N

N

On Poincare and logarithmic Sobolev inequalities for a
class of singular Gibbs measures
Djalil Chafai, Joseph Lehec

» To cite this version:

Djalil Chafai, Joseph Lehec. On Poincare and logarithmic Sobolev inequalities for a class of singular
Gibbs measures. 2018. hal-01781502v2

HAL Id: hal-01781502
https://hal.science/hal-01781502v2

Preprint submitted on 5 Jun 2018 (v2), last revised 15 Nov 2019 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01781502v2
https://hal.archives-ouvertes.fr

ON POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES
FOR A CLASS OF SINGULAR GIBBS MEASURES

DJALIL CHAFAI AND JOSEPH LEHEC

ABSTRACT. This note, mostly expository, is devoted to Poincaré and logarithmic Sobolev
inequalities for a class of singular Boltzmann—-Gibbs measures. Such measures allow to
model one-dimensional particles with confinement and singular pair interaction. The
functional inequalities come from convexity of confinement and interaction. We prove
optimality in the case of quadratic confinement by using a factorization of the measure.
This optimality phenomenon holds for all beta Hermite ensembles including the Gauss-
ian unitary ensemble, a famous exactly solvable model of random matrix theory. We
further explore exact solvability by reviewing the relation to Dyson—-Ornstein—Uhlenbeck
diffusion dynamics which admits the Hermite-Lassalle orthogonal polynomials as a com-
plete set of eigenfunctions. We also discuss the McKean—Vlasov mean-field limit of the
dynamics, as well as the consequence of the logarithmic Sobolev inequality in terms of
concentration of measure for Lipschitz functions such as maxima and linear statistics.
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1. INTRODUCTION

The aim of this note is first to provide synthetic exposition gathering material from
several distant sources, and second to provide extensions and novelty about optimality.

Let n > 2 be an integer that plays the role of a dimension. Let V' : R — R be a function
called the “localization potential” and let W : R — R U {400} be a function called the

“interaction potential”. The “energy” of a “configuration” x = (z1,...,x,) € R™ is
n
Ulx) =Y V(z) + > W(z; — ;) = Uy(z) + Up(x) € RU{+oo}.
i=1 i<j
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2 DJALIL CHAFAT AND JOSEPH LEHEC

Throughout the article we assume that W is a convex function whose domain equals
(0;400). In particular we have W = 400 on (—o00;0]. As a result the energy U(z) of a
configuration x € R” is finite if and only if it belongs to the “Weyl chamber”

D={zeR":21> > ux,}.
Assuming that
Z :/ e U@Ltn) g . dy, < oo

we define a probability measure y on R™ by

eiU(‘le"'vxn)

u(dr) = ————du. (1.1)

Zy

The support of uis D = {x € R® : ¢y > --- > x,,}. Let us denote by |z| = (2 +---+22)1/2
the Euclidean norm of x € R". Note that if

W (u) = —Blogu, ifu>0 (1.2)
|+ otherwise ’

where [ is a positive parameter, and if X is a random vector of R™ distributed according
to u, then for every o > 0, the scaled random vector o X follows the law p with same W
but with V' replaced by V(-/o).

Following Edelman [28], the beta Hermite ensemble y corresponds to the case

u?
V(u)=n 5
and W given by (LZ). In this case u rewrites using a Vandermonde determinant as
e 5l
dp(z) = Z) 1:[](90 — 7)) 1 gy >0,y da (1.3)

The normalizing constant Z,, can be explicitly computed in terms of Gamma functions by
reduction to a classical Selberg integral, but this is useless for our purposes in this work.
The Gaussian unitary ensemble (GUE) of Dyson [31] corresponds to 5 = 2, namely

~2lal?

e 2

dp(z) = — [T — 7)) (g, 520,y da. (1.4)
Hoi<y

Note that on R™ the density of the beta Hermite ensemble (3] with respect to the
Gaussian law N(0, %In) is equal up to a multiplicative constant to [[;;(z; — mj)ﬁ times
the indicator function of the Weyl chamber. The cases § = 1 and 5 = 4 are known as the
Gaussian orthogonal ensemble (GOE) and the Gaussian simplectic ensemble (GSE).

Let L?(u1) be the Lebesgue space of measurable functions from R” to R which are square
integrable with respect to u. Let H'(u) be the Sobolev space of functions in L?(u) with
weak derivative in L?(u) in the sense of Schwartz distributions.

We provide in Section 2] some useful or beautiful facts about (LT]), (L3), and (L4).

1.1. Functional inequalities and concentration of measure. Throughout the article,
given p € R, we say that a function ¢: R? — RU {+o0} is p-convex if z — ¢(z) — p|z|?/2
is convex. In particular a 0-convex function is just a convex function. An equivalent
condition is

pA(1—A)

5|y —af*

(L =Nz +Ay) < (1= A)o(z) + Ad(y) —
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for all z,5y € R™ and A € [0,1]. If ¢ is C2-smooth on its domain then this is yet equivalent
to Hess(¢) > pI,, as quadratic forms, pointwise. Given f € L?(u) we denote

van, (f) = [ f2du- (/Rnfdu)Q

the variance of f. And if f >0

enty($)= [ slograp— ([ fau)tog( [ ran)

denotes its entropy.

Theorem 1.1 (Poincaré inequality). Let p be as in (L1). Assume that W is convezr and
that V is p-convex for some positive p. Then for all f € H(p),

1
var < —/ VF2du.
w5 [ Ve
This holds in particular with p = n for the beta Hermite ensemble (L3)) for all 5 > 0.

Theorem 1.2 (Log-Sobolev inequality). Let u be as in (ILIl). Assume that W is convex
and that V is p-convex for some positive p. Then for all f € H(u),

2 2 2
ent,,(f2) < p/RnIVfI dp.

This holds in particular with p = n for the beta Hermite ensemble (L3)) for all § > 0.

Theorem 1.3 (Optimality for Poincaré and log-Sobolev inequalities). Let u be as in (LT).
Assume that W is conver and that V is quadratic: V(x) = px?/2 for some p > 0. Then
equality is achieved in the Poincaré inequality of Theorem [I1 for

fixeR" = ANxy+---+a,), AER
Moreover equality is achieved in the logarithmic Sobolev inequality of Theorem 1.3 for
fiazeRY s Mortten) N e R,
This is in particular the case for the beta Hermite ensemble (L3)) for all B > 0.

Theorem [T, Theorem [[2] and Theorem [[3] are proved in Section Bl The extremal
functions provided by Theorem [[3] are the only ones, see Remark 3.3l

Poincaré and logarithmic Sobolev inequalities for beta ensembles are already known in
the literature about random matrix theory, see for instance [I} [32] and references therein.
However the optimality that we point out here seems to be new. It is remarkable that
both optimal constants and functions match the ones of the underlying Gaussian.

The following corollary of Theorem provides concentration of measure around the
mean for Lipschitz functions, including linear statistics and maximum.

Corollary 1.4 (Gaussian concentration inequality for Lipschitz functions). Let p be as
in (LT)). Assume that W is convex and that V' is p-convex for some positive p. Then for
every Lipschitz function F : R™ — R and for all real parameter r > 0,

L <‘F— /Fd,u} > r) < 2exp (—mr;) . (1.5)

In particular for any measurable f : R — R and all v > 0, with L,(f)(z) = £ 3", f(2:),

n
2
dl

Ln(f) —/Ln(f)dﬂ‘ > 7“) < 2exp <— . ) - (1.6)

n P
11125 2
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Additionally, for all r >0,

I (‘wl - /ww(dfﬂ)‘ > 7"> < 2exp <—p%2> : (1.7)

This holds in particular with p = n for the beta Hermite ensemble (L3)) for all 5 > 0.

The proof of Corollary [[L4] and some additional comments are given in Section Bl

The function (z1,...,2zn) = Ly(f)(z) = 237 f(x;) is called a linear statistics. The
inequality (IL6]) appears for the spectrum of random matrix models in the work of Guionnet
and Zeitouni [37] via the logarithmic Sobolev inequality, see also [38]. The exponential
speed n? in (LL6) is optimal according to the large deviation principle satisfied by L,, under
 established by Ben Arous and Guionnet [§] for the GUE, see [24] and references therein
for the general case (II)). In the GUE case this n? scale is also fully compatible with the
usage of the Hoffman—Wielandt inequality. Note that in contrast with the concentration
inequality obtained by Maida and Maurel-Segala [48], here the concentration is around
the mean, not around the equilibrium measure, and for a single test function, not for a
supremum distance such as the Kantorovich—Wasserstein distance. See also Remark
about such distances. Concentration inequalities and logarithmic Sobolev inequalities for
spectra of some random matrix models at the correct scale can also be obtained using
coupling methods or exact decompositions, see for instance [51], [52] and references therein.

1.2. Symmetric functions. Let p be the probability measure on R defined in (I.1I). Let
[t be the probability measure on R™ obtained from g by symmetrizing coordinates: For
every test function f : R™ — R we have

[ rai= [ toan

where f, is the symmetrization of f, defined by
1
f*(ﬁﬂl, ce ,xn) = E Z f(xa(l), e ,l’a(n))

foeX,
where ¥, is the symmetric group of permutations of {1,...,n}. The measure i is by
definition invariant by permutation of the coordinates.

By restricting the Poincaré inequality to symmetric functions we see that the Poincaré
constant of [i is at least as good as that of p and similarly for log-Sobolev. In particular
Theorems [Tl and remain valid if we replace p by . Moreover since the optimal
functions provided by Theorem [[3] turn out to be symmetric, the measure i also satisfies
Theorem [[3l Notice however that p is not log-concave, even when p is log-concave.

1.3. Dynamics. Let us assume in this section that the functions V and W are smooth on
R and (0, +00) respectively. Then the energy U is smooth on its domain D. Fix Xy € D
and consider the Langevin diffusion associated to the potential U starting from Xj:

t
Xt :X0+\/§Bt—/ VU(XS) dS—i—(bt, (18)
0

where (By),~ is a standard Brownian Motion of R", and where ®; is a reflection at the
boundary of D which constrains the process X to stay in D. More precisely

t
o, — —/ n, L(ds)
0

where L is a random measure depending on X and supported on {t > 0: X; € 0D} and
where n; is an outer unit normal to the boundary of D at X; for every t in the support
of L. The process L is called the “local time” at the boundary of D. The stochastic
differential equation (L8] writes equivalently

dX; = V2dB; — VU(X;) dt 4 ny L(dt).
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It is not obvious that equation (L)) admits a solution. Such diffusions with reflecting
boundary conditions were first considered by Tanaka. He proved in [57] that if VU is
globally Lipschitz on D and grows at most linearly at infinity then (L&) does admit a
unique strong solution.

If it exists, the solution is a Markov process. Its generator is the operator

G=A-(VUV) 282 S V(@i)0e, — Y W' (25 — 25)0 (1.9)
i= i#]

with Neumann boundary conditions at the boundary of D. Stokes formula then shows
that G is symmetric in L?(u). As a result the measure p is reversible for the process (X;).
By integration by parts the density f; of X; with respect to the Lebesgue measure satisfies
in a sense to the Fokker—Planck equation 0y f; = Af; + div(f,VU).

It is common to denote X; = (X},...,X?) and to interpret X/,..., X as interacting
particles on the real line experiencing confinement and pairwise interactions. Let us discuss
now the particular case of the beta ensemble (IL3]), for which (L) rewrites

dX} = V2dB] —nXjdt + 8 Y X X] ——dt, 1<i<n (1.10)
Jr g
as long as the particles have not collided. We call this diffusion the Dyson—Ornstein—
Uhlenbeck process. Without the confinement term —nX}dt this diffusion is known in
the literature as the Dyson Brownian motion. Indeed Dyson proved in [30] the following
remarkable fact: if (M;) is an Ornstein—Uhlenbeck process taking values in the space of
complex Hermitian matrices then the eigenvalues of (M;) follow the diffusion (ILI0) with
parameter § = 2, while if (M;) is an Ornstein—Uhlenbeck process taking values in the
space of real symmetric matrices then the same holds true with 8 = 1. Dyson also proved
an analogue result for the eigenvalues of a Brownian motion on the unitary group. It
is natural to ask whether the repulsion term 1/(X} — X7) is strong enough to actually
prevent the collision of particles. This was investigated by Rogers and Shi in [55], see
also [I]. They proved that if 5 > 1 then there are no collisions: (LI0) admits a unique
strong solution and with probability 1, the process (X;) stays in the Weyl chamber D
for all time. This means that in that case, Tanaka’s equation (L8] does admit a unique
strong solution, but the reflection at the boundary ¥, is actually identically 0. Actually
this critical phenomenon was observed at least twenty five years ago by Calogero in [17]!
Rogers and Shi also proved that when 5 < 1 a collision indeed occurs in finite time, so
the reflection ®; does enter the picture. In that case though, the existence of a process
(X¢) satisfying (L.8)) does not follow from Tanaka’s theorem [57], as the potential U is
singular at the boundary of D. Still (I8 does admit a unique strong solution. Indeed,
this was established by Cépa and Lépingle in [19] using an existence result for multivalued
stochastic differential equations due to Cépa [I1§]. See also the work of Demni [26], 25].
Long time behavior of the dynamics. Let us assume that the process (LL8]) is well defined.
We denote by (F;) the associated semigroup: For every test function f

Pif(x) = E(f(X) | Xo = ).

Given a probability measure v on R™ we denote v P, the law of the process at time ¢ when
initiated from v. Recall that the measure u is stationary: uP; = u for all time. For all
real number p > 1, the LP Kantorovich or Wasserstein distance between p and v is
W,(v,p) = inf E(|X —Y|P)V/P. 1.11
svop) = inf E(X = YP) (111)
X~v
Yop
Note that W, (v, u) = +o0 if ||’ & L*(v) N LY(u). It can be shown that the convergence
for W, is equivalent to weak convergence together with convergence of p-th moment. If v
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has density f with respect to u, the relative entropy of v with respect to u is

H(v | ) = /R log f dv. (1.12)

If v is not absolutely continuous we set H(v | ) = 400 by convention.

Theorem 1.5 (Convergence to equilibrium). If W is convex and V is p-convex for some
p > 0 then for any two probability measures vy, vy on R™ we have, for allp > 1 and t > 0,

W, (voPr, v1 Pr) < e PP W, (v, 11).
In particular, choosing vi = p yields
W, (vo P, 1) < e PP Wy (vo, ).
Moreover we also have, for all t > 0,
H(woP; | p) < e H(pP: | p). (1.13)
The proof of Theorem is given in Section Bl

Mean field limit of the dynamics. The interacting particles system above has also a
scaling limit which appears as a sort of nonlinear law of large numbers for a mean field
particle approximation of a McKean—Vlasov equation. For simplicity, let us consider the
case § = 1 and let us drop the confinement term. We thus focus on the Dyson Brownian
motion X solution of

. . 1
dX! = v2dB! +

—— —dt, 1<i<n. (1.14)
gk Xt — X

Let us then consider the empirical measure
1 n
L} = EZ;(SX?' (1.15)
1=

We refer to [55], [19] [14] for the following theorem, and to [10] for a link with free
probability theory. The equation (I.I6]) below is known as a McKean—Vlasov equation, a
granular media equation, and a free Fokker—Planck equation, depending on the context.

Theorem 1.6 (Mean field limit). Let L} be as in (LID). If the sequence of initial distri-
butions (Lg),~, converges weakly asn — oo to a probability measure pg, then the sequence
of measure valued processes ((L?)t>0)n> | converges weakly to the unique continuous prob-

ability measure valued deterministic process (1) y>q Satisfying

sy = ooy + 3 [ [ 2L e anas (110

T
for allt > 0 and f € C3(R,R). The equation (LI6) is a weak formulation of a singular
McKean—Vlasov equation without noise. Moreover the Cauchy—Stieltjes transform

pie(da)

2€CL={2€C:Q2>0} > s(2) = | ——= (1.17)
R T —2

of s s the solution of the following noiseless complex Burgers equation

Osi(z) = s40,s81(2), t >0,z € Cy. (1.18)
When po = do, it can be checked that the unique solution of (LI8)) is
2 _4f —
si(2) = % t>0,2€Cy, (1.19)

and g is the semicircle distribution on [—2v/%,2v/t] of variance t.
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1.4. Hermite—Lassalle orthogonal polynomials. Recall that for all n > 1, the clas-
sical Hermite polynomials (Hy, . ,.) are the orthogonal polynomials for the standard
Gaussian distribution 7, on R™. Among several remarkable properties, these polynomials
satisfy a differential equation which writes LHy, ., = —(k1 + -+ + kn)Hp, ..k, Where
L = A — (x,V) is the infinitesimal generator of the Ornstein—Uhlenbeck process, which
admits -, as a reversible invariant measure. In other words these orthogonal polynomials
form a complete set of eigenfunctions of this operator. Such a structure is relatively rare,
see [50] for a complete classification when n = 1.

Michel Lassalle discovered in the 1990s that a very similar phenomenon takes place for
beta Hermite ensembles and the Dyson—Ornstein—Uhlenbeck process, provided that we
restrict to symmetric polynomials. Observe first that this cannot hold for all polynomials,
simply because the Dyson—Ornstein—Ulhenbeck operator G does not preserve polynomi-
als, for instance Gz1 = —nz1 + B354 ﬁ However, rewriting the operator G by

symmetrization as

G=> 02 —-n> 0 + g > ————(0r, — On)), (1.20)

i=1 i=1 i#]

it is easily seen that the set of symmetric polynomials in n variables is left invariant by G.

Let u be the beta Hermite ensemble defined in (L3]). Lassalle studied in [44] multivariate
symmetric polynomials (Pk17---7kn)k1>--->kn>0 which are orthogonal with respect to p. He
called them “generalized Hermite” but we decide to call them “Hermite-Lassalle”. For all
ky>-->k >0and kf >--- >k, >0,

/Pkl,...,kn(l“l, v @) P (@ ) p(de) = Ly k)=, k) (1.21)

They can be obtained from the standard basis of symmetric polynomials by using the
Gram—Schmidt algorithm in the Hilbert space Lgym(,u) of square integrable symmetric
functions. The total degree of Py, . 1, is k1+---+k,. The numbering in terms of k1, ..., k,
used in [44] is related to Jack polynomials. Beware that [44] comes without proofs. We
refer to [3] for proofs, and to [29] for symbolic computation via Jack polynomials.

The Hermite—Lassalle symmetric polynomials form an orthogonal basis in Lgym(,u) of
eigenfunctions of the Dyson—Ornstein—Uhlenbeck operator G. Restricted to symmetric
functions, this operator is thus exactly solvable, just like the classical Ornstein—Uhlenbeck

operator. Here is the result of Lassalle in [44], see [3] for a proof.

Theorem 1.7 (Eigenfunctions). For alln >2 and ky > -+ >k, >0,

GPkl,...,kn = —n(k1 + -+ kn)Pkl,...,kn- (1.22)
where G is the operator (L) namely
n n 1
C=A-VU-V=Y 0 —nd 2,0, + D, - (1.23)
@; ' @; ; Ti — Tj

In particular the spectral gap of G in the space Lgym(,u) is n, as reflected in the Poincaré

inequality provided by Theorem [Tl The right hand side is compatible since

[ s6rau=— [ 195 dn

Beware that the Poincaré inequality of Theorem [Tl concerns non-necessarily symmetric
functions, but an optimal function is symmetric from Theorem [.3!

Hermite-Lassalle polynomials can be decomposed in terms of Jack polynomials, and this
decomposition generalizes the hypergeometric expansion of classical Hermite polynomials.
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Remark 1.8 (Examples and formulas). It is not difficult to check that up to normalization

n—1
2

are Hermite—Lassalle polynomials. In the GUE case, f = 2, Lassalle gave in [44], using
Jack polynomials and Schur functions, a formula for Py, . . in terms of a ratio of a
determinant involving classical Hermite polynomials and a Vandermonde determinant.

r1+---+x, and x%%—---—i—xi—l—ﬂ

1.5. Comments and open questions. Regarding functional inequalities, one can prob-
ably extend the results to the class of Gaussian ¢-Sobolev inequalities such as the Beckner
inequality [7], see also [2I]. Lassalle has studied not only the beta Hermite ensemble in
[44], but also the beta Laguerre ensemble in [46] with density proportional to

n
reD— H xzefbnzk H(.%'Z — .%'j)ﬁ]lxlz...za;nzo,
k=1 i<j

and the beta Jacobi ensemble in [45] with density proportional to

n
reD— H xg_l(l — .%'k)bil H(.%'Z — .%'j)ﬁ]lllez...za;nzo.
k=1 i<j

It is tempting to study functional inequalities and concentration of measure for these
ensembles. The proofs of Lassalle, based on Jack polynomials, are not in [46] 45, [44]
but can be found in [3]. It is natural (maybe naive) to ask about direct proofs of these
results without using Jack polynomials. The study of beta ensembles can be connected to
H-transforms and to the work [35] on Brownian motion in a Weyl chamber, see also [27].
The analogue of the Dyson Brownian motion for the Laguerre ensemble is studied in [13],
see also [43], 27, [36]. Tridiagonal matrix models for Dyson Brownian motion are studied in
[41]. The link with radial Dunkl operators and Calogero-Moser—Sutherland operators is
discussed in [56]. The factorization phenomenon captured by Lemma 27, which is behind
the optimality provided by Theorem [[.3] reminds some kind of concentration-compactness
related to continuous spins systems as in [20] and [49] for instance. Regarding exact
solvability, we suspect that despite the lack of convexity, the complex Ginibre ensemble and
its natural gradient flow dynamics studied in [23] admit a rigid polynomial eigenfunction
structure similar to the one of the Gaussian unitary ensemble and that its spectral gap
over symmetric functions is also of order n.

2. USEFUL OR BEAUTIFUL FACTS

2.1. Random matrices, GUE, and beta Hermite ensemble. The following result
from random matrix theory goes back to Dyson, see [31], 53] [T}, 34].

Theorem 2.1 (Gaussian random matrices and GUE). The Gaussian unitary ensemble

defined by (IL4) is the law of the ordered eigenvalues of a random n x n Hermitian matriz
n _n n 2 12

H with density proportional to h — e~ 3 Trace(h?) _ o772 Do MY sl in other words

the n? real random variables {Hii,%Hij,%Hij}lgian are independent, with $H;; and

SHi;j ~N(0,1/(2n)) for any i < j and Hy; ~ N(0,1/n) for any 1 <i <n.

There is an analogue theorem for the GOE case § = 1 with random Gaussian real
symmetric matrices, and for the GSE case f = 4 with random Gaussian quaternion
selfdual matrices. The following result holds for all beta Hermite ensemble (L3]), see [28].

Theorem 2.2 (Tridiagonal random matrix model for beta Hermite ensemble). The beta
Hermite ensemble p defined by (L3)) is the distribution of the ordered eigenvalues of the



POINCARE AND LOG-SOBOLEV FOR SINGULAR GIBBS MEASURES 9

random tridiagonal symmetric n X n matrix

N(07 2) X(n—-1)8

R N(0,2) X(n-2)8

H=—
V2n

x2s N(0,2)  xp

where, up to the scaling prefactor 1/v/2n, the entries in the upper triangle including the di-
agonal are independent, follow a Gaussian law N (0,2) on the diagonal, and x-distributions
just above the diagonal with a decreasing parameter with step  from (n —1)8 to B.

In particular the trace follows the Gaussian law N(0,1). Such random matrix models
with independent entries allow notably to compute moments of (L3]) via traces of powers.

2.2. Isotropy of beta Hermite ensembles. This helps to understand the structure.

Lemma 2.3 (Isotropy of beta Hermite ensemble). Let p be the beta Hermite ensemble
with density (IL3), and let i be its symmetrized version. For every 1 <i# j <n,

9 _
/xidﬁ:O, /x?dﬁz——i——ﬁ /m,xjd,u——ﬂ

In particular, the law i is asymptotically isotropic.

Recall that isotropy means zero mean and covariance matrix multiple of the identity.
Note that in the extremal case 8 = 0 then i is the Gaussian law N(0, %In)

Proof of Lemma[Z.3. Observe first that if X ~ p then > X; is a standard Gaussian. This
can be seen using Theorem 2.2, and observing that > X; coincides with the trace of the
matrix H. Actually this is true as soon as the confinement potential V is quadratic,
regardless of the interaction potential W, see Lemma 2.7 below. In particular

[+ 4 pda) =0

hence, by definition i,

[wiitan) =5 @i+t a) plda) = 0

for every i < mn. Since ) X; is a standard Gaussian we also have

/(ml o dx)? p(de) = 1. (2.1)

Next we compute [ |x|?du. This can be done using Theorem 2.2}, namely

2 2 B = (n—1)8
/|g;| u(dz) = E(Trace(H?) =1+ 2 S k=14 L0 (2.2)
n i 2
Alternatively one can use the fact that the square of the norm ||2 is, up to an additive
constant, an eigenvector of G, see Remark [[L8 Namely, recall the definition (L23]) of the
operator G and note that

G(-*)(x) = 2n — 2n|z* + 252 —— =2n=2nfa" +n(n - 1)B,
izi " J

In particular G(|-|?) € L2(x). Since y is stationary, we then have [ Glz|?du = 0, and we
thus recover (Z2)). Combining (2.1) and (22) we get

/x pa(dx) = /|:U|2 (dx) 5,
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and

%/(ml—i----—i-xn)?—(x%—i—---—i—x%)ﬁ(dx):—ﬁ.

n(n — 2n

/xixj p(dz) =
U

Remark 2.4 (Mean and covariance of beta Hermite ensembles). Let p and [ be as in
Lemma [Z3. In contrast with the probability measure [i, the probability measure p is log-
concave but is not centered, even asymptotically as n — oo, and this is easily seen from
0¢ D. Moreover, if X, = (Xpn1,...,Xnn) ~ p then the famous Wigner theorem for the
beta Hermite ensemble, see for instance [37), states that almost surely and in L', regardless
of the way we choose the common probability space,

n 1 —> \/7, Xn,n n;)Q \/2_, and %zn:éxn’i ;%l; vg (2.3)
i=1
where
vg = arginf </—du 6//10g (z — y)dp(z)du(y )) 25_96 L_ /25,25 (@)de
(2.4)

This follows for instance from a large deviation principle. This suggests in a sense that
asymptotically, as n — oo, the mean is supported by the whole interval [—+/28,+/28]. It
s quite natural to ask about the asymptotic shape of the covariance matriz of u. Elements
of answer can be found in the work of Gustavsson [39].

Remark 2.5 (Alternative normalization of beta Hermite ensembles). The normalization
that we have used for beta Hermite ensembles (L3)) has the advantage of being based on a
Gaussian law which does not depend on 3. In this case however the equilibrium measure
Z4) depends on B. This normalization is the one used in [29, 28]. There is another
commonly used normalization, for instance in [54], which consists in

fng\:v\Q

T H(mz — xj)51x12~~~2a:ndx7
Hig

du/(z) =

for which the equilibrium measure does not depend on B and is the semicircle distribu-
tion on the interval [—2,2], which is vy in (Z4). The tridiagonal random matriz model
associated to this normalization is the one of Theorem [Z.2 scaled by /2/[5.

2.3. Log-concavity and curvature. The following Lemma is essentially the key of the
proof of Theorem [Tl and Theorem

Lemma 2.6 (Log-concavity and curvature). Let p be as in (LI)) and let p € R. If the
interaction potential is convexr and if the confinement potential is p-convex then U is p-
convex. In particular, in the case of the beta Hermite ensemble (L3)), the potential U is
n-convex, for every (.

Proof of Lemma 28 Recall from () that U(z) = Uy (x) + Uw(z). Observe that Uy is
convex as a sum of linear maps composed with the convex function W. Similarly, under
the hypothesis that V(r) — pr?/2 is convex the function

Ut = §lof = 3 (Vi) - §at)

is convex. Hence the result. O
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2.4. Factorization by projection. The following factorization lemma is the key of the
proof of Theorem [[L3l Let u be the unit vector of R™ given by

and let m be the orthogonal projection onto u™.

Lemma 2.7 (Factorization by projection). Let p be as in (1)) and let X be a random
vector distributed according to . Assume that the confinement potential V is quadratic:
V(r) = pr?/2 for some p > 0. Then (X,u) and 7(X) are independent. Moreover

1
(X, ) ~ A <o, —) .
P
and (X)) has density proportional to e~V with respect to the Lebesque measure on u'.
In the special case of the beta Hermite ensemble, the law of (X, u) = Trace(H)/\/n is
easily seen on the random matrix model H provided by theorems 2.1] and
Note that (X, u) = f(X) where f is optimal in the Poincaré inequality of Theorem [IT1
Its Gaussianity is an instance of a more general phenomenon discussed in Remark B.41

L

Proof of Lemma[Z7. Since m is the orthogonal projection on u— we have

jof? = (2, u)* + |7 (2) .

Besides it is easily seen that Uy (z) = Uw (w(z)) for all x, a property which comes from
the shift invariance of the interaction energy Uy along Ru. Therefore

0 U@) _ g=pl@mu)?/2 o o= plr(@)?/2-Uw (x(x)) _ g=plww)2/2 o o~ Uln(@)

So the density of X is the product of a function of (x,u) by a function of m(x). The result
follows immediately. O

3. PROOFS

Proof of Theorems [l and[L.2. Let us first mention that Theorem actually implies
Theorem [Tl Indeed it is well-known that applying log-Sobolev to a function f of the
form f =1+ eh and letting € tend to 0 yields the Poincaré inequality for h, with half the
constant if the log-Sobolev inequality. See for instance [2] or [5] for details.

In the discussion below, we call potential of a probability measure p the function — log p,
where p is the density of p with respect to the Lebesgue measure. In view of Lemma
it is enough to prove that a probability measure p on R™ whose potential U is p-convex
for some positive p satisfies the logarithmic Sobolev inequality with constant 2/p. This
is actually a well-known fact. It can be seen in various ways which we briefly spell out
now. Some of these arguments require extra assumptions on U, namely that the domain
of U equals R" (equivalently u has full support) and that U is C2-smooth on R™. For this
reason we first explain a regularization procedure showing that these hypothesis can be
added without loss of generality.

Regularization procedure. Let v be the Gaussian measure whose density is proportional
to e~Pl21*/2 and let f be the density of p with respect to . Clearly U is p-convex if and
only if log f is concave. Next let (@Q;) be the Ornstein—Uhlenbeck semigroup having v as
a stationary measure, namely for every test function g

Qig(x) =E [ g (e_tx +V1-— e*QtG)}

where G ~ ~. Since 7 is reversible for (Q;) the measure uQ; has density Q,f with respect
to 7. Moreover the semigroup (@) satisfies the following property

f log-concave = Q.f log-concave.
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This is indeed an easy consequence of the Prékopa—Leindler inequality, see ([B.2]) below.
As a result the potential U; of u@; is also p-convex. Besides U; is clearly C*° smooth on
the whole R™. Lastly since lim; o Q¢ f(z) = f(z) for almost every z, we have uP; —
weakly as ¢ tends to 0. As a result, if uP; satisfies log-Sobolev with constant 2/p for every
t, then so does pu.

First proof: The Brascamp—Lieb inequality. A theorem due to Brascamp and Lieb [12]
states that if the potential of p is smooth and satisfies Hess(U)(x) > 0 for all z € R™, then
for any C*° compactly supported test function f : R™ — R, we have the inequality

var(f) < [

- <Hess_1U(Vf), Vf> dg.

If U is p-convex then Hess U < (1/p)I,, and we obtain
(f) < 1/ | f|2
var VfI©du.

The extension of this inequality to all f € H'(u) follows by truncation and regularization.
Note that this method only works for Poincaré. The Brascamp—Lieb inequality does not
seem to admit a logarithmic Sobolev inequality counterpart, see [11] for a discussion.

Second proof: The Bakry—Emery criterion. Assume that U is finite and smooth on the
whole R™ and consider the Langevin diffusion

dX; = V2dB, — VU(X;) dt.

The generator of the diffusion is the operator G = A — (VU, V). The carré du champs T’
and its iterated version I'y are easily computed:

D(f.9) = 5(G(f9) - FG(9) ~ 9G(1)) = (V/, V)

(3.1)
Da(f) = 5 (GT(f) ~ 00(£,G)) = [Hess() s + (Hess(U)V £, V.f)

Under the hypothesis that U is p-convex we thus obtain

La(f) = pL'(f)-

In the language of Bakry-Emery, see [4, 12, 5], the diffusion satisfies the curvature dimension
criterion CD(p,00). This criterion implies that the stationary measure p satisfies the
following logarithmic Sobolev inequality

2
enty(£2) < > [ (7.5 dn

see [B, Proposition 5.7.1]. Formally this proof also work if p does not have full support
by adding a reflection at the boundary, just as in section [[L3l However this poses some
technical issues which are not always easy to overcome. As a matter of fact, diffusions
with reflecting boundary conditions are not treated in the book [5].

Third proof: Caffarelli’s contraction theorem. Again let v be the Gaussian measure on
R™ whose density is proportional to e #I* ?/2. The theorem of Caffarelli [16, 15] states that
if the potential of u is p-convex then the Brenier map from v to p is 1-Lipschitz. This
easily implies that the the Poincaré constant of u is at least as good as that of v, namely
1/p. Let us sketch the argument briefly. Let F' be the Brenier map from p to v and let f
be a smooth function on R". Using Flyy = pu, the Poincaré inequality for v and the fact
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that F' is 1-Lipschitz we get

\mAﬂ=WMUODS%A;WUODPM

1
<= [ IVfEeFdy
p Jrn

1
—— [ Vs
p Jrn

This contraction principle works just the same for log-Sobolev.

Fourth proof: An argument of Bobkov and Ledoux. This fourth proof is the one that
requires the less background. Another nice feature is that the regularization procedure
is not needed for this proof. It is based on the Prékopa-Leindler inequality. The latter,
which is a functional form of the Brunn—Minkowski inequality, states that if f, g, h are
functions on R" satisfying

(1 =t)f(2) +tg(y) < h((1 = t)z +ty)
for every x,y € R™ and for some ¢ € [0, 1], then

</ of dx>1t </ of dx)t < /eh dz. (3.2)

We refer to [6] for a nice presentation of this inequality. Let F': R" — R be a smooth
function with compact support, and for s > 0 let Rsf be the infimum convolution

1
S = inf —|y|? .
Ry f(x) ylean{ Fla+y)+ 51yl }
Fix t € (0,1). Using the p-convexity of U:

(1 =U(x) +tU(y) <U(1 -tz +ty) - @

it is easily see that the functions f = R/, '~ U, g = —U and h = (1 —t)F — U satisfy the
hypothesis of the Prékopa-Leindler inequality. The conclusion (3.2]) rewrites in this case

1—t
</ eRt/PFd,u) §/ U=0F qy. (3.3)

It is well-known that (Rs) solves the Hamilton—Jacobi equation

|,I—y|2’

1
ORf +5|VRf* =0,
see for instance [33]. Using this and differentiating the inequality ([B.3]) at ¢ = 0 yields
1
ent,, (ef <—/ VF%e/ d
< o [ IVEPe 4y

which is equivalent to the desired log-Sobolev inequality. We refer to Bobkov and Ledoux
article [I1] for more details. O

Remark 3.1 (Proof for GUE/GOE via Hoffmann-Wielandt inequality). For the GUE
and the GOE one can give a fifth proof, based on the contraction principle, like the proof
using Caffarelli’s theorem above. The Hoffman—Wielandt inequality [40}, 42, 9], states that
for all n x n Hermitian matrices A and B with ordered eigenvalues x1(A) > --- > x,(A)
and x1(B) > -+ > x,(B) respectively, we have
n n
> (@i(A) —zi(B)* < Y Ay — Byl*.
i=1 ij=1

In other words the map which associates to an n X n Hermitian matriz A its vector of
eigenvalues (x1(A),...,xn(A)) € R™ is 1-Lipschitz for the Fuclidean structure on n x n
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Hermitian matrices, given by (A, B) = Trace(AB). On the other hand, as we saw in
section [271, the Gaussian unitary ensemble is the image by this map of the Gaussian
measure on H,, whose density is proportional to e Ir(H)/2 " The Poincaré constant of
this Gaussian measure is 1/n so by the contraction principle the Poincaré constant of the
GUE is 1/n at most. The argument works just the same for log-Sobolev and for the GOE.

Proof of Theorem[I3. According to Lemma 7, if V is quadratic: V(u) = pu?/2 then
the image of p by the map = — Y_,,, x;/+/n is the centered Gaussian measure on R with
variance 1/p. This Gaussian satisfies Poincaré with constant 1/p and log-Sobolev with
constant 2/p. Moreover, linear functions are optimal in Poincaré and log-linear functions,
i.e. functions of the form f(u) = eM, are optimal in log-Sobolev, see for instance [2, [5].

Hence the result. O

Remark 3.2 (Transport). Many proofs involve the following simple transportation facts:
Caffarelli 14 FTn

N(0,n711,) W N(0,1)

and

1 T1t++Tn

N(O,nI,) — N(0,1)

and o

pectrum T1+-+Tn

Law (H) f— N(0,1)

and

Law(H) — " A7(0,1)

where H s a random Hermitian matriz as in Theorem [2_1] or Theorem [Z.2.

Remark 3.3 (Optimality). One can ask if the optimal functions provided by Theorem
are the only ones. In the case of the beta ensemble, Theorem [I7 shows that x €
R"™ — 21 4+ -+ - 4+ @y, is the only symmetric function optimal in the Poincaré inequality,
up to additive and multiplicative constants. We have learned from Michel Ledouz that the
Bakry-Emery approach allows to identify optimal functions for the Poincaré inequality as
well as the logarithmic Sobolev inequality. Let us sketch the argument. Let G, I', and
Iy be as in BI), and let (P),~, be the Markov semigroup generated by G. The usual

Bakry-Emery method gives, up to reqularity considerations,

v (1) = = [ Tf== [ ([ ra= e ) ar

This formula shows that if I'y > pI' and var,(f) = %fffd,u then (T'y — pI) (P f)(z) = 0
almost everywhere in t and x. Up to reqularity issues, we get in particular

(3 = pI)(f) = 0.
When V (r) = pr?, this equation becomes after some straightforward computations
> @ f (@) + > W (@i — a;)(8i f (x) — 0;f (2))* = 0.
,J 1<J
This implies that f is affine, and, at least when W is strictly convex, that the partial

derivatives of f are all equal. Hence f(x) = AN(x1+ -+ +x,) + p for some A\, u € R. There
s a similar argument for the logarithmic Sobolev inequality, based on the equality

ent,(f) = %/F(logf)fdu - %/Ooo (/(B — pP)(logPtf)Ptfdu) dt.

This leads to the fact that the only optimizers in the logarithmic Sobolev inequality are of
the form f(x) = eMarttan)tu - A ysual, the problem with this seductive approach is to
be able to justify rigorously the computations which require a non obvious reqularity, see
[5] for more comments on this.
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Remark 3.4 (Gaussianity of optimal functions). Let p be a probability measure on R™
with smooth density of the form eV, and let G, T, T'y be the Bakry-Emery ingredients
as in BI)). We have learned from Michel Ledoux that up to regularity considerations, if
Iy — pl' >0, and if f is an eigenfunction of the infinitesimal generator associated to the
eigenvalue —p namely Gf = —pf, then necessarily the law of f under p is Gaussian.
Since [ fdp = 0 the mean must be 0, and assuming that f is normalized: [ f?duy = 1,
the variance is 1. The proof relies on Stein’s observation that a random variable X is
a standard Gaussian if and only if it satisfies the following integration by part formula
E[ o'(X)] = E[ Xd/(X)] for evey smooth function o. To derive this identity from the
assumptions, we start from the diffusion formula

Gla(f)) =" (f)Lf +/(f)GF.
By using the invariance of p we thus get
[a"ersan=- [a'(Gran. (3.4)

The assumption Gf = —pf implies that f satisfies Poincaré with optimal constant 1/p.
Proceeding as in Remark [3.3 above we get T'y(f) = pI'f. Since

[af = SGIf ~T(f,Gf) = 5GIf + oI,

we obtain GU' f = 0, which means that U'f is constant. The constant is easily computed:

rf= [Tidu=- [ fGfdu=p.
Equation [34) thus becomes

[a"ryan= [ o(rf dn

which is the result. But as already mentioned at the end of Remark [3.3, making the
reasoning above fully rigorous is a delicate matter.

Proof of Corollary[1.4 The Gaussian concentration can be deduced from the log-Sobolev
inequality via an argument due to Herbst, see for instance [47], which consists in using
log-Sobolev with f = ef” to get the Gaussian upper bound on the Laplace transform

F 12
e’ du <exp Fdu+ 5 ; (3.5)

which leads in turn to the concentration inequality (L) via the Markov inequality. Alter-
natively we can use the intermediate inequality ([3.3]) obtained in the course of the fourth
proof of Theorem [[L2l Indeed applying Jensen’s inequality to the right-hand side of (B.3])
and letting ¢ — 1, we obtain

/eRl/PF dp < exp (/Fd,u) . (3.6)

Moreover, if F' is Lipschitz it is easily seen that

1 2
Rl/pF > F— %HFHLIP

Plugging this into the previous inequality yields (85]). Note that a result due to Bobkov
and Gotze states that (3.6]) is equivalent to a Talagrand Wy transportation inequality for
W, see for instance [47] and references therein.

In the case F(z1,...,2,) = + % f(z;) = Ln(f)(x) we have

n

[/ lleip
n

Vn

[F i <
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so that (L) follows from (L3]).
Finally taking F(z1,...,x,) = max(x1,...,z,) (= x1 on D) in (L) gives (7). O

Remark 3.5 (Concentration in transportation distance). Let u be the Gaussian unitary
ensemble [L4]). Let us give a nice argument that we have learned from Nathaél Gozlan giv-
ing concentration in Kantorovich—Wasserstein distance W, from the Hoffman—Wielandt
inequality and the fact that pu is a Lipschitz image of N (0, %In) Now if A and B are
n X n Hermitian matrices with respective ordered eigenvalues x1(A) > -+ > x,(A) and
x1(B) > -+ > x,(B), and if we define the empirical measures Ly = %Z?:l 0z,(4) and
Lp = %Z?:l 0z,(B), then the Hoffman—Wielandt inequality reads

n

nWao(La, Lp)* = Z(mZ(A) — 2;(B))? < Trace((A — B)?). (3.7)

i=1
Thanks to the triangle inequality for Wa, this implies that for all probability measure p with
finite second moment, the map A — Wa(L g, ) is Lipschitz with Lipschitz norm smaller
than or equal to 1/y/n. Therefore, denoting L, = %Z?:l 0z, we get, for all v >0,

2

H([Wa(Ln, 1) = EWo (L, )] > 1) < 2exp( — nQ%) (3.8)

Note that p is arbitrary. This simple argument remains essentially valid as soon as p is
the distribution of the eigenvalues of a random Hermitian matriz with independent entries
satisfying a logarithmic Sobolev inequality with constant of order 1/n.

Proof of Theorem [I1. The exponential decay of relative entropy (LI3]) is a well-known
consequence of the logarithmic Sobolev inequality, see for instance [5, Theorem 5.2.1].
The decay in Wasserstein distance follows from the Bakry-Emery machinery, see [5, The-
orem 9.7.2]. Alternatively it can be seen using parallel coupling. We explain this argument
briefly. Let X and Y be two solutions of the SDE (LL8]) driven by the same Brownian mo-
tion:

dX; = V2dB, — VU(X;) dt 4 d®,
dY; = V2dB, — VU(Y;) dt + d¥,.
Assume additionally that Xy ~ vy, Yy ~ 11 and that
E(|Xo = Yo/") = Wy (0, 11)".
By Itd’s formula we get
d|X; — Vi = —2(X; — Y;, VU(X;) — VU(Y;)) dt + 2(X; — Y3, d®y) + 2(Y; — X3, dT,).
Since U is p-convex (X; — Y;, VU(X;) — VU(Y;)) > p|X¢ — Y3|?. Besides d®; = —n;dL;

where L is the local time of X at the boundary of D and n; is an outer unit normal
at X;. Since YV; € K we get in particular (X; — Y;,d®;) < 0 for all ¢, and similarly
(Y; — X;,d¥,) < 0. Therefore d|X; — Y;|?> < —2p|X; — Y;|? dt, hence

| X, — Y| < e ?|Xo — Yol
Taking the p-th power and expectation we get
E[ [X; = YiP]V? < e P E(|1Xo - YolP)'/? = e W, (vo, 1),
Moreover since X; ~ voF; and Y; ~ v1 Py we have by definition of W,
W, (v P, 1 P) < E[ |X; — Y |P]V/P.

Hence the result. O
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