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STEIN’S METHOD FOR DIFFUSIVE LIMITS OF MARKOV
PROCESSES

EUSTACHE BESANCON, LAURENT DECREUSEFOND, AND PASCAL MOYAL

ABSTRACT. The invariance principle for M/M/1 and M/M/oco queues states
that when properly renormalized (i.e. rescaled and centered), the Markov
processes which describe these systems both converge to a diffusive limit when
the driving parameters go to infinity: a killed Brownian motion in the former
case and an Ornstein-Uhlenbeck process for the latter. The purpose of this
paper is to assess the rate of convergence in these diffusion approximations. To
this end, we extend to these contexts, the functional Stein’s method introduced
for the Brownian approximation of Poisson processes.

1. MOTIVATIONS

It is usually said that the Central Limit Theorem (CLT for short) indicates that
the rate of convergence in the Law of Large Numbers is of the order of 1/1/n because
one can informally write

1ix E[X1] + ! N(0,1)

" j=1 T ' \/ﬁ o
Going further, one can ask what is the rate of convergence in the CLT itself. As this
theorem is about convergence in distribution, answering such a question requires to
define a notion of distance between laws of random variables. Most of the textbooks
about probability theory mention the Prohorov distance defined by

p(P,Q) = inf{s >0, P(A) < Q(A) + ¢ forall A e B(E)}

where (E, B(E)) is a metric space, equipped with a distance d; P, Q are two proba-
bility measures on (E,B(E)) and A* = {y € E, d(z, A) < €}. It is then well known
that

(p(P, Q,) == 0) = (Qn converges in dist. to P).

Unfortunately, it is not straightforward to estimate distances between probability
measures with this definition. It turns out that another definition of a distance
between P and Q is available and gives the same topology when E is separable.
Denote by Lip, (E), the set of 1-Lipschitz continuous functions on E:

|f(z) — f(y)| < d(z,y), for all z,y € E.

The so-called Kolmogorov-Rubinstein distance (sometimes called Wasserstein dis-
tance) between two probability measures P and Q on E is defined by

da(P,Q) =  sup </FdP/FdQ>.
FeLip, (E) \JE E
In Theorem 11.3.3 of [15], it is shown that

(dKR(P, Q,) /= 0) = (Qn converges in dist. to P).

Key words and phrases. Diffusion approximation, Queueing systems, Stein’s method.
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This formulation is particularly well suited to be estimated via the Stein method
(SM for short).

The SM was first introduced in an article by Stein [27] to quantify the rate of
convergence in the Central Limit Theorem and was soon extended to the Poisson
distribution by Chen [8]. In its first step, the method involves characterizing the
target distribution with a functional operator A such that Eq [AF] = 0 for any F in
a sufficiently large set of test functions F, if and only if Q = P. Barbour introduced
the generator interpretation that made possible the extension of Stein’s method to
many other probability distributions: in many cases this functional operator A can
be viewed as the infinitesimal generator of a Markovian semi-group (P, ¢t > 0)
whose stationary measure is P. This means that we can write

(1) dr(P, Q) := sup
FeF

EP[F]EQ[F]‘SHP ‘EQ |:/ APtht:H
FeF 0

If we choose F to be Lip;, we have an interesting representation of the Kolmogorov-
Rubinstein between P and Q. The function

:EGE»—)/ AP F(x) dt
0

is one possible expression of the solution of the so-called Stein equation. If P
is the Gaussian distribution on R, then (P, ¢ > 0) is known as the Ornstein-
Uhlenbeck semi-group whose regularizing properties induce that the solution of the
Stein equation has bounded first and second order derivatives. This observation is
the first step of the numerous papers on the SM ([3] and references therein).

A very important breakthrough was made by Nourdin and Peccati [19] who
showed that alternatively, the right-hand-side of (1) could be transformed and
amenable to further simplifications, by using integration by parts in the Malliavin
calculus sense. This was the starting point of a bunch of articles with a wide
area of applications: Berry-Esseen theorem, iterated-logarithm theorem (see [18]
and references therein), limit theorems on manifolds, Poisson approximation [21],
etc. As a result of these almost fifty years of intense activity, a huge number of
Gaussian or Poisson convergence results have been quantified. When the limiting
distribution are processes like Brownian motion, Poisson process, Poisson point
process, there are very few papers. The first of all was the paper by Barbour [2]
which established the first quantified version of the Donsker theorem, resorting to
ideas very close to that of Malliavin calculus. In [9], a different technique was
used to estimate the convergence rate of the normalized Poisson process to the
Brownian motion. The paper of Shih [25] extends the original approach of the
SM in abstract Wiener spaces. Besides the technical points which are evidently
more involved, the main difference between convergence to random variables and
convergence to random processes is that for the latter, we generally have a large
choice of functional spaces of reference. For instance, a Brownian motion can be
seen either as a square integrable process, as a continuous process, as an a-Hoélder
continuous for any o < 1/2 or even as an element of a fractional Sobolev spaces as
defined below. Changing the topology modifies the admissible test functions: The
evaluation of the trajectory at time tq is Lipschitz continuous on a Holder space but
it is not defined on the space of square integrable functions. Moreover, as already
seen in [9], the convergence rate may also depend on the chosen space.

So far, Stein’s method has been applied to estimate the convergence rate of
explicit processes towards the Brownian motion or Poisson point processes [14].
This does not represent all kinds of situations where we know that a sequence of
processes converges to a diffusion process. Here, we have in mind the vast literature
on diffusion approximations, allowing to efficiently simulate an asymptotic version
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of the process under consideration, or assess the order of the fluctuations around its
fluid limit or its mean field, along the various applications. The most basic example
is that of the M/M/1 queue with initial condition nzg, arrival rate An and service
rate un. Tt is well known (see e.g. Section 5.7 in [23]) that if L{ denotes the process
which counts the customers in the system, then

@) Zi:xﬁﬁu(%_ﬁ):”?’

on the time interval [0, zo(x — )], where B is a standard Brownian motion and Lt
is the solution of the equation

_ ¢
LT(t) = xo + Xt — u/ L 77(s-)>0) ds.
0

The convergence holds in distribution over I, the Skorohod space of continuous-
on-the-right-with-left-limits functions. The principle of the proof is to show that
the sequence of processes (Z,TL in > 1) is tight in the convenient topology and that
the finite dimensional distributions of Z] converge to that of the Brownian motion.
One approach is to view L], as the solution of a stochastic differential equation
driven by a finite number of independent Poisson processes on the real line:

t
3) LH(t) = 20 + N (t) — /O 100t io a0y Npn(s),

where for any a > 0, N,, denote a Poisson process on R™ of intensity a. This yields
an implicit definition of L{ which, using martingale theory, is sufficient to prove the
tightness of (Z;g tn > 1). Unfortunately, the representation (3) is not well suited
to the development of the Stein method. Originally, we were interested in the class
of Markovian processes which are solution to a stochastic differential equation of
the form

n
dX(t) = Z a;ilix@yec:) dAN*(t),
i=1
where the N%’s are independent Poisson processes, the a;’s are deterministic coeffi-
cients and the C;’s are Borel subsets of the set R of real numbers. These processes
are very widely used to model stochastic networks and in particular, queueing sys-
tems [23]. The properties of some of these processes have been thoroughly studied,
and limit theorems have been obtained when speeding up time and rescaling the
processes themselves with some parameter going to infinity. For the reasons ex-
plained above for the M/M/1 queue, this kind of representation is not adapted to
Stein’s method so we had to lower our expectations.

We propose an analysis of the rescaled M/M/1 and M/M/oo queues which are
the basic models for which approximation diffusions were initially developped. The
difficulties we meet are of different nature for these two processes.

The representation (3) of the M/M/1 queue means that until L], reaches 0, it
evolves as the difference of two independent Poisson processes. According to [9],
we know the convergence rate of any combination of independent Poisson point
processes conveniently renormalized towards a Brownian motion. For the M/M/1,
the problem is then to handle the reflection at 0. We introduce the hitting time
of 0, denoted by 7} and we show that for any deterministic time T < zo/(1 — A),
we can apply the results of [9] (actually an improvement of these results) on the
set (71 > T). As n increases, a classical result of large deviations ensures that
the complementary set (7, < T) becomes exponentially small and hence can be
neglected. This an interesting and original extension of the SM.

As to the renormalized M/M/o0, the limiting process is an Ornstein-Uhlenbeck
(see [4] and Section 6.6 in [23], or [12] regarding non-exponential service times),
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for which we do not know a characterizing operator as in Eqn. (1). Thus, we
first apply an integral transformation to the process which counts the number of
occupied servers, so that we are reduced to prove the convergence to a time-changed
Brownian motion. It is then sufficient to estimate the convergence rate in a finite
dimensional functional space.

In brief, the techniques are different in the two situations. Thus, a generalization
of our results can be envisioned only on a case by case basis. Even if it is frustrating,
this is not so surprising since even for the functional limit theorems to be proved,
the procedure is always the same (tightness and convergence of fidi distributions)
but the actual computations are adapted to each particular model.

The paper is organized as follows. In Section 2, we explain the functional frame-
work and introduce the Malliavin calculus for Brownian motion and marked Poisson
point process. In Section 3, we show that the distance we aim to compute can be
split into three parts, each one we handle differently. In particular, in subsection
3.3, we develop our approach of the Stein method. It is an extension to the func-
tional setting of [21, Theorem 3.1]. In Section 4, we apply the previous results to
the M/M/1 and to the M/M/oo queue in Section 5.

2. PRELIMINARIES

2.1. Functionals spaces. We need to introduce several spaces of functions. Through-
out the whole paper, we fix a time horizon T > 0.

Definition 2.1. The Skorokhod space D([0,T]) is the space of right continuous with
left limits (rcll) functions from [0, T] into R. It is usually equipped with the distance

(4) dp(f,9) = ¢€iHHOfmT (max (|[1d — ¢|| L= (o,17), IIf — 9 © Dl L= (p0,17)))

where Homy is the space of increasing homeomorphisms from [0,T] into itself.

It contains C, the space of continuous functions on [0,T], as well as &, the set
of stepwise functions. In C, it is interesting to focus on the Holder continuous
functions: f € Hol(n) whenever

|f(t) — f(s)
Ul = sup OG-
Holen = feor) [t —sl”

Asin [11, 17], we consider the fractional Sobolev spaces W), ,, defined for n € (0, 1]
and p > 1 as the closure of C' functions with respect to the norm

1) = F(s)I?
YL R— P
||f||n,p—/ t)| dt+//0T |t78|1+pn dt ds.

For n =1, Wy, is the completion of C! for the norm:

T T
p=/0 Lf(®)l dt+/0 |F/ ()P dt.

They are known to be Banach spaces and to satisfy the Sobolev embeddings [1, 16]:

W, p CHol(n—1/p) forn—1/p>0
and
Wpp CWagforl>n>aandn—1/p>a—1/q.

As a consequence, since Wi, is separable (see [6]), so does W, ,. We need to
compute the W, , norm of primitive of step functions.
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Lemma 2.2. Let 0 < s1 < s9 < T and consider

t
P = [ L)
There exists ¢ > 0 such that for any si1, S2, we have
() [R5y sallw,, < cls2 —sal' 7.
Proof. Remark that for any s,t € [0, T],
[Psy.s0 () = hsy 5o (S)] < |t — 8| A (52 — s1).
The result then follows from the definition of the W), ;, norm. O
We also need to introduce the Besov-Liouville spaces of fractional derivatives.

For f € LY([0,T]; dt), (denoted by L' for short) the left and right fractional
integrals of f are defined by :

al
(Ig ) Fa/f —0 w0

(p-f)(x 1/f (t—x)*tdt, z <1,

Wherea>0and O+:IO =1Id. For any a > 0, p,g > 1, any f € L? and g € L4
where p~! + ¢! < «, we have :

T T
) [ #6)g9)6s) ds= [ (15 Di)g(s) ds.
0 0
The Besov-Liouville space I (L?) := Iot p» 1s usually equipped with the norm :

(7) 15 Fllze, = 11 £ller-

Analogously, the Besov-Liouville space I;, (LP) = 7., is usually equipped with
the norm :

1z fllg = 1 flln
These spaces are particularly interesting in view of their relationships with the
spaces of Holder continuous functions.

Theorem 2.3 (Sobolev embeddings, [16, 24]). We have the following embbedding
properties.
(1) If0<a<1,1<p<1/a, then I§; is a bounded operator from LP into L9
with ¢ = p(1 — ap)~L.
(2) For any 0 < a < 1 and any p > 1, I;';p 18 continuously embedded in
Hol(a — 1/p) provided that o — 1/p > 0.
(8) For any &' > « and p,p’ such that o/ —1/p" > a —1/p, Lo py C Tayp-
(4) For1 > a > n > ¢ > 0, the following embeddings are continuous (even
compact)
Wap C I, C We .

It may be useful to keep in mind the following diagram where all arrows represent
continuous embeddings. For any 7 > 0, any € € (0,7),

Wﬂyl/(ﬂ—s) Ed HOlo(G) C() C D

Lo

Woa/ae) € — &

where Dy (respectively Cy, Holy, &) represents the elements of D (respectively C,
Hol, £) which are null at time 0.
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2.2. Wiener space. Since we want to compare some measure with the distribu-
tion of the Brownian motion, sometimes called the Wiener measure, we need to
construct precisely the functional framework. We refer to [20, 22, 28] for details
about Malliavin calculus in the Gaussian setting.

Let B = (B(t), t €[0,T]) be a standard one-dimensional Brownian motion.
Since it has Holder continuous sample-paths of any order less than 1/2, we can
say that almost-surely, B belongs to I;: p for any

(m,p) € A={(np) eR* xR, 0<n—1/p<1/2}.
We denote by P, ,, the distribution of B over Z, . The spaces Z,", are Banach
spaces, for which there exists the notion of Fréchet derivative. For F : I;ﬁ » 7 R,
it is differentiable whenever

(8) lim 1 (F(:c teh) — F(x))

e—0

exists for any i € Z,)  and defines an element of (Z," ),
. —1 —
lim ¢ (F(z +¢eh) — F(x)) = (DF(x), h)zt )+ 13, -

In particular, as in finite dimension, Fréchet differentiability implies continuity. In
the present context, the functions we are going to consider are random variables,
meaning that they are defined up to a negligeable set, so that no hypothesis of
continuity can be enforced. Moreover, as Eqn. (8) suggests, if F' = G almost-surely,
we must be sure that F(. 4+ h) = G(. + h) almost-surely for any h € W, ,, i.e. the
pullback measure of Py, , by the map 7, :  — x + h is absolutely continuous with
respect to P, ;. For this property to hold, the Cameron-Martin theorem says that
we must restrict the perturbation h to belong to Iff 9

Theorem 2.4 (Cameron-Martin). For any h € If:Q, for any bounded functional

F:Wpp—R
T
F(B)exp ( |ty ante) - %m@bﬂ ,

where h is the time derivative of h € I, so that h belongs to L([0,T]) and the
stochastic integral has to be taken in the Ité sense.

Otherwise stated, Eqn. (9) means that the distribution of B 4+ h is absolutely
continuous with respect to Py, , and that its Radon-Nykodim derivative is given by
the exponential factor of the RHS of (9).

(9  EBF(B+h=E

Because of this theorem, the space Iff 5 plays a crucial role in the stochastic
calculus of variations. We have the following scheme

-

1
W;,p = (Ii2)*

+ in.p
Il 2 Wﬂ,P

The map i, is the embedding from Ifo into Wy, ,. The pivotal space, i.e. the

Hilbert space identified to itself, is, in this context, the space Iff , and not L? as it
often happens. This means that i}  is the adjoint of i, , after this identification.
We can now introduce the concept of Gross-Sobolev or weak derivative.

Definition 2.5. A function F' : W, , — R is said to be cylindrical if it is of the
form

(10) F = f(6phy,--- ,6phy)
6



where f belongs to the Schwartz space on RF, hy,--- , hy belong to Ifo and dph is
the Ito integral of h:

Sph = /Olh(s) dB(s).

Remark that if % belongs to L2, then

S

/Os (s) d(B 4+ h)(s) = /05 u(s) dB(s) +/0 a(s)i(s) ds
— /Osa(S) dB(s) + <a,h>L2 = /Osa(s) dB(s) + (u. by, -

Hence, if F is cylindrical

iF(B +¢h)

k
- :Z@jf((thla"' a(SBhk) <hj’h>z1+,2

e=0 j=1

This motivates the following definition

Definition 2.6. For F as in (10), let VF' be the element of LQ(Wnﬁp;Ifo) defined
by

k
VF =Y 0;f(0gh1, -~ ,0hx) h;

j=1

and let VF be the element of L? (Wnyp;If:Q ®If:2)

k
VEF = Z aj(-?)f((Sth -, 0ghk) by ® hy.
=1
Consider the norm
IF I3 = 1FI3: + B[IVFIZ, |+ B[IVOFIZ. o0 |,
where
1 k . 2
IVFIy, = [ S0 oshis e om) i) s
J:
and
2
. 1 k 2) . .
HV(Z)F||?II+2)®2 /0 /0 Z ag(‘l f(6Bh1, -+, 6Bhx) hj(s)hi(s) | ds dr.

jl=1

The set Dy 5 is the completion of the set of cylindrical functions with respect to the
norm | ||2.2-

Remark 1. Note that if h belongs to 12%2 = (I3 o I_)(L?) C I}, then
Vf(©0ph) = f'(65h) h

belongs to L2(Wn7p;I§f2). This means that for such a functional, its gradient is
more reqular, in the semse that it belongs to a smaller space, than for ordinary
elements of Dy 5.
Since we identified I{‘:Q with its dual, the space I;B is in duality with L?: For
h e I;Q, there exists h € L? such that h = I3, (I}_(Rh)). Hence for k € Iy, we
7



have

| i) | = | [ R )

< |IAllz2 1Kl 2.

1fM$M@ds

Since I{B is dense in L?, we can extend this duality pairing to h € I;Q and k € L2.

This leads to the following definition.
Definition 2.7. A function F' : W, , — R is said to belong to the class X,
whenever it belongs to Lip, (W, ), belongs to Dy o and satisfies

(11) KvwFu>v®F@+g»h®k> < llgliw,., Iz ] 2,

zt,
foranyx € W, ,, g € I{B, h, k € L?. This means that VA F is an element of the
space LiP1(Wn1p§ (Izi,z>®2)'

If I : W, , — R is thrice differentiable in the direction of Iff 5 and such that

sup ||V(3)FH(I§2)®3 < oo

zeW, p

then by the fundamental theorem of calculus

+
I,

‘<V(2)F(:ﬂ) ~VOF@+g),he k>

< IVOFN e an, scztyyen 9l e 17l 22 1Kl e
Since Wy, ;, is continuously embedded in L2,
3) =1
Iv¢ )FHL“(WTI,ZJ;(IQ:’Z)@L") FeX,,.

Our main results below will be more easily expressed for test functions in the
following set,

(12)

2, » = {bounded functions of Lip, (D) whose restriction to W, belongs to 3, .} .

Let us also define the following distances and norm: for any two processes U and
V in the convenient spaces,

(13) ds,, (U,V) = LSup E[F @) -E[FWV)];
(14) de,, (U,V) = LS E[FU)] -E[FV)];
(15) |V =Ulloor = tes[lépT] V() -U@®)| as.

2.3. Poisson point process. We now introduce the minimum framework to get
an integration by parts for Poisson point processes. For details, we refer to [13, 22]
Let E be a complete and separable metric space equipped with a o-finite measure v.
Let 91 be the space of locally finite configurations on F, i.e. the set of at most
denumerable subsets of E with no accumulation point. Such a set ¢ can be described
as a set or as a sum of atomic measures:

G~ ey
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where €, is the Dirac measure at x, so that for any ¢ : £ — R,
[ v do=3 v
xEPD

For v a o-finite measure on F, a Poisson point process of control measure v is an
MNp-valued random variable, say N,, such that for any ¢ : £ — R, with compact
support,

eXp( Z ne: )] :eXp(—[El—e_w(Z) du(:z:)).

The multivariate Campbell-Mecke formula states that for any integer £ > 1, for
any nonnegative F' : E* x N,

(16) E Z F(z1,- K, Ny)

w1, 2R ENT
:/EkE F(iﬂl,"' 2k, Ny, JrZEI]) ] 1 dv(zj),

where the sum in the left-hand-side runs through the k-uples of distinct points of
the configuration N,. We say that F' : E — R belongs to dom D whenever

E [/E (F(N,, ten) — F(Nl,))2 dy(x)} <
and we set, for any = € F,
D,F(N,) = F(N, +¢&;) = F(N, — &),
where N, — g, is to be understood as N, whenever x ¢ N,. Let
domd, = {u N xE—-R, E [/E’u(Nl,,gg)‘Q du(:z:)] < oo}.

Then, for F' € dom D and v € dom,, the multivariate Campbell-Mecke formula
entails that

(17) E[F 6 u {/ DF(xz)u(N,,z) dv(z )] )
where
du = / u(Ny — €z, ) AN, (2) 7/ u(Ny, z) dv(z).
E E
Note that if u is deterministic,
(18) dpu = / u(z) (dN,(z) — dr(z)) and Dzdyu = u(x).
E
Moreover,

(19) E [§,u] =0 and E / lu(z)|? dv(x



3. DISTANCES BETWEEN PROBABILITY DISTRIBUTIONS

3.1. Distances on functional spaces. Two measures are comparable only if they
are supported on the same space. For real or multivariate random variables, their
distribution is canonically supported either by N, R or R, etc. When dealing with
functional spaces, a given process can naturally belong to several metric spaces.
The sample-paths of continuous time Markov chains are piecewise constant, thus
(see [9]) belong to W, ;, for any (1, p) such that n —1/p < 0 and also to . On the
other hand, trajectories of diffusion processes belong to W, ;, for n—1/p < 1/2. This
means that two factors may contribute to the distance between the distribution of
a CTMC and that of a diffusion process: the difference between the dynamics and
the gap of regularity; the latter being in some sense of lesser importance for the
probabilist. In an effort to see the importance of each of these terms, we consider
an intermediate process which has at least the regularity of the diffusion and a
stochastic behavior similar to that of the stochastic process under study.
For f € D, we consider its affine interpolation on [0, 7] of mesh T'/n:

(20) m.f : [0,7] — R

b= Z_;% (f <¥> -/ (%)) Be (1, wor)) (1)

Remark that a stochastic process and its affine interpolation have similar dynamics
since they coincide at each point of the subdivision, whose mesh tends to 0. In
these conditions, it is meaningful to evaluate the distance between the distribution
of some stochastic process L,, and the distribution of its affine interpolation, the
distance between 7, L,, and 7, B where B is a standard Brownian motion, and then
the distance between 7, B and B. In view of what we said earlier, these distances
are evaluated for the topology of the fractional Sobolev spaces W, ,, for n—1/p < 0,
n—1/p<1andn—1/2 <0 respectively. In the end, by the triangular inequality
we get the distance between the distribution of L,, and the Gaussian measure in the
smallest spaces W, ,, for n —1/p < 0 but in passing we obtain some insights on the
different factors which lead to the discrepancy. The distance between L,, and 7, L.,
and the distance between m, B and B are due to the gap of regularity between the
sample-paths, whereas the difference between the laws of m, L, and 7, B is due to
the dissimilarity of their stochastic behavior.

3.2. Distance between sample-paths. In what follows, N is the set of positive
integers. As mentioned above, we need to estimate the distance between the dis-
tribution of L, and of m,L, and the distance between the laws of 7, B and of
B.

Regarding the latter, since 7, B and B are defined on the same probability space,
we can resort to a more precise result, Proposition 13.20 in [17], claiming that for
some ¢,

E [|m.B - Bllw,,] < en~ /2= p e N,
for any 1 < 1/2. Then, recalling (13) we immediately get
(21) E[ds,, (mB, B)] <en™ /27 neN.

We can also estimate the distance between the sample-paths of Birth-and-death
processes and their interpolation. Specifically,

Lemma 3.1. Let n € N, and let X be a N-valued Markov jump process on [0, T
of infinitesimal generator </ . Suppose that there exists two constants J € N and
a > 0 such that
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o the amplitude of jumps of X is bounded by J > 0, i.e. for all i,5 € N,
o (i,j) = 0 whenever |j —i| > J;
o the intensities of jumps of X are bounded by na, i.e. for alli,j € N, i # j,
o (i,7) < na.
Then,
log n

X0 =m0 X et < 27 0

Proof. Fix n € N. For any t € [0, T] we have that
| Xn(t) — mnXn(t)]

e @) 5 D)1 (2)

T
<2 sup Xn( (—)
te[g;(i+l)T] n
so that
A
(22) E][| Xn — mXn loor] <2E | max sup Xn(t)—Xn | —
i€[0,n— 1]t€[1T <z+1)T] n

But for any ¢ and any ¢ € {ZT (”1) ] we have that
T
‘Xn(t) ~X, (l )‘ < J (AL + D),
n

where A%, and D! denote respectively the number of up and down jumps of the

(z+1)T}

process X,, within the interval [ . In turn, by assumption A? + D is

stochastically dominated by a Poisson r.v., say P?, of parameter an% = aoT. Al
in all, we obtain with (22) that

E (|| X, 10X, o] < 27E { max pz]
i€[0,n—1]

and we conclude using Proposition A.1. O

3.3. Functional Stein method. For £ = ({, k = 1,--- ,n) a finite sequence of
positive real numbers, consider Y = (Yi, k = 1,--- ,n) a family of independent
centered Gaussian random variables such that var(Yy) = &7 and

Be =Y Y;h,
j=1

h? = \/g 101+ (1[%, (i+n1’)T)).

n . n
Twn 'R > Wap

where for 0 <i <n—1,

Set

n

11



On R", put pg¢ the Gaussian measure of density:

(Y15 Yn) ¥ %exp iiy—i
(27r)n/ H_j:l & 2 = Ej

For any k£ = 1,--- ,n, consider the R-valued process, damped Ornstein-Uhlenbeck
process:

X (z,t) =ex + gk\/ﬁ/ot e~ =% dB(s),
where B is an ordinary Brownian motion. X& can alternatively be described as
the solution of the stochastic differential equation
dX(t) = =X, dt + &,V/2 dB(t), X(0) ==
The It6 formula easily entails that if we set
Pf* f(a) = B [f(X%(2,1))] and L f(2) = —af'(2) + & " (),
then, for f € L' (1, ),

d —t ptr
(23) Epg"f( z) = L P f(x) = PP L% f(x) and (PF*f)'(z) = e "Pf* f'(x).
Moreover, the distribution of X% (z,t) is Gaussian with mean e~

& (1 —e™?"), hence

ty and variance

(24) P& f () /fe r+ VI e 2y) dul ().

It is then straightforward that
. t—o0
P @) =5 [ 7 a,

Combine (23) and (24) to obtain

(25) / fdul — o) = / L8PS f(x) dt

We now transfer this construction onto W, ;. Let P} be the pushforward of e
by the map 7;',. Remark that P}  is supported by W™ = span(h},j = 1,---,n)
and that for any (n,p) € A,

Jr
W™ C Iy C Wy

We denote by Z'y, the space W" equipped with the scalar product of Iff 5 and
by W', the space W™ with the norm induced by W, . The space W" is finite
dimensional so that the distinction between the norms may seem spurious but it
is still mandatory to keep track of the underlying infinite dimensional setting. For

y € R", X is the W} -valued process defined by

n

X(Tyt) = > XS (y;,t) bl
j=1
For y € R", let
P F(Ty,y) = E [F(X(Ty,y,1))] -
By tensorization of the previous construction (or more directly using the general

theory of abstract Wiener spaces [7, 10, 25]), we see that P}  is the stationary and
12



invariant measure of the Markov process X, whose generator is given by

LE(T)y) = Zy] (h?,VF(T}, )> o (W

)

+ 252 <h” ® R, (2>F(T$fpy)>

(T

This means in particular that (25) holds true in the new form:

(26) /}R FdP}, — F(T)y) = /0 LP; F(T,y) dt.

We can now state and prove the functional Stein’s theorem which is the cornerstone
of the following. In spirit, it is the multidimensional version of Theorem 3.1 of [21].
For (uj, j=1,---,n) € L*(E,R"), set

u = Zuj ®h}’ and §,u = Z(Syuj h?.
j=1 j=1

Theorem 3.2. Assume that (ug, k =1,--- ,n) is an orthogonal family of elements
of L*(v). For any k € {1,--- ,n}, let

(27) &= [ w@? o)

ConsiderY = (Yi, k=1,--- ,n) a family of independent centered Gaussian random
variables such that var(Yy,) = & and let

=2 Vil
j=1

For any F € %, 5,

(28) |[E[F(Be)] - E[F(5,u)]]

% S /E () ()| | ()] dv(a).

j=1k=11=1

Remark 2. If we compare Theorem 8.2 with Theorem 8.1 of [21], we retrieve
a third order moment. It is not surprising that we have crossed moments since
we need to control how the correlations between the different coordinates of du do
vanish as n tends to infinity. We already know that each of the components tend
to a Gaussian distribution, the only point at stake is then to show that they become
more and more independent as the size of the vector increases.

At last, remark that there is no term involving the second order moments, this
is due to the hypothesis of orthogonality.

Proof of Theorem 3.2. According to (26), we have

(29) E[F(B)] - E[F(6,u)] = E { /O T LR F () dt] .

13



According to the integration by parts formula and to the fundamental theorem of
calculus, we get

> B [bu; (1], VPtF((S,,u)>Il+’J

j=1

Jj=

/ (@) (B, VBF (S -+ u(e)) — VEF (5, dy(z)]

/ / wj(z)ug(x h’.’®h27v(2)PtF(5yu+ru(x))> L dr dy(x)].

s
]k 1 1,2

Since the wuy’s are orthogonal, in view of Eqn. (27),

Z// w;(z)ug(z h’?®hg,v(2>1[1>tF(5,,u)>I+ dr dv(x)

jok=1 1,2

-E 252 (b2 @ by, VORF (5,u))

1,2
Hence

E [LP,F(6,u)]

Z / / [ h’? @Ry, VOPF(6,u + ru(z)) — V(Q)PtF(5VU)>Z+j

J,k=1 L

X w;(x)ug(z) dr dv(zx).
Recall that |27z < n~'/2 and note that

[[u(z IIWW<ZIUI o) ] w,, =0~ V20 (@)
=1

Since F' belongs to Xy, ;

(30)  |E[LPF(3,u)]| <n=¥Hne / |uj (@)ur (x)][w (z)] dv(z)
7,k,0l=1

Plug (30) into (29) yields (28). O

4. THE M/M/1 QUEUE

The M/M/1 queue consists in a single server with infinite queue, where the
service times are independently and identically distributed, according to an expo-
nential distribution of parameter u. The customers arrive at the time epochs of
a Poisson process of intensity A > 0. Let Lf(¢) denote the number of customers
in the system (including the one in service, if any) at time ¢ > 0. The process
(LT(t), t> 0) counting the number of customers in the system is clearly a birth
and death process, that is ergodic if and only if A/u < 1. If the initial size of the
system is z € N, then LT obeys the SDE

t
LT(t) =z —i—N)\(t) —/ 1{L(s*)>0}Nu(dS)a
0

for two independent Poisson processes N and NN,. This process is rescaled by

accelerating time by an arbitrarily large factor n, while multiplying the number of

customers in the initial state by the same factor, and then dividing the number of
14



customers in the system at any time by n: with obvious notation, for all ¢ > 0 we
obtain

Noa(t)  Npu(t) 1 (7
NOI u()+_/0 10t (o )0y AN (5).

Li(t) =

It is a well established fact (see e.g. Proposition 5.16 in [23]) that the sequence
(L_Il tn > 1) converges in probability and uniformly over compact sets, to a deter-
ministic process

Lt t— LT(t) = (@ 4+ M — put) T,
and that

ZH(t) = vn (LL(t)—LT(t))

() (222

NS /t /t
— [ 1.+ ANpy(s) — | 1% d
* VA+p\n Jy T{EL(sT)=0} uls) , (ETe)=0y &

converges in distribution on D to the standard Brownian motion B.

We aim at controlling the speed of the latter convergence. For that purpose, we
bound for any fixed n and any horizon T, the ., ,-distance between these processes,
defined by (14). We have the following result,

Theorem 4.1. Suppose that A < p and let T' < ﬁ Then, for alln € N we have
that
clogn
d 7l By< ——=
Z0 (Z3:B) < loglogn /n’

where B is a standard Brownian motion.

Proof. Fix T' < -%5. Then for all n € N, recalling (13) and (20), by the very
definition of the set %), , in (12) we have that

(1) dg,, (Z},B) <dg,, (Z},m2)) +ds, , (T2}, m,B) + ds, , (7, B, B).

First observe that the function LT is affine hence m, LT on [0,T]. Moreover, the
operator m, is linear and the elements of .Z}, , are 1-Lipschitz-continuous, thus we
have that for all n,

1

dﬁfn p(Z’I"r7,77TnZ’IT7,) <E [H Z:z - WanTz ||00,T} < E [” LL - WnL;fz HOO,ﬂ
’ n(A+ p)
clogn
32 e
(32) ~ loglogn/n’

where the last inequality follows from applying Lemma 3.1 to the Markov processes
(L :n>1)for J=1and a = AV pu. Now, for any n € N, if we let 7§ = inf{t >
0, LI (t) = 0}, for any F € %,,,, we have that

(33) E|[|F (mZ])) — F (1, B)|]
= B[|F (r02]) ~ F (ruB) [ 1rngy] + B [|F (7020) — F (703)| 1grac)
We first prove that for some ¢ > 0,

(34) E[|F (mZ)) — F (7 B)| 1{7<rp}] eN.

C
Sﬁvn

15



Fix n € N. On the event {T < 7'}, for any t € [0,T) we have that

T R R

— \/AZ_M (2.0 - 2}..).

Consider Nl( M) the marked Poisson point process of control measure

dvi(s,7) =n(\+ p) ds ® (

)\M€1(dT>+ 671(d7")).

A+ A+ p

That is to say, Ni( M) is constructed as an ordinary Poisson process on the positive
real line with intensity n(\ + p) and each atom is assigned a mark +1 or —1,
independent of the atom location and of the other marks, with respective probability
A+ p)~t and p(A + )t By the thinning property of Poisson processes, the

point process which counts the atom Nl( with mark +1 (respectively —1) is a

A+p)
Poisson process with intensity n (respectively nu). For any t € [0, T], let

v [0, T x {-1,1} — R
1

V(A + p)

(s,7) —> r l[o,t)(s).

Then, we have

Zh(t) = 5,1 (vn)
and
n—1
dist n
W"Zj\,n = ; T 5%3 (U(iJrl)T/n - UiT/n) I&+ (1[% (Hnl,)T)) .

Fori=1,---,n, let

n
ul(s,7) = 4/ 2 (v 1y7n(5:7) = viry(s,7))
~ 1 (5)
= VT 1LT/n, G n)\S),
TO+ 1) [iT/n, (i+1)T/n)

so that

n—1

™2, dist > 6, (ul) By

=0

It is clear that

/ l(s, s v s) =
[0,T]x{-1,1}

1 ifi=j.
Moreover,
n n n 1 n_ iT/n n
|uTuLuI| dl/,jl = / nds= ——— .
;k:u; g’ Tg/W*“i:Zl (i-1)T/n T+ p)
Let £ = (1, k=1,---,n). Since m, B = B¢, as a consequence of Theorem 3.2, we

obtain (34).
Regarding the second term on the right-hand side of (33), fix n € N and observe
that F' is in particular bounded, so there exists a constant ¢ such that

E [|F(mZ]) = F(1uB)| 1irsmpy] < cP[T > 7).
16



But P [T > 7] tends to 0 with exponential speed from Theorem 11.9 of [26]: if
p <1, forany z >0 and any y < 0

nl;n;o% log P [T(? < )\—iu +y} =—f(y),
where f is strictly positive on (0, 00). This shows that
E[|F(Z}) = F(B)| 1irsrpy] < ce™
for some d, which, together (34) in (33), shows that for some constant c,
c
vn

This, together with (32) and (21) in (31), concludes the proof. O

dzn,p (F"Z:w ﬂ-nB) < ,n e N.

5. THE M/M/co QUEUE

We consider an M/M /oo queue: a potentially unlimited number of servers at-
tend customers that enter the system following a Poisson process of intensity A,
requesting service times that are exponentially distributed of parameter p (where
A, > 0).

If L#(t) denotes the number of customers in the system at time ¢, L* is an ergodic
Markov process which obeys the SDE

+oo ¢
Lu(t) = 20 + Ni(?) —Z/ 1{Lu(57)2i}NfL(dS), t>0,
i=170

where N, is a Poisson process of intensity A, the NZL,S are independent Poisson
processes of intensity p, and xg is the initial number of customers at time 0. For
simplicity, we assume throughout this Section that the system is initially empty,
ie.

(35) xo = 0.
The process L is then rescaled by accelerating time by a factor n € N, and dividing

the size of the system by n. From (35), the corresponding n-th rescaled process is
thus defined by

Nan(t) 1 ,
[ An 1 - i
Lyt =00 -~ 21/0 L ey oy Nilds).

It is a well known fact (see e.g. [4] or Theorem 6.14 in [23]) that the sequence
of processes (L,ﬁl,n > 0) converges in L' and uniformly over compact sets to the

deterministic function
(36) L¥ ot —s LE(t) = p— pe

where p = \/u. Moreover, if we define for all n the process
(37) Zb st ZE(t) = Vi (LTE(t) - ﬂ(t)) ,

the sequence (Z fom > 0) converges in distribution to the process X* defined by

n

t
(38) X't XF(t) = XH0)e M + / e H=) /h(s) dB(s),
0
where h(t) = A (2 —e #) for all ¢ > 0 and B is the standard Brownian motion.
The following result is shown in [23] (eq. (6.23) in Chapter 6),
17



Proposition 5.1. The sequence of processes (Yti n > O) defined by

t
(39) £ YHE) = 280 - Z40) 4 [ Z3(s) ds
0
converges in distribution to B oy, where

(40) y(t) = 2Xt — p(1 — e ") for all t > 0.

This section is devoted to assessing the rate of convergence in Proposition 5.1, on
any fixed time interval [0, T], where T > 0 is fixed throughout.

5.1. An integral transformation. The process X* defined in (38) is an Ornstein-
Uhlenbeck process which can be analyzed by introducing a one to one mapping
between the space of rcll functions and R x Dy.

Proposition 5.2. The mapping
D([0,T])  — R x Do([0,T])

/ — (100, 50 =10+ 7 [ s0)as)

is linear, continuous and one to one.

O

Proof. Let us fix n € Dy([0,7]) and consider the following integral equation of
unknown function z,

z(t) — z(0) = 7'/0 z(s) ds 4+ n(t).

We clearly have for all t > 0,

2(t) = 2(0)e™ ™ + n(t) — T/O e TE3)p(s) ds,

hence O is bijective and for all (z,7) € R x Dy([0,T1]),

t
(41) 0 Yz, n) = <t — ze” T4 (t) — 7'/ e T3y (s) ds) .

0
Linearity and continuity are straightforward. (I

Lemma 5.3. On the subset of {0} x ©(Z] ;) whose image by O is in I ,, 7"
is Lipschitz continuous.

Proof. For all n and w € O(Z; ,) and all ¢ € [0,1], we have that

t

©71(0,n) = ©71(0,w) = n(t) —w(t) - T/ T (n(s) — w(s)) ds.

0
t
@2 / e—QT(t—s) dS,
0
so that for some positive number k,

107 (@,n) =07 (y,w) laz< k|1 —w[az2 -
The proof is thus complete. (I

Hence

1071(0,7) =071 (0,w) lap< t [l n—w|

a2 +7 [N —wl

As they are either piecewise linear or piecewise constant L*, Z% and Y,? all belong
to 1;2. And since the I:{,Q are closed sets, X* and B o~ also belong to 1;2- As the
following corollary demonstrates, the Lipschitz property of ©~! enables to reduce
the calculation of the rate of convergence of Z towards X* to that of Y;f towards
Box,

18



Corollary 5.4. Almost surely, for some positive constant ¢ we have

dzn,p (ﬂnzquﬁ) <c dEn,p (Wnynﬁv Bo 7).

Proof. From Proposition 5.1, Y;! converges in distribution to B o+. From the
Lipschitz continuity of © and the Continuous Mapping Theorem, setting 7 = p
this entails the convergence in distribution

0(Z}) = (0,Y;) = (0, Bon)

However, expression (6.34) in [21] shows that for all ¢, © (X*(t)) = (0, B o~(t))
which, together with the linearity of © and of the operator m, for any n, concludes
the proof. O

5.2. Alternative representation. As a consequence of a Corollary 5.4, the rate of
convergence of (G, : n > 0) towards X* is bounded by that of (Y;, : n > 0) towards
B oy, which we now address.

For that purpose, and following Section 7.2 of [23], an alternative representation
of L* in terms of a marked Poisson process will prove useful. A point (z,z) repre-
sents a customer arriving at time x and requiring a service of duration z. Let IV, ,
be a Poisson process on R™ x R of control measure A dz ® pe™#* dz. At any time
t > 0, the number of busy servers at ¢ equals the number of points located in the
shaded trapeze bounded by the axes of equation z = 0 and =z = ¢, and above the
line z =t — x: in other words

Lﬁ(t):/c dNy (2, 2),

where
(42) Cy ={(2,2),0<z<t,z>t—uz}.
z
Li(t) =2
o«
N
A
A
N
N Q
N N
23N e \\ \\
\\ N\ N\
z=t—mx S N AN
\\ N N
S \\ . \\
\\ \\ N N
N
.\ N N \\ \\
. R N N N
N N A A
N AY N AY
\\ N \\ N N
N \\ N \\ \\
3 t T3+ 23 T z
= exit time

of the 3rd customer

FIGURE 1. Representation of the M /M /oo queue

Fix a positive integer n throughout this section. After scaling, for all ¢ > 0 we
get that
- 1
Li(t) = —Nanu(Ct).
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Let us denote for all (z, z) in the positive orthant by
dvd (z,2) = \n dz @ pe "% dz,

the control measure of Ny . As readily follows from (36), the fluid limit Lf can
be written for all t > 0 as

() = - / 1o, (2, ) dvh(x, 2),

in a way that

(43) Z3(t) = % / lc, (dNa,, — dvh),

for C; defined by (42). We deduce that for all ¢t > 0,

(44) Yi¢) = % / 1, (dNxp, — dvh)

b1
—I—M/ —/105 dN,\n, — dVﬁ du
"L [re. (avo,— a)

1 !
= — 5}\’”7 (]_Ct) + M/ _5/\71, (]-Cu) duv
N o vn

where dy, , is the compensated integral with respect to the Poisson process Nxy, .,

see (18).

5.3. Reduction to the finite dimension. Fix n € N and recall (20). It follows
from (44) that

n—1 . .
nr T
71-”}/;? = E % (Ynn ((l—’—i)) — YTg (’L—)) [&+ (1[£ ('L+1)T))
n n n n

i=0
(i+1)T
n

5/\n,u(1cu) du) h?

Sl

where for all i and all (z,z) € R?,

G+D)T
1 n
(45) uzﬁ(‘r’ Z) = ﬁ <1C§i+1)T (‘T’ Z) - 1CiT (:E) Z) + i 1Cu (‘T’ Z) du) .

Let us denote for any i =0,--- ,n —1,

¢ () ().

The following result is proven in appendix B,

Proposition 5.5. For any n, the family (ug, i=0,---,n— 1) has the following
properties:

(i) It is orthogonal in L* (V});

(i) For some constant c¢ independent of n,
n n n

Z / |u§ulﬂcu?| dvt < ne.
B

1k=11=1

J
20



(i1i) For anyi € {1,---,n},

//“w ey

Note that for n large, if i/n tends to ¢,

(«Eﬁ)Q ot v'(t) and for i fixed % (9?2 222 4/(0).
We thus have the following result,

Proposition 5.6. For some c, for all positive integer n, the respective interpola-
tions of Y2 and B o+ satisfy

ds, , (MY, m(Boy)) <

b

Proof. Recall that m,(B o) can be represented as
Ta(Boy) B S Vb = Ba,
j=1

where (Yk'i Jk=1,--- ,n) is a family of independent centered Gaussian random

variables such that var(Y}?) = (¢1)2 for all k. From assertion (i) of Proposition 5.5,

we can apply Theorem 3.2 : for any F' € %, ,,,

n

B [P(Be)] = BIF Gl < 5 0733 [ g ] v

j=1k=11=1

Assertions (ii) and (iii) of Proposition 5.5 allow us to conclude. O

5.4. Speed of convergence. We can now state our main result of this section,

Theorem 5.7. On the interval [0,T], let (G, : n > 1) be the sequence of processes
defined for allm by (37) and X* be the process defined by (38). Then there erists a
constant ¢ > 0 such that for all n,

clogn

d Zf xhY<——52 - .
,, (21, X7) < loglogn \/n
Proof. For any n € N we have that

(46) dg,, (2}, XF)
<dsg,, (25,7 ZE) +ds, , (1, ZE, XF)
<dg,, (24, 7 ZE) + cds, (7Y, Boy)
<dg, (28,128 +cds, (T Y}, maBoy) +cds, (B oy, Bo7y),

where we applied Corollary 5.4 in the second inequality.
First define the stopping times

=inf{t >0 : Nua(t) > 2T}, n e N.
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Then, as all functions of .}, ,, are bounded and Lipschitz continuous we obtain that
for all n,

(A7) dg,, (2}, 7.2%)

< swp E |17 (Z2) = F (7 Z8) | 1 7oty +cP [T 2 7]

<E[do (25, maZ) 1po sy | +¢P [T 2 7]
<E {H zZt (. /\Tﬁ) — TTn (Zg (. /\Tﬁ)) lloo, 7 1{T<T£}} +cP [T > 7‘2] .
On the one hand, from Tchebychev inequality, we have for all n,

Var (N (7))

(48) P [T > 73] =P [NaaA(T) > 2XnT] < )

c
<=
n
Also, for any n on {T < 74} we have that

LE (tATE) < Npa(t) < 2AnT,

therefore the Markov process L, (. A %) satisfies to the Assumptions of Lemma 3.1
for J=1and @ = AV (uT). Thus we obtain as in (32) that for any n,

(19) B[l 25 (A7) = m (25 (AE) oot Lypcrty)

1 — —
< %E [H ng - Wnng Hoo,ﬂ + \/ﬁ H L¥ —m, L} Hoo,T
clogn
~ loglogn v/n
Recalling (36), we use the fact that
Vi || I = 1, LF |l < 2¢/n max sup eIt _ gTH

iE[O,nfl]te[ﬂ;(a#l)T]
&
<2n (e*% —1) <2
= < \/ﬁ

Finally, gathering (49) with (48) in (47) entails that for all n,

clog n
Vn

which, together with with Proposition 5.6 and (21) in (46), concludes the proof. O

défn,p (Zvﬂw WnZﬁz) <

APPENDIX A. MOMENT BOUND FOR POISSON VARIABLES

We show hereafter a moment bound for the maximum of n Poisson variables.
For doing so, we follow closely Chapter 2 in [5].

Proposition A.1. Let (X;,e = 1---,n) be Poisson random variables of parame-
terv. The Lambert W function is defined over [—1/e, oc] by the equation W (x)e"V (*) =
x. Then

logn/e”
E x| <
L—“ﬂ% ] = Wlog(n/e”)/e")
Proof. Let us consider (Z;,i = 1---,n) the centered Poisson variables (i.e., for all

i, Z; = X; — v). By a straightforward calculation, for all v € R and all 1,

oo
uZ; —uv uk 7vyk —uv—v ve"
E [e } =e g e"e i e e
k=0 ’
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Therefore the logarithm of the moment generating function of Z; is Uy, (u) =
vie*—u—1)
By Jensen,’s inequality, and because exp(.) is an increasing function,

exp (uE [ max Z1]> <E [exp <u max Zzﬂ =E [ max exp(uZi)}
1=1,---,n i=1,--,n i=1,-,n
Because the maximum of a sequence of positive numbers is lower than its sum, the

Z exp(uZ;)

i=1

right hand side of the last equation is lower than E

Hence, because of the definition of ¥z, ,

exp (uE [ max ZJ) < z": E [exp(uZi)] < nexp (Vg (u)).

i=1,---,n
i=1
Taking the logarithm, for any u in R,

UE|: max Zl} —v(e*—u—1)<logn

i=1,---,n

so that

E{ max Zz} < inf
i=1,---,n u€eR

<10gn+u(e“u1)>

U
Taking the derivative on the right hand side, it is easy to check that the infinimum
is reached when

(50) vue® —ve" + v =1logn

which means that it is reached when (u — 1)e*~1 = % ie. u=1+W(a)

where a = % Then the infinimum is equal to

logn +v (eW(@ —1 —W(a) — 1)

(51) 1+ Wi(a)

But we know from (50) that v(1 + W (a))e't*"W (@) —logn = ve!™W (@) —y 5o that
(51) gives

HW(a) _ ), — peeW(a) _,, — a
ve v =vee v VeW(a)
Remembering that the Z; are the centered X;, we thus obtain that
a log (n/e")
E X;| <vee—e— — =
[ﬁﬂ/kwmw”” W (log(n/e”) /")
which completes the proof. (I

Notice that, contrary to Exercise 2.18 in [5], the Poisson variables here are not
necessarily independent. Moreover, observe that W (z) > log(z) — loglog(z) for all
z > e. Hence if n > exp (e¥! + v), there exists ¢ > 0 such that

X log (n/e”)
E L—l,...,nXl] = Tog(log(n/e") /e — log log(log(n/e") Je")
logn
= Tog(log(n/e")/e") — loglog(log(n/e")/e)
(52) =¢ 102)1%)7;71.
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APPENDIX B. PROOF OF PROPOSITION 5.5

For the sake of notations, we give the proof for T' = 1. The general case is
handled similarly. Fix n throughout this section, and denote for all i € [1,n] and
(x,2) € R,

it+1
n

il 2) = lo, (02 Ao = [ lo,() du

Proof of (i). Recall (45), and fix two indexes 1 < i < j < n. We have that

63) [ [t k= [ (@i —a) (@ —ay) w5
+N//5i (aj+1 — o) deHru//ﬁj (atiy1 — i) dVﬁJruQ//ﬁjﬁj v,

=L+ I+ I3+ 14

As i+ 1 < j, a straightforward computation shows that

J+1 J+1

:—)\/ / nue H* dzdx—i—)\/ / nue "* dz dx

— 1
:)\n(2e_“ no—e —pie 1—6_“] = )

Likewise, we obtain that

n iziz1 _ d—itl R ES i
I, =— ( f e —e Hm )—)\(e“n—e“n);
1

I3 = An (—267‘”— Le e ef“jirifl) ;
1

Iy = An (—2€_M% e hET pemh T
1

Adding up the above into (53), readily entails that
[ [

Proof of (ii). For all j # k we can write that

64) L= [ gl vk < [ 1o = (o — ap)lenn =)l avi
+ / (i1 — i) (a1 — aj)ufe| vk + / [(ajr1 — o) (kg1 — o) B dvy
+ / (g1 — o) (1 — o)y dvf + / [(vig1 — o) 2B, Br| v
+/!(Oéj+1 — o) 11?Bi B dViJr/!(OékH — ag) 1? BB | dv
8
+/‘M3ﬁiﬁjﬁk’ dv}, =izfé,j,k-
=1

First suppose that ¢ < j < k. Then the integrand of I ;. cannot possibly be
non zero and I}, = 0.
iJ,
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Suppose now that i = j < k. As the integrand of Ii{j,k is non zero only on the set
Djy: 7CJ+1 ﬁC nCs 25} ka we have that

FES B N,
Iilj = // ajap dvd = / nAue M dz dx
b Dj,k 2 E*I
T | G P
Iz pm

The case ¢ < j = k is treated identically by interchanging the roles of j and k.
At last in the case i = j = k

I //alﬂ—aldu
=n < ; / Ape % dz dx — /n / " Ape M dz dz)
% 0 0 i_g

The calculation of I? ik I? i,

. and I jk can be simplified by noticing that
/| aip1 — o) (o1 — o) Bkl dV /l aip1 — o) (a4 — aj)| dV

In the case 7 < j, the integrand of this integral is non zero only on the set D; ; :=
Cirs NCT NCG NC5 so that

/| air1 — o) (41 — ;) Bl vt < £ // Q10 dI/
i1 ]+1
/ / n/\ue % dz do

S A (e“T —€M%) (6_”% —6_“%) S i

In the case ¢ = j this integral becomes

/| Q41 — az—i—l — Oy ﬁk| dV <= // Q41 — az d »91
_ A (/ " / Apne™ P dz der/n/ Apne™#* dz dx
n 0 itl—m 0 %—m
—2/71’ / Apne #* dz dz)
0 %7I

22)\(2—}—67#@; — e MW —2e™ n) < ==

2\
n

25



So that in all cases I7;,, I}, and I}, are lower than € where C is a constant

Reasoning similarly, we also obtain that

2
HQ/‘(O%H — a)p®BiB| dvh < %/|ai+1 —ay| dv}

2 itl )
- (/ / Ape H* dz do —

Ape H* dz d:c)
2

0
:u_(é_i(l_e—%)( T)) <X
n\n u un?
for all 4, j, 7 so that in all cases I?

ik I” . and I ;. are lower than n—; where C’ is
a constant To end with, an easy calculation shows that if u < v,

A A
//1culcv)\uef“ydxdy = —(67“(“7”) —eTH) = —
1 1

i_g
n

(ef,u(qufu/\v) _ ef,uu\/v)

and that
A .
//]-Cu]-Cv lcw/\,uef“yd:cdy _ _(ef,u(max(u,v,w)fmln(u,v,w)) . ef,umax(u,v,w))
m

so that
8 / |ﬂiﬂjﬂk| dvﬁ
3 J+1
_ An eu(ma,x(u v,w)—min(u,v,w)) _ o —pmax(u,v,w) . do dw
wW3n 2 D)
2 2_
pond T on?

so that there exists a ¢ such that all terms in I, ;  are lower than ¢/n? except for

the I}, ; which are bounded by a constant but are only n in number, and all the

terms where one index appears twice, which are for some ¢ lower than ¢/n but are
only n? in number. Therefore

ZZZ/ lujurw| dv < Cn

j=1k=11=1

where C' is a constant and the condition spelled in i) of 5.5 is satisfied. g

Proof of (). We have

(55) //u“u dvt —//m+1 dvt —l—//aldu —2//az+1aldu
+2,U//ﬁi04i+1 dv} —Q,U//ﬁiai dv} +u2//ﬁi5i dv}

=Ji+h+I3+Js+J5+Js

il
n

A straightforward calculation shows that
7,+1

A
JlfAun/ / e“zdzdx:—n(
I

JQ—)\: (1—6_“ )

W[ A w it1
J3=—2)\,un/ / _”zdzdx——Q—n(_?—e“t)
o Jui_g f
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Similarly




and

i1 2 it1 i —n
Jo =\ (2 toem 4 D nt _emin p e 1))
7

Adding Ji, Jo, J3, Js, J5 and Jg, the term on the left of (55) simplifies to

A i+1 k3
2N+ 2 (emh A e,
"

which recalling the definition of «(.) from Proposition 5.1 is equal to
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