ——— ] <In = «
( 1—(p* —9) 1 —(p*—9) 1—p

In addition, we imposed that 7' > K/(1 — pu*) = Ke®. Therefore, Lemma [23| applies and yields the

bound
Eft,] < L <W<ln(1/ S ) T) +In(2/(1 - u*)))

Icinf(yaa,u* — 5)
1 In(1/(1 = p")) o,
S Koat Car i) — 6/ — 1) (W( K T) (/0 - >>>
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where the second inequality follows by the regularity inequality on Kiy¢ (and the denominator
therein is still positive thanks to our assumption on §). All in all, we obtained the first part of the
bound and conclude the proof of the latter based on the decomposition by showing that

T
def 1
< B = .
B Z ]l{z;;l za,igln(T/(Kn))}] SP=5+ 1 — e Kint(Va,ut*)?/(87x) (63)
n=Tq+1
To that end, note that when t, < T', we have by definition of T,
T .
1 Zai
(7w ) <5
The following implication thus holds for any n > T,:
n n T
T L T T =
ZZ; Zgi <lIn <Kn> implies ZZ; Zai <In <Kn> <In <KTa> < Zz; Zay - (64)

Hence, in this case,
n T n
Z Zai < In <Kn> implies | Z Zai <0.
=1 1=Tq+1

This, together with a breakdown according to the values of T, (note that the case T, = T does not

contribute to the expectation) and the independence between {1, = k} and Z, j11, ..., Zs,1, yields
T r T
E Z ]l{z;;l Za,igln(T/(Kn))} =E Lr <1y Z ]1{2;;1 ngln(T/(Kn))}
n=Tq+1 L n=Tq+1
[ T 1 T-1 T
<E\lrery Y Ly b | =B My D Tpn ]
n=Tq+1 {Zire 41 Zas<0} = n=k+1 (St Zes<o}
T-1 T n
= > Plta=kP| > Zai< 0]
k=1 n=k+1 i=k+1
T-1 T n
=Y Plra=k| Y P| > Zii< 0] <B (65)
k=1 n=k+1 Li=k+1

we show below <83, see (67)

where 3 was defined in .
Indeed, we resort to Remark [5] of Section for the n — k variables Zg 11, ..., Zan and z = 0;
we legitimately do so as u* — § > u, by the imposed condition § < A, /2. Thus, denoting

B 1 P 1
“‘m(m ! (1@*5)))@*

we have

P

<ol < —(n—k)/4 _n . *
E Zgi < 0] < max {e , exp s (lCmf(ua,,u 5))

i=k+1
—(n— n—=k . 2
<e ’“>/4+exp<— o (Kinf(va,u —5)> )

< o (=4 o~ (=R ant (%) (87)

Garivier, Hadiji, Ménard, Stoltz 45



KL-UCB-switch: distribution-dependent and distribution-free optimality

where the third inequality follows from and from the imposed condition ¢ < (1—p*) Kin(Va, 1*)/2:

0 S ’Cinf(Vaau*) .

]Cinf(VauUf* - 5) > ,Cinf<l/a7 M*) - 1— = 2 (66)
We finally get, after summation over n =k +1,...,T,
a u 1 1
P < <
2 F| D Zuis 0] S 1o 1A 1~ o Kantare /G (67)
n=k+1 i=k+1 —_——

<5
which is the inequality claimed in ([65)).
It only remains to prove Lemma
Proof of Lemma This lemma was almost stated in|[Honda and Takemura, [2015, Lemma 18]: our
assumptions and result are slightly different (they are tailored to our needs), which is why we provide

below a complete proof, with no significant additional merit compared to the original proof.
We consider the martingale (My,)n>0 defined by

M, =Y (Z —E[Z)).

=1

As T is a finite stopping time, Doob’s optional stopping theorem indicates that E[M] = E[My] = 0,

that is,
T
> 7
i=1

That first step of the proof was exactly similar to the one of [Honda and Takemura, [2015, Lemma 18].
The idea is now to upper bound the right-hand side of the above equality, which we do by resorting to
the very definition of T. An adaptation is needed with respect to the original argument as the value
In(T/(Kn)) of the barrier varies with n.

We proceed as follows. Since Z; < a and T > Ke® by assumption, we necessarily have T > 2;
using again the boundedness by «, we have, by definition of T, that

Efr] E[Z,] = E

=1
and thus
. T T T T
Zi+ Ze <Inl ———— =In( — | <In| — In2 .
Sttty ) ra=(ie ) () re () me e

In addition, when T < T'/K, and again by definition of T,
T = T T Ta
In[ — | < Z; < th 0<—Inl— ) <—.
n<KT> Z; isTe e Kt n(KT) K
Applying the increasing function W to both sides of the latter inequality, we get, when T < T/ K,

() v (),

This inequality also holds when T > T'/K as the left-hand side then is non-positive, while the right-
hand side is positive. Putting all elements together, we successively proved

T
. %
i=1

which concludes the proof. O

T
E[tE[Z] = E <W<I?> +In2+a
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D. Proof of the variational formula (Lemma

The proof of Honda and Takemura [2015, Theorem 2, Lemma 6] relies on the exhibiting the formula
of interest for finitely supported distributions, via KKT conditions, and then taking limits to cover
the case of all distributions. We propose a more direct approach that does not rely on discrete
approximations of general distributions.

But before we do so, we explain why it is natural to expect to rewrite Ki,¢, which is an infimum, as
a maximum. Indeed, given that Kullback-Leibler divergences are given by a supremum, Ki,s appears
as an inf sup, which under some conditions (this is Sion’s lemma) is equal to a sup inf.

More precisely, a variational formula for the Kullback-Leibler divergence, see [Boucheron et al.
[2013, Chapter 4], has it that

KL(v, ') = sup{E,,[Y] —nE,[e]: Y st Eyfe] < +oo} (68)

where (only in the next few lines) we index the expectation with respect to the assumed distribution
of the random variable Y. In particular, denoting by X the identity over [0, 1] and considering, for
A € [0,1], the variables bounded from above

Yy =In 1—,\X_’“‘ <In 1+£
1—pu 1—pu

we have, for any probability measure v’ such that E(v') > u:

_ /_
1A “D :1n<1—AE(”)“> <0.
1—p 1—p

In <1 — )\X — M)]
I—p
and by taking the infimum over all distributions v/ with E(v') > u:

X —p
1n<1—)\1_ﬂ)]. (69)

Outline. We now only need to prove the converse inequality to get the rewriting of Lemma
which we will do in Section Before that, in Section we prove the second statement of
Lemma |18 together with several useful facts for the proof provided in Section including the fact
that the supremum in the right-hand side of is achieved. We conclude in Section with an
alternative (sketch of)) proof of the inequality , not relying on the variational formula for the
Kullback-Leibler divergences.

InE, [e™] =In (E,,/

Hence, for these distributions v/,

KL(v,V') > sup {EV[Y)\] —InE, [ey*]} > sup E,
A€[0,1] A€[0,1]

Kint(v, 1) = sup E,
A€[0,1]

D.1. A function study
Let X denote a random variable with distribution v € P[0, 1]. We recall that 1 € (0,1). The following

function is well defined:
In (1 A TH >
I—p

Indeed, since X € [0,1], the random variable In(1 — A(X — u)/(1 — p)) is bounded from above by
In(1+Ap/(1—p)). Hence, H is well defined. For A € [0,1), the considered random variable is bounded

H:Xe[0,1]—E e RU{—o0}.
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from below by In(1 — \), hence H takes finite values. For A = 1, we possibly have that H(1) equals
—oo (this is the case in particular when v{1} > 0).
We begin by a study of the function H.

Lemma 24. The function H is continuous and strictly concave on [0,1], differentiable at least on
[0,1), and its derivative H'(1) can be defined at 1, with H'(1) € RU{—o0c}. We have the closed-form

expression: for all A € [0,1],
X—M> 1 ] 1( 1 ])
(1| —— ). (70)
_ X— X—
<1 H 1—/\—1_5 A 1_)\1_5

It reaches a unique mazimum over [0, 1], denoted by A\*,

H'(\) = -E

arg max H(\) = {\*}

0<A<1
at which H'(X\*) =0 if \* € [0,1) and H'(X*) >0 if \* = 1.
Moreover, under the additional condition E(v) < u,

1 _ NS 1 _ 1_M ey K

1—p
where we have in particular v{1} = 0 in the latter case \* = 1.

Note that Kine(v,u) = 0 when p < E(v). In this case, necessarily A\* = 0 (there is a unique
maximum) and we still have
1
E [1 — )\ X—N] =1
1—p

This concludes the proof of the statement of Lemma

Proof: For the continuity of H, we note that the discussion before the statement of the lemma entails
that the random variables ln(l —AX —p)/(1 - ,u)) are uniformly bounded on ranges of the form
[0, Ao for Ay < 1. By a standard continuity theorem under the integral sign, this proves that H is
continuous on [0, 1). For the continuity at 1, we separate the H(\) and H (1) into two pieces, for which

monotone convergences take place:
1-X
hl( - )]1{Xe[o,m}]

1-X
hl( =4 )H{Xew,u}]

where the first expectation is finite (but the second may equal —c0).

The strict concavity of H on [0, 1] follows from the one of In on (0, 1] and from the continuity of
H on [0,1].

For A € [0,1), we get, by legitimately differentiating under the expectation,

= |1-E|———1 ).
_ X— X—
<1 w)1=A1=f A I

Indeed as long as A < 1, the random variables in the expectations are uniformly bounded on ranges
of the form [0, Ag] for A9 < 1, so that we may invoke a standard differentiation theorem under the

=E

. X —pu
jm E 1n<1 - A1_M> Lixeo.m

=E

. X —pu
fm E 1n<1 —Al_u>ﬂ{Xe<u,11}

H'(\) = -E
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integral sign. A similar argument of double monotone convergences as above shows that H'(\) has a
limit value as A — 1, with

X—p
lim H'(\) = —E .
AT *) !1 - X ]
By a standard limit theorem on derivatives, when the above value is finite, H is differentiable at 1 and
H'(1) equals the limit above; otherwise, H is not differentiable at 1 but we still denote H'(1) = —oc.
Since H is strictly concave on [0, 1] and continuous, it reaches its maximum exactly once on [0, 1].
Now, under the condition p < E(r) < 1, we have

E(v) —p

H'(0) = -1

> 0.

As H is concave, H' is decreasing: either H'(1) > 0 and H reaches its maximum at \* =1, or H'(1) < 0
and H reaches its maximum on the open interval (0,1). It may be proved (by a standard continuity
theorem under the integral sign) that H’ is continuous on [0,1), that is, that H is continuously

differentiable on [0,1). In the case H'(1) < 0, the derivative at the maximum therefore satisfies
H'(X\*) = 0. Substituting the expression for H’'(\*) concludes the proof. O

D.2. Proof of < in the equality

We keep the notation introduced in the previous section. To prove this inequality, by the rewriting
of Kint(v, u) stated in Corollary it is enough to show that there exists a probability measure v/ on
[0,1] such that E(v') > p and v < v/ and

KL(v, /) <Elln(1—)\*X_M.)] (71)

I—p

Given the definition of the KL divergence, it suffices to find a probability measure v/ on [0,1] such
that E(v/) > p and v < v/ and

dv

@(ﬂv) S v-a.s. . (72)

I—p

It can be shown (proof omitted as this statement is only given to explain the intuition behind the
proof) that

dv dv dv\ ™!
— —a.8s. ith 2 == —a.s.
W 0 v-as wit W <d1/> v-a.s (73)

where /. denotes the absolute part of v/ with respect to v. This is why we introduce the measure v/
on [0, 1] defined by

1 1
1—p 1—p
>0

where 91 denotes the Dirac point-mass distribution at 1 and where X denotes a random variable with
distribution v. The measure v/ is a probability measure as by Lemma

1
1-X T
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Now, we show first that v < v/ with the density . We do so by distinguishing two cases. If
A* € [0, 1), then by the last statement of Lemma the probability measure v/ is actually defined by

1

dv'(z) = ———— dv(x)
1= M0
>0

and the strict positivity underlined in the equality above ensures the desired result by a standard
theorem on Radon-Nikodym derivatives. In that case, v and v/ are actually equivalent measures:
v < v and v/ < v. If \* = 1, then again by Lemma [24] we know that v does not put any probability
mass at 1. The strict positivity of f(z) =1 — (z — p)/(1 — p) on [0,1) and the fact that v{1} = 0
ensure the first equality below: for all Borel sets A of [0, 1],

V(A):/]].Af;,dl/:/]lAf<}dl/+’f’d51> :/]lAfdl/

while the second equality follows from f(1) = 0 and the third equality is by definition of /. Put
differently, v < v/ with the density f claimed in (72). In that case, v < v/ but v/ is not necessarily
absolutely continuous with respect to v.

We conclude this proof by showing that E(v') > u. We recall that Lemma [24] indicates that

()1(—_:> 1— ;Xu] =—H'(\)

1-p

E

1
] =1-X"H'(\)
1— =L

I—p
where X denotes a random variable with distribution v and where both expectations are well defined
(possibly with values +00 when A* = 1). Therefore,

/9 /9

“v part of v

X
n_
E(V)_EL_/\*X—u

“51 part of v
-

1
1—p 1—p

X —pu 1 1
:(1_“)E[(1—u)1—/\*x—“]+“E[1—A*)f‘“

1
)\ AT
1—p M 1—A 1-p

= (1= p) H'\) +p(1L =X H X)) + N H'(N) = p— ((1—p) (1= X)H' (X))

where the first equality is justified in the case A\* = 1 by the same arguments of monotone convergence
as in the proof of Lemma[24] All in all, we have E(¢/) > p as desired if and only if (1—X\*) H'(A\*) < 0.
This is the case as we actually have (1 —\*) H'(A\*) = 0 in all cases, i.e., whether \* =1 or A* € [0, 1).

D.3. Alternative proof of > in the equality

We use the notation of Sections and and prove the desired inequality , that is, the >
part of the equality , without resorting to the variational formula for the Kullback-Leibler
divergences. Actually, we only provide a sketch of proof and omit proofs of some facts about Radon-
Nikodym derivatives.

Let v € P[0, 1] be such that E(v") > p and v < //; with no loss of generality, we assume that
KL(v, V") < 400. By definition of v/, the divergence KL(v,v') equals the maximum of the continuous
function H over [0, 1] and therefore also satisfies KL(v,v') < +o0o. We denote by Li(v) the set of
v—integrable random variables. That these divergences are finite means that

dv dv

In — NG

dv/

In

eLi(v) and

S Ll(V) .
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Hence,

Now, by ,

and by ,

so that

dv dv
KL(V, I///) _ KL(V’ l//) = — / <1n w — ln d]/”) dV .

dv LT —
dv dv!
~1 = ln —2¢ —a.s.
D In P (x) v-a.s

1—p
. 7
> —1In /(1 Ik ’ %(:C) dv(x)
1—p) dv
>0 dvge ()

>—In /(1 - A”f_‘ﬁ) d(z) | =0

<l as Ev")>up

where Jensen’s inequality provided the first inequality, while the second one followed by increasing
the integral in the logarithm. Taking the infimum over distributions v’ € P[0, 1] with E(v") > p and
v < V" and KL(v, ") < +00, we proved

’Cinf(l/nu) - KL(V7 V/) =20

which was the desired result.
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