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Abstract. Donsker Theorem is perhaps the most famous invariance
principle result for Markov processes. It states that when properly nor-
malized, a random walk behaves asymptotically like a Brownian motion.
This approach can be extended to general Markov processes whose driv-
ing parameters are taken to a limit, which can lead to insightful results
in contexts like large distributed systems or queueing networks. The
purpose of this paper is to assess the rate of convergence in these so-
called diffusion approximations, in a queueing context. To this end, we
extend the functional Stein method introduced for the Brownian approx-
imation of Poisson processes, to two simple examples: the single-server
queue and the infinite-server queue. By doing so, we complete the re-
cent applications of Stein’s method to queueing systems, with results
concerning the whole trajectory of the considered process, rather than
its stationary distribution.

Diffusion approximation, Queueing systems, Stein’s method

1. Introduction

The Markovian analysis of queueing systems often leads to stochastic pro-
cesses with an intricate evolution, for which the classical approach, which
for instance requires the computation of the stationary distribution, is in-
tractable. To gain some insights on the behavior of the process, it is then
customary to push the parameters to their limit and analyze the limiting
process which hopefully will reveal the inner structure of the model under
analysis. Diffusion approximations, as they are called, have been and still
are the subject of numerous papers (see [15, 19] and references therein to get
a glimpse of the very rich literature on the subject). The most naive exam-
ple which comes to mind is the convergence of a normalized Poisson process
to a Brownian motion B: Letting Nλ be a Poisson process of intensity λ,
we have that

(1) Ñλ
(

=: t 7→ 1√
λ

(Nλ(t) − λt)
)

dist. in DT−−−−−−−→
λ→∞

B,

where the convergence holds in distribution on the Skorokhod space as λ
goes to infinity. As the convergence in distribution is induced by a metric
over the set of probability measures, Eqn. (1) just says that the distance
between the distribution of Ñλ and the distribution of B over DT tends to
zero. The next step is to determine the rate at which this limit holds. The
first study addressing this issue was due to Barbour in the 90’s [1]. Since
then, no papers on this subject appeared until [6, 13, 16]. These four papers
share the same common ground, relying on the so-called Stein method (SM)
[18], see Section 4.1 for a modern introduction. It is based on the fact that
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the topology of convergence in distribution over a separable metric space χ
can be defined through the distance

d(µ, ν) = sup
f∈Lip −1

(
∫

χ
f dµ −

∫

χ
f dν

)

,

where Lip −1 is the set of Lipschitz continuous function: f : χ → R such
that

|f(x) − f(y)| ≤ dχ(x, y), ∀x, y ∈ χ.

An important avenue of literature has been dedicated to Stein’s method in
the case χ = R. Close to the class of models we have in mind, let us mention
the fruitful recent applications of the SM, to assess the rate of convergence
of the stationary distributions of various processes involved in queueing:
Erlang-A and Erlang-C systems in [5]; a system with reneging and phase-
type service time distributions (in which case the target distribution is the
stationary distribution of a piecewise Ornstein-Uhlenbeck process) in [4],
single-server queues in heavy-traffic in [12].

When χ is no longer R, however, the development of the SM is much more
involved. The main contribution of this work is to present applications of
the Stein’s method to estimate the rate of convergence in functional CLT’s
arising in queueing. Specifically, we complete existing functional Central
Limit Theorems of classical queueing systems (namely the M/M/1 queue
and the ’pure delay’ M/M/∞ system) by assessing the rate of convergence to
the diffusion limit, using Stein’s method at the level of the whole stochastic
process. These two examples thus provide good illustrations of how the
SM can be fruitfully applied in a queueing context, at the process level. By
completing two classical asymptotic results with a simple rate of convergence
estimate, for classes of functions that have a practical meaning, the present
work can thus constitute a promising starting point for similar development
regarding a larger class of queueing systems.

This paper is organized as follows. In Section 2, we state our main re-
sults for the diffusion approximation of the M/M/1 and M/M/∞ queues.
In Section 3, we introduce the intermediate processes, i.e. the affine inter-
polation of both the Markov process under study and the limit Brownian
motion. Then, we estimate the error done by replacing the original pro-
cesses by their affine interpolations. Section 3 is devoted to the functional
Stein method with which we control the distance between the distributions
of the interpolations defined above. The specific calculations for the M/M/1
queue are done in Section 5 and in Section 6 for the M/M/∞ system. The
Appendix contains the proofs of two technical lemmas.

2. The results

In this section we present our main results. In Theorems 2.1 and 2.2
below, we provide bounds for the speed of convergence in the diffusion ap-
proximation of two standard queueing systems: the single-server and the
infinite server queues, respectively. In what follows, for any T > 0, D := DT

denotes the Skorokhod space of cÃădlÃăg functions from [0, T ] to R. (We
omit the dependance in T for notational simplicity.) The functional space
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Σ, to be properly defined in Definition 4.2 below, is a subspace of the space
of 1-Lipschitz continuous from D to R. We denote for any U, V in D,

dΣ (U, V ) = sup
F ∈Σ

|E [F (U)] − E [F (V )]| .(2)

The distance dΣ is then the appropriate tool to introduce the results to
come.

2.1. The M/M/1 queue. We first consider the classical Mλ/Mµ/1 queue,
that is, a single server with infinite buffer, where the arrival is Poisson of
intensity λ, and the service times are i.i.d. from the exponential law ε(µ).
For all t ≥ 0, we let L†(t) denote the number of customers in the system
(including the one in service, if any) at time t. The process L† is clearly
birth and death, and is ergodic if and only if λ/µ < 1. If the initial size of
the system is x ∈ N, then L† obeys the SDE

(3) L†(t) = x + Nλ(t) −
∫ t

0
1{L†(s−)>0}Nµ(ds), t ≥ 0,

for two independent Poisson processes Nλ and Nµ. This process is rescaled
by accelerating time by a factor n, while multiplying the initial value, and
then dividing the number of customers in the system at any time by the same
factor. For all n ∈ N

∗, the resulting normalized process L† then satisfies

L†
n(t) = x +

Nnλ(t)

n
− Nnµ(t)

n
+

1

n

∫ t

0
1

{L†
n(ns−)=0}

dNnµ(s), t ≥ 0.

It is a well established fact (see e.g. Proposition 5.16 in [15]) that the

sequence
(

L†
n : n ≥ 1

)

converges in probability and uniformly over compact

sets, to the deterministic function

L† : t 7−→ (x + λt − µt)+ ,

and that the process

Z†
n : t 7−→

√
n√

λ + µ

(

L†
n(t) − L†(t)

)

converges in distribution in D to the standard Brownian motion.
We can control the speed of the latter convergence. For that purpose,

we bound for any fixed n and any horizon T , the Σ-distance between these
processes, defined by (2). We have the following result,

Theorem 2.1. Suppose that λ < µ and let T ≤ x
µ−λ . Then, there exists a

constant cT such that for all n ∈ N,

dΣ

(

Z†
n, B

)

≤ cT log n

log log n
√

n
,

where B is a standard Brownian motion.

The proof of Theorem 2.1 is deferred to Section 5.
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2.2. The infinite server queue M/M/∞. We now turn to the classi-
cal “infinite server” Mλ/Mµ/∞ queue: a potentially unlimited number of
servers attend customers that enter the system following a Poisson process
of intensity λ, requesting service times that are exponentially distributed of
parameter µ (where λ, µ > 0).

Assuming throughout that the system is initially empty, let L♯(t) denote
the number of customers in the system at time t. The process L♯ is a.s. an
element of D; this is an ergodic Markov process which obeys the SDE

L♯(t) = Nλ(t) −
+∞
∑

i=1

∫ t

0
1{L♯(s−)≥i}N i

µ(ds), t ≥ 0,

where Nλ is a Poisson process of intensity λ and the N i
µ’s are independent

Poisson processes of intensity µ. The classical scaling of the process L♯ goes
as follows; we accelerate time by a factor n ∈ N

∗ and divide the size of the
system by n. The corresponding n-th rescaled process is then defined by

L♯
n : t 7−→ Nλn(t)

n
− 1

n

+∞
∑

i=1

∫ t

0
1

{L♯
n(s−)> i

n
}
N i

µ(ds).

It is a well known fact (see e.g. Theorem 6.13 in [15]) that the sequence of

processes
(

L♯
n, n ≥ 0

)

converges in L1 and uniformly over compact sets to

the deterministic function

(4) L♯ : t 7−→ ρ − ρe−µt,

where ρ = λ/µ. Moreover, if we define for all n the process

(5) Z♯
n : t 7−→

√
n

(

L♯
n(t) − L♯(t)

)

,

then the sequence
(

Z♯
n : n ≥ 0

)

converges in distribution to the process Z♯

defined by

(6) Z♯ : t 7−→ Z♯(t) = Z♯(0)e−µt +
∫ t

0
e−µ(t−s)

√

h(s) dB(s),

where h(t) = λ
(

2 − e−µt
)

for all t ≥ 0; see e.g. [2] or Theorem 6.14 in [15].
We have the following result,

Theorem 2.2. For any T > 0, there exists a constant cT > 0 such that for
all n ≥ 1,

dΣ(Z♯
n, Z♯) ≤ cT log n

log log n
√

n
·

We defer the proof of Theorem 2.2 to Section 6.

2.3. Consequences. Let us quote a few functionals which are often encoun-
tered in queueing analysis, and which are regular enough to be elements of
Σ (see Definition 4.2 below). This is the case, first, for the function Ff , that
is defined for any mild enough function f and T > 0, by

Ff :











D −→ R

x =
(

xt, t ∈ [0, T ]
)

7−→ 1

T

∫ T

0
f(xs) ds,
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observing that Ff (X) goes to Eπ [f ] for large T whenever the Markov process
X is ergodic of invariant probability π. The proof is deferred to Remark 2
below. Similarly, for M ≥ 0 and p ≥ 2,

FM,p :















D −→ R

x 7−→
(

∫ T

0
|xs ∧ M |p ds

)1/p

.

also belongs to the set of admissible test functions. Observe that for M and
p large enough, FM,p(x) can be considered as an ersatz to sups≤T |xs|.

For any of these functionals F , if d(PXn, PX) tends to 0 as n−α, then the
distribution of the random variables (F (Xn), n ≥ 1) converges in the sense
of a damped Kantorovith-Rubinstein distance at a rate n−α:

sup
ϕ∈C3

b

∣

∣

∣E
[

ϕ
(

F (Xn)
)]

− E
[

ϕ
(

F (X)
)]∣

∣

∣ ≤ c n−α,

where C3
b is the set of three times differentiable functions from R to R with

bounded derivatives of any order. Note that this kind of result is inaccessible
via the standard Stein’s method in dimension 1, since we usually cannot
achieve the first step of the SM, which consists in devising a functional
characterization of the distribution of F (X).

3. Interpolation of Markov processes

To prove Theorems 2.1 and 2.2, we will be led to bound the distance be-
tween the affine interpolation of the Markov process under consideration (Z†

in the first case, Z♯ in the second), and that of a (time-changed) Brownian
motion, on a finite horizon T > 0.

For fixed T > 0 and n ∈ N
∗, let us denote throughout this paper, by

tn
i , i = 0, ..., n, the points of the discretization of [0, T ] of constant mesh

T/n, namely tn
i = iT/n for all i = 1, ..., n. For a function f ∈ D, denote by

Πnf its affine interpolation on the latter grid, that is, for all t ∈ [0, T ], for

k = 1, ..., n such that t ∈
[

tn
k−1, tn

k

]

,

(7) Πnf(t) =
n

T

(

f (tn
k) − f

(

tn
k−1

)) (

t − tn
k−1

)

+ f
(

tn
k−1

)

.

An immediate computation then shows that for all t ≤ T and for k as above,
we have that

Πnf(t) =
n

T

(

(

f (tn
k) − f

(

tn
k−1

)) (

t − tn
k−1

)

+
k−1
∑

i=1

(

f (tn
i ) − f

(

tn
i−1

)) T

n

)

+f(0)

=
n

T

(

n
∑

i=1

(

f (tn
i ) − f

(

tn
i−1

))

∫ t

0
1[tn

i−1,tn
i )(s) ds

)

+ f(0)

=

√

n

T

(

n
∑

i=1

(

f (tn
i ) − f

(

tn
i−1

))

hn
i (t)

)

+ f(0),(8)

where

(9) hn
i : t 7−→

√

n

T

∫ t

0
1[tn

i−1,tn
i )(s) ds, i = 1, ..., n.
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In what follows, B denotes a standard one dimensional Brownian motion
and observe that ΠnB and Bn defined by (16) below, are equal in law. Let
us define the space

(10) W := WT = {continuous mappings from [0, T ] to R} ,

which, furnished with the sup norm ‖ . ‖W defined for all f ∈ W by ‖ f ‖=
supx∈[0,T ] |f(x)|, is a Banach space.

The Proposition 13.20 in [11] states that for all T > 0, for some c > 0,
we have that

(11) E [‖ ΠnB − B ‖W ] ≤ c n−1/2, for all n ∈ N
∗.

We now estimate the distance between the sample-paths of Birth-and-
Death processes and their interpolation. Specifically,

Lemma 3.1. Let T > 0, n ∈ N
∗, and let X be a N-valued Markov jump

process on [0, T ] of infinitesimal generator A . Suppose that there exist two
constants J ∈ N and α > 0 such that

• the magnitude of the jumps of X is bounded by J > 0, i.e. for all
i, j ∈ N, A (i, j) = 0 whenever |j − i| > J ;

• the intensities of the jumps of X are bounded by nα, i.e. for all
i, j ∈ N, i 6= j, A (i, j) ≤ nα.

Then,

E [‖ X − ΠnX ‖W ] ≤ 2J
log n

log log n
·

Proof. Fix n ∈ N and within this proof, set for tn
i = iT

n for i = 0, ..., n. For
any t ∈ [0, T ], for i ≤ n such that t ∈

[

tn
i−1, tn

i

]

we have that

|X(t) − ΠnX(t)| =
∣

∣

∣

∣

X(t) − X
(

tn
i−1

)

− n

T

(

t − tn
i−1

) (

X (tn
i ) − X

(

tn
i−1

))

∣

∣

∣

∣

≤ 2 sup
t∈[tn

i−1,tn
i ]

∣

∣X(t) − X
(

tn
i−1

)∣

∣ ,

so that

(12) E [‖ X − ΠnX ‖W ] ≤ 2E



 max
i∈[0,n−1]

sup
t∈[tn

i−1;tn
i ]

∣

∣X(t) − X
(

tn
i−1

)∣

∣



 .

But for any i and any t ∈
[

tn
i−1, tn

i

]

, we have that
∣

∣X(t) − X
(

tn
i−1

)∣

∣ ≤ J
(

Ai
n + Di

n

)

,

where Ai
n and Di

n denote respectively the number of up and down jumps of
the process X within the interval

[

tn
i−1, tn

i

]

. In turn, by assumption Ai
n +Di

n

is stochastically dominated by a Poisson r.v., say P i, of parameter αnT
n =

αT . All in all, we obtain with (12) that

E [‖ X − ΠnX ‖W ] ≤ 2J E

[

max
i∈[1,n]

P i

]

,

and we conclude using Proposition A.1. � �
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4. A functional Stein method

4.1. Stein’s method in a nutshell. Say that we want to compare a dis-
tribution ν on R

n, q ≥ 1, to the standard Gaussian distribution on R
n,

denoted by µn. Consider the processes

(13) t 7→ X(x, t) = e−tx +
√

2
∫ t

0
e−(t−s) dBn(s), x ∈ R

n,

where Bn is an ordinary Brownian motion in R
n. For all x, it is a Gaussian

process whose distribution at time t is a Gaussian law of mean e−tx and
covariance matrix (1 − e−2t)Idn. For t ≥ 0, x ∈ R

n, let

Qn
t f(x) = E [f(X(x, t))] =

∫

Rn
f(e−tx + βty) dµn(y),

where βt =
√

1 − e−2t. The dominated convergence theorem entails that

Qn
t f(x)

t→∞−−−→
∫

Rn
f dµn, x ∈ R

n.

Moreover, the Dynkin Lemma and the ItÃť formula entail (see [10]) that

(14) Qn
t f(x) − f(x) =

∫ t

0
AnQn

s f(x) ds, x ∈ R
n, t ≥ 0,

where for f regular enough

Anf(x) =:
d

dt
(Qn

t f)(x)

∣

∣

∣

∣

t=0
= 〈x, dnf(x)〉

Rn − ∆nf(x).

The notation dnf represents the usual gradient of f : R
n → R and ∆nf is

its Laplacian. Integrate both sides of (14) with respect to ν to obtain the
so-called Stein-Dirichlet representation: for any f in a well chosen functional
space F (i.e. we must at least require that the previous limits do exist and
that AnQnf is well defined and integrable for f ∈ F),

(15) dF
(

ν, µn
)

= sup
f∈F

∫

Rn

∫ ∞

0
AnQn

s f(x) ds dν(x).

This formula is the first step of the modern approach to the Stein’s method,
see [8].

4.2. Generalization to infinite dimension. As we mentioned above, the
proofs of Theorems 2.1 and 2.2 critically rely on bounding the distance be-
tween the affine interpolations of the Markov processes under consideration
and their diffusion approximations. For this, we need to go to a functional
setup, that is, to bound a similar expression to (15) when the target measure
is that of a Gaussian process, instead of a d-dimensional Gaussian random
variable. This is done in the main result of this section, Theorem 4.5.

Fix T > 0 and an integer n ≥ 1. Recall (9), and define the following
subspace of W ,

Wn = span{hn
j , j = 1, · · · , n},

equipped with the sup-norm ‖ . ‖W . Now define the process

(16) Bn =
n
∑

j=1

Yj hn
j ,
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where (Yj, j = 1, · · · , n) is a Gaussian vector of distribution µn. Clearly, Bn

belongs to Wn with probability 1, thereby defining a Gaussian distribution,
denoted by πn, on Wn. We also need a space to define the gradients. For
this, we now consider the space

Hn = span{hn
j , j = 1, · · · , n}

equipped with the scalar product

〈h, g〉Hn
=
∫ T

0
h′(s)g′(s) ds, h, g, ∈ Hn.

Remark 1. Distinguishing between the spaces Hn and Wn may seem spuri-
ous, as these are algebraically the same set, and only differ by their norms.
Actually, Wn (respectively, Hn) is the image by the map Πn defined by (7),
of the set W defined by (10) (resp., of the Banach set H - dense in W - that
is defined by (23) below). An intuitive explanation of our need to introduce
the space H is as follows: As mentioned above, the control of the properties
of the solution of the Stein equation requires dealing with the derivative of
this function. In functional spaces, the usual notion of derivative is replaced
by that of FrÃľchet differential: A function F from W into R is FrÃľchet
differentiable whenever for any w, w′ ∈ W , the function

ε 7−→ F (w + ε w′)

is differentiable with respect to ε in a neighbor of 0. For technical reasons,
which are detailed in [7], assuming that F is FrÃľchet differentiable in a
probabilistic context is too stringent a condition. It turns out that the notion
of weak differentiability, i.e. the function

ε 7−→ F (w + ε h)

is differentiable with respect to ε in a neighbor of 0 for any w ∈ W and
h ∈ H is sufficient for what we aim to do, and do not put too strong a
constraint on F . Hence the necessity of considering W (the space into which
the sample-paths of our processes take place) and H (the set of the admissible
directions of differentiation), and thus to distinguish between the spaces Wn

and Hn at the level of the interpolated processes.

The space H
⊗(2)
n is then the vector space

H⊗(2)
n = span

{

hn
j ⊗ hn

k =
(

(s1, s2) 7−→ hn
j (s1)hn

k (s2)
)

, j, k = 1, · · · , n
}

,

equipped with the scalar product: For any h, g ∈ H
⊗(2)
n ,

〈h, g〉
H

⊗(2)
n

=
∫ T

0

∫ T

0

∂2h

∂s1∂s2
(s1, s2)

∂2g

∂s1∂s2
(s1, s2) ds1 ds2.

For a regular enough function f : Wn → R, we denote by Dnf its differen-
tial, i.e. for any w ∈ Wn, for any h ∈ Hn,

(17) 〈Dnf(w), h〉Hn
=

d

dε
f(w + εh)

∣

∣

∣

∣

ε=0
.
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We even need to iterate this definition and consider the second order differ-
ential, for any w ∈ Wn, for any h1, h2 ∈ Hn,

(18)
〈

D(2)
n f(w), (h1, h2)

〉

H
⊗(2)
n

=
∂2

∂ε1∂ε2
f(w + ε1h1 + ε2h2)

∣

∣

∣

∣

∣

ε1=ε2=0

.

The map

Tn :











R
n −→ Wn

(y1, · · · , yn) 7−→
n
∑

j=1

yj hn
j ,

is a morphism of probability spaces, i.e. it is linear, continuous and preserves
the probability measures: the image measure of µn by Tn is actually πn.
Then, we can generalize the construction we just followed on R

n to the
finite dimensional space Wn. The family of maps (P n

t , t ≥ 0) is defined as
follows: P n

0 = Id and for all t > 0,

P n
t :







L1(πn) −→ L1(πn)

f 7−→
(

w 7−→ P n
t f(w) =

∫

Wn

f(e−tw + βtζ) dπn(ζ)
)

Since Tn is linear and since πn is the image of µn by Tn, we easily see that
for any t ≥ 0

Qn
t (f ◦ Tn) =

(

P n
t f
)

◦ Tn,

which can be written

(19) P n
t f = Qn

t (f ◦ Tn) ◦ T −1
n .

Thus, (P n
t , t ≥ 0) is a semi-group such that

P n
t f(w)

t→∞−−−→
∫

Wn

f dπn, w ∈ Wn.

From (19), we also infer that for f : Wn → R twice differentiable,

Lnf =:
d

dt
(P n

t f)
∣

∣

∣

∣

t=0
= An(f ◦ Tn) ◦ T −1

n .

Hence, we have that

(20) P n
t f(w) − fn(w) =

∫ t

0
LnP n

s f(w) ds, w ∈ Wn, t ≥ 0,

where for f regular enough

Lnf(w) = 〈Dnf(w), w〉Hn
−

n
∑

j=1

〈

D(2)f(w), hn
j ⊗ hn

j

〉

H
⊗(2)
n

.

Thus, for any measure νn on Wn,

(21) dFn

(

νn, πn
)

= sup
f∈Fn

∫

Wn

∫ ∞

0
LnP n

s f(w) ds dνn(w),

where Fn is a space of regular enough test functions from Wn into R. We
can now precise which kind of test functions we are going to consider. In
view of (21), it must contains twice differentiable functions but for technical
reasons, we need more than that.
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Definition 4.1. A function f : Wn → R is said to belong to the class Σn

whenever it is 1-Lipschitz continuous, twice differentiable in the sense of
(18), and we have
(22)

sup
w∈Wn

∣

∣

∣

∣

〈

D(2)
n fn(w) − D(2)

n fn(w + g), h ⊗ k
〉

H
⊗(2)
n

∣

∣

∣

∣

≤ ‖g‖W ‖h‖L2‖k‖L2 ,

for any g ∈ Wn, h, k ∈ Hn.

Actually, in the definition of the distance between distributions of pro-
cesses, the test functions are defined on the whole space W . Hence, we must
find a class of functions whose restriction to Wn belong to Σn for any n ≥ 1.
This involves the notion of H-differential on W . Let

(23) H =
{

h, ∃!h′ ∈ L2([0, T ]) such that h(t) =
∫ t

0
h′(s) ds

}

.

It is an Hilbert space when equipped with the scalar product

〈h, g〉H =
∫ T

0
h′(s)g′(s) ds.

A function f : W → R is said to be twice H-differentiable whenever for any
w ∈ W , for any h ∈ H, the function

{

R −→ R

ε 7−→ f(w + εh)

is twice differentiable in a neighbor of 0. We denote by Df and D(2)f its
first and second order gradient, defined by

〈Df(x), h〉H =
d

dε
f(x + εh)

∣

∣

∣

∣

ε=0
,

〈

D(2)f(x), h1 ⊗ h2

〉

H⊗(2)
=

∂2

∂ε1∂ε2
f(w + ε1h1 + ε2h2)

∣

∣

∣

∣

∣

ε1=ε2=0

.

Definition 4.2. The class Σ is the set of 1-Lipschitz continuous, twice H-
differentiable functions such that

sup
w∈W

∣

∣

∣

〈

D(2)f(w) − D(2)f(w + g), h ⊗ k
〉

H⊗(2)

∣

∣

∣ ≤ ‖g‖W ‖h‖L2‖k‖L2 ,

for any g ∈ W, h, k ∈ H.

For f : W → R, let fn = f|Wn
. If f is once H-differentiable, then, we

have that for any wn ∈ Wn, any j ∈ {0, · · · , n − 1},

(24)
〈

Df(e(wn)), hj
n

〉

H
=

d

dt
f(e(wn + εhj

n))
∣

∣

∣

∣

ε=0
=

d

dt
fn(wn + εhj

n)
∣

∣

∣

∣

ε=0

=
〈

Dnfn(wn), hj
n

〉

Hn

.

Thus, it is straightforward that if f belongs to Σ then fn belongs to Σn for
any n ≥ 1.
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Remark 2. We can now show how to prove that the functionals mentioned
in the introduction do belong to Σ. Consider the first one :

Ff (x) =
1

T

∫ T

0
f(xs) ds.

Then, for any x, y ∈ W ,

|Ff (x) − Ff (y)| ≤ ‖x − y‖W

provided that f is Lipschitz continuous. Moreover, a classical computation
shows that
〈

D(2)Ff (x + g) − D(2)f(x), h ⊗ k
〉

H⊗(2)

=
1

T

∫ T

0

(

f ′′(xs + g(s)) − f ′′(xs)
)

hsks ds.

Hence Ff belongs to Σ as long as f ′′ does exist and is Lipschitz continuous.
The other cases are handled similarly.

4.3. Functionals of Poisson marked point processes. Let Nν be a
marked point process on E = [0, T ] × R

+ whose jump times are denoted
by (Tn, n ≥ 1), and jumps magnitude by (Zn, n ≥ 1). It is said to be a
Poisson marked point process of (diffuse) control measure ν whenever for
any function u =

(

u(s, z), s ∈ [0, T ], z ∈ R
+
)

in L2(ν), the process

t 7−→ (∇∗
νu)(t) =

∑

Tn≤t

u(Tn, Zn) −
∫ t

0

∫

R+
u(s, z) dν(s, z)

is a square integrable martingale. We set

(25) ∇∗
νu = (∇∗

νu)(T ).

Consider the so-called discrete gradient [9, 14],

∇s,zf(Nν) = f(Nν + εs,z) − f(Nν), s ∈ [0, T ], z ∈ R
+,

where Nν + εs,z represents the sample-path Nν to which we add an atom
at time s of size z. Since ν is diffuse, there is a zero probability that an
atom at time s already exists in Nν . Similarly, we denote by Nν − εs,z the
sample-path Nν to which we remove the atom εs,z provided it is present in
Nν , otherwise Nν remains unchanged.

Definition 4.3. We define the domain of ∇ as

dom ∇ =

{

f, E

[

∫

[0,T ]×R+
|∇s,zf(Nν)|2 dν(s, z)

]

< ∞,

}

.

We then have the integration by parts formula [9]:

Lemma 4.4. For u ∈ L2(ν), for f ∈ dom ∇, we have that

(26) E [f(Nν) ∇∗
νu] = E

[

∫

[0,T ]×R+
∇s,zf(Nν) u(s, z) dν(s, z)

]

.

For the sake of completeness, we reproduce the proof of this identity,
which is a mere rewriting of the Campbell-Mecke formula for Poisson pro-
cesses.

11



Proof. By the very definition of ∇,

(27) E

[
∫

E
∇s,zf(Nν) u(s, z) dν(s, z)

]

= E

[
∫

E
f(Nν + εs,z)u(s, z) dν(s, z)

]

− E

[
∫

E
f(Nν)u(s, z) dν(s, z)

]

.

The Campbell-Mecke formula for Poisson processes says that

(28) E

[
∫

E
f(Nν + εs,z)u(s, z) dν(s, z)

]

= E



f(Nν)
∑

Tn≤T

u(Tn, Zn)



 .

Plug (28) into the right-hand-side of (27) to obtain (26). � �

Remark 3. If we have an unmarked Poisson process of intensity dν(s) =
ν ds, then (26) still holds by suppressing all occurrences of the z variable.

We are now equipped to prove the cornerstone theorem of our paper. For
un

j , j = 1, · · · , n a family of elements of L2([0, T ] × R
+, ν), set

un(s, z, t) =
n
∑

j=1

un
j (s, z) hn

j (t) and ∇∗
νun(t) =

n
∑

j=1

∇∗
ν(un

j ) hn
j (t).

For any j ∈ {1, · · · , n}, let

(29) ξ2
j,n =

∫ T

0

∫

R+
un

j (s, z)2 dν(s, z)

and consider

Γξn = diag(ξ2
j,n, j = 1, · · · , n).

Furthermore, take Y = (Yj , j ≥ 1) a family of independent standard Gauss-
ian random variables and let

(30) Bξn(t) =
n
∑

j=1

ξj,n Yj hn
j (t).

Theorem 4.5. Assume that (un
j , j = 1, · · · , n) is an orthogonal family of

elements of L2(ν). Then, for any fn ∈ Σn,

|E [fn(Bξn)] − E [fn(∇∗
νun)]|

≤ n−3/2T 2

4

n
∑

j,k,l=1

ξj,nξk,nξl,n

∫

[0,T ]×R+
|un

j (s, z)un
k (s, z)| |un

l (s, z)| dν(s, z),

where ∇∗
ν is defined by (25).

Proof. For the sake of notational simpicity, we remove the suffix n as it is
fixed along the proof. Note that in view of (24), there is no ambiguity to
denote Dn as D since they coincide on Wn. To shorten the equations, E
stands for [0, T ] × R

+ and x = (s, z) is a generic point of E.
12



Dividing each un
j by ξj,n, j ≥ 1, it is sufficient to prove the result for

ξj,n = 1, j ≥ 1. Now recall (16). First, in view of (20),

(31) E [f(Bn)] − E [f(∇∗
νu)] = −

n
∑

j=1

∫ ∞

0
E
[

∇∗
νuj 〈DPtf(∇∗

νu) , hj〉H

]

dt

+
n
∑

j=1

∫ ∞

0
E
[〈

D(2)Ptf(∇∗
νu) , hj ⊗ hj

〉

H⊗(2)

]

dt.

According to the integration by parts formula (26) and to the fundamental
theorem of calculus, we get that

n
∑

j=1

E
[

∇∗
νuj 〈hj , DPtf(∇∗

νu)〉H

]

=
n
∑

j=1

E

[

∫

E
uj(x)

〈

DPtf
(

∇∗
νu + u(x)

)

− DPtf
(

∇∗
νu
)

, hj

〉

H
dν(x)

]

=
n
∑

j,k=1

E

[

∫

E

∫ 1

0
uj(x)uk(x)

〈

D(2)Ptf
(

∇∗
νu + r u(x) , hj ⊗ hk

)

〉

H⊗(2)
dr dν(x)

]

.

But as the uk’s are orthonormal,

E





n
∑

j=1

〈

D(2)Ptf
(

∇∗
νu
)

, hj ⊗ hj

〉

H⊗(2)





= E





n
∑

j,k=1

∫

E

∫ 1

0
uj(x)uk(x)

〈

D(2)Ptf
(

∇∗
νu
)

, hj ⊗ hk

〉

H
dr dν(x)



 .

Since f belongs to Σn, the right-hand-side of (31) becomes

n
∑

j,k=1

∫ ∞

0

∫

E

∫ 1

0
E
[〈

D(2)Ptf
(

∇∗
νu + ru(x)

)

− D(2)Ptf
(

∇∗
νu
)

, hj ⊗ hk

〉

H⊗(2)

]

× uj(x)uk(x) dr dν(x) dt

≤
n
∑

j,k=1

‖hj‖L2‖hk‖L2

∫

E
‖u(x)‖W |uj(x) uk(x)| dν(x)

(

∫ T

0
r dr

)

(
∫ ∞

0
e−2t dt

)

.

Observing that

‖u(x)‖W ≤
n
∑

l=1

|ul(x)| ‖hl‖W = n−1/2
n
∑

l=1

|ul(x)|,

the result follows by recalling that ‖hj‖L2 ≤ n−1/2 for all j ∈ {1, · · · , n}.
� �

5. Proof of Theorem 2.1

We now turn to the proof of Theorem 2.1. Fix T ≤ x
µ−λ . Then for all

n ∈ N
∗ we readily have that

(32) dΣ

(

Z†
n, B

)

≤ dΣ

(

Z†
n, ΠnZ†

n

)

+ dΣ(ΠnZ†
n, ΠnB) + dΣ(ΠnB, B).

13



First observe that the function L† is affine, and hence coincides with ΠnL†

on [0, T ]. Moreover, the operator Πn is linear and the elements of Σ are
1-Lipschitz-continuous, thus we have that for all n,

dΣ(Z†
n, ΠnZ†

n) ≤ E
[

‖ Z†
n − ΠnZ†

n ‖W

]

≤ 1
√

n(λ + µ)
E
[

‖ L†
n − ΠnL†

n ‖W

]

≤ c log n

log log n
√

n
,(33)

where the last inequality follows from applying Lemma 3.1 to the Markov

processes
(

L†
n : n ≥ 1

)

for J ≡ 1 and α ≡ λ ∨ µ. Now, for any n ∈ N
∗, if we

let τn
0 = inf{t > 0, L†

n(t) = 0}, for any F ∈ Σ we have that

(34) E
[
∣

∣

∣F
(

ΠnZ†
n

)

− F (ΠnB)
∣

∣

∣

]

= E
[
∣

∣

∣F
(

ΠnZ†
n

)

− F (ΠnB)
∣

∣

∣1{T <τn
0 }

]

+ E
[∣

∣

∣F
(

ΠnZ†
n

)

− F (ΠnB)
∣

∣

∣1{T ≥τn
0 }

]

.

We first prove that for some c > 0,

(35) E
[∣

∣

∣F
(

ΠnZ†
n

)

− F (ΠnB)
∣

∣

∣1{T <τn
0 }

]

≤ c√
n

, n ∈ N
∗.

Fix n ∈ N
∗. On the event {T < τn

0 }, for any t ∈ [0, T ) we have that

Z†
n(t) =

1√
λ + µ

(√
λ

(

Nnλ(t)√
λn

−
√

λnt

)

− √
µ

(

Nnµ(t)√
µn

− √
µnt

))

=:
1√

λ + µ

(

Z†
λ,n(t) − Z†

µ,n(t)
)

.

To apply Theorem 4.5, it is useful to represent the processes Z†
n, n ≥ 1 as

marked Poisson processes. For this, we fix n ∈ N
∗, and let N †

n(λ+µ) be the

marked Poisson point process on [0, T ] × {−1, 1} of control measure

dν†
n(s, r) = n(λ + µ) ds ⊗

( λ

λ + µ
ε1( dr) +

µ

λ + µ
ε−1( dr)

)

,

that is, an ordinary Poisson process on the positive half-line with intensity
n(λ + µ), such that each atom is assigned a mark +1 or −1, independently
of everything else, with respective probability λ(λ + µ)−1 and µ(λ + µ)−1.
By the thinning property of Poisson processes, the point process counting
the atoms of N †

n(λ+µ) with mark +1 (respectively −1) is Poisson of intensity

nλ (respectively nµ). For any t ∈ [0, T ], let

vt :

{

[0, T ] × {−1, 1} −→ R

(s, r) 7−→ 1√
n(λ+µ)

r 1[0,t)(s),

and define for all i = 1, · · · , n,

u†
i (s, r) =

√

n

T

(

vtn
i
(s, r) − vtn

i−1
(s, r)

)

=
1

√

T (λ + µ)
r 1[tn

i−1,tn
i )(s).

Then, it is easily checked that

Z†
n(t)

dist
= ∆∗

ν†
n
vt, t ≤ T,

14



which, recalling (8) and (9), yields to

ΠnZ†
λ,n

dist
=

n
∑

i=1

∆∗
ν†

n
u†

i hn
i .

It is then clear that for all i, j ≤ n,
∫

[0,T ]×{−1,1}
u†

i (s, r)u†
j(s, r) dν†

n(s, r) = δij ,

so {u†
i , i = 1, · · · , n} is an orthogonal family. Moreover, comparing (8)

to (30), we readily obtain that ΠnB
dist
= Bξ† when letting ξ†

j,n = 1 for all
j = 1, · · · , n. Consequently, (35) follows from Theorem 4.5 and the fact that

n
∑

j,k,l=1

∫

E
|u†

ju†
ku†

l | dν†
n =

1

T 3/2
√

λ + µ

n
∑

i=1

∫ tn
i

tn
i−1

n ds =
n

√

T (λ + µ)
·

Regarding the second term on the right-hand side of (34), observe that F is
in particular bounded, so there exists a constant c′ such that for all n ∈ N

∗,

E
[
∣

∣

∣F (ΠnZ†
n) − F (ΠnB)

∣

∣

∣1{T >τn
0 }

]

≤ c P [T > τn
0 ] .

But P [T > τn
0 ] tends to 0 with exponential speed from Theorem 11.9 of [17]:

if ρ < 1, for any x > 0 and any y < 0,

lim
n→∞

1

n
log P

[

τn
0 ≤ x

λ − µ
+ y

]

= −f(y),

where f is strictly positive on (0, ∞). This shows that for some c′′,

E
[∣

∣

∣F (Z†
n) − F (B)

∣

∣

∣1{T >τn
0 }

]

≤ c′′e−n

for all n which, together with (35) in (34), shows that for some constant c,
for all n ∈ N

∗,

dΣ(ΠnZ†
n, ΠnB) ≤ c√

n
.

This, together with (33) and (11) in (32), concludes the proof.

6. Proof of Theorem 2.2

We now turn to the speed of convergence in the diffusion approximation
of the infinite server queue. Fix T > 0 throughout this section.

6.1. An integral transformation. We know from eq. (6.23) of [15] that

the sequence of processes
(

Y ♯
n : n ≥ 1

)

defined for all n ≥ 1 by

(36) t 7→ Y ♯
n(t) := Z♯

n(t) − Z♯
n(0) + µ

∫ t

0
Z♯

n(s) ds

converges in distribution to the time-changed standard brownian motion
B ◦ γ, where

(37) γ(t) = 2λt − λ

µ
(1 − e−µt), t ≥ 0.

This integral transformation of the processes Z♯
n, n ≥ 1 will turn out to be

useful to bound the rate of convergence of {Z♯
n} to the Ornstein-Uhlenbeck

process Z♯ defined by (6). Specifically, as will be shown below, the latter
15



rate of convergence is in fact bounded by that of {Y ♯
n} to the time-changed

brownian motion B ◦ γ. First observe that

Proposition 6.1. The mapping

Θ :







D −→ R × D
0
T

f 7−→
(

f(0) , f(.) − f(0) + µ

∫ .

0
f(s)ds

)

is linear, continuous (for the Skorohod topology on D), and one to one.

Proof. Let us fix η ∈ D
0
T and consider the following integral equation of

unknown function z,

z(t) − z(0) = −µ

∫ t

0
z(s) ds + η(t).

We clearly have for all t ≥ 0,

z(t) = z(0)e−µt + η(t) − µ

∫ t

0
e−τ(t−s)η(s) ds,

hence Θ is bijective and for all (x, η) ∈ R × D
0
T ,

Θ−1(x, η) =
(

t 7−→ xe−µt + η(t) − µ

∫ t

0
e−µ(t−s)η(s) ds

)

.(38)

Linearity and continuity are then straightforward. � �

Also,

Lemma 6.2. On the subset of {0} × Θ(D) whose image by Θ−1 is in D,
Θ−1 is linear and continuous.

Proof. For all η, ω ∈ Θ(D) and all t ≤ T , we have that

Θ−1(0, η)(t) − Θ−1(0, ω)(t) = η(t) − ω(t) − µ

∫ t

0
e−µ(t−s)(η(s) − ω(s)) ds.

Hence, by an immediate change of variable we get that

‖ Θ−1(0, η) − Θ−1(0, ω) ‖W <‖ η − ω ‖W +µ ‖ η − ω ‖W

√

∫ T

0
e−2µs ds,

so that for some positive constant k,

‖ Θ−1(x, η) − Θ−1(y, ω) ‖W < k ‖ η − ω ‖W .

This completes the proof. � �

We obtain the following,

Corollary 6.3. These exists a positive constant c such that that for all
n ∈ N

∗,

dΣ(ΠnZ♯
n, Z♯) ≤ c dΣ(ΠnY ♯

n , B ◦ γ).
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Proof. In view of the weak convergence Z♯
n ⇒ B ◦ γ, the linearity and con-

tinuity of Θ and the Continuous Mapping Theorem, we have the weak con-
vergence

Θ(Z♯
n) = (0, Y ♯

n) ⇒ (0, B ◦ γ) .

However, expression (6.34) in [15] shows that for all t, Θ
(

Z♯
)

= (0, B ◦ γ)

which, together with the linearity of Θ and of the operator Πn for all n,
concludes the proof. �

6.2. Alternative representation. With Corollary 6.3 in hand, we are ren-

dered to assess the rate of convergence of
(

Y ♯
n : n ≥ 0

)

to the time-changed

brownian motion B ◦ γ. For that purpose, we aim at applying again Theo-
rem 4.5 and, as above, it is useful for this to view the processes L♯

n, n ≥ 1
as simple functions of marked Poisson processes.

Specifically, following Section 7.2 of [15], we have the following alterna-
tive representation of the process L♯: A point (x, z) represents a customer
arriving at time x and requiring a service of duration z, and we let Nλ,µ be
a Poisson process on R

+ × R
+ of control measure λ dx ⊗ µe−µz dz. At any

time t ≥ 0, the number of busy servers at t equals the number of points
located in the shaded trapeze bounded by the axes of equation x = 0 and
x = t, and above the line z = t − x: in other words,

L♯(t) =
∫

Ct

dNλ,µ(x, z), t ≥ 0,

where

(39) Ct = {(x, z), 0 ≤ x ≤ t, z ≥ t − x}.

x

z

tx3

z3

x3 + z3

= exit time of the 3rd customer

z=t−x

T

•

•

•

•

•

L♯(t) = 2

Figure 1. Representation of the M/M/∞ queue

Fix a positive integer n throughout this section. After scaling, for all
t ≥ 0 we get that

L♯
n(t) =

1

n
Nλn,µ(Ct).

17



Let us denote for all (x, z) in the positive orthant by

dν♯
n(x, z) := λn dx ⊗ µe−µz dz,

the control measure of Nnλ,µ. As readily follows from (4), the fluid limit L♯

can be written as

L♯(t) =
1

n

∫

1Ct(x, z) dν♯
n(x, z), t ≥ 0,

in a way that

(40) Z♯
n(t) =

1√
n

∫

1Ct

(

dNλn,µ − dν♯
n

)

, t ≥ 0,

for Ct defined by (39). We deduce that for all t ≥ 0,

(41)

Y ♯
n(t) =

1√
n

∫

1Ct

(

dNλn,µ − dν♯
n

)

+µ

∫ t

0

1√
n

∫

1Cs

(

dNλn,µ − dν♯
n

)

du

=
1√
n

∇∗
λn,µ(1Ct) + µ

∫ t

0

1√
n

∇∗
λn,µ(1Cu) du,

where ∇∗
λn,µ is defined by (25).

6.3. Reduction to the finite dimension. Fix n ∈ N
∗ and recall (8). It

follows from (41) that

ΠnY ♯
n =

n
∑

i=1

1√
T

(

∇∗
λn,µ

(

1Ctn
i

− 1Ctn
i−1

)

+ µ

∫ tn
i

tn
i−1

∇∗
λn,µ(1Cu) du

)

hn
i

=
n
∑

i=1

∇∗
λn,µ(u♯

i) hn
i ,

where for all i = 1, · · · , n and all (x, z) ∈ R
2,

(42) u♯
i(x, z) =

1√
T

(

1Ctn
i

(x, z) − 1Ctn
i−1

(x, z) + µ

∫ tn
i

tn
i−1

1Cu(x, z) du

)

.

Let us denote for any i = 1, · · · , n,

ξ♯
i,n :=

√

γ (tn
i ) − γ

(

tn
i−1

)

.

The following result is proven in appendix B,

Proposition 6.4. For any n, the family
(

u♯
i, i = 1, · · · , n

)

has the following
properties:

(i) It is orthogonal in L2
(

ν♯
n

)

;

(ii) For some constant c independent of n,
n
∑

i=1

n
∑

j=1

n
∑

k=1

∫

E
|u♯

iu
♯
ju

♯
k| dν♯

n ≤ nc.

(iii) For any i ∈ {1, · · · , n},
∫ ∫

u♯
iu

♯
i dν♯

n =
n

T
(ξ♯

i,n)2.
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Notice that for a large enough n, for all t ≥ 0,
n

t
(ξ♯

i,n)2 i/n→t−−−−→ γ′(t) and for a fixed i,
n

t
(ξ♯

i,n)2 n→∞−−−→ γ′(0).

We thus have the following result,

Proposition 6.5. For some c, for all positive integer n, the respective in-
terpolations of Y ♯

n and B ◦ γ satisfy

dΣ(ΠnY ♯
n , Πn(B ◦ γ)) ≤ c√

n
.

Proof. Fix n ∈ N
∗. It is an immediate consequence of (8) and (30) that

πn(B ◦ γ)
dist
=

n
∑

j=1

Y ♯
j hn

j = Bξ♯ ,

where
(

Y ♯
k , k = 1, · · · , n

)

is a family of independent centered Gaussian ran-

dom variables such that var(Y ♯
k ) = (ξ♯

k)2 for all k. From assertion (i) of
Proposition 6.4, we can apply Theorem 4.5 : for any f ∈ Σ,

∣

∣

∣E
[

f(Bξ♯)
]

− E
[

f(∇∗
λn,µ(u♯))

]∣

∣

∣ ≤ n−3/2T 2

4

n
∑

j,k,l=1

∫

E
|u♯

ju♯
k| |u♯

l | dν♯
n.

Assertions (ii) and (iii) of Proposition 6.4 allow us to conclude. �

6.4. Proof of Theorem 2.2. We are now in position to prove Theorem
2.2. For all n ∈ N

∗,. We have that

(43) dΣ(Z♯
n, Z♯)

≤ dΣ(Z♯
n, ΠnZ♯

n) + dΣ(ΠnZ♯
n, Z♯)

≤ dΣ(Z♯
n, ΠnZ♯

n) + c dΣ(ΠnY ♯
n , B ◦ γ)

≤ dΣ(Z♯
n, ΠnZ♯

n) + c dΣ(ΠnY ♯
n , ΠnB ◦ γ) + c dΣ(ΠnB ◦ γ, B ◦ γ),

where we applied Corollary 6.3 in the second inequality. Now define the
stopping times

τ ♯
n = inf {t ≥ 0 : Nnλ(t) ≥ 2λnT } , n ∈ N

∗.

Then, as all functions of Σ are bounded and Lipschitz continuous we obtain
that for all n,

(44) dΣ

(

Z♯
n, ΠnZ♯

n

)

≤ sup
F ∈Σ

E

[

∣

∣

∣F
(

Z♯
n

)

− F
(

ΠnZ♯
n

)∣

∣

∣1{
T <τ ♯

n

}

]

+ c P
[

T ≥ τ ♯
n

]

≤ E

[

‖ Z♯
n − ΠnZ♯

n ‖W 1{
T <τ ♯

n

}

]

+ c P
[

T ≥ τ ♯
n

]

≤ E

[

‖ Z♯
n

(

. ∧ τ ♯
n

)

− Πn

(

Z♯
n

(

. ∧ τ ♯
n

))

‖W 1{
T <τ ♯

n

}

]

+ c P
[

T ≥ τ ♯
n

]

.

On the one hand, from Tchebychev inequality we have that for all n,

(45) P
[

T ≥ τ ♯
n

]

= P [Nnλ(T ) ≥ 2λnT ] ≤ Var (Nnλ(T ))

(λnT )2
≤ c

n
·
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Also, for any n, on {T < τ ♯
n} we have that

L♯
n

(

t ∧ τ ♯
n

)

≤ Nnλ(t) ≤ 2λnT,

therefore the Markov process L♯
n

(

. ∧ τ ♯
n

)

satisfies to the Assumptions of

Lemma 3.1 for J ≡ 1 and α ≡ λ ∨ (µT ). Thus we obtain as in (33) that for
all n,

(46) E

[

‖ Z♯
n

(

. ∧ τ ♯
n

)

− Πn

(

Z♯
n

(

. ∧ τ ♯
n

))

‖W 1{
T <τ ♯

n

}

]

≤ 1√
n

E
[

‖ L♯
n − ΠnL♯

n ‖W

]

+
√

n ‖ L♯ − ΠnL♯ ‖W

≤ c log n

log log n
√

n
, ·

where, recalling (4), we use the fact that
√

n ‖ L♯ − ΠnL♯ ‖W ≤ 2
√

n max
i∈[0,n−1]

sup
t∈
[

tn
i ;

(i+1)T

n

]

∣

∣

∣e−µt − e−µ iT
n

∣

∣

∣

≤ 2
√

n
(

e− µ
n − 1

)

≤ c√
n

.

Finally, gathering (46) with (45) in (44) entails that for all n,

dΣ(Z♯
n, ΠnZ♯

n) ≤ c log n√
n

which, together with with Proposition 6.5 and (11) in (43), concludes the
proof.

Appendix A. Moment bound for Poisson variables

By following closely Chapter 2 in [3], we show hereafter a moment bound
for the maximum of n Poisson variables. (Notice that, contrary to Exercise
2.18 in [3] we do not assume here that the Poisson variables are independent.)

Proposition A.1. Let n ∈ N and let Xi, i = 1, · · · , n be Poisson random
variables of parameter ν. Then for some c depending only on ν we have that

(47) E

[

max
i=1,··· ,n

Xi

]

≤ c
log n

log log n
·

Proof. Denote for all i, Zi = Xi − ν, and by ΨZi
the moment generating

function of Zi. By Jensen’s inequality and the monotonicity of exp(.) we get
that

exp
(

uE

[

max
i=1,··· ,n

Zi

])

≤ E

[

max
i=1,··· ,n

exp(uZi)
]

≤
n
∑

i=1

E [exp(uZ1)] ≤ n exp (ΨZi
(u)) .

After a quick algebra, this readily implies that

E

[

max
i=1,··· ,n

Zi

]

≤ inf
u∈R

(

log n + ν (eu − u − 1)

u

)

=
log n + ν

(

e a
W (a) − 1 − W (a) − 1

)

1 + W (a)
,
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where W is the so-called Lambert function, solving the equation W (x)eW (x) =

x over [−1/e, ∞], and a = log(n/eν)
eν . This entails in turn that

E

[

max
i=1,··· ,n

Xi

]

≤ νe
a

W (a)
− ν + ν =

log (n/eν)

W (log(n/eν)/eν)
·

We conclude by observing that W (z) ≥ log(z) − log log(z) for all z > e.
Therefore there exists c > 0 such that for n ≥ exp

(

eν+1 + ν
)

,

E

[

max
i=1,··· ,n

Xi

]

≤ log (n/eν)

log(log(n/eν)/eν) − log log(log(n/eν)/eν)
≤ c

log n

log log n
,

which completes the proof. �

Appendix B. Proof of Proposition 6.4

Fix n throughout this section, and denote for all i = 0, ..., n − 1 and
(x, z) ∈ R

2,

αi(x, z) = 1Ctn
i

(x, z), βi(x, z) =
∫ tn

i+1

tn
i

1Cu(x, z) du.

Proof of (i). Recall (42), and fix two indexes 0 ≤ i < j ≤ n − 1. We have
that

(48)
∫ ∫

u♯
iu

♯
j dν♯

n =
∫ ∫

(αi+1 − αi) (αj+1 − αj) dν♯
n

+µ

∫ ∫

βi (αj+1 − αj) dν♯
n+µ

∫ ∫

βj (αi+1 − αi) dν♯
n+µ2

∫ ∫

βjβj dν♯
n

=: I1 + I2 + I3 + I4,

where straightforward computations show that

I1 = λn
(

2e−µ(tn
j −tn

i ) − e−µ(tn
j −tn

i+1) − e−µ(tn
j −tn

i−1)
)

;

I2 =
λn

µ

(

2e−µ(tn
j −tn

i ) − e−µ(tn
j −tn

i+1) − e−µ(tn
j −tn

i−1)
)

− λ
(

e−µtn
j+1 − e−µtn

j

)

;

I3 =
λn

µ

(

−2e−µ(tn
j −tn

i ) + e−µ(tn
j −tn

i+1) + e−µ(tn
j −tn

i−1)
)

;

I4 =
λn

µ

(

−2e−µ(tn
j −tn

i ) + e−µ(tn
j −tn

i+1) + e−µ(tn
j −tn

i−1)
)

+ λ
(

e−µtn
j+1 − e−µtn

j

)

.

Adding up the above in (48) yields the result. � �
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Proof of (ii). For all 0 ≤ i, j, k ≤ n − 1 we write

(49)

Ii,j,k :=
∫

R2
|u♯

iu
♯
ju

♯
k| dν♯

n ≤
∫

|(αi+1 − αi)(αj+1 − αj)(αk+1 − αk)| dν♯
n

+
∫

|(αi+1 − αi)(αj+1 − αj)µβk| dν♯
n +

∫

|(αj+1 − αj)(αk+1 − αk)µβi| dν♯
n

+
∫

|(αi+1 − αi)(αk+1 − αk)µβj | dν♯
n +

∫

∣

∣

∣(αi+1 − αi) µ2βjβk

∣

∣

∣ dν♯
n

+
∫

∣

∣

∣(αj+1 − αj) µ2βiβk

∣

∣

∣ dν♯
n +

∫

∣

∣

∣(αk+1 − αk) µ2βiβj

∣

∣

∣ dν♯
n

+
∫

∣

∣

∣µ3βiβjβk

∣

∣

∣ dν♯
n =:

8
∑

l=1

I l
i,j,k.

It can be easily retrieved that

I1
i,i,i = n

(

λ

n
− λ

µ

(

1 − e− µT
n

)(

1 − eµT i+1
n

)

)

≤ λ

µ
;

I1
i,j,k = 0, 1 ≤ i < j < k ≤ n;

I1
i,i,k =

λn

µ

(

eµtn
i+1 − eµtn

i

) (

e−µtn
k − e−µtn

k+1

)

≤ λT 2

µn
, i = j < k,

and the other cases can be treated similarly. Also, simple computations
show that if i < j,

µ

∫

|(αi+1 − αi)(αj+1 − αj)βk| dν♯
n ≤ λ

(

eµtn
i+1 − eµtn

i

) (

e−µtn
j − e−µtn

j+1

)

≤ λT 2

n2
,

whereas if i = j, the above integral is upper bounded by

2λT
(

2 + e−µtn
i+1 − e−µtn

i − 2e− µT
n

)

≤ 2λµT 2

n
T 2.

It readily follows that in all cases, I2
i,j,k, I3

i,j,k and I4
i,j,k are less than c n−1

for some constant c. Reasoning similarly, we also obtain that for all i, j, k,

µ2
∫

∣

∣

∣(αi+1 − αi)µ
2βjβk

∣

∣

∣ dν♯
n ≤ µ2

n

(

λ

n
− λ

µ

(

1 − e− µT
n

) (

1 − eµT i+1
n

)

)

≤ λ

µn2
T,

so that in all cases the I5
i,j,k, I6

i,j,k and I7
i,j,k’s are less than c n−2 for some c.

Finally, observing that for all u, v, w,
∫ ∫

1Cu1Cv 1Cwλµe−µy dx dy =
λ

µ
(e−µ(max(u,v,w)−min(u,v,w))−e−µ max(u,v,w))

we can similarly bound I8
i,j,k by a c n−2 for all i, j, k. To summarize, all the

Ii,j,k’s are less than c n−2 for some c, except for the I1
i,i,i’s, i = 1, ..., n, which

are bounded by a constant but are only n in number, and all terms where
one index appears twice, which are less than c n−1 for some c, but are only
n2 in number. Hence (ii).

� �
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Proof of (iii). We have for all 0 ≤ i ≤ n − 1,

(50)
∫ ∫

u♯
iu

♯
i dν♯

n =
∫ ∫

αi+1 dν♯
n +

∫ ∫

αi dν♯
n − 2

∫ ∫

αi+1αi dν♯
n

+ 2µ

∫ ∫

βiαi+1 dν♯
n − 2µ

∫ ∫

βiαi dν♯
n + µ2

∫ ∫

βiβi dν♯
n

= J1 + J2 + J3 + J4 + J5 + J6,

where straightforward calculations show that

J1 =
λn

µ

(

1 − e−µtn
i+1

)

; J2 =
λn

µ

(

1 − e−µtn
i

)

;

J3 = −2
λn

µ

(

e− µT
n − e−µtn

i+1

)

; J4 = 2
λn

µ
(1 − e− µT

n ) − 2λe−µtn
i+1 ;

J5 = −2
λn

µ
(1 − e− µT

n ) − 2
λn

µ
(e−µtn

i+1 − e−µtn
i );

J6 = λ

(

2 + 2e−µtn
i+1 +

2n

µ
(e−µtn

i+1 − e−µtn
i + e

−µT
n − 1)

)

.

Recalling (37), adding up the Jj ’s, j = 1, ..., 6, concludes the proof. � �
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