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Abstract

In this article we are interested in the rigorous construction of WKB expansions for hyperbolic
boundary value problems in the strip R4~ x [0,1]. In this geometry, a new inversibility condition has to
be imposed to construct the WKB expansion. This new condition is due to selfinteraction phenomenon
which naturally appear when several boundary conditions are imposed. More precisely, by selfinteraction
we mean that some rays can regenerated themselves after some rebounds against the side of the strip.
This phenomenon is not new and has already been studied in [Benoit, 2016]-[Sarason and Smoller, 7475|
in the corner geometry. In this framework the existence of such selfinteracting rays is linked to the
geometry of the characteristic variety. However for the strip geometry such rays become generic.

The new inversibility condition, used to construct the WKB expansion, is a microlocalized version of
the one characterizing the uniform in time strong well-posedness [Benoit, |.

AMS subject classification: 351.04 78A05
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1 Introduction

This article deals with the geometric optics expansion for the following highly oscillating hyperbolic problem
in the strip R¥~! x [0, 1]

L(O)u® := Qyu® + ijl A;0;uf =0 for (t,2',74) € R x R x 10,11,
(t,z") € R x RI~1,

(t,2') € R x R,

(2, 24) € R x [0,1],

Bouf, _,=¢° for
|za (1)

Byuf,, 4 =0 for

1> .
Ufy<p = 0 for

where the coefficients in the interior, namely the A;s, are in My n(R), the ones on the boundaries, namely
By and Bj are respectively in My v (R) and My _,xn(R) (the value of p will be made precise in Assumption
2.2)). Consequently the solution u¢ of lies in RY. In the only non zero source ter is on the boundary
R?I~! x {0} and is highly oscillating with respect to the parameter 0 < ¢ < 1 (we refer to Section [4| for more
details about the precise expression of g¢).

The aim of geometric optics expansions is to construct an approximate solution of ([1f) in the high frequency
asymptotic. Then we expect that some qualitative phenomena can be easily observed on this approximate
solution whereas they are not easily readable on the solution of .

Before to give some more comments about the strong well-posedness of let us recall some elements
about the analogous (well-known) situation in the half space. We consider the following boundary value
problem in the half space geometry:

L(O)us = f¢ for (t,2',74) € R x RI™1 x R,
Buf, _o=g9° for (t,2") € R x RI-1, (2)
Ufco =0 for (v/,14) € RSTI xRy,

From the seminal work of [Kreiss, 1970] it is known that the strong well-posedness (here by strong well-
posedness we mean existence, uniqueness and an energy estimate in some weighted (in time) L?-norm) of
is equivalent to the fulfillment of the so-called uniform Kreiss-Lopatinskii condition. Roughly speaking this
condition ensures that in the normal mode analysis no stable mode is solution of the homogeneous boundary
condition on R4~! x {0}. With more details, the uniform Kreiss-Lopatinskii condition states that for all
(time-space) frequency parameter ¢ in the normal mode analysis we have the decomposition

E*(C) @ ker B =CV, (3)

or equivalently that the restriction of B to the stable subspace E*(() is an isomorphism.

1We could also consider problems with a non zero source term in the interior (and by linearity also on the boundary
R?4=1 x {1}). However, we are here mainly interested in the influence of the boundaries on the behaviour of the solution of .
That is why we decided, in order to simplify the computations, to set homogeneous source terms on the boundary R4—1 x {1}
or/and in the interior.



Then when one wants to construct the geometric optics expansion for (see for example ()) then he
has to impose a microlocalized version of the uniform Kreiss-Lopatinskii condition. To explain this, in a
formal setting, let us consider a situation in which a compact supported interior source term f¢ induces
some waves travelling (with fixed frequency () to the boundary R4~! x {0}. Then by finite speed of propa-
gation arguments these waves will hit the boundary (this kind of travelling waves will be refered as outgoing
waves) after a finite travel time and will be reflected back. To determine the reflections that go from the
boundary to the interior (they will be refered as incoming waves) one needs to express the new incoming
waves in terms of the outgoing ones (at frequency ¢) and it is exactly a microlocalized version of the uniform
Kreiss-Lopatinskii condition at the frequency ¢. Indeed in such a situation incoming waves are elements of
E*(({) so that microlocalized in ¢ = ¢ permits to invert B in the boundary condition.

The aim of this article is roughly speaking to determine if such a situation also occurs in the strip
geometry. That is does some condition (or a microlocalized version of a condition), coming from the char-
acterization of the strong well-posedness of can be observed in the construction of the WKB expansion
of . This question has already been adressed for hyperbolic boundary value problems in a corner (see
[Sarason and Smoller, 7475]-[Benoit, 2016])

About the strong well-posedness of we first observe that from the result of [Kreiss, 1970], localization
and stability by zero order terms arguments it is easy to show that if the strip problem satisfies the
uniform Kreiss-Lopatinskii condition on each side then there exists a unique solution u of with bounded
exponential growth in time (we refer to Definition or to [Benoit, | for more details).

For uniform in time results we refer to [Benoit, | in which the author gives a new characterization of
uniformly strongly well-posed hyperbolic boundary value problems in a strip in terms of the inversibility of
some trace operators, reading under the form (I — T'({)), that in input takes the value of the trace of the
solution on R¥~! x {0} (resp. R?~! x {1}) and gives in output the value of the trace of the solution on
RI~1 x {1} (resp. RZ~! x {0}).

Let us explain why such a condition is so natural. Consider two decoupled transport equations one
traveling to the "right” and the second to the "right”. Choose boundary conditions in coupling these
two transport phenomenon together. Inductively the non trivial source term ¢° induces a wave traveling to
the side R4~ x {1}. This wave will be reflected against this side and travel back to R?~! x {0} and after
some time more travel time the same process is repeated periodically in time (this kind of phases will be
refered as selfinteracting phases). If we denote by R the coefficient of amplification during the two reflec-
tions needed to regenerate back the first considered transport phenomenon, then intuitively the growth of
the source term g with respect to time should behave like R and we expect to have exponential growth in
time when |R| > 1. The conditions in [Benoit, |, even if they seem to be somewhat technical, are linked to
this simple energy observation (we refer to [Benoit, | Paragraph 3.3.3 (first part by "hand”) for more details).

In this article for the construction of the geometric optics expansion for we ewhibit the fact that
a microlocalized version of one of the condition of [Benoit, | is necessary to initialize the resolution of the
cascade of equations. With more details we ask the inversibility of an operator reading (I — 7 (¢)) (where ¢
is a (micro)-localization of the frequency) on some spaces Hp> (where 7 stands for the maximal exponential
growth in time of the solution. In particular the geometric optic expansions if lower exponentally growthing
in time if and only if v = 0 and in this framework we can explicit some results of [Benoit, |.

An other point of interest is while one of the inversibility condition in [Benoit, | is asked to hold on the
full subspace E*(¢), the one in this article only has to hold on the hyperoblic component of E*(¢)). This
observation will be explained through this article and is linked to the fact that non-hyperbolic modes are
linked to boundary layers so that they do not propagate information from one side to the other. We postnone
to Section [d for more details.

The article is organized as follows, Section [2| contains some notations and the main assumptions. In
Section [3| we give a formal analysis of the phase generation process and in particular we explain in a formal
setting why selfinteraction becomes generic in the strip geometry.

The construction of the geometric optics expansion is performed in Section (6] and justified in Section
[l As already noticed this construction is made under a new inversibility condition which is studied in more



details in Section
Finally Section [J] contains some examples of application and gives some comments about the described
results.

2 Notations and definitions
For simplicity we introduce the following notations for the strip and the time/space strip:

=R % [0,1], Ty :=TN{xy =0}, oy :=TN{xg=1}
Q.= Rt X F, 800 = Rt X 8F0 and 891 = Rt X 6I‘1

The frequency space and its boundary are defined by:
E={C:=(c=7+1irn) ECXRdil\’yZO} and Zp :=ZN{y =0}.

In order to state the energy estimates used in this article we define the following weighted Sobolev spaces.
Let s € N, X C R; x R and x > 0, the H*-weighted (in time) Sobolev spaces is defined by:

HY(X):={ue2'(X)\ue X" € H(X)},
equipped with the norm [| - || s (x) = || - X s (x). We also denote H°(X) := NgenHy (X) and finally for
s € NU {oco} we define H | (X) as the set of functions of Hy(X) that vanish for negative times.
In all this article we make the following assumptions on the strip problem . The first assumption
ensures that the operator L(9) is hyperbolic in the following sense:

Assumption 2.1 (Constantly hyperbolic operator) The system is constantly hyperbolic that is
there exists ¢ > 1, real valued analytic functions Aq,...,A\q on R?\ {0} and positive integers i1, ey Jbg SUCh
that:

d q
VEe ST det | T+ Y &A; | =[]+ N(€),

j=1 j=1
with A1 (§) < -+ < Ag(€) and the eigenvalues \;(§) of ijl &jA; are semi-simple.

The second one imposes that the boundaries are not characteristics for L(9) and that the number of
boundary conditions imposed on each side of the boundary gives rise to a well-determined problem

Assumption 2.2 (Non characteristic boundary conditions) The matriz Aq is invertible. Let p be
the number of positive eigenvalues (counted with multicplicity) of Aq then By € Mpxn(R) and B1 €

My _pxn(R).

With Assumption in hand we can perform a Laplace transform in time (¢ «~ o) and a Fourier
transform in the tangential space variable (' «~ 1) so that reads in the resolvent form:

dzd (C,l‘d) ”Q{(C)a(Caxd% for Tq € ]O, 1[,
Byu(¢,0) =g(Q), (4)
Bla((v 1) =0,

in which ¢ € E acts like a parameter and where the so-called resolvent matrix <7 (() is defined by:

d—1
A=A oI +i) niA; . (5)
=1

The following classical result due to Hersh [Hersh, 1963] ensures that as soon as the Laplace parameter
o has non vanishing real part then the elements in the spectrum of & (o, n) are well-separated.



Lemma 2.1 [Hersh, 1963]Under Assumptions and for all frequency parameter ( € =2\ 2o, the
resolvent matriz </ (¢) only admits eigenvalues with non-zero real part, and thus does not have purely imag-
inary eigenvalues. We denote by E*(C) (resp. E“(()), the stable (resp. unstable) space of </ (() that is
the eigenspace associated with the negative (resp. positive) real part eigenvalues. Then independently of
¢ € E\ Ep, dim E*(¢) = p and dim E*({) = N — p and we have the following decomposition:

CY = E°(Q) ® B*(¢). (6)

However for ¢ € Zj then generically Lemma[2.1]is not satisfied anymore because of the possible degeneracy
of some real parts of the eigenvalues. In this setting the result allowing to describe the situation is the so-called
block structure Theorem firstly shown by [Kreiss, 1970] for strictly hyperbolic systems and then extended by
[Métivier, 2000 for constantly hyperbolic systems (see also [Métivier and Zumbrun, 2005 for systems with
non constant multiplicities)

Theorem 2.1 (Block structure) Under Assumptions and for all ¢ € =, there exists a neighbor-
hood V' ofg in =, an integer L > 1, a partition N = py + -+ + pr, with p1,...,pur, > 1 and an invertible
matriz T, regular on ¥ such that:

V¢ e ¥, THQOA (OT(C) = diag (4 (C), -+, #1(C))

where the blocks <7;(¢) € My, xu, (C) satisfy one of the following alternatives:
i) all the elements in the spectrum of <7;(() have positive real part.

i) All the elements in the spectrum of 27;(¢) have negative real part.
1ii) py =1, o7;(¢) € iR, 0,9 (() € R\ {0} and o7({) € iR forall{ € ZpN Y.

) pu; > 1 and there exists kj € iR such that

kj (3 0
25(¢) = il
0 k;

the coefficient in the lower left corner of 0,.97;(¢) € R\ {0} and for all ¢ € ZEo NV, 2;(C) € iMy, xu, (R).

Consequently Theorem permits to give the following decomposition of the boundary of the frequency
space.

Definition 2.1 For ¢ € Zg we define:

o [E the elliptic area which is the set of ¢ such that Theorem is satisfied with blocks of type i) and i7)
only.

o EH the mived area which is the set of ¢ such that Theorem is satisfied with blocks of type i), ii)
and at least one block of type iii).

e H the hyperbolic area which is the set of ¢ such that Theorem is satisfied with blocks of type iii)
only.

o G the glancing area which is the set of ¢ such that Theorem 18 satisfied with at least one block of
type iv).

We thus have the following decomposition of Zg:
Ey=EUEHUHUG. (7)
Moreover for all ¢ € Zy \ G the decomposition @ still holds and we write:
cN =B () @ E*(C), (8)

where E°(¢) (resp. E"(()) is the extension by continuity of E*(¢) (resp. E*(¢)) up to the boundary Zp.



These spaces admit the following decompositions:

E*(Q) = E2(Q) ® Ej(¢) and E*(() = EZ(Q) ® Ej(C), (9)

where Ef(¢) (resp. EZ(¢)) is the generalized eigenspace associated to eigenvalues of &/(¢) with negative
(resp. positive) real part and where the E}((), Ej'(¢) are sums of eigenspaces associated to some purely
imaginary eigenvalues of .27(().

However for ¢ € G the decomposition (8) does not hold anymore because at glancing frequencies we have
E*({)NE“(¢) # {0}. In this setting we deﬁne the following decompositions of the stable and unstable spaces
E*(¢) and E*(¢).

E*(Q) = E2(Q) © Ej () ® Eg(Q) and E*(() = EZ(Q) ® E;(C) © Eg(0), (10)

where ES(() and Ey(¢) are sum of eigenspaces associated to the Jordan’s block of type iv) of </(() in
Theorem and consequently satisfying E;(¢) N Ey(¢) # {0}.

Geometric optics expansions involving glancing frequencies (that is to say frequencies such that F? (C n
Ey(¢) # {0}) have been studied in the half space geometry by [Williams, 1996]-[Williams, 2000] n these
papers, in order to define a bounded projector on E;(() associated to the decomposition (10) (which is
needed in order to define the boundary layer induced by glancing modes), the author assumes that E; Q) =

@] 1 G3(¢), where for all j =1,---, M, dim G}({) =

Followmg [Kreiss, 1970]- [Metwler 2000] thls assumptlon is equivalent to the fact that Theorem[2.1]is sat-
isfied with block of type iv) of size at most three. Indeed in this case the contribution in E;(¢) (resp. E(¢))
of one block of type iv) is one dimensional (resp. one dimensional if the associated block is of size two, two
dimensional if the associated block is of size three). Consequently the projector upon E; (g ) remains bounded.

In the following we shall define the projectors on both E7(¢) and Eg(¢) so that we make the following
assumption:

Assumption 2.3 Let ¢ € G then Theorem is satisfied with blocks of type iv) of size two only. In this
setting we have that there exists M € N, M < 5 and (e;)j=1,.... m € CN such that:

M
E3(¢) = E{(C) = @ G;(Q) where G;(C) := vect{e;} .
j=1
We can give some precisions about the spaces E}; (¢), E}(¢), E;(¢) and E (C).

Let iém € iR be a purely imaginary eigenvalue of .7 () (possibly with multiplicity more than two except
for glancing modes for Assumption ?? then

d—1
det |21+ miA;+& Aa| =0.
j=1

From Assumption 2.1] there exists an index k,,, such that

T+ Ak, (0,€,) =0
where Ag,, is smooth in both variables. This motivates the following definition:

Definition 2.2 The set of incoming (resp. outgoing) phases for the side 0Ty denoted by Sy (resp. Op)
is the set of indices m such that the group velocity vy, := VA, (n,§ ) satisfies O¢Ak,, (n,€ ) > 0 (resp.
D, (0.6 ) < 0).

The set of incoming (resp. outgoing) phases for the side OT'y denoted by #, (resp. O ) is the set of indices
m such that the group velocity vy, :== VA, (n,§ ) satisfies O, (n,€ ) <0 (resp. Oy, (1, ) >0).

The set of glancing phases for the side Oy 707” equivalently for the side ary) denoted by G"is the set of
indices m such that the group velocity vy, :== VA, (n,§, ) satisfies O¢ Ak, (0, €, ) =



Clearly we have %y = €7 and 0y = .#;. So that in the following we will use the convention that an
incoming (resp. outgoing) phase is incoming if it is incoming (resp. outgoing) for the side 9T'g. Thus, with
this convention in mind we set:

jlij():ﬁl andﬁliﬁoijl,
and for simplicity we also define J# := .# U 0, the set of indeces associated to hyperbolic modes.

With this definition in hand we can give the following description of the spaces £} (¢), E}(¢), E;(¢) and
Eg(0)-
Lemma 2.2 For all ( € Zp we have:

Ei(Q) = P ker L(z,n.€,). Ei(¢) = Plker L(r,1.€,) and Ei(C) = EY(¢) = Pker L(r,1.€,), (11)

kes keo ke9

where £ stands for the symbol of L(9) defined for allw = (wo, - -+ ,wq) € R by L(w) := wOI—i-Z _ wjA;j.
Consequently for ¢ € G, reads:

()= P ker L(z,n,8,) Pker L(z,1,€,) ® E:(Q), (12)
ke s kev

Q)= Pker L(r,n.¢,) Pker L(z.1.€,) & EX(Q). (13)
keo ke9

We now turn to the definition of the uniform Kreiss-Lopatinskii condition which is the condition ensuring
the strong well-posedness of the boundary value problem in the half space. It is not difficult to show (and to
be convincing) that the strong well-posedness of requires that each boundary condition on 9Ty and OI'y
satisfies the uniform Kreiss-Lopatinskii condition. So that in the WKB expansion construction we should
assume that these conditions hold. More precisely we assume the following

Assumption 2.4 (Uniform Kreiss-Lopatinskii condition) Under Assumptions and let ( € =
and as previously we still denote by E*(¢) (resp. E*(C)) the extension by continuity of E*({) up to £ € Ey
of the well-defined stable (resp. unstable) subspace of &7 ((). Then each of the boundary 0Ty and 0Ty satifies
the uniform Kreiss-Lopatinskii condition that is to say that:

V¢ € E, ker By N E*(¢) = ker By N E*(¢) = {0} .
In other words, the restriction of By (T@Sp By ) to E5(C) (resp. E*(()) is invertible and we denote its inverse
by ¢O(C) BO_‘E“* ©) (resp. (rbl (C) Bl_‘E“(C))

We conclude this Section by defining some projectors that will be useful in the construction the WKB
expansion.

Definition 2.3 (Interior projectors) Under Assumptions and for ¢ =it +n € g we define:
o II3 :=1I3(C) (resp. 1Y :=1I¢(()) the spectral projector on EZ(C) (resp. EY(()).
e Forke FUOUY, TIF .= Hk(g) the orthogonal projector on ker £ (z,1n,&k).
e Fork € #UOUY, we define Y* := Y*(() the partial inverse of £ (z,n,&k) characterized by the

relations:
{ YL(1,n, &) =1 — 1",

Tka — Hk:frk =0. (14)

Definition 2.4 (Boundary projectors) Under Assumptions and for ¢ =it +n € Zy we
define:

o P?:= P;(() (resp. P} := P}(()) the projector on E3({) with respect to (resp. (13))).

o Forkc .% (resp. ke 0), PF .= P,’f(g) the projector on ker Z(z, 1, §k) with respect with the sums (12))

(resp.(L3)).
o Fork ec¥ we deﬁne Pk = PF (C) (resp. PF, = PF (C)) the projector on ker £ (7,1, §,.) with respect
with the sum (resp .)



3 Formal analysis

In this paragraph, we give a formal analysis describing the phases appearing in the WKB expansion as well
as the selfinteraction phenomenon between the oscillating ones.

As the reader will notice, in comparison with the expansions for the quarter space geometry (see for
example [Benoit, 2016]), on the one hand the phase generation process in the strip geometry will not be
richer than the one in the half space geometry. Indeed the number of generated phases will be the same
as the one for the problem in the half space. This was not the case for the corner problem for which the
number of considered phases was generically greater than the one in the half space (this number can even
be infinite).

However on the other hand, the selfinteraction phenomenon (meaning that a phase can regenerate itself
after a suitable number of rebounds against the sides of the domain of resolution), which can be seen as a
somewhat anecdotal behaviour in the quarter space geometry (because it requires strong constraints on the
geometry of the characteristic variety) becomes generic in the strip geometry. Indeed an incoming phase
coming from the side 9T'y will always be reflected back against the side OT'; and will always regenerate itself
after two reflections.

3.1 Source term induced phases

The first point of our discussion is to determine the source term induced phases. Note that the system
is hyperbolic, so that it satisfies the finite speed of propagation property, and that the only non trivial
information in lies on the side 0T'y. Consequently, this information can not hit the side 0T'; immediately
and we can (in a formal setting and at least during a short time) neglect the boundary condition on the side
OI'y. By doing this we shall consider the following system of equations:

L(9)u® =0 for (t,2',xq) € |00, T] x Rt x RY,
Bouf,,_o =9g° for (t,a') € ]-o0, T] x R*"1, (15)
Ufco =0 for (2/,z24) € R x Ry,

for T > 0 (possibly small) and it is thus natural to choose for ansatz the one for the problem in the half
space . More precisely, g° reads

g (t,a") o= ex T ¢, a),

where the amplitude g € H® (0€) is given and where the frequency parameters 7 € R, 7 € R4 are fixed.
The ansatz reads

K

uzpp ~ Z eﬁ((hw')'(z,ﬁ)ﬂdﬁk)ui(t’ ), (16)
k=1

where uj, = ano €™Up , the & are roots in the § variable of the so-called dispersion relation det £ (7,7,§) =

0 where we recall that £ stands for the symbol of L(9).

The behaviour of the amplitude uj in is thus given by the kind of phases that we are considering
which depends on & and we have to discuss several cases:

¢ & € C, Im & # 0. In this case the factor et ((ta)(Tm+eate) pag (real) exponential behaviour with
respect to the sign of Im &;. More precisely:

o Im &, > 0 (evanescent for the side OT'). In this subcase the factor et (b @m+eati) jpduces an
exponential decrease with respect to the normal variable z4. The associated amplitude has exponential
decrease so that when it hits the side OI'y its contribution is O(e*°) with respect to € and it will not
contribute to the boundary condition on 0T';. Consequently it will not be reflected back.

e Im &, < 0 (explosive for the side OT'p). In this subcase the factor e ((ta)-(mm+eate) jnduces an
exponential growth with respect to the normal variable x4. As in the half space geometry we decide, to
simplify the discussion, to initially neglect these amplitudes in the ansatz (16| (recall that we are interested
in L2(Q) for some v > o > 0).



Vi,d > 0

{za B0} {zqa=1}

Figure 1: Apperance of the source term induced phases.

o &, € R. In this case the factor e ((ta)-(m+wage) jnduces an oscillating behaviour. Moreover Lax’s
Lemma [Lax, 1957] should apply and the leading order term in the amplitude uj, namely the wugj are
expected to solve the transport equations:

3tu07k + v - Vmu&k =0, (17)

where the velocity vy is the so-called group velocity for & (we refer to Paragraph [2| Definition for a
precise definition). Depending on the sign of v 4 the transport equation has to be completed by some
boundary conditions, which lead us to the following study of subcases:

o v g < 0 (outgoing for the side OT'g). In this subcase the transport in the equation is made from
the "right to the left”. So that the transported informations can be the ones in the interior or the ones
on the side dI'y. But in these source terms are chosen to be zero. Consequently, ug  is zero and this
amplitude is initially neglected in .

o v, ¢ = 0 (glancing for the side OL'y). In this subcase the transport equation reads

rug . + vy, - Varugp =0, (18)

equation which does not require any boundary condition on dI'g or on dI';. The only transportable infor-
mation is the one in the interior, it is zero, so that the associated amplitude ug ; shall be zero and shall be
neglected in .

However, to solve the boundary conditions for the WKB expansion of , with an accurate enough error,
it will be necessary to consider a boundary layer (around OI'g) for ug . We refer to [Williams, 1996] and
for more details. Consequently, the ugx are not neglected in (16). However, due to the
special form of the transport equation , this boundary layer can not be propagated to the side 0I'y, it
will not be reflected against this side and will not contribute to the boundary condition on 0T';.

o vy, g > 0 (incoming for the side OT'y). Finally in this subcase the transport is made from the ”left to the
right”. Consequently, the non zero information on the side 9Ty, is transported. The associated amplitude
Ug,k is not zero, it is not neglected in the ansatz . Moreover, this non trivial information will hit the side
OI'1 after some travel time. It will be reflected and we have to determine its reflections. It is the aim of the
following paragraph.

In conclusion, the source term induced phases are the glancing ones, the incoming ones and the evanescent
ones. Only the incoming ones spread some non trivial information from the side 0Ty to the side dI'y and
only their reflections have to be considered. The situation is summarized in Figure



3.2 The first reflection

We assume that there exists at least one incoming phaseEl, that is that det Z(7,7,&) = 0 admits at least one
root & such that the associated group velocity vy satisfies vy 4 > 0.

We have justified in the previous paragraph that the amplitude u x, after some travel time, induces a non
trivial information on the side 0I';. Once again by finite speed of propagation arguments, this information
can not go back to the side 0’y immediately, so that, in a formal setting and at least during a short time, we
can consider the problem L(9)u® = 0 defined on the half space {x4 < 1} with a boundary condition on 0T’y
involving the amplitude u ,, _, and with homogeneous initial condition. We shall describe the amplitudes
induced by the source term on 0I';.

Note that because we are still working in a half space indexed by x4, the possible induced amplitudes
satisfy the same dispersion relation as the one for the source term induced phasesﬂ That is the & are
roots in the £ variable of the dispersion relation det £ (7,7n,£) = 0. So that the discussion of the previous
paragraph can also be performed to determine the reflections during the first rebound.

However, due to the change of orientation in the x4 variable, the sign in the discussion have to be reverse.
More precisely, let & be such that det £ (7,7, &) = 0 we distinguish:

o & € C,Im & # 0. Then the amplitude ug y is associated to a non trivial real exponentional factor.
And depending on the sign of Im & we have:

e Im & < 0 (evanescent for the side OT'1). These amplitudes have been initially neglected in the ampli-
tudes induced by the source term. But at this step of the analysis they are evanescent for the side 9I'; (or
equivalently explosive for the side dI'g) so that we reintroduce these amplitudes in the ansatz ((16). They
are associated to boundary layer around the side T'; which propagate to 9Ty and hit this side as O(£*°) so
that they are not reflected against 9T’y and do not contribute in the boundary condition on 0TY.

o Im & > 0 (explosive for the side OT'1). These amplitudes are evanescent for the side 9. So that they
are still present in the ansatz and there is no need to add them.

o & € R Then the associated amplitude is oscillating, Lax’s Lemma [Lax, 1957] applies and we expect to
solve the transport equation and we have to reiterate the discussion of the previous paragraph depending
on the sign of the d*" component of the group velocity vy:

e v; g > 0 (outgoing for the side OT'1). These amplitudes are already present in because they are
incoming for the side 0T'.

o v q = 0 (glancing for the side OT'y (or equivalently for OT'g)). In this case, once again the transport
equation degenerates in and we already justified that even if this equation is homogeneous we chose
to keep ug k as a boundary layer in the neighborhood of 9Ty (in order to solve the boundary conditions up
to an acceptable error term). In order to solve the boundary condition on OT'; (which at this step of the
analysis is not homogeneous anymore because it depends on uO,E‘le) we will introduce in ug  a boundary

layer in the neighborhood of 0T';. However this new layer can not be propagate to g (because of the
degeneracy of the transport equation) so that it will not contribute to the boundary condition on 0Ty and
will not be reflected against this side.

o vy, g < 0 (incoming for the side OT'1). We recall that these amplitudes have initially been neglected in
and that they are associated to transport equation for the "right to the left”. But at this step of the
discussion, the information lying on the side 9T'; is not trivial anymore) so these amplitudes propagate this
information from 0T'; to 0T'g and are not zero anymore. Consequently they have to be considered in .
These phases will hit the side 9y after some positive travel time and we have to determine their rebounds.
This is done in the next paragraph.

To sum up, the first rebound makes us consider the explosive and outgoing (for the side dT) phases which
has been initially discarded. So that all the possible phases are now taken into account in (16]). Moreover,
we also add a boundary layer in the neighborhood of dI'; to deal with glancing modes. However the only
phases carrying some non trivial information from the side 0I'1 to the side dT'y are the outgoing (for the side
OdTy) ones. The generated phases during the first reflection are described on Figure

2This assumption is clearly not necessary at all. But we can easily show that if it is not satisfied, then the WKB expansion
for is the same as the one for the same problem in the half space {z4 > 0} and this case is of little interest.

3Let us stress that it is not the case in the corner geometry, see [Benoit, 2016], for which the dispersion relation changes at
each rebound. This explains why in the strip geometry, the phase generation process is not as rich as in the quarter space.
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Figure 2: The first rebound.

3.3 Selfinteraction phenomenon

Once again we assume that there exists an outgoing (for the side OI'y) phase associated to some &, satisfying
det Z(7,n,&) = 0 and vy 4 < 0. Then the information carried by the amplitude ug ¢ hits the side 0Ty after
some travel time and we have to determine its reflections against this side.

However reiterating exactly the same arguments as in Paragraph (that is finite speed of propagation
property to restrict the problem to the study of the problem ), we obtain that the reflections are associated
to the & satisfying det £ (7, 7n,&;) = 0 and one of the following alternatives:

i) Im &, > 0, B

i) §x € R, v a =0,

’LZZ) & €R, Vk,d > 0.

Recall that all of these phases are already considered in the ansatz . Consequently we do not have
to add any phase in . However, let us remark that the amplitude wug j considered at the beginning of
Paragraph satisfies 7i7) so that this phase has regenerated itself after two rebounds. It is what we mean
by selfinteraction.

This phenomenon will be crucial in the construction of the geometric optics expansion for and will
lead to an inversibility condition in order to initialize the resolution of the cascade of equations.

Let us make some other remarks. In this discussion we followed the path of phases £ < £ but if one
changes the choice of £ and considers a path of phases k < ¢’ then during the second rebound the phase k
is still generated. So that each path of the form k < ¢, where ¢ is associated to an outgoing phase (for the
side 0T'g) gives a contribution to the regeneration of the phase associated to k.

Moreover a path of phases of the form k < ¢ where k # k is associated to an incoming phase (for the
side 9T'g) and ¢ to an outgoing phase (for the side dTg) will also generate the phase associated to k.

Consequently, compared to the corner geometry see [Benoit, 2016], the selfinteraction phenomenon is
here a bit more complicated because there is a priori more than one path of phases that regenerate a fixed
phase. Moreover, once again compared to the corner geometry, here the selfinteraction phenomenon is generic
because to hold it only requires the existence of an incoming phase and an outgoing phase. Whereas in the
corner geometry, some really restrictive assumptions has to be made on the geometry of the characteristic
variety (we refer to for more details).

We conclude this section by Figure |3|illustrating the several amplitudes in the WKB expansion and the
selfinteraction phenomenon.
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Figure 3: Phases in the WKB expansion and selfinteraction.

4 The cascades of equations

We consider the following system of equations

L(O)uf = Oyus + 3 Aj0us =0 in Q,

Bouf,,_o = 9° on 9%, "
Blu]ga:dzl =0 on 081,
“|€t§0 =0 on I,
Let ¢ := (iT,n) € Zo be a fixed frequency parameter. We define the phases functions
Y(t,x') =1t +n-2" and for k € A UG, oi(t,x) == (t, ') + &, d; (20)
where the £, stands for the real roots of det Z(1,n,€) in the & variable.
In the source term on the boundary 99 reads:
g =g (t,2) := eéw(t’“”/)g(t,ac')7 (21)

where the amplitude g € H*°(9).

We define the ansatA%

1
’U,E(t, :L') ~ Z esPr(tT) Z gnu‘}i,n,k(t’ .’E) + Z esPr(tT) Z gnu;m’c(t, QL') (22)
n=0

ket n>0 ke9
Lot Td Lot rqg—1
+ Z es¥(tx )EnUei),n (t,x, ?) + Z es¥(t )EnU:z,n (Ll’, T) ’
n>0 n>0

where for all 0 < e < 1, for all n € N and for all k € JZ (resp. k € &) the profiles up n 1 (resp. ug k) are in
HZ5,(Q) for all v > 7, for some 7, > 0 to be determined and where the evanescent (resp. explosive) profiles
UE, ., (resp. UE, ) are looking in the following profile spaces:

ev,n exr,n

4Remark that in ([22)) we take an arbitrary number of correctors for the non-glancing modes while we restrict the expansion
to only one corrector for the glancing one. This choice is motivated by |[Williams, 1996]-[Williams, 2000] and will be explain in

Paragraphs @ and @
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Definition 4.1 The space Pe, (resp. Pez) of evanescent (resp. explosive) profiles is the set of functions
Ult,z,Xa) € HX(Q x Ry) (resp. H(S2 x R_)) moreover satisfying that there exists 6 > 0 such that

e"XaU(t,, Xa) € HX®(Qx Ry) (resp. H(Q x R_)).
In the ansatz let us stress that depending on the kind of the frequency ¢ some (but not all) sums

can be zero. Indeed for example if ¢ € E then the sums on J# and on & are zeros, and so one depend-
ing on the kind of ¢ considered. We also insist on the fact that the sum on J#’ can always be zero when ¢ ¢ H.

Plugging the ansatz in the evolution equation of leads, by identification on the €™, to the
following cascade of equation

ZL(der)uf o, =0 Vk € A,

i (dpr)uf, i1 p + LO)US, , =0 Vk € J€,Yn € N,

L(dpg)ug g, =0 Vke 9,

i (dok)ug 1 + L(O)ug g, =0 Vked, (23)
L(O)ug 1, =0 Vke¥

L(aXd) sv,O = L(aXd)st,O =0,
(L(@Xd)Ujvm_Irl + L(@)Ufwn) (t,z,Xq) =0 VneN, X;>0,
(L(0x,)Usp i1 + LO)UE, ) (m)’{d) -0 VneN, X, <0,

ex,n

where the operator of differentiation with respect to the fast variable is defined by
L(0x,) = Aa (9x, — #(C)) -
Then plugging the ansatz in the boundary conditions of gives

1
Bo | Y uf k(2,00 + > g, 4 (t,2,0) + US, , (£,27,0,0) + U, ,, (t,x’70, _ﬂ = 6009, (24)
ket ke¥ €
and
By | Y esfrug , (ta 1)+ Y et (82l 1) + UG, , <t, 2’1, E) + U, (2, 1,0)] =0, (25)
ket kev

where 4y, , stands for the Kronecker’s symbol.
However by definition of the evanescent and explosive set of profiles, the terms US (t7x’ ,0, —é) and

ex,n

Ueevvn&x/, 1, %) appearing in and are respectively O(£*°) so that the boundary conditions ([24)

and (25)) can be simplified in
Bo | > ufx(t2,0)+ > ui, o (t,2),0) + U, , (t,x',0,0)] = 0n.09, (26)
ket ke¥
and
By | D> ertuf (62 1) + Y ef g (42l 1) + US,, (4,7 1,0)] =0. (27)
ket ke9

Finally plugging the ansatz in the initial condition of leads to
ug .k =0 VkeJJ,VneN,
LR <0

U ey =0 VkEZG VneN,
;1R 1£<0 (28)
Us,, =0 VYneN,
Mt<o
Us,. =0 VYneN.
SN <0

So that to construct an approximate solution of one shall solve the cascade of equations —-
(27) and up to some order. The construction of the leading order term, that is the one associated to
€%, in the expansion is performed in the following section.
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5 Construction of the leading order term

To initialize the construction of the leading order term of the geometric optics expansion we study the
behaviour of the oscillating and glancing amplitudes in , that is the up 0, and the ug0 5. The first
(resp. the third) equation of implies that for all k € J (resp. k € 9), up,0r € ker L (depy) (resp.
Ug ok € ker Z(depy)). Consequently we have the well-known polarization condition

Vke #UY, Hkuhp,k = Up,0,k (29)

where we recall that the projectors II¥ are introduced in Definition
Using the polarization condition and composing the second (resp. the fourth) equation of by
¥ gives
II* L(0)IT*up 0,6 = 0 (vesp. TI*L(9)TFugy 0, = 0),

so that we are in a position to apply Lax’s lemma [Lax, 1957]:

Lemma 5.1 ([Lax, 1957]) Under Assumption[2.1 we have the equalities
Vk e U9, TIFL(O)TOF = (0, + vy, - V)OI, (30)
where we recall that vy, is the group velocity associated to k introduced in Definition [2.3

As a consequence the leading order oscillating and glancing amplitudes are expected to satisfy transport
equations and we have to consider several cases depending on k:

ok € #. By definition of .# the group velocity vy, satisfies v q > 0 so that the transport equation
only requires a boundary condition on the side 'y and an initial condition to be solved (the value of the
trace on JI'y is deduced by integration along the characteristics).

ok € 0. By definition of & the group velocity v;, satisfies vy 4 < 0 so that the transport equation
only requires a boundary condition on the side T’y and an initial condition to be solved (the value of the
trace on 9Ty is deduced by integration along the characteristics).

ok € . By definition of ¢ the group velocity vy satisfies vy 4 = 0 so that the transport operator in
reads O; + v; - V4 and no boundary conditions on 0Ty or on JI'; are required and we just need the initial
condition.

These remarks lead us to study the boundary conditions and written for n = 0, they read:

€ € € _ €
Bo Z Uh,0,k|4 ;=0 + Z Yg,0,k)zy=0 + Uev,omdxdo] =9—bBo Z Uh,0,010 0" (31)
kes ke¥ e
and
k3 k3 i
E €0, € <€, € € - _ &k, €
Bl €e uh,O,f\zd=1 + es ug,(),f\md:l + UCLO\wd:Xé:l - Bl s uh’()’k\zd:l' (32)
Leo ey ke s

We remark, from (resp. ), that the term in the left hand side of (resp. ) lies in
BoE*(¢) (resp. B1E"(()), so that, by the uniform Kreiss-Lopatinskii condition (see Assumption , we
can multiply (resp. ) by ¢o(¢) (resp. ¢1(¢)) and then by PF, PF . P, respectively (resp. PF, Pg’fu,
P,, respectively) (recall that these projectors are defined in Definition to obtain

“’iwovk\md:o = Pi¢o(0) (9 — Bo Zéeﬁui,o,é‘zd:()) Vk € 7,
W 0h,0 = PRat0(©) (9= BoSreo tion,, ) VhED, (33)
Ulo,01,,-x,—0 = Pev0(C) (9 = Bo2ico oy, )

and _ :
“i,o,e‘zdzl = —e S PLo1(O)B1 Y e s eiﬁkui&k‘zd:l Vi e O,
Ug,0,0,,21 = —e 2P 01(O)B1 Y ke s eégk“i,o,kmd:l ved, (34)
Use0yxss = ~Perd1(OB1 ey €505 0, s
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where we used the fact that PFITF = II%, P‘;““’SI'I’C = ng’qu = II* and the polarization condition .

The main observation is that in and (34), to determine the traces of the glancing amplitudes, the
evanescent amplitude or the explosive amplitude it is sufficient to first determine the traces of the amplitudes
associated to indeces in . Consequently we shall determine the amplitudes associated to indeces in J#
before the other ones to initialize the resolution of the cascade of equations.

However in to determine the traces associated to the indeces in .# we have to determine the traces
of the amplitudes for the indeces in &', which depend on the traces of the amplitudes for the indeces in .
by (34). So that and show that the traces of the amplitudes for the indeces in .# (or &) depend on
themselves which agree with the selfinteraction phenomenon described formally in Section 3| The rigorous
determination of these amplitudes is made in the next paragraph.

5.1 Construction of the leading order selfinteracting amplitudes

In this paragraph we show that the determination of the amplitudes associated to the indeces in .# neces-
sitates a new inversibility condition. We consider ¢ € & so that the group velocity vy is outgoing and the
resolution of the transport equation only requires a boundary condition on dI';. More precisely from
, the equation to solve is:

(8t+vg-v )uiM:O
ui>075\zd:1 = —6775’]35(251( ¢)Bs Zkeﬂ e €k “h 0,kjmymr’ (35)
ui,o,f‘tgo = O'

Let us assume that in the right hand side of the boundary condition, namely >°, _ ~ et ui,O,k\xdzl’

is a known function. Then is it easy to solve by integration along the characteristics to determine uj, ¢ ,.
More precisely, we have:

i 1 ”U'
Uf,0,0(t,2) = —e7 <P£¢1(<>31 > et Ui, ) (t o —za)a (1 - m)) . (36)

(% v
kes t,d ¢

where we used the notation v, = (vé, Ve d) € R4~ x R_. We easily determine the value of uj Ca,o for
10,82 =

leo
i i 1 v,
Ui o,ey,,_, (L2") = —e & (p,{¢1(¢)31 > esf’“ui’o,kzdﬂ) ( +—, e ) (37)

Py 0,d Ve,d
Using we can compute the right hand side of the first equation of . For k € .# we have:
Ui o, (t') =PEdo(Q)g(t. o) (38)
1 v}
PR By Y P OBy Y e u g (H— I f) ,
tco kes N Ved Ve.d

and from the fact that for k € &, uj , solves the incoming transport equation , we deduce, by
integration along the characteristics, that:

o (b 2) =PLoo(O)g (t I ”kxd) (30)

Vk,d Vk,d
ig, €0 1 1 , vy,
+Pfgo(Q)Bo Y e = P (¢ BlzeskuhOk‘/x Mt — - g+ - )
el ke s

from which we immediately deduce the value of the trace of uj, , ; on ory:

1 v
N _ pk / k
ui’o,k‘mdzl(t,a? ) =Py %(Qg (t o ,d7x B Uk,d) (40)
1 1 v} v}
+Pfgo(()Bo Y e~ e ploi (OB > e U | <t+—,x’+f—k>.
rco Wes lzq=1 Vod  Vk,d Vod  Vk,d
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Equation holds for all £ € .# so that we can multiply by et¢ and sum over k € .# to derive the
following condition on U5 =3, o , e+ us Kioyn
tad] Id

(I =T=(OUS =G°(Q)y, (41)
where we set for f a function defined on R; x Rz,_l

(T = 3 Py (OB Y e ffmel(c)Blf(Hl—l x+f—) (12)

b
v v v v
ke s teo ¢,d k,d ¢,d k,d

and

!/
(G5(¢) = 3 et Pl oy(O)f (t T ) | (13)
hey Vk,d Vk,d

Note that in the definitions of 7°(¢) and G°({) the evaluations in the time variable are of the form ¢t —ay, ¢
where aj,¢ > 0 because by definition for k e ﬂjv;%d > 0 and for £ € 0, v;q < 0. Consequently, the form of
the operator 7°(() agrees with the intuition given in Section [3| that the selfinteraction phenomenon needs
some time (more precisely at least the minimum of the times needed to make two reflections) to appear. We
will give more comments about the operator 7°(¢) in Section [§

Moreover from the definitions of 7°(¢) and G*(¢) it is clear that they left invariant the sets H? (Ry x

RE.

Equation combined with the fact that U5, € Ej(¢) and G*(¢)g € E;(¢) lead us to the following

assumption:

Assumption 5.1 There exists 5y > 0 such that for all 0 < e < 1 the operator (I —T*(()), where T¢(C) is
defined in is invertible from HP2 (0S4, B} (C)) to HPS (0Q1, B (C)) for all v > 7.

We refer to Section [§ for a study of Assumption More precisely by giving a particular condition
involving the coefficients of reflection which is sufficient for Assumption to hold. But we will also show
in Section [9] to show that Assumption is satisfied on explicit examples.

With Assumption in hand it is now easy to determine the amplitudes associated to indeces in 7.
From Assumption [5.1] we obtain:

U] = (I TE(O)|E8 )QE(Q%
and we can use this expression in and to obtain that for all £ € O:

i 0.0t 2) = = (€ HE Blo1 (O BT = T*(O)jh 9 (Q)9) (t + i“ —a) ol + (1= m) o (49)

and for all k € .#:

/

1 v
Up 0.k =Pf¢o(§)g (t - —xg,2 — —* xd) (45)
Vk,d Vk,d

s

+PEo0(QBa Y e Plon(Q)By (1 = T(O) 1 97 (©)9) (t+ A e md)7

v v v v
Leo 4,d k,d £,d k,d

equations which uniquely determine uj, , , for k € 7 in terms of the known source term g. Also note that
due to the fact that ¢ = 0 for negative times, the initial condition written for n = 0 is satisfied for
ke 2.

This concludes the construction of the leading order amplitudes for selfinteracting phases. It remains to
consider the other kinds of phases. The construction is made in the following paragraphs.

To sum up we give the following proposition:

Proposition 5.1 Under Assumptions [2.1], [2.3, [2]] and [5-1} For all k € 5 and for all 0 < & < 1 there
exists uy, oy € H‘ ( ) for all v > 7, (the one given by Assumptzonﬂ) satzsfymg the cascade of equations

@3). . . 28) written for n = 0.
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5.2 Construction of the leading order glancing amplitudes

To simplify the following we introduce the notations:

_ Leptrk, € e . l, €
= Z e=5+11 Uhn gy and Uy, 5 := ZH Uhnbys =0 (46)
kes tco

Let k € ¢ then the associated amplitude ug o, shall solve the transport equation (see 7, and
28))
(O +vp, - Var)ug o), =0 for (¢,x) € Q,
U ey = Phct0(©) (9= Bolls ) on 0%,
U0k = —e~EPE 61 (Q)BIUS ;, on 99,
=0 on I,

(47)

£
Ug 0 Jkit<o

where from Paragraph - 5.1) the right hand side in the boundary conditions of are known functions in
HP? (Rt X R 1), for all ¥ > 7, depending on g (their precise expression in terms of g can be made precise
from and . ) but is of little interest in the following).

As notlced in [Williams, 1996]-[Williams, 2000], the main issue in is that due to the fact that the
group velocity vy is tangent to the boundary the couple of equations:

{(a + 0, Var)ug g = 0,

(48)
u;OJﬂtgo =0,

already determines the solution ug g (and witth homogeneous initial condltlon and interior forcing term
it shall be zero). Consequently Wlth the boundary conditions the system is overdetermined (and the
boundary conditions can not be satisfied because u; , , = 0).

However we stress that we need to solve theses boundary conditions to obtain a suitable error on the
boundary in the energy estimate.

To overcome this difficulty induced by glancing modes, we follow the method of [Williams, 1996] that is

we decompose Ug ok = 6’% g T “Z:%,k where “ZZO,k solves the transport equation (48)) (in our study we can

choose us’ﬂo x = 0) and where u v % i is a boundary layer satisfying the boundary conditions of . Indeed,

note that 1f ut v 0 ;. does not satisfy the boundary conditions and . then because boundary conditions
and ([27)) are decoupled compared to n the error on the boundarles for glancing modes will be O(1) with
respect to € Wthh is not a suitable error rate for the justification of the WKB expansion (see Section [7)).

F(é;iltowing [Williams, 1996] let x € €>(]0,1[) satisfying x(z) = 1 for # < § and x(z) =0 for > 5, we
defin

S (6, 2) = S (1) =x <f) P* 60(C) (9 — Bold o) (t.2') (19)

Td _i
- (1=x(2L)) et P OBk 1),
It is clear that such a ug g satisfies the boundary conditions and . Moreover, by construction
o € kerZ (der), so that the third equation of (23)) is satisfied and by definition of g, the initial condition
written for n = 0 is satisfied for k € 9.

The construction of a corrector tem is postnone to Paragraph In the last Paragaph of this Section
we conclude the construction by the one of evanescent/explosive amplitudes.

5The scaling e=1/2 for the size of the boundary layers comes from [Williams, 1996] and is explained in Paragraph It
permits to construct a corrector for glancing modes such that the error in the interior in O(g!/4) in L,QY(Q) Note that this is
the sharpest possible error rate.
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5.3 Construction of evanescent and explosive leading order amplitudes

The only remaining leading order amplitudes to be constructed are the evanescent and the explosive ones.
We recall that the evanescent amplitude of leading order satisfies the equations (see , and )

L(axd)UeEv,O(Xd) =0 for X4 >0,
U:”’O\zdzxd:o = Pev(bo(g) (g - BoZ/lgﬁ> s (50)
UEE’U,OHSO = 07

and that the explosive amplitude of leading order satisfies the equations (see (23),(34) and (28))

L(9g,)Ug 0(Xa) = 0 for X4 <0,
U:I’O\idzfd:o = —FPextr (Q)Blu&ﬂ’ (51)
UEEZ,OHSO = 07

where we set X’d = Xg—1, 24 = x4 — 1, and that from Paragrah (see Proposition ) forall 0 < ¢
the right hand side of the boundary condition in (resp. (1)) is a known function in HP2 (080) (resp.
HP2 (0§) for all v > 7, depending only on g.

To solve these systems of equation we follow the method introduced by [Lescarret, 2007] that is we firstly
determine the value of the double traces vy = Xg =0 and 74 = )?d = 0 and then we extend these traces for
zq # 0 and T4 # 0 as boundary layers in the normal variable.

The following Lemma is a trivial generalization of the one dealing only with evanescent modes in
[Lescarret, 2007] to explosives modes:

Lemma 5.2 ([Lescarret, 2007]) We define for Xq > 0

P.,U(Xy) :=eXa7 Q11U (0), (52)
Xd o0

Q. F(Xy) = /0 e XK= O AT (s5)ds — /X eXa=) O AT F (s)ds, (53)
d

and for )N(d <0
P, U(X,) =eXe7 O (0), (54)

- Xa  _ 0 ~
Q.. F(Xy) = / K= T O AT F (5)ds — /X eXa=) IO AT F(s)ds, (55)
— 00

then for all F € P., (resp. F € P,;) the equation
L(0x,)U =F for X4 >0, (resp. L0z ,)U = F for X4 < O) ,

admits a solution reading U = Po,U + Qe F (resp. U = P, U + Qe F).

Lemma combined with equations and implies that we have the conditions U, o = Pe,U¢,
and UZ, o = Pe,Ug, o which are comparable to the polarization condition for oscillating amplitudes.
We describe in the following the way to construct the evanescent amplitude Ug, , the arguments are exactly
the same for the explosive amplitude Ug, ;.

From the definition of P, and the "polarization” condition Ug, o = P, UZ, o to determine Ug, , it is
sufficient to determine its trace on { Xy = 0}. However by we do not know this trace but only the double
one on {xg = X4 = 0}, so that we follow the method of [Lescarret, 2007] consisting in extending this double
trace for x4 > 0 as a boundary layer. Consequently
Uev,O(tv €, Xd) = X(md)ede(QPev esv,O(t’ $/7 0, 0) = X(md)ede(QPev(bO(g) (g - BOUS,@) ’

€
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where x € ¥°°(]0, 1) satisﬁesﬁ x(z) =1 for < 1 and x(z) = 0 for > 2 is a solution of (50). The same
kind of formula also holds for explosive amplitudes.

Moreover clearly by definitions of P, (resp. P..) is it clear U;, o(t,z, X4) € Pey (vesp. UZ, o(t,z, X4) €
P..).
By sum up the results of this Section in the following proposition:

Proposition 5.2 Under Assumptions assume that ( ¢ G and that Assumption . For all
ke A and for all 0 < ¢ < 1 there exists u, ,, € HX2 () for all v > 7, (the one given by Assumption
(27,

satisfying the cascade of equations 1HD written for n = 0. There exist Ug, o € Pey and
Ucr.o € Pex satisfying the cascade of equations (23)),(26) written for n = 0.

€.
So at this step we have determined all the amplitudes of the leading order in the ansatz (22). The
following section aims to show that this construction can be repeated to higher order in order to obtain an
approximate solution of (we postnone the justification to Section @

6 Construction of higher order terms

In this paragraph we first sketch the construction of the amplitudes of order one in the WKB expansion. As
the reader will notice, the construction for selfinteracting amplitudes is rather classical, that is we firstly de-
termine the unpolarized part of the amplitudes (which only depend on the leading order amplitude) and then
reiterate the construction described in Paragraph to determine the polarized part. The determination
of the evanescent or explosive amplitudes follows more or less the same ideas. More precisely we decom-
pose the evanescent/explosive amplitude in some ”unpolarized part” depending only on the leading order
evanescent /explosive amplitude and some ”polarized” part which is determined as described in Paragraph
B3l

Finally we show in Paragraph that these constructions can be performed at any order for selfinter-
acting and evanescent/explosive amplitudes if ¢ ¢ G.

However, the situation is not so ideal when glancing modes exist. Indeed as mentioned in Paragraph
[(.2] the glancing amplitudes can not solve simultaneously the boundary conditions and the equation in the
interior. This fact implies that we are able to define a corrector ensuring a suitable rate of convergence but
that we will not be able to define these correctors at any order. We refer to Paragraph for more details.

6.1 Selfinteracting amplitudes of order one

Firstly, in a classical setting see for example [Rauch, 2012], we determine the unpolarized part of the hyper-
bolic amplitudes of order one, namely the uj, ; ; for k¥ € . In order to do so, we apply the pseudo-inverse

T* (see Definition to the second equation of written for n = 0. By definition of T* we obtain that
Vk e A, (I —T0")5, = iYPL(O)u5, o - (56)

The right hand side of has been determined in Paragraph so that (56)) uniquely determines
the unpolarized part of the selfinteracting amplitudes (moreover they are in H< (Q) for all v > 7). So to

conclude the construction it only remains to determine the polarized parts, namely the Hkuth i for ke 2.

Consider the second equation of written for n = 1, composing by II* and using the trivial decom-
position I = I — II* + IT* leads to:

I*L(O)TM g, 4, = —TIFL(O) (I — TT*)uj, 4 4, <= TFL(O)T*uj, 4, = —ilIF L(O) YL L(D)uj, g -
We can apply Lax’s Lemma [Lax, 1957] to rewrite this equation as:

(0 + vr - Vo) IFug, 4 = =P L(O) Y L(O)u§, o - (57)

6Note that compared to the boundary layer for glancing modes the size of the boundary layer for elliptic modes can be made
independent on e.satisfying the cascade of equations (23),(26),(27),(28]) written for n = 0. satisfying the cascade of equations
(123),(26),(27),(28) written for n = 0.
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We again have to solve a transport equation so we reiterate the discussion depending on the type of the
amplitude.

o k € . In that case the transport phenomenon is incoming so that to be solved only requires a
boundary condition on 0T'yg. To determine this boundary condition we consider written for n = 1 that
we write under the form:

BO[ Z Hkui,Lk + Z Hkui,Lk + Uegvvl\Xd:oL o = —Bo[ Z (I — Hk)ui,l,k + Z(I - HZ)UZ,I,Z (58)
kes kew ra= kes e
+ZI Hk g1k+ZHuh14 70,
kew teo ra=

and we remark that all the terms in the right hand side of , except the last one, are known functions in
H> (390) for all v > 7,. Consequently applying the uniform Kreiss-Lopatinskii condition (see Assumption

.i and the projector Pk (see Deﬁnltlon to shows that the polarized part Hkuh 1k for k € 4
satisfies the transport equation (note that P,
(O + g - Va:)HkU‘Z,Lk =Fik
0,1, = ~PRO0(O)Bo (U o + G5y ) (59)
k _ k _
I “Z,l,k,t@ =—(-1I )“i,l,k‘tgo =0,

where we recall that Uf ,; is defined in and where the source terms are given by:

ik,] = —inL(B)TkL(a)uZ’O’k,

Gt = <Z (1 =Ty g g+ (1= Tug 4 D (1~ Hk)“;,l,k) :
|xd=0

kes Leo ke9

o £ € 0. In that case the transport phenomenon is outgoing so that to be solved only requires a
boundary condition on dT';. Reiterating essentially the same computations as the ones for the case k € .
we easily obtain that the polarized part of the outgoing amplitudes satisfy the transport equation:

(00 +ve - Vo )TTUf = Ty 6,
I, = e PO B (U +07,). o
Hz“i,u‘tgo =0,

where the source terms are given by:

Fs 0.0 = —iI L(O)Y L(9)u§, .,

Gl0 = <Z =tk (I - 0%)uf, 1k + Z et (I — HZ)“Z,LE + Z =8k (I - Hk)“f;,l,k) .
‘.’L‘dZI

kes Leo ke9

We can repeate the same arguments as the ones described in Paragraph [5.1] to obtain a compatibility
condition on Ui , = = hes e SRITF uj, . Integrating (60 . ) along the characteristics gives:

_i 1 v}
I 1 02) = = P OB (14 (1= a)a’ + 1 2)) (o1

)

—fw%@@&ﬁﬁc+l<uwmf+wuemo

Ve,d Ve,d

1—xq 1 ’U/
_/ 10,6 (t+(1—xd—s),x'+e(l—xd—s),l—s) ds,
0 Vp.d

Ve,d

)
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and consequently the right hand side of the boundary condition of depends on Uf 4, giﬁ and F7, 5.
Integrating again along the characteristics the transport equation gives (by linearity):

1 1 v v}
H’“uiﬁl’k(t,x) =P ®0(¢)Bo Ze E&Ph(bl(C)Blui] (t + i Txdyfﬂl + Uie -3 k md) (62)
teo 4,d k,d ¢,d k,d

1 1 v, V)
+ Py ¢0(¢)Bo Z e 4 PLp1(¢)BiGE o (t +— - —ag, 2+ L - E ffd)
eo Ve.d Vk,d Ve,d Vk,d

1 v}
B P;lfcbo(QBOgiﬂ (t - de,x’ _ v:dxd>

s )

+ PYoo(¢ BOZ/ Fieo (tre(s,2a), X (s, 2a), 1 — ) ds
tco

/
/ Fik.s (t— 7( Ta— )7 + — (g —8)78> ds,
Vk,d
where we defined:

/ /

1 1 v v
tro(s,2q) ==t + —(1—s) + —xq and x, 4(s,2q) == 2"+ —(1 - s) + 4.
Ve,d Vk,d Ve,d Vk,d

Multiplying by e=t and suming for k € .# we obtain the compatibility condition:

1 v)
(1= T QWU =T (OG5 = 3 * P QBT (1= o’ = ) (63)
= Uk,d Uk,d
+ Z efngtho BOZ/ Fireo (tee(s,a), % o(s,2q),1 — ) ds
ke.s teo
: 1 Fo Yk
—|—Zef ]-"lkﬂ t—— (1 —s),2"+ —"(1-s),s ] ds,
= Uk,d Uk,d

where 7¢(¢) is defined in (#2). Remark that all the terms in the right hand side of (63) are in Ej(¢)

(recall that by definition 7, , reads Fi, , = = 1" F1 .o for k € ) so we can use Assumptlon in
(63) to determine the value of U< 1 (in terms of some known functions in HE2 (0, E;(Q)), namely 1o
9t v Fik.s and Fi, o) Pluggmg this value in and . ) gives the value of the polarized part of the
amplitude for selfinteracting phases namely the H Un, 1,k for k € . This concludes the construction of the
selfinteracting amplitudes of order one.

6.2 Evanescent and explosive amplitudes of order one

We now turn to the determination of evanescent and explosive amplitudes of order one. Considering
written for n = 0 we obtain that

L(0x,)Ug, 1 = —L(O)U;, o for X4 >0 and L(0% ) co1=—L(0)U:

ex,l — e

20 for X4 < 0. (64)

From Proposition [5.2] the known function Ug, o € Pey (resp Um 0 € Per) and it is clear that P, (resp.
Pes) is stable by L(9). Consequently the right hand sides in are in P, and P, respectively, and we
can apply Lemma [5.2] to obtain the decompositions:

ev,l QevL(a) ev,0 and U, ew 1 Peersw Qew ( ) ex,0° (65)

To determine Ug, ; (resp. Ug, ;) it is sufficient to determine P, U, ; (resp. P, Ug, ;). This is done
mainly in the same way that in Paragraph We brieﬂy sketch the construction of P, Uev ; for completed-
ness. Recall that by definition of P, (see (52))) P, U¢, ; is known if and only if we know the value of its trace

on {Xy = 0} to determine this trace we consider the cascade of equation (26]) written for n = 1 and then we

PC’U

evl_
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extend the double trace on {X,; = 24 = 0} as a trace on { X4 = 0} only. The second equation of written
for n = 1 reads (after decomposition on the stable/unstable subspaces, by the uniform Kreiss-Lopatinskii
condition on 0T'g and the composition by P?):

(fv,l‘mdzchO = —P¢o(¢)Bo Z ui,l,k‘wdﬂp
keo

where from Paragraph the right hand side is a known function in H2 (2) for all v > 7.
Consequently by definition of P, we obtain (by using a function y as before) that:

P, US, 1 (6w, Xa) = —x(za)e™ ¥ O P 6o(()Bo Y URTI
kelO

which concludes the construction of evanescent amplitude of order one and once again in which of the
definitions of P, and Qe, it is clear that Ug, ; € Pey. The same permits to show that Ug, | € Pes.

6.3 A corrector for glancing amplitudes

In this paragraph we follow the method of [Williams, 1996] to construct a corrector for glancing modes such
that the geometric optics expansion is a good approximation of the exact solution up to an admissible rate
of convergence (that is O(g'/4)).

To this aim we recall the equations governing glancing amplitudes of order one in (namely the fourth
and the fifth equations of in which we reintroduced the power of € for convinience) that is:

{50 (12(dor)us, o+ LOMG 0, ) =0 VEEY,

(66)
eL(9)ug ;=0 Vke9.

We decompose the first equation of as:
el (zf( der)ug ik + L(@)Hkug’oyk) =¢0 (13( dcpk)u‘;l’k + HkL(a)Hku;O,k +(I- Hk)L(a)u;Oyk) =0.

This equation has exactly the same form as the one for hyperbolic amplitudes except that we chose the
leading order glancing mode in such a way that it satisfies the boundary condition (to ensure an error at
least of size O(e) on the boundary) but not the interior equation so that compared to hyperbolic modes
HkL(a)Hkugp)k is not zero and gives rise to an extra error in the interior.

However as for oscillating modes we compose the first equation of by Y* the partial inverse of
Z(dyr) and we define:

uS = (I =T")us | =Y LO)uS g 1 (67)
By doing this we obtain that for all k € ¥
Lk
L(9)(e" (ug o, +ug 1 1)) = IFL(O)T ug o 5, + eL(D)ug 1 - (68)

The term of order €% in the right hand side of may seem to be alarming to obtain a good error
estimate for glancing modes but thanks to the choice of the boundary layer in it is not. Indeed, from
and using the fact that for all k € ¢, TFL(9)[I* = 9, + v}, - V. (so that II¥L(9)IT* does not act on the
x4 variable) we have that:

IEL(O)T ug o 1 = Xe(2a)Bo(t,2") + (1 — xe(wa)) B (t,2),

where x.(z4) := x(6~/%x4) and where from Proposition PBo(t,x'), $1(t,2') are in HPS (Ry X R for
all 7 > 7. So a simple change of variables shows that TI*L(9)ITFug ;. is O('/*) in L2(Q) for all v > 7.

We now turn to the term eL(0)uy ; ; in the right hand side of (68). From and (67), ug 1 5, reads
under the form: B B
wsrs =2 (X(@a) Zo(t,2) + (1= Xe(wa)) Zn(t,2))) + Do,

where %, #, € H? (Ry x R%1) for all v > 7,. From which we immediately deduce that eL(Q)ug ;4 1s
O(e'/*) in L2(€) for all v > 7.
Using the fact that by construction Bou;’o’k‘xdzo =g° and Blu;,(),klmdzl = 0 it follows:
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Proposition 6.1 Assume that the hyperbolic strip problem E] satisfies Assumptions
cmdfor some 7y > 0. Then with ug . defined in and ug 1, defined in we have

L) (Srew @ * (504 +2u5,10)) = Oale®)  inQ,
By (Zkeg ei%(“;o,k + 5“3,171@))' 0= Opa,(e)  on 9,
_ = (69)
By (Zke ez%(“;o,k + 5“;,1,k))| L= Opa, (e) on O,
xTqg=
ik
(Shey ¥ (50 +eu500)) =0 onT,

where Ox (-) are in L2(X) for all v > 7.

6.4 Higher order non glancing amplitudes

As mentioned in Paragraph when the frequency ¢ admits glancing modes then we can construct a first
order corrector such that the error (in the interior) is O(¢'/*) in L2(Q). However it seems difficult to reiterate
this method to construct a second order corrector giving rise to an admissible error (the reason remains that
glancing modes can not solve the interior and the boundary equations simultaneously).

However when ¢ = () we can repeat the construction made in Paragraphs and to define an arbi-
trary number of correctors. In this paragraph we briefly describe the way to proceed.

Assume that all the terms (A S ¢ and U¢, U:,. ., appearing in have been constructed up

ev,ny “ex,n

to some order ng > 1. We sketch the construction of the uj, ,, . ;,, k € 7, US, , 11 and Ug, 14

e Firstly the second equation of written for n = ng gives the unpolarized part of the hyperbolic
amplitude uj,,, ., (so that it is sufficient to determine the polarized part) and the 7t (resp. 8)
equation of (23) combined with Lemma implies that to determine UZ, ,, 11 (resp. UZ, , 1) it is
sufficient to determine P, US, .. 11 (resp. PeoUE, . 1) (see and (54)).

e From Lax’s Lemma [Lax, 1957] and Lemma each of the terms mentioned above require only a

boundary condition (on dl'g for the uj , ., ,, k € & and UZ, ,, ;1 and on Oy for the uj, ,, 1y 4, k € O
and UZ, ,,,41)- Identify in and (written for n = ng) the stable and the unstable parts of the
traces shows that the ”double trace” of evanescent and explosive amplitudes only depends on the trace
of the hyperbolic amplitudes. Consequently we shall determine the traces of the hyperbolic amplitudes

first.

e To determine the trace of the oscillating amplitudes we remark that by the uniform Kreiss-Lopatinskii
condition on each side the boundary conditions and (written for n = ng) can be written
under the form:

%05, 1o = —PEGO(OBolle, 1 g+ Fo b€ S
Heui,no-&-l,é‘md:l = _PT€¢1 (g)BlZ/[iU-i-l,ﬂ + F]- Z € ﬁ’

where Fy and (resp. F}) is a given source terms that depends on the uf, 1 for k € A and n < ng, on

kY, € LY, k, e L, €
(I-1II )uh,nngl,k:‘xd:O (resp. (I-II )uh,noJrl,Z‘xd:l) but not on IT Uh,no+1,k za=0 (resp. II “h,no+1,z|md:1)-

Reiterate exactly the same kind of computations as the ones described in Paragraphs [5.1] and [6.1] lead
to the compatibility condition:

(I = T(OUZ ny+1 = Frgt1,

where Fy,+1 is a known function in HES (0Q1, Ej (¢)) for all v > 7,. From Assumptionwe determine
U ., 1 and then each oscillating amplitude uj, ,, ., , for k € 7 by resolution of transport equations.
s10 s 0 ’

"In fact in this setting as we only construct a first order corrector in (22)) it is in fact sufficient to take g € H?(@Qo) to

ensure that the uz 1k € H%(Q) for all v > 7, in such a way that the previous discussion makes sense.
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e The final step is to construct the ”polarized” parts of the evanescent/explosive amplitude (that is
P, USy nor1 and P US, 0 1), Is it done exactly as it as been done in Paragraphs and More
precisely the knowledge of the traces of the oscillating amplitudes gives the knowledge of the ”double”
traces of Ug, o 4+1, Uy no+1 and then we are free to extend these double traces in simple ones thanks

to the cutt-off function .

This concludes the construction of the amplitudes at any order in the particular framework where & = () to
sum up we give the following proposition:

Proposition 6.2 Under Assumptions |2.1 and also assume that 4 = () and that Assumption |5.1
holds for some 5y > 0. Then for alln € N, for all k € F there exist uj,, , € H: (Q) for all v > 7, and

Uévn € Pev, Ugy , € Pea satisfying the cascades of equations ([23)., (26), and .

7 Justification of the WKB expansion

In this section we give two justifications of the WKB expansion depending on the kind of the frequency (.
Firstly let us introduce what we mean by a strongly well-posed hyperbolic boundary value problem in
the strip €.

Definition 7.1 Let f € L?(2), go € L*(0Q0) and g1 € L*(0Q4) be given source terms. The hyperbolic
boundary value problem in the strip T’

LOwu=f in Q,
Boujg,=0 = go  on 98,
B1u|wd:1 =91 on 8913

up<o =0 on T,

is said to be strongly well-posed if its admits a unique solution u € L*(Q) with traces Ujpy—0 € L2(09) and
Ujgy=1 € L?(09Q4) satisfying the energy estimate that there exist C > 0 and o > 0 such that for all v > ~o:

1
7”“”%3(9) + ||U|a;d:0||2Lg(aQO) + \|u\acEL:1||2L3(aQ1 <C (,yf”QL%{(Q) + ||90||2Lg(aszo) + ||91||2L3(391)> . (70)

In the particular setting where vog = 0 the strip problem is said to be lower exponentially strongly well posed.

As mentioned in the introduction show that the there exists 79 > 0 such that the strip problem is strongly
well posed in the sense of Definition only requires the uniform Kreiss-Lopatinskii condition on each side
of the boundary so that under Assumption and the strip problem is automatically strongly
well-posed in the sense of Definition

The question of the lower exponential strong well posedness of is studied in [Benoit, |. In this article
the author describes a particular framework, namely the one of strictly dissipative boundary conditions
in which the lower exponential strong well posedness of as well as a full characterization of lower
exponentially strongly well posed problems. More precisely this characterization asks the inversibility of
some trace operators reading under the form (I — .7 (¢)) and (I — Z(¢)) on the stable subspace E*(¢) for
(I = 7(¢)) and on ker By for (I — .7(¢)), uniformly in terms of the frequency parameter ¢ € =. That is we

have that there exist C,C' > 0 such that for all ( € =

Vu € E*(C), [u| <C|(I — 7 ({))ul, (71)
Vo € ker By, |v] <C|(I — 7(¢))v), (72)

where we stress that C and C' do not depend on (. The precise expressions of 7 ({) and T (¢) can be find
in [Benoit, | and we will also give it in Paragraph [§]in order to compare 7 (¢) with 7¢(¢). However these
expressions are of little interest for the justification of the WKB expansion which only requires the (lower
exponential) strong well-posedness of .

We sum up the known results about the strong well-posedness of in the following Theorem
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Theorem 7.1 (Strong well-posedness of ) o Under Assumptions and there exists
Yo > 0 such that the strip problem is strongly well-posed in the sense of Definition|7.1.

. Under Assumptions also assume that the matrices A; are symmetric for all j =
1,...,d and that the boundary conditions on OT'g and OT'y are strictly dissipative that is there exist

00,01,50,51 > 0 such that
Vu € RY golul® + (Aqu, u) — Co|Bou|* < 0 and &1 |u|* + (Aqu,u) — C1|Biul? > 0, (73)
then the strip problem is lower exponentially strongly well-posed in the sense of Definition .

. Under Assumptions also assume that the matrices A; are symmetric for all
j=1,....,d and that ker By Nker By = {0}. Then the strip problem is lower exponentially strongly

well-posed in the sense of Deﬁnitz’on if and only if the inversibility conditions and hold.

As explained in Paragraph when the frequency ¢ involves glancing modes (that is to say ¢ # ) then
the error between the approximate solution given by the WKB expansion and the exact solution of is
0(51/ 4) because the glancing amplitudes of order one, namely the Ug,1,% can not solve simultaneously the
boundary conditions (written for n = 1) and the equation in the interior (that is the fourth equation of
written for n = 0).

Whereas when the frequency ¢ does not involve glancing modes, the arguments described in Paragraphs
and show that we can construct the geometric optics expansion at any order so that the error
between this expansion and the exact solution of is of order O(eNo+1)| where Ny stands for the number
of terms in the geometric optics expansion.

We first consider the case where ¥ = (). In this framework we define an approximate solution of u® by:
for Np € N

N(] NO
i i / -1
o, = 3 30 ) + 3 O (Ui (1) # Ui (10 ) ) 71
n=0

n=0kes#

where the terms appearing in the right hand side of are defined in Proposition The result is the
following.

Theorem 7.2 Under Assumptions and[2.4 also assume that is strongly well-posed in the sense
of Definition for some vo > 0 and that Assumption holds for some treshold 0 < 7, < 9. Then

UG, N, defined in is an approzimate solution of u® the solution of in the sense that: there exists
C > 0 such that for all v > o
4 = e 22y < CENOHL, (75)

In particular if is lower exponentially strongly well-posed in the sense of Deﬁm’tz’on and if Assumption
holds for 7, = 0, then estimate is uniform in time.

Proof : By construction of Ugpp No» Wapp, No+1 — U° satisfies the hyperbolic boundary value problem

L(a)(upr,No+l - us) = €NO+1f]b;/'0+1 in Q7

g g —
Bo(uapp,No+1 — U |z4=0 = 0 on 99,
1> g p—
B1(ugpp Ng+1 — U ) jzg=1 = 0 on 082y,
€ € —
(uaMhN0+1 —u¥) <o =0 on T,

where we defined

€ Lo € i 5 Ld 5 zq—1
INo41 = <Z e L(O)uf, Ny 41,k +e=? (L(a)Uev,Ng—i-l (tal'a ?> + L(O)Ugy Ny+1 <t,x, >)> '

ket €
By construction and from Assumptionthe terms composing f, ;1 are HYS (2) for all v > 7, (because
the uj, n, 1, € Hpo () for all v > 7%, independently on ¢). Consequently ff, ., is in HP? () for all v > 7,
( and consequently for all v > 7) so that from the energy estimate (70) we obtain:

€

[|u® — Uipp,N()H”ng(Q) < CeMott,

for all v > ~9. We then conclude to by the triangle inequality.
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O

We now turn to the case where 4 # (). We include in the contribution of glancing modes and restrict
the expansion to the order one to define:

Uy = Z Z erer(tir)gny e (1) —i—ZZes“”’“” "ug () (76)

n=0 ke n=0kc¥
1
i t, Tq Jdel
e e 2y 252)
n=

The result giving the justification of the WKB expansion with glancing modes is the following

Theorem 7.3 Under Assumptions and also assume that is strongly well-posed in the
sense of Deﬁm’tion w for some vg > 0 and that Assumption@ holds for some treshold 0 <7y < 9. Then
Ug,, defined in s an approzimate solution of u® the solution of (19) in the sense that: there exists
C > 0 such that for all v > v
||’LLE — app||L2 () < 081/4

Proof : This theorem is an immediate corollary of Theorem and Proposition

8 Study of Assumption

In this paragraph we study Assumption [5.]] u that is to say that there exists some 7, > 0 such that the
operator (I — T(¢)) is invertible on HPS (Ry x x RE , E5(€)) with values in HPS (R x Rd L E;(Q)) for all
v > 7. For convenience we recall that 7°(() is deﬁned by:

(TNt = > e SR (O f (t — e, @' + Bros) (77)
ke7 4O
where we set
& ’ 1 1 oy U},
Rie(C) := Pr¢o(()BoPy¢1(¢)B1, agy:= — — —— and fSi 1= —— — —.
Ved  Vkd C Vpd Uk

Clearly when f € HPS (R, x R, E}(¢)) then so do (I —T(¢))f (because the derivatives only apply on
f and because by definition vy 4 < 0 for £ € & and vg 4 > 0 for k € # so that t — oy < 1).

The simplest way to show that (I — 7(¢)) is invertible over HP? (R; x R%Y E3(¢)) with values in
HPo (R x Rd ',E;(¢)) is of course to show that 77(¢) is a contraction on H2 (Ry x x RV ES((). In
Paragraphs 1] and [9.1.2) we give some examples of such a situation.

From the part1cular expression of 7¢(() it is sufficient to consider the L2 (R; x R )-norm.

Proposition 8.1 Let 7, be such thaﬁ

Z ||Rké ||2 e’YominkeJ,Zeﬁoék,l’ (78)
kes bco

then T=(¢) is a contraction on HPS (Ry x R E}(Q)) for all v > 7y and consequently Assumption is
satisfied.

8Such 7, always exists because minge 7 ree ok, >0
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Proof : As already mentioned it is sufficient to consider the L% (R; x R%)-norm of 7°¢ (¢). We have for
feL2(Ry xRET)

HTE(Qin%(Rthc{,—I) < > / e MR e () f(t — e, &’ — Brye)|* dt da’,

kes teo /Ry xR

< Y et / Ry (O (12 dt e,
R

k€S 4O + xR

s @msry 2o €2 IRk (O
v *kes tco

So that if we choose 7, > 0 large enough such that \/zkeﬂleﬁ [Ri.e(Q)]|2 < €Tominkescco@rt then T¢(¢)
is a contraction on HY? (Ry x REL B (¢)) for all v > 7.

O

Remark e We note that if 5, = 0 in then Assumption holds with 7, = 0 and consequently the

9

approximate solution given by the geometric optics expansion or admits a lower exponential
growth in time (so that it can be a good approximation of a solution which is lower exponentially
strongly well posed).

In (78) the term minge s e o ¢ is the minimal time to perform a full regenerating reflection.

Moreover in the particular setting where #.4 = #¢ = 1 (meaning that there is only one selfinteraction
path of phases) then becomes [|[R(C)|| < e*7o, where « is the time needed to perform a full
regenerating reflection. In particular when Yo = 0 this condition is nothing but asking that the
coefficient of reflection for a complete circuit is less than one so that the energy decreases after a
complete circuit.

This condition agrees with the intuition that if the energy increases after one complete circuit then
the associated solution should have an exponential growth in time depending on the time needed to
perform a complete circuit.

In [Benoit, | one of the condition characterizing the lower exponentially strongly well-posed problems,
namely the uniform inversibility of (I — .7(¢)) on E*({) , can be explicit as:

T (¢) = ¢o(¢)Boe™ gy (¢) Bre” ().
So that from this expression it immediately follows that the condition used to construct the WKB

expansion (that is Assumption |5.1)) is a microlocalized versoin of the condition on hyperbolic
modes (and only on hyperbolic modes).

Examples and comments

9.1 Examples

9.1.1 The wave equation in two dimensions

In this first example we consider the wave equation in two dimensions

Ou® + A101uf + As0out =0 for (t,z) € Q,

Boufm:0 =11 —ap U]sz:o =g¢° on (t,x1) € 0, 79
Biuf,, ;= -1 1luf,_, =0 on (t,x1) € 00,

uftgo =0 for x €T,

27



where ag, a1 € R and where the coefficients A1, Ay are given by:

1 0 0 1
A = [O _1] and Ag = L 0].

In the source term ¢° reads

gs(t,l'l) = e§(1t+ﬂfcl)g(t’x1)7 (80)

where g € Hhoo (0€) and where 7, 17 € R are fixed frequency parameters.

We can easily check that the boundary conditions in are strictly dissipative (see ) if and only
if the parameters aq, oy satisfy ag < 0, a; > 0. So for such parameters Theorem applies and is
exponentially strongly well-posed. We also recall that from [Hersh, 1963], as in the case N = 2 the uniform
Kreiss-Lopatinskii condition is equivalent to the strict dissipativity of the boundary condition. Consequently
the restrictions ag < 0, a3 > 0 are the only ones leading to an exponentially strongly well-posed problem.

We are now interested in the fullfilment of Assumption [5.1]in order to construct a geometric optics ex-
pansion by Theorem or Theorem (depending on the frequency (z,7)).

The resolvent matrix associated to for ¢ = (o,n) is

0 —0 41

YO=1 (5 +in) 0

So that for ¢ = (ir,n) we deduce that if X is an eigenvalue of /() then it satisfies the dispersion relation
X2 =p? - 12,
Consequently the partition of the boundary of the frequency space Zg in (@ reads:
E={(r,n) eR*\[n| > |7}, H={(r,n) e R*\ || > [}, G = {(r,n) € R*\ [n| = |7]} and EH = 0.

Without loss of generality let us assume that 7 > 0 and in order to study Assumption [6.1] we assume
that ¢ € H (if { € EUG then clearly Theorem or applies independently on Assumption [5.1)). In this
setting the stable (resp. unstable) eigenvalue X* := X*(7,7n) (resp. X" := X*(z,7)) is given by:

X =il = —i\/f—if (resp. X" =—-X7), (81)

from which we immediately deduce that the stable subspace E*({) and the unstable subspace E"(() are
parametrized by:

E*(¢) = vect {(=&,z+n)'} and E*({) = vect {({, 7+ 1)"}.
We now study Assumption in the setting of the restriction of the operator 7¢(¢) to E*(¢) =
Q) is

€] _ sie—Etaolztn) af+r4n {—E (82)

€
T(C)[T+77 E+ap(z+n) —af+z+n|zt+n’
Consequently Assumption is automatically satisfied for all boundary parameters ag, a; leading to
strictly dissipative boundary conditions (for all ( € H) because in such a framework one can easily check
that Porposition applies with %, = 0 so that Te (¢) is a contraction.
However, it is also interesting to note that in fact 7°(¢) is a contraction for more boundary parameters
than the ones leading to strictly dissipative boundary conditions. Indeed, it is not difficult to check that we

have the following equivalence:
— —£
€ > >
’T © [T—FTI ‘ < ’ T+7 ’ & mao <1,

so that Assumption [5.1] is satisfied for more parameters that the strictly dissipative ones.
The aim of the next example is to give more details about this observation.
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9.1.2 A modification of the wave equation

In this second example we consider the following modification of the classical wave equation:

8tu5 + A16‘1u€ + Agaz’ua =0 for (t, II?) S Q,

Boulsmz:o =9g° on (t,z1) € 9%, (83)
Byuf,, _, =0 on (t,r1) € 0,
“|Et§0 -0 for x € T,

where the coefficients A;, Ay are given by:

1 0 0 01 0
A1 =10 -1 0 5 A2 =11 0 0 5
0 0 a 0 0 —b

for fixed parameters a € R, b € R’ . So the evolution equation of is a wave equation (for the components
uy and us) combined with an uncoupled transport phenomenon for the component uz. The source term g¢°

is of the form (80).

The boundary matrices in are defined by (note that A, admits only one positive eigenvalue):

110]

BO = [1 —Q —Ckl} s Bl = l: 0 1 _§

where ag, a3, § € R. Consequently in the coupling between wup, us and ugz is made in the boundary
conditions.

As in Paragraph in order to study Assumption|[5.1] for we are interested in the hyperbolic area of
(83). The system is decoupled and the transport equation added on ug is hyperbolic whatever the frequency
parameter is. So that we have the following decomposition of the boundary of the frequency space:

EH = {(r,n) € R*\ [n| > |7[}, H={(r,n) R\ |7[ > |n|}, G = {(r,;n) €R*\ |n| = |7[} and E =0,

consequently in the following we will assume that |7| > || to be in the hyperbolic areaﬂ

Reiterating essentially the same computations as the ones performed in Paragraph we can easily
show that the stable subspace E*(¢) and the unstable subspace £*(() associated to are given by:

E*(¢) := vect {es} = vect {(fg,z +1, O)t} and E"(() := vect {ey,1, ey2} = vect {(§,I +1, 0)4, (0,0, 1)t} ,
where ¢ is defined in .

It is also easy to show that the boundary condition on 0T’ is strictly dissipative if and only if g < 0 and
a? 4+ 20pb < 0. This condition satisfies the uniform Kreiss-Lopatinskii if and only if o < 0, independently
on «p. With such a choice of ag, the inverse given by the uniform Kreiss-Lopatinskii condition is given by:

$o(¢) : C — E°(¢)

—X
= —¢s.
E+ao(z+1)

The boundary condition on 9I'; satisfies the uniform Kreiss-Lopatinskii condition for all § # 0 and is
strictly dissipative if and only if we have 62 > %. For ¢ # 0 the inverse given by the uniform Kreiss-Lopatinskii
condition is: ¢1(¢) : C? — E*(¢)

¢0(§)$ :

£
—&+7+n

T+
Q)= | =Gz
T+n

1
S(=&+z+n) 3

91n this example, the mixed area is of little interest because </ (¢) has two elliptic roots and only one hyperbolic root so that
the selfinteraction phenomenon can not occur.
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With these expressions in hand it is easy to show that the operator 7°¢ (g ) applied to e reads:

2 E+1+n —E+ao(z+n) L b tam) 2¢(

T
—§+z+g' E+ao(z +1) * (=€ +

< —(e +1) . a1 e
T(Qes—( T+1n) §+ao(z+ﬂ)> ’
i=(01 + 02)es. (84)

Let us first remark that if in By one chooses g < 0 and a3 = 0 (so that the boundary on 9T is
strictly dissipative) then from and Paragraph T¢(¢) is a contraction on £*(¢) and consequently

Assumption holds for 7, = 0 and Theorem applies independently on §. Choose 0 < § < \/g shows
that Theorem applies for non strictly dissipative boundary condition on JI'y.

Then it is easy to show that for all strictly dissipative boundary conditions on 0T'g and OI'; we have
lo1] < 1 and |g2| < 1 independently on ¢. Unfortunately this result is not sufficient to conclude that 7°(()
is a contraction and that Assumption |3:f| holds for 7, = 0 for all possible ¢ € H. B

However numerical results seem to indicate that |o; + g2| < 1 for all strictly dissipative boundary
conditions independently on ¢ € H. We refer to Figure @ for an explicit computatiorm with ap = —%,

b=1, a1 =+v/—2a9b+ 1072 and § = \/g— 10~2.

Figure 4: The set (in blue) of (z,y) € R? such that _y;fz ;-’f;oéf + 5(_25190) T <1

9.2 Conclusion and comments

In this article we show that to construct the geometric optics expansion associated to a hyperbolic boundary
value problem defined in a strip a new inversibility condition has to be imposed (see Assumption .
This condition involves the traces of the hyperbolic components of the geometric optics expansion and is
automatically satisfied if during a full circuit of reflection the coefficients of reflection ensure that the energy
descreases.

As a consequence, this condition meets the intuition that if after a full reflection the boundary conditions
are such that the energy inscreases then as the full reflection are periodically repeated in time the associated
ansatz should have an exponential growth in time (with some rate depending on the time needed to perform
a full reflection).

Moreover the examples described in Paragraphs seem to indicate that Assumption [5.1]is triv-
ially (in the sense that 7(¢) is a contraction) satisfied for all strictly dissipative boundary conditions (for

which the (lower exponential) strong well posedness of is known to hold).

1ONote that in Figure we make a crude estimate in the sense that we do not take into account the oscillating factors
and the dependency of £ < 0 with respect to (7,7).
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A point of interest is that in the expansions described so far the inversibility condition used to construct
the WKB expansions does not involve the elliptic or the glancing parts of the ansatz. This point meets the
intuition that these parts of the ansatz are linked to boundary layers so that they can not propagate the
information from one side to the other and consequently they should behave like they do in the half space
geometry.

However, in the author’s opinion, this observation has an important counterpart. More precisely, in
[Benoit, | the author obtains a full characterization of lower exponentially strongly well posed problems (see
Deﬁnition in terms of new inversibility conditions involving the traces of the solution of each side of the
strip. Nevertheless compared to the inversibility condition Assumption [5.1] one of the inversibility conditions
used in [Benoit, | differs by the following:

e firstly, as it is not at the microlocalized level, it has to hold uniformly in terms of the frequency
parameter ¢ € =\ Ey.

e Secondly this condition has to be imposed on the full stable subspace E*(¢) and not only on the
hyperbolic part of this space that is Ej(() (note that by Hersh’s lemma [Hersh, 1963] this space is
empty for ¢ € E\ Ep).

The main issue with the characterization used in [Benoit, | is its uniformity in terms of ( € E\ Zy which
seems really difficult to check in practice. To overcome this difficulty the natural strategy is to have a look to
the boundary frequencies { € Z¢ to obtain the uniform bound by compactness arguments (it is the classical
method of [Kreiss, 1970]).

First let us remark that the extension of the condition made in [Benoit, | to hyperbolic frequency ¢ € =
is nothing but Assumption for hyperbolic frequencies. Consequently Assumption [5.1]is a microlocalized
version of the condition ensuring the lower exponential strong well posedness. This phenomenon already
appeared for the geometric optics expansions of boundary value problems in the half space. So we believe
that it is interesting to notice that such a situation also occurs in more complex geometries.

Secondly as pointed in [Benoit, |, the condition ensuring the lower exponential strong well posedness can
not hold for glancing modes. So the fact that Assumption only holds on Ej}(() seems to indicate that
in fact in the extension to =y only the hyperbolic part of the solution should be considered. So probably
the extension of the characterization in [Benoit, | up to E¢ does not require any inversibility property on
glancing modes. Meaning that it may be possible to extend the symmetrizor construction of [Benoit, | up
to Zp (except at glancing modes) to recover the uniformity of the bound. We expect to have further results
about this conjecture in some forthcoming publications.
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