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ABSTRACT  
The present work systematically clarifies the influence of the atomic mixing and the atomic 
order (i.e. atomic constituent distribution or site occupancy preference on inequivalent 
sites of a crystal) on the molar volume of the binary sigma phase. We calculated the molar 
volumes of 21 binary sigma compounds with different atomic order by using EMTO-CPA 
(Exact Muffin-Tin Orbitals - Coherent Potential Approximation) method. The cal- culation 
results follow a similar trend as the experimental data. Moreover, the calculated molar 
volumes with respect to the composition of the sigma phase in disordered states show that 
the sigma compounds do not comply with the linear volume-composition relationship. This 
is due to the influence of the atomic mixing and the deviation can be either negative or 
positive depending on the tendency of electron loss or gain of the two constituent elements. 
Additionally, we compared the molar volume difference (ΔVm = Vdisorder-Vorder) between 
the hypothetically disordered and ordered states of the binary sigma compounds. The 
results indicate that the effect of the atomic order on the molar volume of the sigma phase 
depends on the size difference and the electron configurations of the two constituent 
elements.  
 

1. Introduction  

The sigma phase is a nonstoichiometric intermetallic compound with tetragonal structure 
(space group P42/mnm) containing 30 atoms distributed on five inequivalent sites [1–3] 
as shown in Table 1. This phase exists in 49 different binary systems, among which Cr-Ni, 
Ta-V, Ti-Mn, Zr-Ir and Zr-Re are not confirmed. It is a hard brittle phase mostly formed 
between transition elements and when presenting in stainless and other high-alloy steels 
as well as Ni-based superalloys, it deteriorates the properties of products [1,2].  

As an important physical property, the molar volume (or lattice parameters) of the sigma 
phase has attracted great interests of investigations [1–5], by using XRD (X-ray 
diffraction), ND (neutron diffraction), CALPHAD [6–8] or first-principles calculation 
methods.  

From the 1950s–2010s, there are numerous measurements (see e.g. Ref. [5] and 
references therein) on the lattice parameters of the sigma compounds by using XRD or ND 
methods. The measured data from the 2000s–2010s are more accurate. Most measured 
volumes with respect to composition present linear relationship within the homogeneity 
range [5]. Besides, Crivello et al. [4] calculated the cell volumes of the stoichiometric end-



member compounds (i.e. the complete set of ordered configurations) of Re-X (X = Co, Cr, 
Fe, Hf, Mn, Mo, Nb, Ni, Os, Ru, Ta, Tc, Ti, V, W and Zr) by using first-principles calculations. 
They indicated that for most systems, the cell volume with respect to composition present 
an approximately linear relationship, while for Hf-Re, Nb- Re, Ta-Re, Ti-Re and Zr-Re, a 
negative deviation from linearity was observed (see Fig.5 in Ref. [4]), which indicates a 
denser packing with atomic mixing [4]. However, Crivello et al. [4] did not further discuss 
the origin of the deviation.  

In a recent work, Liu et al. [5] modeled and evaluated the molar volume of the binary 
sigma phase at room temperature and atmospheric pressure by using the CALPHAD 
method and establishing a CALPHAD-like database. The adopted model expresses the 
molar volume of a nonstoichiometric sigma phase as a linear average of volumes of the 
constituent elements in their hypothetic sigma structure [5]. The proposed linear model 
can well reproduce most experimental data. It has interesting features in developing 
databases, such as reducing the number of assessed parameters and separating the 
volume data from the corresponding thermodynamic databases. The proposed linear model 
works well as a phenomenological method, which however does not present any physical 
and chemical insights.  

In fact, two influencing factors were neglected in the above linear model, namely atomic 
mixing and atomic order (i.e. atomic constituent distribution or site occupancy preference 
on inequivalent sites of a crystal). Both the atomic mixing and atomic order may lead to a 
deviation from the linearity mentioned above. Unlike solution phases, the molar volume of 
the sigma phase can vary with the atomic order even at a fixed composition. The purpose 
of the present work is to study how the atomic mixing and atomic order affect the molar 
volume of the sigma phase.  

Hall and Algie [1], Joubert [2] and then Liu et al. [9] systematically investigated the atomic 
order of the binary sigma phase. Liu et al. [9] indicates that between the two constituent 
elements, the one with larger size, smaller number of valence electrons or smaller total 
number of electron shells prefers occupying large coordination number (CN) sites and the 
other one prefers occupying small CN sites.  

In the present work, we calculated the molar volume of the A-B binary sigma phase with 
different atomic order by using EMTO-CPA approach. The atomic order involves the 
completely ordered and dis- ordered states as defined in Table 1, as well as the 
experimental site occupancies. We used the molar volume difference between the A2B 
sigma compounds in the ordered and disordered states to describe the influence of atomic 
order on molar volume. On the other hand, we describe the influence of atomic mixing on 
molar volume by studying deviation of the volume of the hypothetically disordered sigma 
phase from linear volume-composition relationship, which describes volume variations of 
the hypothetically disordered sigma phase spanning from pure sigma A to pure sigma B. 
Notably, the disordered state is the closest state to solid solution. Thus, it excludes the 
influence of atomic order on molar volume.  



 

 

To facilitate explanation, all the binary sigma compounds investigated are designated as 
A-B where atom A always has a larger size than atom B (i.e. V(A) > V(B). The size of atom 
A or B is determined by the molar volume of pure A or B in their hypothetic sigma phase 
structure from the CALPHAD assessments [5,9]. Besides, we introduced different 
categories of the sigma phase divided by Liu et al. [9] as shown in Table 2. It is classified 
according to the electron configurations of the two constituent elements. There exist six 
different categories, i.e. SMe, SMs-SMe, LAs, LAs-SMe, LAs-LAe, A-Al (A = Nb, Ta), where 
SMe or LAe indicates that atom A has smaller or larger number of valence electrons than 
atom B, respectively; SMs or LAs indicates that atom A has smaller or larger total number 
of electron shells than atom B, respectively.  

 

 

 

2. Methodology and calculation details  

First-principles calculations were performed using the exact muffin- tin orbitals (EMTO) 
method [10,11] based on the density-functional theory (DFT) [12]. With this method, 
Green's function technique is used to solve the one electron Kohn-Sham equation. The 
effective potential in the one-electron equation is treated with the optimized overlapping 
muffin-tin approximation. Besides, the total energy is corrected with the full charge density 
(FCD) method [10]. The basis sets of the exact muffin-tin orbitals [10,11] are used to 
expand the wave function. The coherent potential approximation (CPA) [13–15] is 



incorporated within the EMTO code, which facilitates the calculations dealing with chemical 
disordered alloys. With these techniques, the EMTO-CPA method holds a great higher 
accuracy than the linear muffin-tin orbital (LMTO) method [16] and ensures the reliability 
of calculations dealing with atomic and magnetic disordered systems [17].  

In the present work, Green's function was calculated for 16 complex energy points 
distributed exponentially on a semicircular contour. The scalar-relativistic and soft-core 
approximations were employed. We used the electronic exchange-correlation functional 
within the generalized-gradient approximation (GGA) parameterized by Perdew et al. [18]. 
The Brillouin zone was sampled by a uniform k-point mesh without any smearing 
technique. The k-point mesh was set to 3×3×6. For Cr-Fe and V-Fe, the magnetic 
parameters for ferro- magnetism were set.  

3. Results and discussion  

The binary sigma compounds chosen to perform EMTO-CPA calcu- lations are Cr-Co, Cr-
Fe, Cr-Mn, Mo-Co, Mo-Mn, Mo-Os, Mo-Re, Nb-Al, Nb-Ir, Os-Cr, Re-Cr, Re-Mn, Re-V, Ru-
Cr, Ta-Al, Ta-Pd, Ta-Rh, V-Co, V- Fe, V-Mn and V-Ni. The molar volumes of the pure 
elements in a hypothetic sigma phase structure obtained from first-principle calculations 
are compared in Fig. 1 with those obtained from the CALPHAD assessments. This figure 
shows that the volumes calculated by EMTO- CPA and VASP methods follow a similar trend. 
Besides, it indicates that for most elements, the differences between the first-principles 
calculations and the CALPHAD assessed ones are within 10%. The small deviations validate 
our calculations.  

 



 

 

Fig. 2 shows the calculated molar volumes of the A-B (V(A) > V(B)) binary sigma 
compounds compared with the experimental data. The calculated molar volume data with 
respect to the composition follow similar changing trends as compared with the measured 
ones, espe- cially for Cr-Co, Mo-Re, Re-Cr and Ta-Al. In addition, Fig. 2 indicates that for 
some systems, the changing trends of the calculation results are less obvious than the 
experimental ones so they have to be magnified as in Fig. 2 (a, q), respectively, for Cr-Co 
and Re-Cr.  

In the present work, the calculations accounting for ferromagnetism were conducted on 
several sigma compounds of A-Fe (A = Cr, V) to determine the molar volume as shown in 
Fig. 2 (b, e). The measured magnetic moment for V39.9Fe60.1 compound is 0.63 µB and 
the Curie temperature is 168.4 K [26]. The calculated magnetic moment by using the 
corresponding measured site occupancy taken from Ref. [3] is 0.56 µB. The good 
agreement between these results further validates our calculation results. For the other 
systems in Fig. 2, ferromagnetism was not considered. It should be noted that since no 
sigma compounds known to exist in binary alloy systems exhibit magnetic order above 
room temperature [26], thus during the whole discussion in the present work, no 
magnetism is considered.  

 



 

 

3.1. Definition of order degree 

For an A-B binary ordered phase, the order degree is quantitatively expressed by long-
range order parameter S [27]:  

 



where PA is the probability of occurrence of atom A on the right crystal site for atom A (i.e. 
the crystal site is occupied by atom A when the crystal is in totally ordered state); XA is 
the mole fraction of atom A. When in ordered state, PA = 1 and thus S = 1; When in 
disordered state, PA =XA and thus S=0.  

However, Eq. (1) is unable to describe the situation when all the right crystal sites for atom 
A are occupied by atom A (i.e. PA = 1) but there are extra atom A occupying the wrong 
site (i.e. the crystal site should be occupied by atom B when the crystal is in totally ordered 
state). Hence we introduce the following description for long-range order parameter S:  

 

where PA and PB are the probabilities of occurrence of atoms A and B (i.e. the site 
occupancies), respectively on their right crystal sites; XA and XB are the mole fractions of 
atom A and B, respectively; n, nA and nB are the total number of atoms, the numbers of 
atom A and B, in a unit cell respectively when the crystal is in totally ordered state. When 
S = 1, the compound is totally ordered; when the probabilities PA and PB equal the mole 
fractions XA and XB respectively, the compound is totally disordered with S = 0.  

In the present work, we treat the completely ordered compound A2B (B2aA4fA8i1B8i2A8j) 
defined in Table 1 as a reference ordered state of the sigma phase and extend Eq. (2) to 
the sigma phase as follows:  

 

where atom A has a larger size than atom B; PA and PB are the prob- abilities of occurrence 
(i.e. the site occupancies) on 2a, 4f, 8i1, 8i2 and 8j sites of atoms A and B, respectively; 
XA and XB are the mole fractions of atom A and B, respectively. The five terms on the right 
hand side represent the order degrees of the five inequivalent sites, respectively, 
designated as S2a, S4f, S8i1, S8i2 and S8j. The long-range order parameter S is hereafter 
considered as the order degree.  

When S=1, the compound is totally ordered; when the prob- abilities PA (i.e. PA2a, PA4f, 
PA8i1, PA8i2 and PA8j) or PB (i.e. PB2a, PB4f, PB8i1, PB8i2 and PB8j) on the five 
inequivalent sites equal the mole fractions XA or XB, respectively, the compound is totally 
disordered with S = 0. When the order degree on the five inequivalent sites (i.e. S2a, S4f, 
S8i1, S8i2 or S8j) is negative with PB2a < XB, PA4f < XA, PA8i1 < XA, PB8i2 < XB, or PA8j 
< XA, one deals with an anti-order de- gree. It should be noted that for a specific value of 
S, there are many possible values of site occupancy. However, for a specific sigma com- 
pound, the site occupancy on every site changes within a limited range, and thus the values 
of S still convey an important piece of information, i.e. compounds with larger values of S 
are in more ordered state. The calculated order degrees of several sigma compounds based 
on experimental site occupancies are listed in Table A.1.  

 

 



 

 



 

 



3.2. Influence of atomic mixing on molar volume of the sigma phase  

The influence of atomic mixing on molar volume is described by the volume deviation of 
the hypothetically disordered sigma phase from the linear composition-volume 
relationship. It can be seen from Fig. 2 that the sigma compounds in their disordered states 
do not comply with the above mentioned linearity and present positive or negative 
deviations, which is summarized in Table 3.  

For A-Al, SMe, SMs-SMe categories and two systems (i.e. Ta-Pd and Ta-Rh) in LAs-SMe 
category, the disordered calculation results present a negative deviation from the linear 
composition-volume relationship. For LAs, LAs-LAe categories and two systems (i.e. Mo-
Co and Mo-Mn) in LAs-SMe category, a positive deviation is observed. It is expected that 
the deviation from the linearity is related to the tendency of electron loss or gain between 
the two constituent elements. The tentative dis- cussion is as follows.  

For SMe and SMs-SMe categories, large atom A tends to lose elec- trons and small atom B 
tends to gain the corresponding amounts of electrons [9]. The smaller the atomic size, the 
stronger the bond be- tween the nucleus and the valence electrons [28]. Thus the 
transferred electrons to atom B are expected to be more bound. This is consistent with the 
observed negative deviation for the disordered sigma phase in Fig. 2 and Table 3.  

Vice versa, for LAs and LAs-LAe categories, large atom A tends to gain electrons and small 
atom B tends to lose the corresponding elec- trons [9]. Thus the transferred electrons to 
atom A are expected to be less bound. This is consistent with the observed positive 
deviation for the disordered sigma phase in Fig. 2 and Table 3.  

With regard to LAs-SMe category, a competition of LAs (i.e. the total number of electron 
shells of atom A is larger than atom B) and SMe (i.e. the number of valence electrons of 
atom A is smaller than atom B) factors determines the electron transfer and thus the 
deviation from the linear composition-volume relationship. For Mo-Co and Mo-Mn, LAs 
factor is more crucial; for Ta-Pd and Ta-Rh, SMe factor is more crucial. It should be 
mentioning that the electron transfer behavior for A-Al category is reported to be similar 
as LAs-SMe category [9].  

From the above discussion, it is understandable that among all the systems studied by 
Crivello et al. [4] as mentioned in Section 1, for Hf- Re and Ta-Re (both belonging to the 
SMe category), and Nb-Re, Ti-Re and Zr-Re (all belonging to the SMs-SMe category), the 
calculated cell volumes of the 32 ordered configurations present a negative deviation with 
respect to composition. The calculations involve the full set of ordered configurations, 
including the ones in anti-ordered states, for which the cell volumes can be very large due 
to the size mismatch. For the calculated cell volume of each compound, the negative 
deviation is presented no matter what the atomic order of the compound is. Thus the 
crucial factor leading to the negative deviation is the atomic mixing rather than the atomic 
order. Further, we can conclude the negative deviation is due to a significant effect of SMs 
(i.e. the total number of electron shells of atom A is smaller than atom B) or SMe factor, 
i.e. the difference of the total number of electron shells or the number of valence electrons 
of the constituent elements A and B is large. As concerned to W-Re, Re-Os (both belonging 
to SMe category), Mo-Re (be- longing to SMs-SMe category), no obvious negative deviation 
is observed since for these systems the effects of SMs and SMe factors are less remarkable, 
i.e. the differences of the total number of electron shells and the number of electrons of 
electrons of the constituent ele- ments A and B are small.  

 

 



 

 

3.3. Influence of atomic order on molar volume of the sigma phase  

3.3.1. Experimental evidence  

In addition to the atomic mixing, the atomic order also affects the molar volume of the 
sigma phase. Fig. 3 (a) and (b) present the cal- culated order degree of the sigma phase 
based on experimental site occupancy and the corresponding measured molar volume of 
the sigma phase from the literature with respect to the composition. As the measured site 
occupancy is sensitive to alloy processing, instrument accuracy and systematic error etc., 
for a specific system, only the data measured by the same authors are selected to conduct 
the comparison. Cr-Fe and Mo-Re are not presented here as the experimental results 
[3,20,23] indicate that the influence of atomic order on molar volume is small, which will 
be discussed in Section 3.3.2.  

When the rate of change for order degree increases, the rate of change for molar volume 
decreases as presented in Fig. 4. The re- processing of data from Figs. 3 to 4 excludes the 



influence of atomic mixing on molar volume of the sigma phase. It thus further indicates 
that for compounds with a specific composition, when the order degree (S) increases, the 
molar volume decreases. This is consistent with the calculation results in Fig. 2, i.e. for 
most binary systems the compounds with smaller order degree have a larger molar 
volume. One exception is Mo-Re, which will be discussed in Section 3.3.2. Notably, Fig. 2 
(r) indicates that for Re-V, the calculated molar volume based on experi- mental site 
occupancy is even larger than the disordered one. It is because the experimental site 
occupancy leads to an anti-order degree (i.e. S = −0.236) and thus causes a large 
mismatch between atomic size and lattice site.  

 

 

 

3.3.2. First-principles calculations  

The influence of atomic order on molar volume varies with different sigma systems. Fig. 5 
indicates that among all the sigma systems, the volume difference between disordered and 
ordered compounds is the largest for Ta-Al. It indicates that for Ta-Al the atomic order 
affects the molar volume more dramatically.  

Table 4 and Fig. 5 present the volume difference (ΔVm = Vdisorder- Vorder) between 
disordered and completely ordered states of the A-B (V (A) > V(B)) binary sigma phase at 
66.7 at.% A calculated by EMTO- CPA method. It is found that when increasing the total 
number of electron shells of atom A, s(A) as in Fig. 5a (or decreasing s(B) as in Fig. 5b), 
or decreasing the number of valence electrons of atom A, e(A) as in Fig. 5c (or increasing 
e(B) as in Fig. 5d), the volume difference increases. Moreover, increasing s(A) (or 
decreasing s(B)) indicates en- hancing LAs factor or weakening SMs factor; decreasing 
e(A) (or in- creasing e(B)) indicates enhancing SMe factor or weakening LAe factor; Thus 
we can deduce that LAs and SMe factors increase the volume difference while SMs and LAe 
factors decrease the volume difference. It should be noted that for the four systems (Mo-
Co, Mo-Mn, Ta-Pd and Ta-Rh) belonging to LAs-SMe categories, LAs factor is the same, i.e. 



s(A)-s(B) = 1, and it is expected that the systems (i.e. Ta-Pd and Ta-Rh) with larger SMe 
factor should have larger volume differences (ΔVm = Vdisorder-Vorder) based on the 
deduction in the last paragraph. However, Fig. 5 indicates that the systems (i.e. Mo-Co 
and Mo-Mn) with smaller SMe factor have larger volume differences. This is due to the fact 
that the volume difference is also affected by the size factor, which in the present work is 
described by the size difference of the constituent elements, i.e. (VA-VB)VA. Fig. 6 (d) 
indicates that the larger size factors for Mo-Co and Mo-Mn make their volume difference 
larger than Ta-Pd and Ta-Rh. For the other systems in Fig. 6, either the effect of size factor 
on the volume difference is consistent with the electronic factors (e.g. Nb-Al vs Ta-Al, Mo-
Mn vs Mo-Re) or the size factor is too small to counteract the effect of the electronic factors 
(i.e. Cr-Co vs Cr-Fe, V-Co vs V-Fe vs V-Ni, Ta-Pd vs Ta-Rh).  

It can also be seen from Table 4 and Fig. 5 that for Mo-Re (belonging to SMs-SMe 
category), the volume difference is negative, i.e. the or- dered volume is larger than the 
disordered one. However, Mo-Os also belongs to SMs-SMe category, has the same SMs 
factor (s(A) - s (B)=−1) as Mo-Re, and the volume difference is positive. The dif- ference 
is the SMe factor (e(A) - e(B) = −1 for Mo-Re and −2 for Mo- Os) and thus increases the 
volume difference of Mo-Os to be positive. Among all the stable sigma systems, Mo-Re is 
the only case, for which the volume difference (ΔV=Vdisorder-Vorder) is negative.  

In Section 3.3.1, according to the experimental evidence [3,20,23], we conclude that the 
influence of atomic order on molar volume is relatively small for Cr-Fe (3d54s1-3d64s2) 
and Mo-Re (4d55s1-5d56s2) belonging to SMe and SMs-SMe categories respectively. This 
is inter- pretable by considering the small SMe (i.e. e(A) - e(B) = −2 for Cr-Fe, e (A) - e(B) 
= −1 for Mo-Re) and SMs (i.e. s(A) - s(B) = −1 for Mo-Re) factors for the these systems, 
which increase and decrease the volume difference respectively.  

To support our arguments, we conducted the calculations for hy- pothetic Nb-W (4d45s1 - 
5d46s2) and Au-W (5d106s1 - 5d46s2) sigma compounds. The two systems belong to 
SMs-SMe and LAe categories respectively. The volume difference for Nb-W is −0.496 × 
10−7 m3/ mol (ΔVm = Vdisorder-Vorder = 10.959e−6 m3/mol - 11.008e−6 m3/mol) and 
for Au-W is −0.779 × 10−7 m3/mol (ΔVm = 10.726e−6 m3/mol - 10.804e−6 m3/mol). 
Both volume differences present negative value due to the effect of SMs or LAe factors.  

 

 

 
 



 
 
4. Conclusions  
 
In the present work, the influence of the atomic mixing on molar volume is described by 
studying the volume deviation of the hypothetic disordered sigma phase from the linear 
volume-composition relationship; the influence of atomic order on molar volume is de- 
scribed by the molar volume difference (ΔVm=Vdisorder-Vorder) be- tween the A2B sigma 
compounds in the ordered and disordered states. To facilitate explanation, the long-range 
order parameter (i.e. order degree) is redefined, which can describe all the situations of 
site occupation. The main conclusions can be drawn as follows:  
1) The A-B (V(A) > V(B)) disordered sigma phase does not follow a linear volume-
composition relationship. It presents a negative or positive deviation depending on the 
tendency of electron loss or gain of the two constituent elements. For SMe and SMs-SMe 
cate- gories, larger atom A tends to lose electrons leading to a denser packing with atomic 
mixing, and thus the compounds present a negative deviation; for LAs and LAs-LAe 
categories, larger atom A tends to gain electrons leading to a looser packing with atomic 
mixing, and thus the compounds present a negative deviation. For LAs-SMe category, the 
atomic mixing on the molar volume depends on the competition of the electronic factors 
(i.e. LAs and SMe fac- tors).  
2) The influence of the atomic order on the molar volume depends on the size difference 
and the electron configurations of the two con- stituent elements, i.e. large size difference 



increases the volume difference; SMe and LAs factors increase volume difference 
(ΔV=Vdisorder-Vorder); LAe and SMs factors decrease volume differ- ence.  
3) For most binary sigma compounds, when increasing the order de- gree, the molar 
volume decreases. The only exception is Mo-Re belonging to the SMs-SMe category, for 
which the ordered volume is larger than the disordered one due to the SMs factor causing 
the volume difference (ΔVm = Vdisorder-Vorder) to be negative.  
 
Acknowledgements  
This work was supported by National Key R&D Program of China (Grant number: 
2017YFB0701502). W. Liu gratefully acknowledges the financial support from the China 
Scholarship Council. X.-G. Lu ac- knowledges the High Performance Computing Center of 
Shanghai University for providing the calculation facility.  
 
 

 
 



 
 
  



 
Appendix A  
 

 
 

 
 
 


