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Abstract Recently the energy efficiency (EE) in wireless communication is becoming one

of the key performance metric for wireless communicating systems. For battery driven

system like wireless sensor networks and ad-hoc networks, the energy conservation is a

critical factor for node life. In addition, the spectral efficiency (SE) has been traditionally

used as a performance index for wireless transmission. This paper investigates the opti-

mum spectral to energy efficiency tradeoff especially for short range communications. The

analysis starts with the Shannon case in additive white gaussian noise channel where some

theoretic results are developed when considering both transmit and circuit energy. Then,

point to point communication system with uncoded M-ary quadrature amplitude modula-

tion (MQAM) is considered. At the device layer, a system level power consumption model

is proposed. At the physical layer, a novel and accurate approximation of the bit error rate

(BER) function of the signal to noise ratio is made. The total energy per bit is formulated

and the link between the Shannon limit capacity and MQAM based communication is

established. The impact of distance, bandwidth, power consumption and BER as a quality-

of-service parameter on EE–SE tradeoff is analyzed. It is shown that, varying distance,

bandwidth and circuit power consumption induce more impact in the low SE regime

whereas, the BER has more impact on the high SE regime. Moreover, the energy optimal

spectral efficiency for MQAM is obtained in closed-form and confirmed by numerical

results.
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1 Introduction

Owing to the rapid growth of wireless communicating devices with the prevalent concept

of all connected world and zero distance communication, attaining a high energy efficiency

has become a key condition for wireless communication technologies [1]. Moore’s [2] Law

states that computing power doubles every 18 months. Moreover, as computing devices

become smaller, dense and mobile, energy conservation is a critical factor for battery

driven technologies such as distributed wireless sensors networks and machine-to-machine

communications. These technologies are susceptible to many different applications in

diverse fields such as monitoring and control, health care (i.e., medical body sensors,

diagnostics), home automation and intelligent buildings (i.e., security, lighting), military,

traffic coordination [3]. Despite the large range of applications, there are stringent energy

consumption constraints in these devices due to their limited power source. Therefore

energy-efficient communication schemes have become a main challenge in the design of

these systems [4, 5] in order to prosper into large-scale autonomous networks. Further-

more, the spectral efficiency (SE) is another important metric which has been the main

performance indicator for designing and optimizing networks. However improving SE with

the excessive demand in high data rate application could lead to an increased energy

consumption [6]. Therefore, in order to design practical energy saving strategies, future

networks should be designed by considering energy efficiency (EE) and SE jointly [7].

One of the most important requirement for an EE–SE evaluation is to consider an

appropriate power consumption model. Under practical formulation, this relationship has

been influenced by several hardware such as power amplifier efficiency and circuit power.

For instance, the authors in [1, 7–9] have studied the EE–SE tradeoff and they showed the

impact of using a realistic power consumption model for comparing and analyzing the

power efficiency of various networks. In [10], the authors have explored the mechanism

towards energy and spectral efficiency tradeoff of various wireless communication sys-

tems. They have shown the strong impact of circuit power in wireless sensors network

scenarios. As the distance between nodes is small (typically � 10 m), the circuit power for

transmitting and receiving may prevails over the transmission power [11].

At the physical layer, there are two main components that contribute to the total energy

budget in wireless transmission. The circuit energy needed to run transmitter and receiver

circuits [12] and the transmitted energy. The latter is needed to compensate the channel

loss in order to obtain the signal to noise ratio (SNR) necessary to demodulate and decode

the transmitted information under a given BER. Thus, the communication energy budget

depends on choices such as the modulation scheme, packet structure and transmission

power [13]. It is commonly assumed that for low-power-low-rate architecture, the most

energy efficient modulation are M-FSK, BPSK and QPSK. For instance, in [14], the

authors shows that noncoherent M-FSK is more energy efficient than MQAM for

microsensors networks. However, when the transmission distance shortens, the optimal

choice shifts to higher modulation order like 16-QAM and even 64-QAM resulting in

600% increase in the transceiver lifetime [15]. Moreover, a low modulation order

decreases the SE and thus the throughput of the system. By scaling MQAM modulation,

authors in [16–18] showed that an optimal modulation exists wich can save energy.

Recently, authors in [19] have studied the optimal choice for so-called green modulation in

wireless sensors networks. A similar analysis can be found in [20, 21] in the case of one

hop and multi-hop scenarios. Nevertheless, the EE–SE tradeoff is not considered in these

studies, the closed-form expression of the optimal constellation size is still not determined

and it is usually obtained via a numerical algorithm.
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In this paper we provide a holistic approach by studying the EE–SE relation with and

without energy gap introduced by feasible modulation. We analyze first the Shannon limit

case where we provide some theoretical properties. Then, we investigate the EE–SE for

uncoded square MQAM for point to point system in AWGN channel, which turns out to

study the energy efficiency and the constellation size tradeoff. We use a precise power

model for the device layer. The power model includes the transmission power which

depends on the modulation order and the required error probability level. Besides, the RF

front-end power dissipation, digital signal processing including modulation scheme is also

considered for both transmitter and receiver side. Most previous works uses a power

consumption model that considers only the transmit power with a constant RF power

[16, 22] neglecting the digital part. Recently many works [23, 24] have demonstrated that

the accuracy of this model is not enough and the digital part must be taken into account.

Thus by considering a channel attenuation model and an accurate expression for the SNR

as a function of the BER, the overall expression of the energy consumption as a function of

spectral efficiency is evaluated for variable duty cycle system. The challenge in this

analysis is then to find a closed form expression of the optimal constellation size that

minimizes the energy.

The remainder of this paper is organized as follows. In Sect. 2, the EE–SE tradeoff in

Shannon limit case including circuit power consumption is characterized. In Sect. 3, we

introduce an accurate energy consumption model and we present the communication

system scenario. Section 4 gives an accurate approximation for the BER and formulates the

EE–SE relation when considering uncoded square MQAM for a given BER constraint.

Next, numerical results are discussed in Sect. 5. Finally, Sect. 6 concludes the paper.

2 Theoretical Investigation and Motivation

The fundamental relation between the channel capacity and the received energy per bit Eb

is given by Shannon’s formula over AWGN channel [25]. For a maximum achievable

information rate R this relation gives

R ¼ B log2 1þ REb

BN0

� �
ð1Þ

where B is the signal bandwidth and N0 represents the power spectral density of white

Gaussian noise.

2.1 Energy Efficiency-Spectral Efficiency Tradeoff Analysis

2.1.1 Fundamental Tradeoff

By denoting h ¼ R
B
the spectral efficiency of the system expressed in bit/s/Hz, (1) gives Eb

as function of h

Eb ¼ N0 �
2h � 1

h
ð2Þ

This equation illustrates the fundamental relation between energy and spectral efficiency

which deserves careful study [1, 26]. The result shows only the limit case without con-

sidering practical modulation and coding and it considers also only the amount of energy
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per bit Eb in the signal itself without counting for the energy expended by the commu-

nication system to run its circuits, such as powering non-signal paths components like

oscillators, baseband processors. Hence, as the circuit energy will be included, the penalty

in terms of circuit processing cost can be large compared with signal energy.

2.1.2 Practical Tradeoff

Now let consider, in addition to transmission power over AWGN channel, an extra power

consumed in the total communication system including the transmitter and the receiver.

We assume a kth-power path-loss model at distance d (in m) between the transmitter and

the receiver. The power gain factor is G ¼ G1d
k , where d represents the distance, G1 is the

gain factor (including path loss and antenna gain) measured at a reference distance equal to

1 m and k the path loss coefficient of the environment. Therefore the transmit power Pt is

related to the rate by R ¼ B log2 1þ Pt

GBN0

� �
. The overall consumed power of the link can

be modeled in general [5] by

Ptot ¼ aPt þ Ppr ð3Þ

where 1=a refers to the amplifier efficiency, Ppr refers to all circuit power consumption in

the signal path (source and channel coding, modulation and other analog block con-

sumption). we assume that this power depends linearly on the bandwidth. It can be

modeled as Ppr ¼ eBþ Pc, where e models the bandwidth-dependent power and Pc the

non-dependent part. Hence, the energy efficiency defined as the consumed energy per bit

can be obtained as

EbtðhÞ ¼
Ptot

R
¼ aN0G1d

k ð2h � 1Þ
h

þ Ppr

hB
ðJ=bitÞ ð4Þ

The above equation gives the relation between the energy efficiency Ebt as a nonlinear

function of the spectral efficiency h of the whole system. In fact, it determines the energy

cost of a single bit for each SE value thus it allows to know the optimal spectral to energy

efficiency point. Figure 1 shows how EE changes with respect to SE for different circuit

power consumption expressed as Ppr=ðBN0Þ. We notice that the circuit power consumption

affects strongly the energy bound, obtained for Ppr ¼ 0, in the low spectrum efficiency

region. The plot shows that the circuit energy per bit affects the left part of the curve and

therefore reduces the achievable region. The Shannon theoretical bound (Ppr ¼ 0) delimits

the achievable region, above the curve and it shows the set of optimal solutions for energy

minimization. This figure reveals the existence of unique minimal energy solution shifting

the set to solutions with higher energy consumption. In general, a large transmit power

yields to a large spectrum efficiency, however a large spectrum efficiency may affect the

energy negatively. Therefore by considering a real power model, there might be a tradeoff

between the energy and spectral efficiency for the entire system.

2.1.3 Problem Formulation

As Ebt varies greatly with respect to the spectral efficiency h, we would like to find the

optimal h that minimizes the energy. For that, consider the optimization problem of

minimizing (4), then the solution of our objective function is EH and the corresponding

optimum SE value is denoted hH, defined as
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EH ¼ min
h� 0

EbtðhÞ; hH ¼ argmin
h� 0

EbtðhÞ ð5Þ

Note that if the system is 100% efficient and no power is wasted off the signal path, i.e.,

Ppr ¼ 0, then (4) becomes identical to the Shannon’s limit in (2). In this case, the energy is

strictly increasing with h and the best SE is always achieved at hH ¼ 0. The minimum

energy is then the well known ultimate Shannon limit:

El ¼ lim
h!0

EbtðhÞ ¼ N0 lnð2Þ ð6Þ

This limit defines the minimum energy per bit required to achieve arbitrarily low proba-

bility of bit error by allowing the used code to occupy an infinite bandwidth. However, by

using the right power model Ppr [ 0
� �

, the traditional conclusion that low spectral effi-

ciency saves energy is not generally valid. As shown in Fig. 1, as Ppr grows, the optimal

spectral efficiency value increases whereas when h approaches 0, the energy grows without
limit. This yield us to investigate more the real tradeoff between energy consumption and

spectrum requirement. The following subsection gives general results about the optimal

points hH and EH, their properties as well as the impact of system parameters on their

values. This can contribute to unveil the characteristics of SE and EE tradeoff.

2.2 General Properties of EbtðhÞ, EH and hH

Based on the relation between energy and spectrum efficiency value from (4), we propose

to give a theoretical study to investigate the corresponding properties. To this end, the

following lemmas of main importance can be derived:

Spectral efficiency θ (bit/s/Hz)
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Fig. 1 Impact of circuit power on energy efficiency-spectrum efficiency tradeoff (d ¼ 5 m, G1 ¼ 4p
k

� �2
,

k ¼ 2, a ¼ 3)
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Lemma 1 Due to the presence of extra circuit energy, (4) highlights two energy regions

in high and low spectral efficiency. Therefore an approximation of (4) can be estimated in

these regions as follow

Ebt �
aN0 lnð2ÞdkG1 þ

Ppr=BN0

h
for low SE

aN0 lnð2ÞdkG12
h for high SE

8<
: ð7Þ

Proof See Proof of Lemma 1 (Appendix). h

Lemma 1 brings some insights on how the total energy per bit in (4) behaves. For low

SE, the circuit energy dominates over the transmission energy and contributes more to the

energy consumption in this case, the energy reduces when SE increases. Therefore higher

circuit consumption always lowers down the EE performance (or maximizes the total

energy per bit) in the low SE as shown in Figs. 1 and 2. Whereas, in the high SE regime the

contribution of the transmission energy dominates due to the increase of transmit power

which is monotonically increasing with SE. In this case it is preferable to decrease the SE

to save energy. This confirms the intuition that low SE is beneficial only when the

transmission energy dominates, typically for large distances.

Lemma 2 The energy efficiency function defined in (4) is a strictly quasi-convex function

with respect to spectral efficiency h. It has a unique global solution hH that corresponds to

a unique minimum EH. That is, 8 h[ 0, Ebt is decreasing for h\hH and increasing for

h[ hH.

Proof See Proof of Lemma 2 (Appendix). h

Then, the following lemma derives the optimal point hH
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Fig. 2 Energy efficiency-spectrum efficiency tradeoff for different distances, Ppr=ðNoBÞ ¼ 7� 107
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Lemma 3 The energy-optimal spectral efficiency hH for a system whose energy con-

sumption is described by (4) can be given in a closed form as

hH ¼ 1

lnð2Þ 1þWL

Ppr

eaBN0G1dk
� 1

e

� �� �
ð8Þ

where e is the base of the natural logarithm and WL is the Lambert function.

Proof See Proof of Lemma 3 (Appendix). h

As seen in Lemma 3, the optimum SE behavior depends strongly on system parameters.

Let us analyze the impact of varying some parameters, namely d; B; G1; N0; Ppr on h
H and

the corresponding minimum energy EH. With the hH expression provided above, we have

the following lemma:

Lemma 4 By increasing or decreasing one system parameter when the other are kept

constant, the following claims are true:

• effect of distance:

lim
d!þ1

hH ¼ 0 and lim
d!þ1

EH ¼ þ1 ð9Þ

• effect of bandwidth:

limB!0 h
H ¼ þ1 and limB!0 E

H ¼ þ1
limB!þ1 hH ¼ h‘ and limB!þ1 EH ¼ E‘

bt

(
ð10Þ

• effect of static circuit power:

limPc!0 h
H ¼ h‘ and limPc!0 E

H ¼ E‘
bt

limPc!þ1 hH ¼ þ1 and limPc!þ1 EH ¼ þ1

(
ð11Þ

where

h‘ ¼
1

lnð2Þ 1þWL

e
eaN0G

� 1

e

� �� �
ð12Þ

E‘
bt ¼ aGEl �

e
1þWL

e lnð2Þ�GEl
eElG

� �
� 1

1þWL
e lnð2Þ�GEl

eElG

� �
0
BB@

1
CCAþ elnð2Þ

1þWL
e lnð2Þ�GEl

eElG

� � ð13Þ

This Lemma reveals important insight of hH and EH limits regarding systems parameters

and power model. The first claim means that when the distance d increases while all other

parameters are fixed, hH approaches 0 and EH increases without bound since the trans-

mission energy grows with distance. In such a case, the optimum SE has to be decreased,

so the system should slower its transmission to operate in optimal EE mode. When the

distance increases, the contribution of the transmission energy dominates over that of

circuit energy consumption. For the second claim, reducing the bandwidth allows to

increase both SE and energy consumption. However, when the bandwidth growth, the

optimal SE converges to a specific value h‘ [ 0 given by (12) and the minimal energy

converge to E‘
bt �El as shown in (13), where it is expressed as a function of the minimal
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energy per bit in the signal as defined in (6). Note that if e ! 0, we obtain a h‘ that

converges to 0 and the minimal energy E‘
bt ! aGEl as expected. This result agrees with the

novel power consumption factor theory carried out in [27]. Hence, Lemma 4 gives an

interesting insight about the energy to spectral efficiency relationship since if we do not

consider the bandwith-dependent power, i.e., e ¼ 0, the result would be 0 for hH and

EH ¼ þ1, which can bias optimal system setting. Similar observation when bandwith-

independent power consumption Pc decreases to 0. Whereas if Pc go to infinity in (11), the

optimal SE will increases boundless as well as the minimal energy.

Now let see the impact of varying distance separation between the transmitter and the

receiver from one value to another when all the other parameters are kept constant. For

that, assume two different values of distance separation d namely d1 and d2. Denote

Ebt h; dð Þ the consumed energy per bit evaluated for an SE value h at a distance d and by

hHðdÞ ¼ argmin
h� 0

Ebtðh; dÞf g ð14Þ

the optimal SE value corresponding to the minimum energy per bit evaluated at a distance

d. We have the following lemma.

Lemma 5 Considering d2 [ d1, then Ebt h
Hðd2Þ; d2

� �
�Ebt h

Hðd1Þ; d1
� �

and

hHðd2Þ\hHðd1Þ

Proof See Proof of Lemma 5 (Appendix). h

This means that the optimal rate per Hz decreases with the distance and the minimum

energy per received bit decreases with the distance. As observed in Fig. 2, the increase in

distance leads to an increase in energy consumption and reduces the optimal SE. A similar

analysis can be carried out for the other parameters. It appears from (8) that increasing B,

N0 or G1 has an impact similar to increasing distance, meaning that the optimal SE value

decreases when increasing each of these parameters. However, a growth in the circuit

consumption Ppr, leads to an increase of the corresponding optimal SE value and its

minimal energy as well as shown in Figs. 1 and 3.

The above analysis present an attractive basic study to understand the relationship

between SE and EE but it ignores some practical details needed for a fair assessment. In the

next section, a practical modulation scheme is considered and the energy to spectrum

optimization as well as the impact of system parameters are studied in order to corroborate

the theoretical analysis.

3 System Description and Energy Model

3.1 Power Consumption Model

In a sensor node, the energy is mainly consumed for communication [18]. To facilitate our

study, we assume a generic transmitter and receiver as shown in Fig. 4. The baseband

signal is converted to an analog signal by the digital-to-analog converter (DAC), then

filtered by the reconstruction filter and modulated by the mixer, then filtered again and

finally amplified by the power amplifier (PA) and transmitted to the wireless channel. On

the receiver side, the RF signal is first filtered by the RF band selection filter and amplified

by the low noise amplifier (LNA), then down converted by the mixer, filtered again and
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amplified by the baseband amplifier before going through the analog-to-digital converter

(ADC) to convert back to a digital signal.

In practice the overall power consumption of the link is composed by the transmission

power and the hardware-circuitry power. Thus, we adopt in this work a more realistic

double linear power consumption model. The power consumption of the power amplifier

depends on the transmit power, while the DAC and the ADC power consumption is

linearly dependent on bandwidth [17]. In addition to the RF power consumption, the power

model includes also the baseband consumption part which is proportional to the bandwidth

since the clock frequency scales with the band [28]. This justifies the general power

consumption model in (3). Here, Ppr is composed of the RF power and the baseband power:

• The RF power includes a constant power consumption part Pc referring to most analog

components, e.g., LNA, filters and a bandwidth dependent power consumption part that

comes mainly from the DAC and the ADC. The overall RF power is equal to

Pc þ #tBþ #rB, where #t and #r are respectively the power coefficients of the DAC

and the ADC;

• The baseband power consumption is linearly dependent on bandwidth as etBþ erB,
where the coefficients et and er are respectively the power coefficient of the transmitter

and the receiver.

Finally, according to the aforementioned explanations, the total power consumption is

Ptot ¼ aPt þ eBþ Pc ð15Þ

where

Distance d (m)
0 10 20 30 40 50 60 70 80 90 100

θ
(b

it
/s

/H
z)

0

2
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6

8

10

12
Ppr/(BN0) = 106

Ppr/(BN0) = 7 · 107

Ppr/(BN0) = 5 · 108

Fig. 3 Optimal SE for different circuit power

Fig. 4 Communication link model with block diagram of transmitter and receiver hardware
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Pc ¼ 2 Pmix þ Psyn þ Pfilt

� �
þ 3Pfilr þ PIFA þ PLNA þ cfa þ cfd

e ¼ #t þ #r þ et þ er
ð16Þ

The corresponding coefficients values of the total power with their definitions are provided

in Tables 1 and 2.

3.2 Scenario and Energy Parameters

We assume that the transmitter needs to communicate L bits of information at a given

deadline T. We assume also that the transceiver circuitry operates on multi-mode basis, i.e.,

(1) when there is a signal to transmit, the circuits are in active mode, we denote the active

duration by Ton and the corresponding consumed power by Pon; (2) when there is no signal

to transmit, the circuits operate in a sleep mode, we denote the sleep duration by Tsp and

the corresponding consumed power by Psp; (3) the circuits are in transient mode during the

switching process from sleep mode to active mode, we denote the transient duration by Ttr
and the corresponding consumed power by Ptr. We assume that the transient duration from

active mode to sleep mode is short enough to be neglected. But, the transient duration from

sleep mode to active mode may be slower due to the settling time of the phase-locked loop

in the frequency synthesizer. So, the total transmission period is defined by

T ¼ Ton þ Ttr þ Tsp ð17Þ

Hence, the total energy required to transmit and receive L bits is expressed as

E ¼ PonTon þ PtrTtr þ PspTsp ð18Þ

We assume that all sensors are equipped with similar transmitter and receiver circuit blocks

and that the power consumption of the active filters at the transmitter and receiver are

similar. It is noted that the power consumption during the transient mode is equal to the

power consumption of the frequency synthesizer and thus Ptr ¼ 2Psyn. In realistic circuit

designs, the power consumption of the sleep mode can be considered as negligible com-

pared with the active mode so Psp ’ 0. Pon is equal to the sum of transmitter and receiver

circuit power thus Pon ¼ Ptot. Based on this, the total energy per information bit is

expressed as

Table 1 Coefficients for energy consumption model

Coefficient Description Value

et [29] Coefficient related to the transmitter baseband consumption 4:09� 10�9

W/Hz

er [29] Coefficient related to the receiver baseband consumption 1:62� 10�9

W/Hz

#t [16] Coefficient related to the transmitter RF component whose power
consumption in bandwidth dependent (DAC)

2:16� 10�10

W/Hz

#r [16] Coefficient related to the receiver RF component whose power consumption
in bandwidth dependent (ADC)

7:56� 10�8

W/Hz

cfd [16] Constant power of DAC 0.0615 W

cfa [16] Constant power of ADC 0.0378 W
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Ebt ¼
PtotTon þ 2PsynTtr

L
ð19Þ

3.3 Relationship Between h, Ton and Constellation Size b

We consider in the rest of the analysis an uncoded MQAM system in AWGN channel.

Denote M ¼ 2b the constellation size where b is the number of bits per symbol. Hence the

corresponding spectral efficiency is equal to log2 M. On the other hand, suppose a symbol

rate equal to the bandwidth B of the signal. Transmitting L bits requires a bit rate equal to

L=Ton. Therefore the following equalization can be easily given

h ¼ log2 Mð Þ ¼ L

BTon
¼ b ð20Þ

In the rest of the analysis, b will be used instead of h since it is a particular value of the

overall spectral efficiency.

4 Spectrum and Energy Efficiency Trade-Off

As established in the previous section, the energy per bit for a variable rate system can be

expressed as

Ebt ¼
aPt þ eBþ Pcð ÞTon þ 2PsynTtr

L
ð21Þ

The signal to noise ratio (SNR) per bit c can be expressed as

c ¼ Pt

BN0NfMlG1dkb
ð22Þ

where Nf represents the receiver noise figure and Ml is the link margin compensating the

hardware process variations and others additive background noises or interferences. By

plugging (22) into (21), we obtain

Table 2 System parameters

Parameter Value Parameter Value

fc: carrier frequency 2.4 GHz T: transmission period 100 ms

Pe: BER 10�3 Ttr: transient time 5 ls

N0: noise spectral density - 204 dB J Nf : figure noise 10 dB

a: amplifier’s efficiency 2.9 PLNA: LNA power consumption 20 mW

k: path-loss coefficient 3.5 Psyn: frequency synthesizer power consumption 50 mW

G1: power gain factor 30 dB PIFA: IFA power consumption 3 mW

Ml: link margin 40 dB Pfilt;Pfilr: active filters power consumption 2.5 mW

L: packet size 2 kbits Pmix: mixer power consumption 30.3 mW
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Ebt ¼ aN0NfMlG1d
kcþ eþ Pc=B

b
þ 2Psyn

Ttr

L
ð23Þ

4.1 Bit-Error Rate (BER) Approximation and Analysis

To formulate Ebt as a function of BER, we need to found an analytic expression of the SNR

per bit c which depends on the target BER. The upper bound of the BER for coherently

detected MQAM with Gray mapping over an AWGN channel is given by [30]

Pe �
4

b
1� 2�b=2
� �

Q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3bc

2b � 1

r !
ð24Þ

To estimate the SNR as a function of BER, many works have been yield to make the result

more close to the exact one [31–33]. A well-known approximation is based on the

Chernoff-bound which has the advantage of being simple and invertible in order to obtain a

closed-form expression of the SNR. The correspondent approximation of Pe is then [17]

Pe �
4

b
1� 2�b=2
� �

exp
� 3bc

2ð2b�1Þ

� �
ð25Þ

On the other hand, a tighter approximation of Q based on series expansion is given in

[32], and yields to

Pe �
2ffiffiffi
p

p 1� 2�b=2
� �

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2b � 1Þ
3bc

s
exp

� 3bc

2ð2b�1Þ

� �
ð26Þ

This equation gives an exact expression for b ¼ 2 and a very good approximation for b[ 2

for a BER lower than 10�2. Figure 5 plots the BER approximation (25) (referred by approx

1) and our proposed approximation (26) (referred by approx 2) as a function of SNR. It can

be seen from Fig. 5 that approx 2 is more close to the exact BER [33] than approx 1 for

BER lower than 10�1. By the use of the Lambert W function we can express the signal-to-

noise ratio per bit and obtain

c ¼ 2

3
WL

8

p
1� 2

�b
2

bPe

 !2
0
@

1
A 2b � 1

b
¼ CðbÞ 2

b � 1

b
ð27Þ

where CðbÞ refers to the SNR per bit gap.

Finally by exploiting (27), (23) can be expressed as

Ebt ¼ aN0NfMlG1d
kCðbÞ 2

b � 1

b
þ eþ Pc=B

b
þ 2Psyn

Ttr

L
ð28Þ

Note that the rightmost factor of (28) has exactly the same scaling behavior 2b � 1
� �

=b as

the Shannon limit in (2). Moreover, the additional gap CðbÞ which depends on Pe leads to

increase the energy expenditure of the system. Hence apart energy consumption, the QoS

introduced by Pe can be of main impact on the global optimization when studying the EE–

SE tradeoff.

Further, we can see that the first term in (28) is monotonically increasing function of

b for each value of d and k, while the second term is monotonically decreasing function of
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b and L which is independent of d and k. In this case, there exist two scenarios based on the

distance d:

• For large values of d where the first term in (28) is dominant, the objective function Ebt

is a monotonically increasing function of b and is minimized at b ¼ 2, equivalent to

4-QAM scheme;

• In the case of a small distance d, there is one possible situation that may happen when

the total transmission energy for small size of b is dominated by the second term in

(28). For such situation, there are two regions. The first is when b is small. The energy

behaves as a monotonically decreasing function of b. The second region is for large

value of b, when b grows. The total energy becomes monotonically increasing,

meaning that the first term is dominant over the second one.

Thus, the optimal constellation size should provide a balance between these effects.

4.2 Optimal Spectral Efficiency Expression

Trying to find a closed form of bH for uncoded MQAM in the case of AWGN, the

following assumptions can be made. We first assume that 2Psyn
Ttr
L

can be neglected

compared to the two others quantities. Then (28) becomes,

Ebt ¼ aN0NfMlG1d
kCðbÞ 2

b � 1

b
þ eþ Pc=B

b
ð29Þ

the above equation reveals the difference between the Shannon-limit case (4) and the

practical case when the BER is introduced within the system gap term.

As we seek to provide a closed-form solution of (29), we apply the approximation

CðbÞ � 2
3
lnð 1

3:10�1Pe
Þ. In fact, the relative looseness caused by this approximation is less

than 0.7 dB when b is in the range of 2; 18½ �, which is reasonable range for practical

MQAM systems. This result shows that the gap is independent of b. Note that this gap adds

SNR(dB)
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Fig. 5 Comparison between different BER approximation with the exact one
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a fairly constant distance to the Shannon-limit compared to the exponential behavior of

ð2b � 1Þ=b. Thus the optimization results for MQAM will correspond closely to the

Shannon-limit optimization. Consequently the different lemmas and interpretations derived

in Sect. 2 remain valid for MQAM modulation. Based on that, (28) can be rewritten as

Ebt ’
2

3
aN0NfMlG1d

k ln
1

3� 10�1Pe

� �
2b � 1

b
þ eþ Pc=B

b
ð30Þ

Note that the above equation has almost the same form as (4). Having resolved that for a

general form in Lemma 3, the solution of (30) w.r.t b is

bH ’ 1

ln 2
1þWL

3 eþ Pc=Bð Þ
2eaN0NfMlG1dk ln

1
3�10�1Pe

� �� 1

e

0
@

1
A

0
@

1
Aþ 1

2

6664
7775 : ð31Þ

5 Numerical Results

In this Section we present different numerical results in order to evaluate the previous

analysis and to corroborate the insight about the impact of system parameters in Sect. 2.

The considered system parameters are summarized in Tables 1 and 2. Most of them

followed those in [16]. By varying some system parameters according to (28), when both

transmit energy with the corresponding QoS constraint and circuit energy consumption are

taken into consideration, the interpretations can be made as follows.

Figure 6 plots the total energy with respect to the constellation size b for different

distances. The figure clearly shows that there exists an optimal constellation size that

minimizes the total energy per bit for each distance. We observe that the energy per bit

decreases first from the right side of the optimal point then it increases as the constellation

size gets larger. The reason is that, for small constellation size, the transmission time Ton
decreases and hence the circuit energy dominates over the transmit energy. On the other

hand, when the constellation size gets larger, the system sends the information faster

decreasing Ton thus the transmission energy becomes dominant over the circuit energy.

This is in agreement with Lemma 1. As a result the optimal constellation size should

provide a balance between these effects. We note also that the optimal point reduces when

the distance increases. This agrees with Lemma 5. From an energy point of view, larger

constellations sizes are preferred at small distances while small constellation sizes are

performing well for large distances.

In Fig. 7, we illustrate the impact of bandwidth on the energy to spectral efficiency

tradeoff for two different distances. For both cases, the behavior of the curves is the same.

As we observe the energy decreases first until an optimal point of spectral efficiency and

increases again. For the case of short distances d ¼ 5 m, the influence of bandwidth is more

obvious than of the larger distance. The interpretation is that when the distance is small, the

circuit energy is predominant over that of transmission energy. Besides, as the bandwidth

decreases, the transmission time Ton increases which increases also the circuit energy. This

implies first a growth of the total energy and a shift of the optimal constellation size to

larger values. On the other hand, when the distance becomes large, d ¼ 50 m, the transmit

energy becomes dominant. Then the optimal constellation size shifts to smaller values.

This agrees with the discussion of Lemma 5.
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Figure 8 shows the energy to spectral efficiency tradeoff for d ¼ 5 m and d ¼ 50 m for

different BER constraints. For short distance case, when the constellation size is small, the

circuit energy dominates. As a result, the decrease of Pe from 10�2 to 10�3 does not affect

this region whereas as the transmission energy becomes dominant, lower BER induces

higher energy but reduces the optimal constellation size as deduced from (31). Intuitively,

when the distance becomes larger, the energy per bit scales with the transmission energy

that dominates over the processing one. Hence, when Pe decreases, we observe that the

energy consumption increases. In that case, small constellation size achieves minimal

energy consumption.
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Figure 9 plots the discrete value of the optimum SE bH for each distance. This fig-

ure shows analytic and simulated results for bH. We perform a Newton-Raphson method to

find the optimum value from (28). As seen, our closed-form expression in (3) matchs well

with the numerical results.
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6 Conclusion

In this paper, we have investigated the energy per bit and SE performance in the wireless

short-range communicating systems. To formulate the energy expenditure, we show the

importance of considering a real power consumption model for the system analysis. The

link circuit power is modeled as a sum of bandwidth-dependent part and another part which

is proportional to the transmission power. Theoretical analysis has been made to study the

energy and SE tradeoff using the Shannon capacity in AWGN channel when a simple

circuit power model is used. In that case, the total energy per bit as a function of SE is

proven to be quasi-convex. We have also addressed the optimization of MQAM constel-

lation size and the consumed energy per bit under BER constraint. A more accurate

expression of the SNR as a function of BER has been developed and supported numeri-

cally. Then, the energy per bit as a function of the spectral efficiency was formulated.

Trough numerical results, several interesting observations with practical implications were

made. It is seen that, from an energy point of view, large constellation size are preferred at

short distances while small constellation size are favorable for large distances communi-

cation. But, short distances offer high energy and spectral efficiency conditions. In addi-

tion, we show that the bandwidth variation is more remarkable for the short distance case

and that the optimal constellation size reduces when allocating larger bandwidth. We show

also that higher power consumption lowers down the energy efficiency of the system but

also increases the optimal spectral efficiency. Moreover, when varying the BER as a QoS

parameter, it is observed that it impacts more the high SE region. Finally, a closed-form

expression of the optimal constellation size and hence of the spectral efficiency is obtained

and supported by numerical results.

Appendix

Proof of Lemma 1

The objective function Ebt can be bounded as follow: 8t 2�0; h� we have 1� et � eh so

h�
Z h

0

et dt� heh ð32Þ

h� eh � 1� heh ð33Þ

1� eh � 1

h
� eh ð34Þ

Hence; A ln 2þ C

h
�EbtðhÞ�A2h ln 2 ð35Þ

Finally, Ebt can be approximated to the right hand expression for low h values and to the

left hand expression for high h values.

Proof of Lemma 2

First we express a general form of (4) as follow
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EbtðhÞ ¼ A
2h � 1

h
þ C

1

h
ð36Þ

To prove the quasi-convexity of (4), we recall that for h� 0 a function is strictly quasi-

convex if

Sb ¼ h� 0 j EbtðhÞ� bf g ð37Þ

is a strictly convex set for any real number b. Note that when b� 0, Sb is empty since

EbtðhÞ[ 0. Hence Sb is strictly convex as no point exist on the contour. Now we inves-

tigate the case when b[ 0. In such case, Sb is equivalent to

Sb ¼ h� 0 j gðb; hÞ ¼ A 2h � 1
� �

� bh� 0
	 


. Since gðb; hÞ is strictly convex in h, if we
take h1 and h2 two points of the contour of Sb ( h1 [ 0 and h2 [ 0) then we have

8h 2 h1; h2ð Þ, gðb; hÞ\max gðb; h1Þ; gðb; h2Þf g� 0. The first inequality comes from the

strict quasi-convexity of gðb; hÞ w.r.t h [34]. Hence, Sb is strictly quasi-convex set when

b[ 0. Thus we have the strict quasi-convexity of EbtðhÞ.

Proof of Lemma 3

Setting the derivative of EbtðhÞ with respect to h to zero we try to find the optimum spectral

efficiency hH. After rearranging the terms, we take the following steps

A
lnð2Þelnð2Þh � elnð2Þh þ 1

h2
¼ C

h2
ð38Þ

elnð2Þh�1 lnð2Þh� 1ð Þ ¼ C � A

eA
ð39Þ

by using the Lambert functionWL since it is the solution to x ¼ WLðxÞ exp WLðxÞð Þ we have

lnð2Þh� 1 ¼ WL

C � A

eA

� �
ð40Þ

therefore hH ¼ 1

lnð2Þ 1þWL

C � A

eA

� �� �
ð41Þ

Proof of Lemma 5

We begin by establishing the first inequality. Suppose that Ppr is independent of d then

Ebt h
Hðd2Þ; d2

� �
¼ aN0G1d

k
2

2h
Hðd2Þ � 1

hHðd2Þ
þ Ppr

hHðd2ÞB

¼ d2

d1

� �k

aN0G1d
k
1

2h
Hðd2Þ � 1

hHðd2Þ
þ Ppr

hHðd2ÞB

[ aN0G1d
k
1

2h
Hðd2Þ � 1

hHðd2Þ
þ Ppr

hHðd2ÞB
[Ebt h

Hðd2Þ; d1
� �

�Ebt h
Hðd1Þ; d1

� �

ð42Þ
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The last inequality is due to the fact that hHðd1Þ minimizes Ebt hðdÞ; d1ð Þ. To prove the rest

of lemma we set the derivative of (4) w.r.t h and let qðhðdÞÞ ¼ 2hðdÞ�1
hðdÞ . By exploiting the fact

that hHðd1Þ is the solution of E0
bt hðdÞ; d1ð Þ ¼ 0, the following equality hold

aN0G1d
k
1q

0ðhHðd1ÞÞ ¼
Ppr

hH
2

ðd1ÞB
ð43Þ

By setting the derivative of Ebt h; dð Þ w.r.t h and using (43) it can be shown that

E0
bt h

Hðd1Þ; d2
� �

¼ aN0G1d
k
2q

0ðhHðd1ÞÞ �
Ppr

hH
2

ðd1ÞB

¼ d2

d1

� �k
Ppr

hH
2

ðd1ÞB
� Ppr

hH
2

ðd1ÞB
¼ Ppr

hH
2

ðd1ÞB
d2

d1

� �k

�1

 !
[ 0

ð44Þ

As Ebt h; dð Þ is strictly quasi-convex so E0
bt h; dð Þ[ 0 when h[ hHðdÞ and E0

bt h; dð Þ\0

when h\hHðdÞ. Therefore hHðd1Þ[ hHðd2Þ.
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IRESTE, Université de Nantes. He is currently a Professor in Ecole
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