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ON THE CLT FOR ROTATIONS AND BV FUNCTIONS

JEAN-PIERRE CONZE AND STEPHANE LE BORGNE

IRMAR - UMR 6625, F-35000 Rennes, France

ABSTRACT. Let z+— x4+ a mod 1 be a rotation on the circle and let ¢ be a step func-
tion. We denote by ¢, (z) the corresponding ergodic sums Z;:Ol p(z + ja). For a class
of irrational rotations, containing the class with bounded partial quotients, and under
a Diophantine condition on the discontinuity points of ¢, we show that ¢, /||¢n|l2 is
asymptotically Gaussian for n in a set of density 1. The proof is based on decorrela-
tion inequalities for the ergodic sums taken at times g, where (gz) is the sequence of
denominators of a. Another important point is the control of the variance ||¢,[|3 for n
belonging to a large set of integers. When « is a quadratic irrational, the size of this set
can be precisely estimated.
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For a dynamical system (X, u,T) and an observable ¢ on X, a general question is the
asymptotic behaviour in distribution of the ergodic sums ZOL*l o T* after normalisation.
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For a large class of observables and chaotic systems, many results of convergence toward
a Gaussian distribution are known.

When the dynamical system has zero entropy, in particular for a rotation, the situation
is different. Nevertheless one can ask if, at least, there are observables satisfying a non
degenerate Central Limit Theorem. In this direction there are positive answers: M. Denker
and R. Burton (1987), then M. Weber, M. Lacey and other authors proved for rotations
the existence of functions, whose ergodic sums satisfy a CLT after self-normalization. In
general for a measure preserving aperiodic system, further results by D. Volny and P.
Liardet (1997), J.-P. Thouvenot and B. Weiss (2012) showed that any distribution can
appear as a limiting distribution of the ergodic sums of some functions after normalisation.

A different question is to ask if, for smooth systems, there is a CLT for explicit functions
in a certain class of regularity. Here we consider step functions on X = R/Z and their

ergodic sums ¢, (z) := 0" (z + ja) over an irrational rotation x +— x + o mod 1.

By the Denjoy-Koksma inequality, if ¢ is a centered function with bounded variation, the
sequence () is uniformly bounded along the sub-sequence of denominators of «. But,
besides, a stochastic behaviour at a certain scale can occur along other sub-sequences
(ng). We propose a quantitative analysis of this phenomenon.

Let us mention the following related papers. For ¢ := 1[07%[ — 1[%70[, F. Huveneers [9]

studied the existence of a sequence (ny)nen such that (1, ) after normalization is asymp-
totically normally distributed. In [4] it was shown that, when « has unbounded partial
quotients, along some subsequences the ergodic sums of ¢ in a class of step functions can
be approximated by a Brownian motion.

Here we will use as in [9] a method based on decorrelation inequalities which applies in
particular when the sequence of partial quotients of « is bounded or under a slightly
more general Diophantine assumption. It relies on an abstract central limit theorem valid
under some suitable decorrelation conditions. If ¢ is a step function, we give conditions
which insure that for n in a set of integers of density 1, the distribution of ¢, /||¢n||2 is
asymptotically Gaussian (Theorem 2.4). Beside the remarkable recent “temporal” limit
theorems for rotations (see [1], [6], [2]), this shows that a “spatial” asymptotic normal
distribution can also be observed for n in a large set of integers.

An important point is the control of the variance ||¢,[|3. We will see that, at least in the
case of o with bounded partial quotients, we can expect that, for n belonging to a set of
density 1, ||¢,||3 should be approximately of order Inn.

In Section 1, we study the set of integers for which the variance of the ergodic sums is
big. Our most precise information is obtained in the special case where « is a quadratic
irrational.

The central limit theorem is presented in Section 2. It is based on the decorrelation
between the ergodic sums at times ¢, the denominators of a;, and on an abstract central
limit theorem. To apply the results to a step function, a Diophantine condition is needed
on the discontinuities of ¢ which holds generically.

The proofs of the CLT and of the decorrelation are given in Sections 3 and 4.
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The results of this paper have been announced in [3].

1. Variance of the ergodic sums

Notation The uniform measure on T' identified with X = [0, 1] is denoted by p. A
function ¢ on T! is identified with a 1-periodic function of a real variable. We denote by
V() the variation of the restriction of ¢ to [0, 1] and write BV for “bounded variation”.

The class of real centered BV functions on T! is denoted by C. It contains the 1-periodic
step functions with a finite number of discontinuities. The Fourier coefficients ¢(r) of a
function ¢ € C satisty:

A TP ) V(e
) el = 20 20, with K(p) = sup |y ()] < 22 < oo
r r#0 27
Let o = [0;aq, ag, ...] be an irrational number in |0, 1], with partial quotients a,, = a,(«),

numerators p, and denominators ¢,, n > 1.

The ergodic sums Z;.:Ol o(x + ja) of a 1-periodic function ¢ for the rotation by « are

denoted by ¢,,(x). Their Fourier expansion is ¢, (z) = Z () gritn=ra SMTNTQ 2mirg,
r

g sin 7ra
— r i K
If p € C, then V(p,) < nV(p) and |p,(r)| = ()l \sgmrm"a] < n (90),7" # 0.
| |sin7ral |7]
1.1. Reminders on continued fractions, Ostrowski’s expansion.
For u € R, {u} denotes its fractional part and ||u|| := inf,cz |u — n| = min({u}, 1 — {u})
its distance to Z. Recall that 2||z|| < |sinnwz| < 7||z||, Vo € R.
. Pn | On
For n > 1, writing « = — + —, we have
dn  Q4n
1 Gn Gn Gn 1
(2) < < Gullgnal] = gnlbn| < = < J
An1 +2 n+1 + qn An+1 An+19n + Gn—1 An1
n pTL n Q’Vla 1 — _
® b= ) anall o= 22 el S <o, <o,

5+5 V5 -1

<1.
9 P 2

(4) qn-l—l/Qn-i—k S Cpka \V/TL, k Z ]-a with C' =
Let us show the last inequality: for n > 1 fixed, putting rqg = q,, "1 = Qna1, Thkr1 =
Ty + 151, for kK > 1, we have g, > 1, V& > 0 by induction and (4) follows easily.

For n > 1, we denote by m(n) the integer such that n € [¢m@), Gmm)+1][-

If @ has bounded partial quotients (i.e., B := supa, < 00), then m(n) is of order Inn:

Inn
m(n) €[\ In(B+1)].

there is a constant A > 0 such that
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Every integer n > 1 can be represented as follows (a-Ostrowski’s expansion):

(5) ifn < gne1, n= Zbqu,with 0<by<a;—1, 0<b, <apy for 1 <k<m.
k=0

Indeed, if n € [qo, ¢1 = a41], then (5) is satisfied, and if n € [, Gme1[ With m > 1, we

write n = b,,¢m + 7, with 1 < b, < @yp1, 0 < 1 < ¢qp,. By iteration, we get either r = 0

at some point and the algorithm stops, or n € [qo, ¢1[. In either cases we obtain (5).

In this way, we can code every n < ¢,,+1 by a word by...b,,, with by € {0,1,...,a; — 1} and
bj S {0, 1, ...,aj+1}, j=1...m.

In this representation, by,,y # 0 and b; = 0 for m(n) < j < m when m > m(n). In the
latter case, there are m — m(n) zero’s at the right end. For a given m and n < ¢, 41, this
Ostrowski’s expansion is “proper” (without zeros at the end) if m = m(n).

For m > 0, we call admissible of length m + 1 a finite word by...b,, such that b, €
{0,1,...,a1 — 1}, b; € {0,1, ..., a1}, for j = 1,...,m and such that, for two consecutive
letters bjfl, bj, if bj = Qj4+1 then bj,1 =0.

Remark that if by...b,, is admissible, m > 1, then by...b,,_1 is admissible. Let us show
by induction that the Ostrowski’s expansion of an integer n is admissible. Let n be in
[Gm, Gm+1[- We start the construction of the expansion of n as above. Now the following
steps of the algorithm yield the Ostrowski’s expansion of n — b,,q,,. Since n — b,,q,, €
[0, gm], the Ostrowski’s expansion of n — b,,q,, is admissible. It remains to check that, if
by = o1, then b, 1 = 0. But if b,,_1 # 0, we would have n > ami1¢m + Gm-1 = Gmi1,
a contradiction.

Conversely, if by...b,, is admissible, one shows by induction that bg+b1q1+...4+bm¢m < @ma1-
This holds if m = 0, since b; < ¢; = a;. Assume that this is true for the length m. Let
bg...bybymy1 be admissible of length m + 1.

If bpi1 = o, then b,, = 0 and by + b1q1 + ... + 0@ = bo +b1g1 + ... + bp—1Gm—1 < @m,
so that by + b1q1 + ... + bms1Gms1 < Gm + my2Gme1 = Gmo2-

If byt < Ggo — 1, then by +b1g1 + ... 4 by 1@ms1 < gt + (@ms2 — 1) i1 < G-

Therefore, if we associate to an admissible word the integer n = by + b1g1 + ... + b,
there is a bijection between the Ostrowski’s expansions of integers n < ¢,,,+1 and the set of
admissible words of length m 4 1. The number of admissible words of length m is ¢, — 1.

For n given by (5), putting ng = by, ny = foo by qi, for k < m(n), we have

m(n) nk—1 m(n) by qp—1
Z Zgox—l—ja Z Z(pa:Jrnk 1+ ja)
k=0 j=ng_1
m(n) by—1 m(n)
(6) = > g @+ (npor +ig)e) = fulx).
k=0 i=0 k=0
bp—1
(7) with fk(x) = Z Par (CC + (nkfl + iQk)a) = (Pb/qu(x + nkfla/)v

1=0
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By convention, we put S0%0" @, (- + (ng_1 + igr)a) = 0, if b, = 0.

If ¢ is a BV centered function, then it holds (Denjoy-Koksma inequality):

q—1
(8) |©glloe = sup| Z o(x +ia)] < V(p), if ¢ is a denominator of .
Ti=0

One can also show that if ¢ satisfies (1) then [|¢,, ||z < 27 K(¢). By (8), we have for fj
defined by (7): [|fllec < bV () < a2V ().

1.2. Bounds for the variance.

Let ¢ € C and n € [qr—1, qo[- The variance is bounded from below as follows:

5 (sin Tnka)? 5 sin mng; o |Ing;a||?
lnlls =2 18 |2 QZl |2—] CoZISO )I° J“w

P (sin mka)? (sinmg;a) g,

with ¢y = ﬂ%. Therefore, by (2) we have, for 0 < § < %,

l 1
(9) lenlly > COZ 07" (90)|2a?+1 ||nqu‘H2 > ¢y 6° Z 07" (90)|2a?+1 Ljing;al>s-
— e

An upper bound for the variance and a lower bound for the mean of the variance are
shown in [4]: there are constants C, ¢ > 0 such that

14

(10) loulls < C K Y adis ¥n € lge, el
7=0
1n71 /-1
(1) =D lleslls 2 €D b (@) 6, Y0 € lae gl
k=0 j=0

Now our first goal will be to bound from below the variance [|¢, |2 for n in a large set.

Bounds for the variance for n in a large set of integers
According to (9), a lower bound for ||¢, || depends on two separate conditions:

First we need the following condition on the Fourier coefficients of :

(12) 3M,n,0 > 0 such that Card {j < N : aji1|vg ()| >n} > 0N, VN > M.

This condition clearly holds when ¢ is the function ¢°(z) = {z} — 1, since in this case

174, ()| = 5=, V3. Its validity, related to Diophantine conditions on the points of discon-
tinuities, will be discussed for some step functions in Subsection 2.2.

For j < ¢, we will estimate how many times {ng;a} € I; := [0,0] U [1 — 4, 1] for n < g,
and deduce from this estimation that Z§:1 1,({ng a}) = Z?Zl Ljng;al<s is small for a
large set of values of n.
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Lemma 1.1. For every § €0, %[ and every interval of integers I = [Ny, Ny + L|, we have
Ni+L-1
(13) Z 1,({ngja}) <206+ q;.y) L,Vj such that g1 < 2L.
n=N1

Proof. For a fixed j and 0 < N; < N; + L, let us describe the behaviour of the sequence
(lng;al|,n = Ny, ..., Ny + L —1).
Recall that (modulo 1) we have g;a = 60;, with 6; = (—=1)?||g;| (see (3)). We treat the
case j even (hence ; > 0). The case j odd is analogous.
We are going to count how many times, for j even, we have {nf;} <dor1—39 <{nb,}.
We start with n; := Ny. Putting w(j, 1) := {n; 0;}, we have {n6;} = w(j,1)+ (n—n4)b;,
for n = ny,my +1,...,ny — 1, where ny is such that w(j,1) + (no — 1 —mn1)6; < 1 <
w(j, 1) + (n2 —m)6;.
Putting w(j, 2) := {n26,}, we have w(j,2) = w(j,1) + (ng —n1) §; — 1 < 6;. Starting now
from ng, we have {n6;} = w(j,2) + (n — ny)b; for n = ng,ny + 1,...,n3 — 1, where nj is
such that w(j,2) + (ng —1—1ng)0; <1 < w(y,2) + (n3 — n2) ;.
We iterate up to R(j), where ngj-1 < N1 + L < ngg). This construction yields a
sequence ny < Ny < ... < npg( such that {n;} = w(j, i) + (n —n;)0;, Vn € [n;, niy1[, and
U)(j, ’l) -+ (ni+1 —-1- nl) ej <l< ’UJ(_], Z) + (niH — nl) 9]'
with w(j,4) defined recursively by w(j,i + 1) = {w(j,?) + (ni+1 — n;) 6;} and satistying
w(j,i) < b;, fori=1,.., R(j).
Since (nj41 —n; +1)60; > w(j,i) + (nix1 —ni)0; > 1 for i # 1 and ¢ # R(j), we have
L
Nig1 — Ny > 9]-_1 — 1, for each i # 1, R(j). This implies R(j) < T 1 + 2.
T
For each ¢, the number of integers n € [n;, n;41 — 1] such that {nf;} € [0,6[U]1 —§,1] is
bounded by 2(1 + 69]-_1). (This number is less than 2 if § < 6;.)

Altogether, using (3) and the assumption 2L > g;41, the number of integers n € I such
that {nf,} € [0,0[U]1 — 4, 1] is bounded by

2L
0;' —1
<A(L+2¢541) (64 q51) <206 +¢;4,) L. O

2R(j)(1+006;") < ( +4) (14661 <4(L+6;")(0+6;)

Remark 1. For every § €]0,5-[ and every interval [Ny, Ny + L], we have by a slight
extension of Lemma 1.1:

(14)  Card{n € [Ny,N, + L] : d(ngjo,Z/r) <6} < 20r (6 + qj_jl)L, if gj11 <2L.
Lemma 1.2. Let I = [Ny, Ny + L] be an interval and ¢ such that ¢ < 2L.

a) For all § €]0, 5[ and ¢ €0, 1[, the density of set

(15) A={nel: Card(j <?:d(ngjo,Z) <) < (l}
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satisfies
(16) Card(A) > (1 -20¢" (6 +Ce ™)) L.

b) Under Condition (12) on @, there are positive constants ng, ¢ (not depending on §) such
that, for every 6 €]0, 5[, the subset V(I,6,€) :={n €I :|pnl2>noo V) satisfies:

(17) Card (V(I,5,6)) > (1 — ¢ (5 + 1) L.

Proof. a) Let A° = I\ A be the complementary of A. We will find an upper bound of the
density L~! Card(A®) by counting the number of values of n in I such that ||ng;al| < d in
an array indexed by (j,n).

By summing (13) from j =0 to j = ¢ — 1 and using the definition of A, we get:

2000+ > glL> Y Y 1,({nga})

0<j<e—-1 0<j<l—1 nel
>3 > 1,({ngia}) = D> (L= (LCard(A°).
neAc 0<5<4-1 neAc

With C:= Y72 ¢;', we have Card(A?) < 20¢~" (64 CL™") L, so (16) is shown.

b) With ¢ = 16, where 6 is the constant in (12), in view of the definition of A and (12),
we have, for n € A:

Card({j < €~ 1 [ngzall = 5} (V1 : b (9)] 2 ) = (1 — (C+1-0)) 0 = S0
Putting ¢ := 20 ("' max(1,C) and 1y = (3¢ 7° §)2, this implies by (9) and (16):
(18) lenlls > %co POl =mn36*0, ¥ne€ A, and Card(A) >1—c(6+ 01 L;
hence A C V(1,0,¢) and therefore V (1,0, () satisfies (17). O
The constants ¢ and 7y below are those of Lemma 1.2.

Theorem 1.3. Under Condition (12) on ¢, the density of the subset

Inm(n)

W:={neN: |gul2>no(

satisfies for every N > 1:
Card (W N[0, N[)
N

Proof. Since t/Int is increasing for ¢t > e, except for the first terms n, we have for n in

wen[o, N[:

>1—2¢(Inm(N))~=.

m(n m(N) |1
lnﬂg(r)z)) = ”0(1nni(13))2'
Therefore, by Lemma 1.2 with 6 = (Inm(N))~z and £ = m(N), it follows
Card (Wen [0, N[)
N

N

lnll2 < 70(

0

N[

< c(lnm(N))"2 +nm(N)"' < 2¢(Inm(N)) =.
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1.3. A counter-example.

In the next sections we will show that, under a Diophantine condition on «, for a big
set of n, the distribution of ¢, /||¢x||2 is approximately Gaussian. In particular, by (11),
if ny < qpyq is an integer such that |¢n,|l2 = maxp<q,,, [|¢kll2, then we have the lower

bound ||¢,,[|3 > ¢ Z§;(1) g, | ]H Under Condition (12), it can be shown that, for these
indices n, giving the record variances, when the partial quotients of o are bounded, the
distribution of ¢, /||¢n,||2 is asymptotically Gaussian.

Let us show by a counter-exemple that this is not true without a condition on «.

For a parameter v > 0, let the sequence (a,,),>1 be defined by
an = n"]if ne{2* . k>0}, =1ifng {2 : k>0}

Let a be the number which has (a,),>1 for sequence of partial quotients. For simplicity,
let us take for ¢ the sawtooth function ¢° defined above for which v, = Vk.

27r7, ’

For £ > 1, let ny := max{n < g1 : [|¢nllz = maxy<q,,, [|¢rll2}. We have

[logo(£)]

lenll3 > c Z g Paty > e Y 22 > e,

s=0

In the sum ¢,,(r) = Zk 0 Zbk %=1 o(x 4+ Ny_ya + ja) defined in (6), we can isolate
the indices k for which k& + 1 is a power of 2 (for the other indices ayy; = 1) and write
©n, (z) = Uy + V; with

U, = ZUng ZbQP gor—1 (l’ + Nop_jo0 + ja),
b .
Zke[OZO{akH 1} Z L o(r + Np_1a+ ja).
We will see in (65) that the variance of a sum where by, equals 0 or 1 is bounded as follows

b qr—1

I > D ez + Nyora+ ja)||3 < Cllog(f).

kG[O,Z]ﬂ{ak+1:1} ]:0

On the other side, we also have

Ung(N bap 1 gop—1—1 [log(€)] [log2(€) ]
TS rmatimls 3 mvig<e 3. o
p=1 p=1
. . gﬁne o UZ w .
The previous bounds imply Tons = Tonde + Tona with [|on,ll2 > @, ||Ulle < CO,

IVell2 < (Cllog(€))!/2.

Thus, if v > 1/2, one has ‘ Ue

_Ue Q
llongll2

Ve
llongll2 ||

— 0 and the limit points of the

distributions of hence are not Gaussian.

” “ have all their supports included in [-£, €],
Pngll2
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1.4. A special case: quadratic numbers.

In this subsection we show that, if « is a quadratic number, the variance ||¢,||3 of the
ergodic sums of ¢ under the rotation by « is of order Inn for n in a big set of integers
whose size is precisely estimated.

The main step in the proof is the following proposition showing that, for most of the
integers n, ||ng;jc|| is far from 0 for a big proportion of j’s:

Proposition 1.4. If « is a quadratic number, for every ey €]0, %[, there are § €0, %[ and
positive constants C and & such that for every £ > 1:

(19) Card{n < g1 : Card (j < £: d(ngja, Z) > 8) > (1 — o) £} > (1 — Cq.5y) qesr.

The proposition implies:

Theorem 1.5. If a is a quadratic number and if ¢ satisfies Condition (12), there are
positive constants ny,m2, R and £ €0, 1] such that, for N big enough, it holds :

20 Card{n < N: nlnn < |enll? <nylnn}>N(1—-RNS).
2

Proof. There is 1y > 0 such that the upper bound in (20) holds for every n > 1: indeed,
when « is quadratic, as (gx) is equivalent to a geometric sequence, m(n) is equivalent to
In(n) up to a multiplicative constant factor. Therefore, for n € [q, qo11[ (i-e., m(n) = ¥),

(10) implies ||o,]|3 < CK(p)? ijo a?,; < mpIn(n), for some positive constant 7.

For the lower bound, by (9) we have [|p,||3 > co > Zle 174, (©)1? @541 Ljngjalzs- Let @
in C be such that (12) is satisfied and, for eo = 36, let 6 = 6(¢) be given by Proposition
1.4. According to (12) and (19), for ¢ big enough, the set of integers n < g41 such that
simultaneously [|ng;al > & and |v,,(¢)| > 7, for at least $6¢ different indices j, has a

cardinal bigger than g1 (1 — C’q{fl) for some constants C' > 0, £ €]0, 1[.

Therefore we have ||, |3 > ©n?§%0¢ = n( for more than gpyi(1 — Cg,f,) values of n
between 1 and gz .

This shows that, for N € [gr, ge41], the cardinal of the set {n < N : ||p,]|53 < ml} is less

than C’ql};f < C'N'~¢ (because for a quadratic number sup, g,1/q < +oc). Hence, the
result. 0

Proof of Proposition 1.4

The proof consists in several steps. To bound from below d(ng;c, Z), successively we code
n as an admissible word (Ostrowski’s coding), reduce long words to short words, then
interpret cardinals in terms of cylinders and invariant measure for a subshift. Finally we
use a result of large deviations recalled in Lemma 1.6.

For the reader’s convenience, at each step we will consider first the simpler special case
of the golden mean o = @ (the corresponding rotation number is @ €]0,1]). Then
the general case is treated between the signs “{” and “A” and may be skipped if « is the
golden mean.
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When « is the golden mean, its partial quotients are equal to 1 and (g,) (the Fibonacci
sequence with ¢_1 = 0,90 = 1,¢q; = 1,...) is almost a geometric sequence of ratio oe. We
have

(21) =2+ a)a" + (1)~ a)a™"], 0 >0,

(22) a"+(—a) "€, da"Z)=a", n>1.

¢ For a general quadratic number «, the sequence (a,) is ultimately periodic: there are
integers ng, p such that a,4, = a,, Vn > ny.

0 1 0 1 0 1 0 1 .
LetAl.—(1 anoﬂ),Ai.—(l an0+i><1 an0+i1)“.(1 an0+1),forz>1.

From the recursive relation ( an ) = ( 0 1 ) ( n—1 ) , between the denomina-

An+1 I angr dn
tors (gn) of «, it follows, Vk > 1, nothptm—1 ) _ AmA’; Gno-1 ,m=1,..p.
Qn0+kp+m Qm)

The matrix A, is a 2 x 2 matrix with determinant (—1)” and non negative integer coef-
ficients (positive if p > 1). It has two distinct eigenvalues A > 1 and —A\~! (where \ is a

quadratic number) and it is diagonal in a basis of R? with coordinates in Q[A\]. We have
N+ (=A"Hr e Z

Without loss of generality we may suppose that p is even (otherwise, we replace it by 2p).
Therefore there are integers r, sy, ty, ug, vp for £ € {0,...,p — 1} such that

(23) Qnothpre = = [(80+ teA) N+ (e + v A) X)L VE > 0.

S|

For every ¢, (¢no+kp+e)k>1 behaves like a geometric progression with ratio A.
For the golden mean, (23) corresponds to (21) for n even and r = 5. A
1) Ostrowski’s coding, invariant measure for a subshift of finite type and counting

As recalled in Subsection 1.1, every n < @11 is coded by an “admissible” word by...b,,
with by € {0,1,...,a1 — 1}, b; € {0,1,...,;a;41}, j = 1,...,m, where for two consecutive
letters bjfl, bj, if bj = Qj+1, then bj,1 = 0.

For « the golden mean, a finite word by...b,, is admissible if it is composed of 0’s and 1’s
and two consecutive letters b;, b; 1 cannot be both 1, We denote by X the space of infinite
admissible words, that is sequence of 0, 1 without two consecutive 1’s. For simplicity the
letter b will denote an admissible word, either finite or infinite. The context will make
clear if b is finite or not.

If b = byg...b, is an admissible word, we put ng, := Zf:o b;q;.

When « is the golden mean, we use the sub-shift (X, o), where 0 = ox is the shift on
X. Let p be the o-invariant probability measure on X of maximal entropy. Let C,, .,
denote the cylinder composed of sequences starting with zq...z,. For n > 1, depending



ON THE CLT FOR ROTATIONS AND BV FUNCTIONS 11

whether zy et z,, are both equal to 1, or only one of them, or none, we have

1 o a?
C — —n —-n —-n
H(Coo..) a+r2” a2 Y a®
If £ C X is a union of cylinders of length n, its measure can be compared to the number
of cylinders which compose it:
a+2

a—+1

(24) w(E) < a " Card {cylinder W of length n: W C E} < (a+2) u(E).
& In the general case, let us consider the set of infinite admissible sequences corresponding
to the Ostrowski expansions for the periodic part of the sequence (a,):

X = {2z = (x;)ien such that Vi z;_12; # ua, ;11 with u # 0}.

The space X is invariant under the action of o% (because (a,) is p-periodic for n > ng).
We define an irreducible aperiodic sub-shift of finite type as follows: the state space of
Y is the set of words xg...x,_; of X, a transition between two such words w; and wy is
allowed if the concatenation wjws is the beginning of length 2p of a sequence in X.

From (23) we see that the exponential growth rate of the number of Ostrowski expansions
of length at most ng + pk is In A (with respect to k). It is also the growth rate of the
number of words of length pk of X. As these words correspond to the words of length
k in Y, the topological entropy of (Y, o) is In A (where o = oy is the shift to the left on
Y'). There is a unique invariant probability measure p on (Y, o) with entropy In A. This
measure can be constructed as follows. Let B be the matrix with entries 0 and 1 that
gives the allowed transitions between elements of the alphabet of Y. As the topological
entropy of Y is the logarithm of the spectral radius of B, this spectral radius is A\. Let U
and V be two positive vectors such that BU = AU, ‘BV = AV, ‘UV = 1. The measure
w1 is the Markovian measure determined by its values on cylinders given by

M(Cyoylmyn) = Vi Uy, A",

when yoy; ...y, is an admissible word (see [10] pp.21-23 and p.166 for more details on
this classical construction). As there are only finitely many products V,, U,,, there exists
a constant ¢ > 0 such that, if a subset £ of Y is a union of cylinders of length n, then

1
(25) o w(E) < Card {W cylinders of length n: W C E}X" < u(E). A

Lemmoa of large deviations

We will use the following inequality of large deviations for irreducible Markov chains with
finite state space (see [11], Theorem 3.3):

Lemma 1.6. Let A be finite union of cylinders. For every e €)0, 1], there are two positive
constants R(e), £(¢) depending on A such that

(26) p{r e X : %kz_o 1a(c*z) < w(A)(1 —¢)} < R(e) e ¢ VL > 1.
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2) Reduction of the Ostrowski expansion to a “window”

By (2) and (4) we have, for a constant p < 1, [|gq;e|| < Cp?~!. Hence, for 0 < j < ¢, if
kissuchthat 0 < j— k< j+r < L

Jt+r—1 j—rk—1
(27) |I|Zb agioll = | Y biggiel] < | Z bigigiel| + || Z bigigial| < Cp~"
1=j—K 1=j+kK
It means that || Zf:() bigigie|| = ||meeq;al is well approximated by || fo L bigigial]

which depends on a word with indices belonging to a window around j, with a precision
depending on the size of the window. This is valid for any irrational «.

The quantity introduced in the next definition can be viewed as a function of an infinite
word b or of a finite word b;_,, ..., bj1.,- We put

(28) I'(b,7) ;zé Z (=1)%; (/7" + (—a)"7) a.

A simple computation shows that I'(b, j + 1) = —I'(¢b, 7). Therefore we have:

(29) L(0%b, ko) = (=1)FT(b, k + ko).

Lemma 1.7. Let a be the golden mean For every § > 0, there is kg = Ko(d) such that
(30) Al g — T(b, 1), Z/5) <6, if j = o

Proof. We can restrict the sum n; qgja = ZZ o bigigja to the sum Z‘ZTOHO iQiq;Cr, since
their distance modulo 1 is small for k¢ big enough by (27).

1+ o i+j+2—a

o -1, . -
By (21), we have ¢;q; = a (=)~ 4 (i (77" + (—a)');

5 > )
J+ro 1 Jj+ko o o o
hence: Z bigigje = = Z [b; (14 @)™ 4+ b, (1) (2 — @)= 4 T(b, §).
i=j—kKo i=j—kKo
The distance to Z of the first sum above at right is small by (22). O

The lemma shows that for the golden mean the distance to Z/5 of Zﬁ:o bi g gj is almost
the distance to Z/5 of I'(b, j), which depends on the “short” word b;_,,...bj+x, (reduction
to a window of width 2k of the “long” word by...b;) in such a way that its values, when j
varies, are the values of a fixed function computed for shifted words.

¢ The lemma extends to a general quadratic number. We need some notation.

For an integer i, we write ¢« = i+ pn; +ng, where ¢ is the class of 1 —ny modulo p and n; the
integer part of (i — ng)/p. The classes mod p are identified with the integers 0,...,p — 1.
With the notation introduced in (23), we put

.o « .o &
T(g, l) = T—2(8£+ tl)\)(ul—l— Ul)\), U(Z, l) = ﬁ(u£+ vz)\)(sl + tl)\)



ON THE CLT FOR ROTATIONS AND BV FUNCTIONS 13

Lemma 1.8. Let 6 €]0,5-[. There is ko = ko(6) such that, if j > ng + kop,

no+(nj+ro)p—1
(31)  d(mpegie— > b [TEHNY + U (i, N ] [ Z/r) < 6.

i=no+(nj—ro)p

Proof. Recall that (a,) is p-periodic for n > ny. We consider indices j > ngy and take
sums on windows union of blocks of length p, hence of the form ng+mp, ..., ng+qp — 1.
Using (23), the product g¢ug+kp+m Gne+k/p+m 1S €qual to

1 , ,
ﬁ |:(Sm + tm)\)(sm’ + tm’)\))\k+k + (Um + UmA)(Um/ + 'Um/)\)>\_(k+k ):|

1 / /
+= [(sm + L A) (tr 4 Ve AT 4 (U, + 0 A) (St + Ly A) AP _k] :
”
Still using (23), we have

Sm (Sm/ +tmA) par Sm Wk
77)\ = T(Qno+(k'+k)p+m' - ;(Um' + U M)A TR,

From this (and a similar equality) we obtain

Ano+kp+m Qno+k'p+m’ &
1 N .
= 5 [ )t + 0 N - 1+ 0\ (5 + e DX 0
Sm tm
B Tq”0+(k’+k)p+m’o‘ + 7qno+(k’+k+1)p+m/a

Um!

Sm (! tm (1
— [ + 7/\))\ (k +k)(1 —I— T—Z(Um/ + Um/)\)/\ (k +k+1)a}.

72 L

Since d(qn0+(k’+k)P+m’04>Z/r) < d(Qno-ﬁ-(k’—&—k)P—l-m’O‘aZ) < C)‘i(kl+k) by (2)7 the distance of
the left side term above to Z/r is bounded by CA~* '+ Tt follows:

d(qigjor — [T(@, )N + U (i, )NV "], Z/r) < CAPOH1) i > g,
Thus, using (27), for kg large enough and if j > ng + kop, we have:

no+(n;+ro)p—1
dnpegse — > b [T )N + U (i, A% Z)r)
i=no+(n;—ro)p
no+(n;+ro)p—1
< CN P4 O Z AT ONTROP L 9C ko N2 < 5. [

i=no+(nj—ro)p
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3) From long words to short words

Lemma 1.9. Let 1 < {y < ¥ < { be three integers and let A : by...by — by, ...by be
the “restriction” map from the set L of admissible words to shortened words. There is a
constant ¢ > 0 such that, if S is the image of A, for any subset P of S, we have

Card (P) - Card{w € L: A(w) € P}
Card(S) = © Card (£)

We can take ¢ = 4 for the golden mean, ¢ = u52, with ug = infy~q & o _11, in the general
case.

Proof. The proof is given for the golden mean. The general case is analogous.

The ways of completing a short word into a long one depend only on the first letter by,
and the last letter by,: if by, # 1, any admissible beginning fits; if b,, = 1, then only
the admissible beginnings finishing by 0 fit; if b, = 0 then any admissible ending fits; if
be, = 1, only endings with 0 as first letter fit.

The number of admissible words of length 7 is ¢,,;, the number of admissible words of
length r beginning (or ending) by 0 is g,.

Let denote S;, @ = 1, ..., 4, the set of short words by, . ..b,, such that b, = bs, =0, by, =0
and by, =1, by, =1 and by, =0, by, = by, = 1, respectively.

Depending on the set S; to which A(w) belongs, the cardinal of Card A=} (A(w)) is Dy =
Qo Ge—t+15 Do = Qegqe—ey, D3 = quo-1G0—1,+1, 0r Dy = qoy—14e—e, respectively.

Since, 1 53 < ¢ /qr+1 <1, for all v, we have D, = max; D;, Dy = min; D;, Dy < Dy < 4D,
and finally

4 4
1
Card(P) = Y Card(PNS) =) 7 Card{w € L1 A(w) € PNS;}
i=1 0

=1

4
1 1
Ds E Card{we L: A(w) e PNS;} = HCard {we L: ANw) € P},

IA

1
Card (§) = ZCard Z Card {weLl: Aw) eS;} > D—Card (£). O
1

4a) End of the proof of Proposition 1.4 when « is the golden mean

Let 0 be a small positive number. Its value will be chosen later. It follows from (14) for
¢ big enough that, if qjjrll < 9:

(32) Card{n € [1,qe1[: d(ngja, Z/5) < 35} < C16qe1,Vj < L.
If kg is big enough, from (30) in Lemma 1.7, we have with I'(b, j) defined in (28):
(33) d(npegjo, Z/5) > 36 = d(I'(b,5),Z/5) > 26 = d(npeqjc, Z/5) > 0.

By taking kg large enough, we can suppose q;01+1 < §. By (32) (translated in terms of
words) for each j € [k, £], the proportion of words b = by ... by of length ¢ + 1 for which
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d(npeqjo, Z/5) > 39, is smaller than C16. Therefore, if £ > kg, we get
(34) Card{by...b;: d(I'(b,7),2/5) <25} < C1dqe,Vj € [ko, L)

But I'(b,j) depends only on the short word b;_, ...bj1s,, part of the long word b =
by ...bs. It follows, using Lemma 1.9 that

(35) Card {bj_,ﬂo e bj-f—li() . d(F(b,j)7 Z/5) S 25} S Cg 5QQ,€0+2,Vj € [I{(),E].

Putting As :={b: d(I'(b, ko), Z/5) > 26}, it follows from (35) and (24):

p(AS) < a0 2Card {bj_ny - - - bjin : A(T(b,5),Z/5) < 26} < Co qamyraa 072 < C36.
Let C4 be a constant > (5 and ¢ = (4. Observe that we can chose ¢ large enough

so that u(As) (¢ — ko) > (1 — e) £: indeed, we have p(As) — (1 —¢e) > 0 and by taking
0> (As)ko/((As) — (1 — €)) we obtain the required inequality.

Now we use 3 y_ 1a,(0%b) = Card {k < L : d(T'(c*b, ko), Z/5) > 26} and (29). Accord-
ing (33) with j = k + ko and Lemma 1.6 with A = As and £ = C4d (we assume § < O} '),
there are two positive constants R = R(e), £ = £(e) such that

p{b € X : Card{j € [ko, L + ko[ d(T'(b,5),Z/5) > 26} < u(As)(1 — )L} < R(e) e L.
Using “=" in (33), we have therefore, taking L = ¢ — kg, for £ — kg > j > Ko,
p{b € X : Card{j € [ro, £[: d(npeqja,Z/5) > 0} < pu(As)(1 —)(£ — ko) } < Re EEr0),

By (24), the previous inequality translated in terms of cardinal yields for a constant Cj:
Card {by...b,: Card{j < {: d(npeq;c, Z/5) > §} < (1 — Cyd)*0} < Cse qpyq.

If § is taken small enough to get (1 —gp) < (1 — C46)? and using that e is equivalent
to a power of q,11 (because (q), is equivalent to a geometric progression), the previous
inequality shows (19) of Proposition 1.4. O

& 4b) End of the proof of Proposition 1.4 for a general quadratic number

As for the golden number, we take a positive number  whose value will be fixed later.
By (14), if ko is large enough, we have for some C; > 0

Card{n € [1, qi+1[: d(ngjo, Z/r) < 36} < Cy6qe41, Vi € [no + Ko, £);
hence, in terms of admissible words by . .. by, if j € [ng + Ko, £,
(36) Card{by...bs: d(npeq;a,Z/r) < 35} < Cy Gt

Let I';,I'Y be the functions on Y

n0+(77j+.‘£0)p—1

L) := Z b [T(i, HNE 4 U (G, l’))\m—m} 7
i=no+(n;—ro)p
no+2kop—1

L) o= > b [T( N + Ui, jIAo"] .

i=ng
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Remark that the sums on the right can be viewed as functions of y through the b;’s.
Letting yx = bugtkp - - - bng+kp+p—1, We see that the sum inside the definition of I'; is a
function of ¥, wy -+ Yn;4ro—1-

Let As be the subset of Y defined by
As = {y: d(F?(y),Z/r} > 20, for j=0,...,p—1}.
By (31) in Lemma 1.8, if kq is sufficiently large, we have the implication
(37) d(npeqia, Z)1) > 36 = d(T'j(b), Z/1) > 26.
As j =7 —p, nj+p =n; + 1 and 04, = n; + 1, we obtain by n; — ko iterations:

no+(n;+ro)p—1 no+(n; —14+K0)p—1
E biT(i, i))\nﬁnj = E prT(i + p,i))ﬂ”pﬂ“
i=ng-+(n;—ko)p i=ng+(n;—1—ko)p
no+(nj—p+ro)p—1 no+(nj—p+ro)p—1
_ . . 1+1_ ;o . . i —Mi—
= E biyp (2, )N T = E biypT (1, )N 1P
i=no+(1;j—p—rKo)p i=ng+(nj—p—ro)p
N0+~ (n; —rg)p THOP—1
— — s NN TN — (. —
= .. = E bi_i_(nj_,ﬁo)pT(g, Z)A i=(nj—ro)p
=10+ (1 (n; —rg)p —HO)P

no+2kop—1
Since 1) (n;—xo)p = Ko, the last quantity reduces to Z Dic(ny—ro)p T (4 JINT RO
1=ng
no+(n;+ro0)p—1
The same computation can be done for Z b;U(i, j)A" ™. Taking the sum for

i=ng+(n;—ko)p
the T"s and U’s, we get

(38) Lj(y) = Tj (0™ "y).
From (37), (36) and (38), it follows, if £ > ng + 2kep and j > ng + Ko,
Card{bg...be: d(T;(c™ "™y),Z/r) <26} < C10Gesa.
But Fg(cr"f*’“’y) depends only on the short word by, (y;—xo)p - - - Ono+(n+ro)p—1, Which is a
sub-word of the “long” word by . ..b,. By Lemma 1.9 we obtain for constants Cs, C3 > 0:

(39) Card{bng+(m;—ro)p - - - Prot(nj+ro)p—1 d(Fg(a"j"my),Z/r) < 26} < Oy,
Then, (39) and (25) imply that
(40)  w(A5) =p{y €Y : d(T),(y),Z/r) <26, m =0,...p—1} < Cs0.

Now, we have

S
—

14,(c%y) = Card{k < n: d(I'° (c"y),Z/r) > 20, m = 0,....,p — 1},
0

e
i
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no+(k+2ko)p—1
F?n(a-ky) = Z b; [T(Z; m))\m—k—mo +U(i, m))\k‘f‘ﬁo—m] 7
1=no+kp
and, if j = (k + ko)p +m € [ng + Ko, €] (ie., n; = k + Ko, j = m),
AT, (oy), Z/r) > 26 = d(nyeq;0r, Z/r) > 6.

In particular:

pCard{k < ny — ko : d(I'° (c*y),Z/r) > 25, m =0,....,p— 1}

< Card {j < (¢ — ko)p : d(npeq;c,Z/r) > 6}.

By Lemma 1.6, for the Markov chain deduced from Y with state space the set of words
of length 2k in Y, we get from (26):

ply : Card {j < (me—ro)p: d(nueqi0, Zr) > 0} < p(As)(1—e)p(ne—rio)} < Re™*m=).

This can be translated in terms of cardinal using (25):

Card {yo . - Yny—ro = Card{j < (ne—ro)p: d(npegjer, Z/r) = 6} < p(As)(1—2)p(ne — ko) }

is smaller than Cye¢(e—50) \ne=ro Tt implies

Card {by...by: Card{j < £: d(nyeqja,Z)7) > 6} < pu(As)(1—e)p(ne—rg)} < CoeSlme=ro) \me=ro

If ne > (ko + 1)/ (that is £ > p(ko + 2)/e), then p(ne — ko) > (1 — €)¢ and, for some
Cs > 0, there are less than Cge "\ words b of length ¢ such that

(41)  Card{j < (: d)_ bigigje, Z/r) > 6} < p(As)(1 — €)1

=0
By (40), for €y > 0, we can choose ¢ and § such that u(A4;)(1—¢)? =1 —&p. On the other

hand, since ¢ 1qp; < A" < cqpyq for some ¢ > 0, Cge N\ < C’7qé;f , for some positive
constants (, C;. Finally, we have obtained (19) (in terms of number of admissible words):

Card {by...b: Card {j < €: d(npeqsc, ZJr) > 6} < (1 —e)l} < Crgyrs. O
A

2. A central limit theorem and its application to rotations

2.1. Decorrelation and CLT.
An abstract CLT under a decorrelation property

Below Y7 denotes a r.v. with a normal distribution A/ (0,1). Recall that, if X,Y are two
real random variables, their mutual (Kolmogorov) distance in distribution is defined by:
d(X,Y) =sup,p |P(X <z)-P(Y <z).

The notation C' denotes an absolute constant whose value may change from a line to the
other.
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Proposition 2.1. Let N be a positive integer. Let (qi)i<k<n be an increasing sequence
of positive integers such that for a constant p €]0,1]

(42) qk/qmngm’k, 1<k<m<N.
Let (fi)1<k<n be real centered BV functions such that for constants uy
(43) [ frlloo S ur, V(fi) £ Cupqr, 1 <k < N.

Moreover assume that there is a constant 0 such that
k,@
X k
0
|/ U [ fmdp] < C V() ug ty, m—, 1< k<m< N,V BV centered,
X qk
t@
(46) | U [ fon frdu| K CV(@)ugupuy—, 1 < k<m<t< N,V BV centered.
X

dx
Then, putting wy := maxjv LU, Sy = fi + -+ fn, there is for every 6 > 0 a constant
C(8) > 0 (depending only on 0) such that, if —— 52 ” < NP=3 with pe|o, %[)
S p
(47) A2 Vy) < C(H )N~ ="+,
1S |2

The proposition is proved in Section 3. We apply it to an irrational rotation by taking
for gi’s the denominators of « (they satisfy (42)) and for f; the ergodic sums ¢y, ,, of
a function ¢ (composed by a translation), where the by’s (b, < ajy1) are given by the
Ostrowski’s expansion described above.

Decorrelation between partial ergodic sums

In order to apply the previous proposition we will prove decorrelation properties between
the ergodic sums of ¢ € C at time ¢, under the following assumption on a:

Hypothesis 1. There are two constants A > 1, p > 0 such that
(48) a, < Anf Vn > 1.

The case « of bounded type (bpq), i.e., when the sequence (ay) of partial quotients of «
is bounded, corresponds in the previous condition to p = 0.

Lemma 2.2. a) For every p > 1, for a.e. «, there is a finite constant A(«, p) such that

(49) a, < A(a,p)nf,¥n > 1.
b) If a satisfies (48), then there is ¢ > 0 such that
c
kol > ———, Vk > 1.
(50) Il > et Vi >
Proof. a) We have a,1(a) = [1/6"(a)] where 0 is the Gauss map. Let v > 1. Since
a — (al(a))% is integrable for the f-invariant measure ;= on |0, 1], we have, for a constant

A(): e an(e) >0} < A(y)n 7.
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By the Borel-Cantelli lemma, it follows that for a.e a there is C'(a, ) such that, if s > -,
an(a) < Cla,y)n®,Vn > 1.

b) For every irrational «, there are C' > 0 and A > 1 such that the denominators of «
satisfy g > C\, for every ¢ > 1. For k > 2, let n be such that ¢,_1 < k < ¢,. Since
CA! < g, <k, it follows that n < C'log k, for some constant C’. By (48), we have
a, < An? < A(C"log k)P.

1 1

1
As |[ka| > |lgn—1a| > 30 > T > T this implies (50). O

Proposition 2.3. Let 1) and ¢ be BV centered functions. Suppose that o satisfies Hy-
pothesis 1. Then there are constants C, 01,05, 05 such that, for every 1 <k <m < £:

2

(51) | / B o ditl < CV) Vi) by,

X dk

27”62

(52) | / P . i < OV V) 7~ by,

X

2

(53) | /X P PP ] < VW)V bbb

The proposition is proved in Section 4. From the propositions 2.1 and 2.3 we will deduce
a convergence toward a Gaussian distribution under a variance condition, by bounding
the distance to the normal distribution.

Theorem 2.4. Let ¢ be in C satisfying (12).
1) With the notation of Theorem 1.3, the set

D=

(54) W= {neN: |lp,lla > no (logm(n))~2 m(n)?}

has density 1 in N.

Suppose that o satisfies Hypothesis 1 (i.e., for constants A >1,p >0, a, < AnP,¥n > 1)
with p < %. Then, for § €0, %[, there is a constant C'(0) such that for n big enough in
W:

(55) A2 ¥y) < C(E) mn) " B — 0,

Toulle’ T

In particular if a is bpg, p = 0 and m(n) can be replaced by logn.
2) Suppose that o is a quadratic irrational. With the notation of Theorem 1.5, let

Vi={n>1:m+logn < |enlls < n2+/logn}.

Then, there are two constants R,& > 0 such that
- the density of V' satisfies:

(56) Card(V ()[1,N]) > N (1= RN %), for N > No;
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- for 6 €]0 there is a constant C(6) such that, forn € V:

712[

(57) A2 V1) < C(8) (logn)" = — 0.

Teull eV

Proof. 1) The result on the density of the set W follows from Theorem 1.3.

For (55), we use Proposition 2.1 with N = m(n) such that n € [¢m(n), Gmm)+1[, fr defined
by (7) and the decomposition of the ergodic sums given by (6), i.e.,

br—1

ZL‘) = Z fk(x)v where fk Z 30% T+ (nk 1+ ZQk) ) Qpbk%(x + nk—la)'

=0

The decorrelation inequalities in Proposition 2.3 are obtained for functions of the form
©byq,- But in the proof of the decorrelation inequalities, one sees that they remain valid for
fx, since translations on the variable do not change the modulus of the Fourier coefficients.

As || frlloo < bkV (@) < ap11V (¢), up to a fixed factor the constant uy in the statement of
Proposition 2.3 can be taken to be a1 < kP, for some constant p > 0, by Hypothesis 1.

With the notation of Proposition 2.1, we have wy := maxév 105, 0n =Snv = fi+---+ fn.
oo < ONP™ 2(log N)z (the factor (log N)z

can be absorbed in the factor N?~2 by taking p larger). By (47) we obtain the following
inequality:

For n € Z, and under Hypothesis 1, we have

d(&,iﬁ) < C(5) m(n)—liiha'

lnll2

2) In the quadratic case, p = 0 and the property of the set V' is given by Theorem 1.5. O

Remark 2. The previous result is written with a self-normalisation. If « is quadratic, let
us consider the ergodic sums normalised by vInn: (¢,/vInn),>;. Then, for n € V, the
accumulation points of the sequence of distributions are Gaussian non degenerated with
a variance belonging to a compact interval.

2.2. Application to step functions, examples.

Yr(p) 2mir.

If ¢ belongs to the class C of centered BV functions, with Fourier series ) s e

to apply Theorem 2.4 we have to check Condition (12) on the coefficients v, (¢), i.e.:
1
M, n,0 > 0 such that NCard{j <N ajir |y, (@) >0t >0, VN > M.

The functions {2} — 5 = 5L 35,07 ¥ and 1y — 1y = 35, iy €7@ are
immediate examples where (12) are satisfied. In the second case, one observes that 7, =
0 if ¢ is even, = % if g is odd. Clearly, (12) is satisfied, because two consecutive g’s

are relatively prime and therefore cannot be both even.

In general, for a step function, Condition (12) (and therefore a lower bound for the
variance ||, ||3 for a large set of integers n) is related to the Diophantine properties of its
discontinuities with respect to . We discuss now this point.
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Let us consider a centered step function ¢ on [0, 1] taking a non null constant value v; € R
on the interval [uj, w1, 7 =0,1,...,s, with ug =0 < uy < ... < uy < ugyq = 1t

(58) = 0L~ C
j=0

The constant ¢ above is such that ¢ is centered, but it plays no role below.

Lemma 2.5. If ¢ is given by (58), there is a continuous function H,(uq, ..., us) > 0 such

that

(59) Ve (0)]? = 72 Hy(ruy, ..., Tus).

Proof. Since $(r) = Y_7_g 2 e ™) sinwr(ujg — uy), £ 0, Ho(ua, ..., ug) is

[Z v; cosm(u; + w1 sin(ujg — uj)) + [Z v; sin(u; +wjp) sinm(ujg —uj))? O
j=0 Jj=0

Ezamples: 1) ¢ = ¢(u, - ) = 1 — u, Hy(u) = sin®(7u).
2) ¢ = p(w,u, - ) =1, u] — L, wtw)s H(p) = 4 sin®(7u) sin®(rw).

Corollary 2.6. Condition (12) is satisfied if the parameter (uy,...,us) is such that the
sequence (qruy, ..., qrs)g>1 1S uniformly distributed in T*.

Since (qx) is a strictly increasing sequence of integers, for almost every (uq, ..., us) in T?,
the sequence (qxui, ..., @rus)k>1 is uniformly distributed in T°. Hence:

1 n
lim — g Hy(qrua, ..., qpus) = H(xy,...,xs)dzy...dzs > 0, for a.e. (uq,...,us) € T°.
n 1 Ts

k=1

Therefore (12) is a generic property: it is satisfied for a.e. value of (uy, ..., us) in T®.

Besides a generic result, there are also specific values of the parameter (uq, ..., us) for
which (12) holds. A simple example is:

Example 3: o(%, ) = lpzp— L, forrs €N, 0 <7 <s.
Remarks about example 1)

1) It is known that if a is bpq and if limy, | sin(wggu)| = 0 for the denominators g, of «, then
u € Zo+Z. But there is an uncountable set of u’s such that limy + S sin?(rqru) = 0.

Observe also that, if a is not bpq, there are many u’s which do not satisfy the previous

equidistribution property. Let u =) ., b,g,a mod 1, b, € Z, be the so-called Ostrowski

[bn |
n>0 ant1

00, then limy, ||gyu|| = 0. There is an uncountable set of u’s satisfying this condition if « is
not bpq. Therefore we have degeneracy of the variance for these u’s , although ergodicity
of the cocycle holds if u is not in the countable set Za + Z.

expansion of u, where ¢, are the denominators of «. It can be shown that, if )

2) Again in example 1, for the case 1) of Theorem 2.4, we need a slight improvement of
the equidistribution argument mentioned previously, namely:
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S 6} sin?(nguu)
N
> k=1 ai

This is an easy consequence of the following lemma:

1
If1<a, <n?, with v < %, then: lij{fn =5 for almost every u.

Lemma 2.7. Let (u,) be a sequence of real numbers such that 1 < wu, <n?, with0 < v <

L If (X,) is a sequence of bounded orthogonal random variables on a probability space

2
N
> k1 Uk X
N

k=1 Uk

(Q, 1), then lij{fn =0, for a.e. w.

Vectorial case

For simplicity, we consider the case of two components. Let be given a vectorial func-
tion ® = (¢!, ¢?), where ¢!, ¢* are two centered step functions with respectively sy, sy
discontinuities: ' = > *" ;] Vi i, [ — iy for i =1,2.

Let the matrix T',, be defined by T, (a, b) := (logn)~||apl + bp?||3 and denote by I, the
2-dimensional identity matrix.

Theorem 2.8. If a is bpq and if the condition (12) is satisfied uniformly with respect to
(a,b) in the unit sphere, there are 0 < ri,r3 < 400 two constants such that for a “large”
set of integers n as in Theorem 2.4:

- Iy, satisfies inequalities of the form rily < T',(a,b) < rily;

- the distribution of T;;'®,, is close to the standard 2-dimensional normal law.

Proof. We only sketch the proof. The classical method of proof of a CLT for a vectorial
function is to show a scalar CLT for all linear combinations of the components of the
function. So the proof is like that of Theorem 2.1, but taking care of the bound from
below of the variance for ap} + bp?: (12) should be uniform for (a,b) on the unit sphere.
This is done in the next proposition. 0

Proposition 2.9. Let A be a compact space and (Fx,\ € A) be a family of nonnegative
non identically null continuous functions on T¢ depending continuously on \. If a sequence
(2,,) is equidistributed in T?, then

(60) 3 No,n > 0 such that Card{n < N : F)\(z,) > n} > 0N, YN > Ny, VA € A.
Proof. For X € A, let uy € T¢ be such that F)(uy) = sup,eqe Fa(u). We have Fy(uy) > 0
and there is 7, > 0 and an open neighborhood U, of uy such that Fy(u) > 2n, for u € U,.
Using the continuity of F with respect to the parameter \, the inequality F(u) > 1, holds

for u € Uy and (¢ in an open neighborhood V) of A\. By compactness of A, there is a finite
set (A;,j € J) such that (Vy,,j € J) is an open covering of A. Let 6 := Linf;c; Leb(Uy,)).

By equidistribution of (z,), there is Ny such that 3 32, 1u, (2,) > 6,YN > Ny, Vj € J.

Let  := infjcymy;. For every A € A, there is j € J such that A € V), and therefore
Fx(zn) >\, > m, if 2z, € Uy;. This implies:

Card{n < N : Fx(z,) > n} > Card{n < N : z, € Uy;} > 0N, VN > Ny. 0O

A generic result
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By Proposition 2.9 applied for (a,b) in the unit sphere, for a.e. values of the parameter

(uf, ..., ul, uf, ..., ul,), the functions ap' 4 by? satisfy Condition (12) uniformly in (a, b) in

s Ys1o

the unit sphere. Hence Theorem 2.8 applies generically with respect to the discontinuities.
Special values: an application to the rectangular billiard in the plane

Ezxample 4 Now, for an application to the periodic billiard, we consider the vectorial
function ¥ = (¢!, p?) with

2 , osin(m(2r+1)%) ,
1 . _ = —mi(2r+1)% 2/ 2mi(2r+1)-
D I
r€Z
@ = ly1 a—1ling o= —% 67ri(2r+1)%cos(7r(2r + 1)§)€2m(2r+1)-'
0.3-3] [3:1-3] T 2r+1

TEZ
The Fourier coefficients of ¢! and ¢?* of order r are null for r even.
Let us consider a linear combination ¢, = ap' + bp?. For r = 2t + 1 odd, we have:

2 1

T e~ ™IS [ggin(m(2t 4 1) %) —tbcos(m(2t + 1) %)]_

Coryr(ap' + bp®) =
If g; is even, 7, (¢qp) is null. If ¢; is odd, we have
Q

) o o 1
|7qj(90a,b)|2 =|a Sln(WQj 5) — b Sm(”(§ +qj 5))\2,

For ¢; odd, we have by (2),

p; 0; ‘ «Q pj ‘ 93 1
logl = 1%+ hence [l 50— 11| < || < 2-—.
1 ¢ pj 0 p 1
= |[|Z - —=|. h — ) | <
5+ 051 = 1% =2 =20 hence |lajial = (115 + 21 ) < | 2] < 5-—

This implies, for ¢; odd: 7y, (¢ap) = a(l + O( )) if p; is odd, = b(1 + O( )) if p; is
even.

The computation shows that, if « is such that, in average, there is a positive proportion
of pairs (p;, g;) which are (even, odd) and a positive proportion of pairs (p;, ¢;) which are
(odd, odd), then the condition of Theorem 2.8 is fulfilled by the vectorial step function
¥ = (¢!, 9%

For an application to the model of rectangular periodic billiard in the plane described in
[5], we refer to [4].

3. Proof of Proposition 2.1 (CLT)

The difference Hxy (M) := [E(e**) — E(e**Y)| can be used to get an upper bound of the
distance d(X,Y’) thanks to the following inequality (|7], Chapter XVI, Inequality (3.13)):
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if X has a vanishing expectation, then, for every U > 0,

24 1 1
61 H
(61 / xv T gy 27r U
Using (61), we get an upper bound of the distance between the distribution of X and the

(ez’AX) —702 >\2|

normal law by bounding |E e

We will use the following remarks:

(62)  V(fg) < f1V(9) + llgll=V(f), Vf,g BV,

(63) if g€ C'(R,R) and u is BV, then V(gou) < ||¢']|e V(u).

Let wy, := max®_, u;, where u; is larger than | ;|| (see Proposition 2.1).

Since V(fx) < Cug qx, (44) implies

64) || fufmdul <CEmOuw? for k <m.
D'e q

Bounding the moments

Lemma 3.1. Under the assumption of Proposition 2.1, there is C'y such that

m-+4

) / D AP <Ciln(m+) ) wj <Gl n(m+ 0wy,
X k=m j€[m,m+/)
J )
m—+L
(66) / D AP <Gt (m+ Hwd,,, Ym 0> 1,
X k=m
m—+L
(67) / | Z filt < CLA WP (m A+ 0 wd,,,, Ym0 > 1.
k=m

Proof. We show (66) and (67). The proof of (65) is the same.

1) For (66), it suffices to bound the sums \ / fsfifudpl.

m<s<t<u<m+£

Replacing fi, by w,,}, fr, we will deduce the bound (66) from the inequalities (43), (44),
(45) when wy < 1, for 1 <k <m + {. By (43) and (62), we have

|/X fsfifudu| < C and V(f.fi) < Cgs + q) < 3Cq.

From (44) and (42), then from (45) and (42), we obtain

) dp| < 02T (fsft) egcﬁuego(u—t)ue
(fsfo)-fudp p :

4y

|/ fs-(fefu) du| < C——= (f) 9<Cqs u? < Cpt==)f.
4y
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Set K = ; 9(53 In(m+¢). If t — s or u — t > k, the previous inequalities imply:

I/ fofifudul < Cpu® < Cm+ 073 < C(m +0)73
X
It implies:
Z ‘/ fsftfud,u‘ <C€3(£+m) 3_0.
m<s<t<u<m+L: max(t—s,u—t)>
Now the result follows from:

> / fofefudul < Clx.

m<s<t<u<m+L: max(t—s,u—t)<

2) For (67), we bound the sums Z |/ fsfefufodu| using (42) and succes-
m<s<t<uv<m+/{

sively (44), (45), (46).
We obtain (because f, is centered for the first inequality):

‘/ fotfu fv d/i’ < C———"" (fsftfu) 9 < C’Zu 9 < Op(vfu)ve’

| Ui =BG ot < €220 VU 0 o 0% 0 < 0y
q

u du

/ fsftfufv d:u| < C———= (fS) 0 < C%Ue < Op(t_s)ve.
q

Putting k = ) log(m /), we get by the previous inequalities, for constants C, Cy, Cs:

> | /X Jofifulodi

< Ct st / Fofdul| / fuf i

m<s<t<u<v<m+5

<O+ [ Afdul)? < O+ Cof? tnim + )

m<s<t<m+ﬂ
The remaining terms give a bound which can be absorbed in the previous one, namely:

) | / Fufufufodul < Ot < Cy L log(m + ). O

m<s<t<u<m+L: max(t—s,u—t,v—u)

Proof of Proposition 2.1
The proof is given in several steps.
Defining blocks
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We split the sum S, := f; +--- + f, into small and large blocks. The small ones will be
removed, providing gaps and allowing to take advantage of the decorrelation properties
assumed in the statement of the proposition.

Let 7,6 be parameters (0 close to 0) such that 0 < § < 1 and § < 7. We set for n > 1:

ny =ni(n) == [n7],ny = ny(n) := |n’],

v=v(n):=n;+ng, p(n):=|n/v(n)] +1=n""4+h, ~n'"", with |h,| bounded.
For 0 <k < p(n), we put (with f; =0,if n < j<n+v)

Fn,k = fku(n)Jrl +oee A+ fky )+ni1(n)s Gn,k = fk v(n)+ni(n)+1 +oe At f(kJrl) v(n)

The sums F, , G, have respectively n; ~ n™, ng ~ n® terms and S,, reads

p(n)—1
k=0
We put S/, = Z(:no)_l Fok, Vg =Upp = (fX ng d,u)%.

The following inequalities are implied by (65):
(68) vp =02, = ||Fuill3 <Cn" Innw?, |Guill3 < Cn’ Innw, 0 <k < p(n).
Since ¢1 + g2 + ... + g < Cqpy1, V0 > 1, by (42), it follows by (63) and hypothesis (43):

(69) V( i(Fn,0++Fn k-1 ) < C|C| Wn Q1) vsms -

Lemma 3.2.

p(n)—1 p(n)—1
_1=$
(70)  [ISall5 = > Wil =1ISal3 = D IFuslil < Cn'= lnnwy,
k=0 k=0
p(n)—1
(71) Se =Sl =11 Y Gill><Cn""" nnw.
k=0

Proof. It follows from (64) and (42), with Cy =

Cp
(1-p)%>
b d
\/ (qu) (th) dp| < Coptd’ wi, Ya < b < c<d.
X u=aqa t=c

Therefore, we have, with C, = Cy > . >0 P, writing simply Fj, G instead of Froi, Gk,

’/F Fldu| < Con w Z pk'ﬂrl*(jwrm)

0<j<k<p(n 0<j<k<p(n)

SC'on wnp2 Z p(k 1)Vju<c«pn2nwp pr<cn2 nn‘s'

0<j<k<p(n) 120
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The LHS of (70) is less than the sum for £ = 0 to p(n) — 1 of

[ Gran+1 [ Gubeaul +| [ GoFioidul

2% |/ (Fe+ Gy) du|+|/G Gy dpl] +2 \/GdeM

0<j<k 0<j<k—1

The first term is bounded by Cn°Innw?, the second one and the third one bounded by
Cn5 lnn w? are the biggest. The other terms are negligible as shown by the preliminary

computation: n’ p”é is small compared to a power of n, for n big.

Therefore the LHS of (70) is less than: C;n!~"n"s" Innw? = C;n!~ 2" Innw?.

An analogous computation shows that the LHS of (71) behaves like i(:ng_l [ G% dp which
gives the bound C'n!="*° Innw? of (71). O

Approximation of the characteristic function of the sum S!, by a product
For ¢ € R, let I, 1(¢) =1, 1,4(¢) := / e EnottFni) gy 0 < k < p(n).
X

Lemma 3.3. For 0 < k < p(n), we have

(72) [Lni(¢) — (1 - %2“ #) o1 (O < C ([P wp n”™ n*(n) + ¢y n®” In*(n)) .

Proof. We use ™ =1+ iu — 3u® — tu® +u'r(u), with |r(u)| < 5, for u € R. Let k > 1.

34>
We have L 1 () = [y e<0not=+Fuias) (1 4iCF,  — S F2, — 1C3F3, 4+ (4R r(CF)] dpt
For the first term, using (69), we have:

ny
|/ Fnot++Fy k—1) n’k dﬂ| < Z |/ eiC(Fn,0+"'+Fn,k—1)fkl/_‘rj d/~L|
j=1 /X

ni

ni
q(k—1)v+n vti—n
< Ol¢lwn Y T (kv 4 ) wity g < CIClw2n® Y prtim

qkv+j

j=1 j=1
C
(1) < Kluin®
Similarly, for the second term we apply (45) and (69) and we get:
|/X e(Fnot+Fp 1) ng dp — Ty s / FSk dp)
(74) < OV(etFnot i)y ZZ Dr 30" Cl¢wd n*™ p=.

—1j—1 kly+]
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Likewise (46) and Lemma 3.1 imply: |/ e (FnottFr 1) F3 . dyl
b

< |/ (eiC(Fn,o+~~~+Fn,k_1) _ E(eiC(Fn,o+~-+Fn,k_1)) Fsk dp| + |/ F3k dp)
X ’ x
(75) < C¢|n'TFTT0 w3 o 4 COnT w? In?(n).
At last, by (67) we have

16) | [ et ) Bl r(F dil < [ Fldu < wle no)?
X X

From (73), (74), (75) and (76), we deduce that |I,x(¢) — (1— % v 1) Ink-1(¢)] is bounded
up to a constant factor C' by

G w2 g[GP w7 7+ [ b2t g (P w T () + (Gt 0 I )

In the sum above, for n big, we keep only the last two terms, since for n big enough the
first terms are smaller than the last ones. ([l

If X and Y are two real square integrable random variables, then |[E(e'*) — E(e?¥)| <
| X — Y||2. Therefore, using (71), we have for J,,(¢) := fX e Sn dp:

(7)) (€)= Lupy ()] < 118w = Sallz < €l wan 57 (Inn)3,
then, by (77) and (72) of Lemma 3.3, we get
[92(Q) = TR (1 = 5¢20) < 13a(€) = Tnpiny (O] + ThZ0 ™ () = (1 = 5 ) L1 Q)|
< C[|¢|won =" (lnn)1/2+n1 T|C|3w n” In*(n) + n'="Ctwin? In(n)?
(78) < C[|w,n (lnn)2 + [P w3 n(Inn)? + ¢t wk n'*7 (Inn)?).

Approzimation of the exponential by a product

Below, ¢ will be such that || v, < 1. This is satisfied if

(79) IC| nFw,(logn)? < 1.

Lemma 3.4. If (pr)kes is a finite family of real numbers in [0, 1], then
_ . . 1

(80) 0 < e Znerrr - ,E“ — ) < ;pi, if 0<py< 5,V

Proof. We have In(1 — u) = —u — v?v(u), with 3+ < v(u) < 1, for 0 < u < 1 and
1—e 28 <N gy, if >0, 6 > 0.

Writing 1 — pp = e ”* % with ¢ = —(In(1 — pg) + px), the previous inequality implies
0<¢g < pi, if 0 <pp < % Therefore, under this condition, we have:

1
2
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We apply (80) with py = 3¢*02 ,, under Condition (79). In view of (68) it follows:

p(n)—1 p(n)—
1 1 1
(81) e =i I (01— ¢ < ¢! }j vb < CCHwd n™ In’(n).

k=0 k=0
The bound is like the last term in (78).

Conclusion

From (78) and (81), it follows:

[0(¢) = e 3B ] < CO[¢wnE (lnm)? 4 ¢ wdm (I m)? 4¢Pt nd 7 (Inm)?)
We replace ¢ by m; hence Condition (79) becomes

(82) n% wy,(log n)% <1

A
[15n]l2

- n(x 1
We get: | [ GAETS du(z) —e 215 ||22k g

3

W
w
C 1IN n 1 T+6 )\3 Wn, 1 )\4 Wy, 1+7’1 2 )
SO P g )+ X g g )
Since |e=® — e~ < |a — b|, for any a,b > 0, we have, by (70)
(n)—-1
e 1 22:p(n) 1 z 1 )\2 ) p ) 2 1 r—s
le72M —¢ 2”5”” | < = 1Snll5 — vi| < O\ ad? > Inn.
e 1516 = 2 il = O g

Let us call respectively E; the error in neglecting the sums on the small blocks, F5 the
error in the replacement of e 2’ by exp(— 1/\2 HZS? U”’CQ) Es the error of order 3 in the

expansion, F, the approximation error of the exponentlal by the product.

.y Sn(x)
Finally we get the bound | fX e SaT2 du(z) — e_%’\2| <FE+Ey+E3s+ FE; <

177+é 1 2 w?L =38 3 wg 4 ?L 14746 1,-2
H)\|||S Hz In?(n) + A s, ” Inn + [A| TTGHE nin®(n) + A TR n In*(n)].
n 2
Denote by Y; a r.v. with (0, 1)-distribution. Putting R, = 5 the bound reads:

1—7496
2

(83) C[IA|Rpn 5" + A2 R2n'"2" Inn + |AP R3 nln®(n) + A* R: n 7+ In?(n)].

Notice that § can be taken arbitrary small. A change of its value modifies the generic
constant C'in the previous inequalities. Therefore we take § = 0 in the optimisation below,
keeping in mind that the constant factor in the inequalities depends on §. Likewise the
Inn factors can be neglected.

We have an inequality of the form H S n(A) <C Z?zl IA
n 27

nents are given by the previous inequality. In view of (61), it follows that, up to a constant

@ R nY where the expo-
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factor, al(HSSn"”2 Y1) <

4

Uin + ; o LU RY i < Uin + U, Ryn'z + %U,f R2n'~: 4 %U;Z’ Rn+ iU,ﬁf R n't,

Now, we optimize the choice of U = U,,. As R, is less than n? for some 3 > 0, if we take

U, =n" with v > 0, then the previous inequality gives inside the bracket the bound:
e By + 1n1—5—25+27 + % nl—38+3y 4 %n1+7—4ﬁ+4’y.

We choose U, such that 1/U, is of the same order as the second term, i.e., we take

- 5+2ﬁ_1, If r = % and if 8 = % — p with p > 0, then it gives:

_T_ .
nTY =n!lT2 72 ey

P . 1
The four terms in the bound are respectively:
W=—ztl By ==+ L ()= 4p (D) =2+ L.
6 3 12 37 4 ’ 6 3
We check that (B) is the biggest term: (B) — (A) = 5+ % >0, (B) — (C) =

0,ifp<i, (B)—-(D)=35-2 >0, ifp< i

_r
3 >

This gives the bound stated in Proposition 2.1 for the distance to the normal law:
For every 6 > 0, for N big enough, there is a constant C'(§) > 0 (depending only on d)
o ow 1.
such that, if ;2 < NP2 with p € [0, [, then
SN

AN V) < CO)N— =" F << 1.
[Sn]l2

To conclude, observe that, if w, < n? with p < § and [|S,[]2 > Cnz/(logn)z, (82) is
satisfied for |A\| < U,, = n?, since

1
i R < O (logn)
n||2

N

= Cn o"% (logn)z < 1, for n big. O

4. Proof of Proposition 2.3 (decorrelation)

For the proof of Proposition 2.3, by homogeneity, we may assume that ¢ and ¢ are BV
centered functions with variation < 1. Moreover, we may also assume b; = 1, Vi. Indeed,
the decorrelation inequalities will follow from bounds on sums of products of quantities

like |@p,q, (/)] < bn [@g, ()] 0r |94,q, 112 < bu ll2g, 2.

First we truncate the Fourier series of the ergodic sums ¢,. For functions in C, the remain-
ders are easily controlled and it suffices to treat the case of trigonometric polynomials.

For ¢ € C, the Fourier coefficients of order j # 0 of the ergodic sum ¢,, satisfy:

84 — a1 = @)l [sinmnjal _ 7w K(p)| [Injal
(84) |2n ()] = == S e o
lj|  |sinmjal 7l ljell
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Recall also (cf. (8)) that, if ¢ is a denominator of «, then

q—1

1Pglloc = Sup!Zso z 4 La)| < V(p) and g2 < 27 K (o).
=0

We will use the notations: S f for the partial sum of order L > 1 of the Fourier series of
f € L*T), Rpf := f — Spf for the remainder and, ¢, denoting the denominators of

(85) a, = Kias. <apy1+1, ¢y = clian gy Iy Gnt1-

n dn

Preliminary inequalities and truncation

We begin by some inequalities which are valid for any irrational number .

Lemma 4.1. There is a constant C' such that, if q is a denominator of a,

1 || Ljal? L
(86) y- LllEal <o vLell,d)

el
22 2 [jal

Proof. If f is a non negative BV function with integral u(f), by Denjoy-Koksma inequality
applied to f — u(f), we have

f =1
Z Z (iq)2

Taking for f(z) respectively 1, (|x|) and -1 %[(|x|), we obtain:

>

1 1 1 11 L* L
Y. w<C+) > 5 <C(=Z+-)
J ¢ Lg = ¢ q
i lljall<t,5>q Jilliell>¢.i>q
This implies (86), since for L < ¢:
1« 1||Ljal? 1 11 L, L L
52 [jap =¢ oS+ D> 5 <20 (= +—)<40=. O

li1>q liell<T,i>q ljell>1.5>q

)

2 au(p+vip) =Tt T

F(lig+7)a) < % >

r=0 =1

We will use the good repartition of the numbers ||ka|| when k varies between 1 and g,
through two inequalities given in the following lemma, which will be used several times.

Lemma 4.2. We have

qt+1—1
(87) Z |— < Z S C41 Inqqr, VE >0,
J=qt Je j=1
1 ! r
(88) Z — < C st g1 =C Z ¢, Vr > 0.
i el —~ g p

Proof. There is exactly one element of the set {ja mod 1,5 = 1,...,¢;+1 — 1} in each

interval [Q+ ’5:;11[ =1,...,q:11 — 1. Moreover, for 1 < j < g1, one has ||jal| > 2%1“.
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gr+1—1 qe+1—1
This implies: — < 2q441 +
; il ; 0/ Qi1
From (87) applied fort =1,...,r, we deduce (88):

2 DS ZZ

1<5<gr+1 t=0 q:<j<qi+1 ] HJ t= 0 q <j<gi+1

< Cgiy1 Ingeya-

r

Z di+1 g, O
e H =

J HJ

Lemma 4.3. For p € C, it holds
(89) 156, qullsc < C'V () In(gy).

Proof. Using the Fejer kernel, we get
QT_l

1 .
196 Canlloe < Nalloo + = D 1i%m ()] < lunllo + CE (g Z HM'

T .
|.7|<Qr

(89) follows by (8) and (87). O

Truncation
Now we bound the truncation error for the Fourier series of the ergodic sums ¢y, 4, -

Lemma 4.4. If ¢ is bounded and p € C, with C; = V(©)?|t]|oo, C2 = V(0)?|¥]lc0, up

to a numerical factor, we have, for q, < qm < ¢ < qp:

(90 | [ 6o, — Sun, Supn il < € (291,
(1) | [ 6 ononon, = Suctn, Sutun Sup il < Co ()} ).
Proof. We use the bound (86) which gives, for ¢, < g,
()P Nlgniarll? G
IReallz= D 1em)F =D <K (eI
| 7 ol i
jl>ae l71=qe

For ¢ bounded, as ||, [la < CK(p), this implies: | [ 9[04, @an — SaPan SaePam] dit] <
gn.\1 qm 1
9 llsolll@gn 12 | Raeam 2 + [ Ry @an ll2 104, 112) < CV (9)[|¥ ]l [(5)2 + (E)Z]'

This proves (90). For (91), in each term of the expansion of (S, ¢, + Ry,%@q,) (SgPan +
Ry 04m) (Sg+ Ray) — Syuan SarPam SauPar, we bound one factor in L2norm and the others
in uniform norm using (89). O

Inequalities under Hypothesis 1
Recall that the decorrelation inequalities of Lemma 4.5 are based on Hypothesis 1 on a.

From (48) in Hypothesis 1, one deduces: for constants B, C, the coefficients in Ostrowski’s
expansion satisfy b, < Bn” and, since ¢, < B" (n!)?,

(92) Ing, <Cnlnn, ¢, <CnP Inn.
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The case when « is bpq corresponds to p = 0 and we have then Ing, < Cn.

Let us mention that Hardy and Littlewood in [8] considered quantities similar to that
below for a bpq. One of their motivations was to study the asymptotic of the number of
integral points contained in homothetic of triangles.

Lemma 4.5. If a1 < AP VE > 1 and n < m < {, we have for every A > 1:

5~ lansall _ ™

93 —— < ,
) 2 el =€ e

HanaHHkaOéH C 9p+4 2
94 TS < AP (InA)?,
O0 D ik lal el S a0

1<j,k<qn,j#k

5 > lawial lanjol kel _ C i

i sl d + Rk al el Rl = drs

Proof. 1) Proof of (93)

We use the inequalities: ||quaH < lgrer|| < = for j < g1, |ljgrerl| < 1 for j > gysr. For

— Qqk+
qe—1

¢ > n, we write Z anj&” = (A) + (B), with
2 #jal
qnt+1—1 .
Ullgnjel _ 1 1
(A) = RrRTY -
22 5 3Tl = Z Tl
Ir+1—1 q
k
Lyl > Tan<¢ Z = Inguya, by (88);
Qn+1 P L In+1 25
Z la.jol _ Z Z
(B) := i
2 lal = 2, 2 Tl
qry1—1 -1 1 q
k1
< Z Z Z == Ingyp1, by (87).
kent1 B j2g et b Ok

By (4), we know that 241 < Op*~" with p < 1, for k > n-+1. By hypothesis, az1; < AkP.
Y qk

C < CnPt?]
It follows with the notation (85): (A) < ch < L (B), with a

dn+1 k=0 Gn+1
bound which doesn’t depend on ¢ > n:
1 n = _ CnPlinn
Z I B gy < C—— 3P GHn+ 1P G +n+1) < 20 O
Int1 27, Ik Gk In+1 555 An+1

2) Proof of (94)
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To bound the sum in (94), we cover the square [1,gx[x[1,¢a[ in N x N by rectangles
R, s = [qr, @r+1[X[qs, @s+1] for r and s varying between 0 and A — 1 and then we bound
the sum on each of these rectangles (minus the diagonal if r = s).

Distinguishing different cases according to the positions of r and s with respect to n + 1
and m + 17 we have7 for .] S [qMQT—Fl[? k€ [qsaqs—i-l[? j % k.

gniall [|gmkal 1 1
|k —gliklljall kel = Gmaxtrnr1)@maxtsmrry [k — jlllell||kall

By (87) and (88), using ||(k — j)a|| < [ljal + kal), we have

(jvk)ER’ﬂS (jvk)eRTaS

max(r,s)

SQmax(r,s)-l—l 1n<qmax(7‘,s)+1) Z Ct.
t=0

It follows
‘ max(r,s)
Z [gnjollgmbo| < max(rs)+1 I (Gmax(r,s)+1) Z Ct
(J.k)ERr,s, j#k k= glkj el [kl ™ gmax(rins1) Gmax(s,m+1) t=0
) A
< 1 -
< — n(qat1) ;Ct nax, ay

The square [1, gz[x[1, go[ is covered by A? rectangles R, , and the sums on these rectangles
are bounded by the same quantity. It follows, with Hypothesis 1,

A

3 ||quoz|.|||q' ol <02 n(ga) Y e max df < —— AP In(A)2.
1<5,k<qn, j#k k= jlkj il ||kl n+1 — k=1,.. A Gt

3) Proof of (95)

Here we consider sums with three indices 7, 7, k. Though we do not write it explicitly, these
sums are to be understood to be taken on non zero indices 4, j, k such that i + j + k # 0.
We cover the set of indices by sets of the form

R:I:r,:l:s,:l:t - {(2,], k) NS [QTa QT-‘rl[v j:.] € [q87 QS+1[7 +k S [Qta Qt+1[}

Distinguishing different cases according to the positions of r, s and t with respect to n+1,
we get: if (iaju k) € R:I:T,:I:s,:l:t and n <m < Ea

g lallanjallakal] _ 1 |
’Z‘ ‘.7‘ ‘k‘ max(r,n+1)dmax(s,n+1)dmax(t,n+1)
1 1 1 1 1
We have < [

. . < — . 1 — + — —].
il el [[kal] = (| + 7 + K)al “[ljall |kall  llia|l [|kal]  [Jic] [[je]

) 1 < > ( ! + !
[k = Jllgedlikall — [k =3[k = el el |k = gHI(k = g)all [[ka]

)
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We then use (87) and (88) three times, sum over R, i +; and get:

1
2 | i+ g +kaal el ko]

(i,3,k)ERLr +5

3 max(r s,t)

qmax(rs 041) (Qst1@41 + G 1G41 + Gr1Gs41) -

v=0
By (96) we then have:
T [ gnic|l|gmjellgekal]
i 45+ K[l HE el el f[Fal

Ry ts, 4+t

(Zi;n(?)((n&t) CU) 1I12 (Qmax(r,s,t)> (
Gmax(r,n+1)dmax(s,n+1)dmax(t,n+1)
3A

C(3 e I (gaen)( masx_ o}

Qn+1 =0 =1,

<C

Qs+1Gt+1 + Gri1Ge+1 + Gri1Gs41)

<

One needs 8A® boxes R, 11 to cover the set {—qn < 4,7,k < qa, i +j +k # 0}. This
implies for a constant C"

5 lgpiollgmiollakal — _ C s

i ol g R Aol Tl Thall = g

Proof of Proposition 2.3

By (84) we have |/¢gpq du| < Z |Can (7) )| [o(— Z Hqﬂj d (51) follows
] Jo
Jj#0
p+2 1
from (93): Z “q”]O‘H o mn
] HJQH Qn+1

We prove now (52). With L = g, we have:
[osuenSiendn= 3 Gl e 36— b
I3, k| <L,j#k

In what follows, the constant C' is equal to V(1)V (¢)? (up to a factor not depending on
¥ and ¢) which may change.

Recall that, by (4), there is a constant B such that m < Blng,,, Vm > 1.

The functions 1, ¢ are real valued. By (94), it holds | / Y SLq, SLPgn dpt] <

. gnjoll ||gm ka C
S EmlemWlG -k <c Y Awiolllankal € g, e

LMLk e e =gl kel kel = go
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Putting it together with the truncation error term (90) and replacing g,.1 by ¢,, we get

A2p+4 In A 2 L
(97) |/ Y Pg, Parn Abt| SC[ﬁ—l—(q—m)?], forn <m <A.
X

an g

Recall that (22)z < p"T". Let us take A — m of order 2(In %)_1 In gy, i.e., such that

the second term in the bracket of the RHS of (97) is of order 1/¢,. We have then
A < max(m, C;logq,) and with Hypothesis 1 the first term in the bracket is less than

C C C 2p+5
=L max( (In g,) %+, m?*%) < =2 max( (In ¢,)**°, (In g,)#*°) < =2 (In ) *° < Cgm

n 4n an dn
This shows (52) with 65 = 2p + 5.
In the same way, (53) follows from (91) and (95). O
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